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CONCRETE BRIEFS 
N o t e s f r o m F i e I d a n d Of f i c e 

Discussion of a Concrete Brief by C. S. Ramaswamy and M. Ramaiah: 

Characteristic Equation of Cylindrical Shells 
- A Simplified Method of Solutiont 

By A PAUW and W. M. SANGSTER, MARIO G. SALVADOR!, 
M. G. TAMHANKAR, and AUTHORS 

By A. PAUWt and W. M. SANGSTER§ 

Messrs. Ramaswamy and Ramaiah suggest an elegant procedure for deter
mining the roots of the eighth-degree characteristic equation. The method con
sists of converting the eighth-degree equation into a biquadratic and then form
ing its cubic resolvent equation which in turn is solved by the use of Steinman's 
rule.tt The object of this discussion is to show that the roots of the biquadratic 
can be obtained directly by using an iterative procedure to determine the quad
ratic factors. This procedure eliminates the need for operating with complex 
numbers. 

ITERATIVE SOLUTION OF QUADRATIC FACTORS 

The procedure is essentially an extension of Newton's method of tangents for 
real roots. A convenient method of applying this rule is to use synthetic divi
sion. If the equation to be solved is 

f(x) = iA,x' 0 
l:O 

and x = a is a trial root, then 

n 
f(a)=::SA,a' 

i:O 

can be evaluated by synthetic division as shown below 

A,, An-1 
+a aB, 

B. Bn-1 

A.-2 
aB,,_1 
B,_, 

A2 
aBa 
B2 

A1 
aB2 
B1 

Ao 
aB, 
B, 

.(1) 

(2) 

A part of copyrighted JouRNAL OF THE AMERICAN CoNCRETE INSTITUTE, Proceedings, V. 59, No. 10, 
Oct. 1962. Separate prints of the entire Concrete Briefs section are available at 35 cents 
each. Address P. 0. Box 4754, Redford Station, Detroit 19, Mich. 

t ACI JOURNAL, Proceedings V. 58, No. 4, Oct. 1961, p. 471. 
tMember American Concrete Institute, Professor of Civil Engineering, University of 

Missouri, Columbia. 
§Professor of Civil Engineering, University of Missouri, Columbia. 
ttSteinman, D. B., "Simple Formula Solves All Higher Degree Equations," Civil Engineering, 

V. 21, No. 2, Feb. 1951. 
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where 

B,. A n, Bn-1 A._, + aB. 

and in general 

B, =A,+ aB, 

If a is an exact root of Eq. ( 1) , Bo = f (a) is equal to zero; if not, Bo repre
sents a residual which must be liquidated by changing the trial root. The oper
ator for computing a correction to the trial value is determined by a second 
synthetic division; viz., 

+a 
c. 

It may be shown thatt 

B._, B._, 
aC. ac._, 
Cn-1 Cn-2 

C, = dd~• 

B, 
ac. 
c. 

B, 
ac. 
C, 

.. (3) 

and hence the desired correction to the trial root by Newton's method is 

aa = -Bo c;- .. .. . .. . . .. .... (4) 

The new trial value is therefore 

x=a+aa=a-§__ c, 

This procedure can be extended to the solution for quadratic factors. Consider 
as a quadratic factor a pair of complex conjugate roots x = a ± if3; i.e., 

(x - [a + i 13]) (x - [a - i f3]) = x 2 
- 2 ax + a• + 132 

Thus, if we solve for a quadratic factor in the form 

then 

and 

x• = ax - b .... ... ... .... ........... ..... ... ..... . . .. (5) 

a. a 
2 

....... ...... ............. ........ ... .... .. ..... (5a) 

f3 = ½ -V 4 b - a2 
... .... .. ... ................... (5b) 

The coefficients a and b are determined by an iterative procedure similar to 
that used for real roots. Successive synthetic division is again used to determine 
both the residuals and the operators required for liquidation. In general, real 
roots, if any, should be determined first, since the reduced · equation then con
tains only pairs of complex conjugate roots and is therefore of even degree. 

t"Basic Research in Force Relaxation Methods," Solution of Polynomial Equations, Part IV, 
Report ORD Project No. TB2-0001, University of Missouri Experiment Station, June 1958. 
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The two steps of synthetic division will take the form: 

A ... Aon-1 A,n-, Aa A, A, A, 
+a aC,,. aC,n-, aC, aCa ac. aC, 
-b -bC,,, -bC. -bC, -bC, -bC, 

c,. C,n-, C,n-2 Ca c. c, Co 
+a aE2n aE,n-1 aE, aEa aE, 
-b -bE,n -bE. -bE, -bEa 

E,n E,,,._, E,n-, Ea E 2 E, 

where 

C, A,+ aC,., - bC.., 

and 

E, C, + aE,., - bE,., 

respectively. 

C,, and C, vanish if, and only if 

x• - ax+ b = 0 

Hence, these terms can be considered as residuals which must be liquidated 
by applying correction to the trial values of a and b. It may be d emonstrated 
thatt 

E 
_ o c,_, _ o c,_, 

·-aa-a1J··· 

Hence, to eliminate the residuals Co and C, we set 

,1 a O c. + ,1 b o c. = Ll a E, + Ll b E, - C. 
oa ob 

and 

,1 a ° C, + ,1 b o C, = ~ a E, + ll b Ea = - C, 
oa ob 

Solving the above equations for Ila and 6b, the desired corrections are 

and 

a a = ci/i - CEJa (7a) 
l a -

6 
b _ Co E, - C, E, 

- E,Ea - El 
.... (7b) 

To illustrate the method of application consider the biquadratic equation 
solved by Messrs. Ramaswamy and Ramaiah, viz. , Eq. (2): 

y' - 0.090492 y• + 0.000778 y' - 0.0004028 y + 0.9600055 = 0 

Since the coefficients of the ya, y', and y terms are small and the constant is 
approximately equal to unity, we take as our trial roots one of the quadratic 

factors of 

y' + 1 0 . (8) 

tlbld. 
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TABLE A-SUMMARY OF COMPUTATIONS 

4 3 2 1 0 
y• y• y2 y Constant 

1 -0.090 492 +o.ooo 778 -0.000 402 8 +0.960 005 5 
a +1.4 +1.4 +1.833 311 +1.167 724 6 -0.199 060 4 
? -1.0 -1.0 -1.309 508 -0.834 089 
C 1 +1.309 508 +0.834 089 -0.142 186 -0.073 144 

+1.4 +1.4 +3.793 311 +5.078 360 
-1.0 -1.0 -2.709 508 

E 1 +2.709 508 +3.627 400 +2.226 666 

C1E2 - CoEa = (-0.142 186) (3.627 400)- (-0.073 144) (2.709 508) = -0.317 581 

CaE, - C1E1 = (-0.073 144) (3.627 400) - (-0.142 186) ( 2.226 666) = +0.051 278 

E1Ea-E,2 = (2.226 666)(2.701 508)-(3.627 400)' = -7.124 861 

-0.317 581 = +0.044 574 
-7.124 861 

a = +1.4 + 0.044 574 = 1.444 574 

Ab = ~~:~;! !~~ = -0.007 197 b =---= -1.0 -- 0.007 197 = -1.007 197 

1 -0.090 492 +o.ooo 778 -0.000 402 8 +0.960 005 5 

+1.444 574 +1.444 574 +1.956 072 +1.371 844 0 +0.010 998 8 
-1.007 197 -1.007 197 -1.363 827 3 -0.956 487 7 

1 +1.354 082 +0.949 653 +0.007 613 9 +0.014 516 6 
+1.444 574 +1.444 574 +4.042 866 +5.757 092 5 

-1.007 197 -1.007 197 -2.818 797 9 
1 +2.798 656 +3.985 322 +2.945 908 

A a = +0.001 346 a = 1.445 920 Ab = -0.004 638 b = -1.011 835 

1 -0.090 492 +o.ooo 778 -0.000 402 8 +0.960 005 5 

+1.445 920 +1.445 920 +1.959 840 +1.371 864 3 -0.000 011 6 
-1.011 835 -1.011 835 -1.371 469 5 -0.960 011 8 

1 +1.355 428 +0.948 783 -0.000 008 0 -0.000 017 9 
+1.445 920 +l.445 920 +4.050 525 +5.765 567 0 

-1.011 835 -1.011 835 -2.834 502 0 
1 +2.801 348 +3.987 473 +2.931 057 0 

.1 a = -0.000 002 3 a = 1.445 917 7 A b = +o.ooo 006 2 b = -1.011 828 8 

1 -0.090 492 +o.ooo 778 -0.000 402 8 +0.960 005 5 

+l.445 917 7 +l.445 917 7 +1.959 834 0 +1.371 862 4 +o.ooo 001 2 
-1.011 828 8 -1.0l! 828 8 -1.371 458 8 -0.960 006 2 

1 +1.355 425 7 +0.948 783 2 +o.ooo ooo _!I_ +o.ooo ooo ,g 

y 2 -1.445 917 7y + 1.011 828 8 = 0 

u = -0.722 958 8 u' = +0.522 669 4 f,' = +0.489 159 4 P, = +0.699 399 3 

y = +0.722 958 8 ± 0.699 399 3 i 

y 2 +1.355 425 7y + 0.948 783 2 = 0 

u = +0.677 712 8 u2 = +0.459 294 7 f,' = +0.489 488 5 f:i = +0.699 634 5 
y = -0.677 712 8 ± 0.699 634 5 i 
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The roots of Eq. (8) are 

y ½(±\12 ± \12i) 

hence 

y 2 = ±\12y - L .. (9) 

The computations required are shown in Table A. The first trial quadratic 
factor used is 

y' = 1.4 y - 1 

After the third correction, the residuals have been reduced to an order of 
10-,;. The real part of the roots obtained by this procedure agree exactly with 
the results obtained by Messrs. Ramaswamy and Ramaiah, although the absolute 
value of the imaginary part and the average of the absolute values of the 
imaginary part differ in the fourth significant figure. 

While up to eight significant figures have been used in this example for each 
trial, it is usually more economical of computation time to round off to a lower 
number of significant figures in the early trials. It may also be noted that a 
computational error in one of the intermediate trials does not affect the final 
results, but merely tends to reduce the rate of convergence. Thus, it may be 
concluded that the procedure not only eliminates the need for resolving the 
biquadratic into a cubic equation, but also provides an automatic check on the 
accuracy of the results. 

By MARIO C. SALV ADO RP 

The authors of this paper contribute the valuable information that the three 
roots of the resultant cubic equation of the shell equation are approximately 
+2, -2, and zero for all cases of practical importance. 

It should be pointed out that today one seldom solves the characteristic equa
tion of cylindrical shells, because of the availability of English, German, Italian, 
and Spanish manuals on shells. 

It should, moreover, be noted that if one must solve cubic equations starting 
with fairly good approximations of the roots, no method of solution is as simple 
and as fast as Newton's method when using synthetic substitutions. 

By M. C. TAMHANKARt 

The authors have presented a simplified method which will be extremely 
useful for solving eighth degree equations. The authors have stated without 
proof that the roots of the cubic equation are approximately ±2. This can be 
proved as follows: 

The cubic equations arrived at, in each of the three examples, are for 

Shell 1 

Z 3 = 0.004586 Z' + 3.83998 Z + 0.0000002118 

/Member American Concrete Institute, Professor of Civil Engineering, Columbia University, 
New York, N. Y. 

tSenior Research Fellow, Structures Division, Central Building Research Institute, Roorkee, 
India. 
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Shell 2 

Shell 3 
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Z" 0.00052608 Z' + 3.83984 Z + 0.00000041806 

z• = 0.00036122 z2 + 3.839644 z + 0.00000070079 

Here, if the value of Z equals 1.96 is substituted to judge the relative magni
tudes of the various terms in the equation then, we obtain for 

Shell 1 

za + 0.017618 + 7.5264 + 0.0000002118 

Shell 2 

z• + 0.0024051 + 7.5261 + 0.00000041806 

Shell 3 

z• = +0.00138767 + 7.5257 + 0.00000070079 

It is evident that the first and the last terms on the right are insignificant 
compared to the second term. If these are omitted, we obtain 

z• + (a' - 4 c)Z = 0 

Therefore 

Z = 0 and Z = ± -V 4c - a· 

Since the second term 2 az2 of the cubic equation is neglected, the term a' 
under the square root sign can also be omitted. 
Hence 

z = ±2Vc 
The value of c, working backwards, will be equal to 

( _ v ~: + k' ) + (1 - v2
) 

The magnitude of the first bracket above, in Example 1, is 0.0000055 whereas 
the magnitude of the second bracket is 0.96. Naturally the first bracket can be 
neglected. 

Thus 

Z = ±2'Vl-v2 

In all the examples solved, the value of v is taken as 0.2. 

Hence 

Z = ± 1.9596 

Thus the roots of the cubic equation are established as 

±2'Vl-v2 

irrespective of the parameters of the shell. If the value of Poisson's ratio is 
taken as zero, then the roots would be very close to ± 2. 
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TABLE B-COMPARISON OF ROOTS USING MODIFIED AND 
AUTHORS' METHOD 

l 511 

Shell No. Modified method Authors' method 

3 
2 
1 

± 1.05992 ± 0.32928 i 
± 1.00089 ± 0.348702 i 
± 0.9302 ± 0.37517 i 

± 1.05961375 ± 0.3303257 i 
± 1.00034633 ± 0.349815 i 
± 0.929769 ± 0.376178 i 

Now, that the roots have been found to be 

±2Vl-v2 

it can be shown, by working backwards, that the roots of the eighth-degree 
equation are 

M1,2,s,, 

and 

.l\f .,.,,., 

where 

and 

± +[ ✓ Y a2 - 2•12 a b11•
2
+ 16 b1/2 + 2•12 b11

' - a 

+_ , • /ya• - 2•12 a b114 +2 16 b1;2 + a - 2012 b11•] .. '1V (10) 

± +[ ..1 / Y a2 + 2•12 a b11
' + 16 b1

/
2 

- 2•12 b11
' - a 

.'V 2 

± i ✓ya•+ 2•12 a b1\i 16 b1;2 + 9 + 2'1' b11, J . (11) 

Q 
2 

-4k + -. 
p· 

where k , p, and v are the basic constants of the problem. The roots calculated 
from the formulas mentioned previously are shown compared in Table B with 
those obtained by the authors. 

Eq. (10) and ( 11) give the roots of the eighth-degree equation directly. Con
s:dering the time and labor saved in adopting the modified method, the approxi
n:at:on involved in the preceding results is of negligible order. 

AUTHOR'S CLOSURE 

The method suggested by Messrs. Pauw and Sangster is based on Newton 's 
method and it avoids operations with complex numbers. 

In this procedure, the first trial quadratic factor, denoted by 

y• = 1.4 y - 1 

is obtained by ignoring all terms except the first and the last in the bi-quadratic 
equation. This is analogous to Schorer's procedure. The intermediate terms are 
small for long shells such as the one given as an example in the authors' paper. 
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The dimensions and the characteristic equations for typical intermediate and 
short shells are given below: 

Intermediate shell 

Using L = 36 ft, R = 60 ft, and t = 0.25 ft (where p = 12.829 and k = 0.18166) 
the biquadratic equation associated with the characteristic equation is 

y' - 0.71342 Y3 + 0.58846 y ' - 0.12364 y + 0.96978 = 0 

Short shell 

Using L = 24 ft, R = 80 ft, and t = 0.25 ft (where p = 18.676 and k = 0.3146) 
the biquadratic equation is 

y' - 1.25288 y 3 + 0.1906 y' - 0.023247 y + 0.96108 = 0 

In the preceding cases intermediate terms are by no means small compared 
to unity. This would mean a longer number of cycles of computation if the 
method suggested in the discussion is used. 

The method suggested by the authors is likely to prove less time consuming 
for the following reasons: 

1. The method is an extension of Steinman's procedure which itself is based 
on Newton's method but is more rapidly convergent. 

2. The trial value involves only one term as against two in the method pro
posed by Messrs. Pauw and Sangster. 

However, the authors are of the opinion that Messrs. Pauw and Sangster, in 
their discussion, have suggested a valuable independent method which will be 
useful for solving higher degree algebraic equations. 

The authors agree with Professor Salvadori that the most important part of 
the paper is the finding that the roots of the cubic equation are nearly +2, -2, 
and zero, for almost all proportions of cylindrical shells used in practice. The 
authors, therefore, regard their brief paper primarily as a contribution to the 
knowledge on cylindrical shells. 

Although several manuals on cylindrical shells in different languages have 
become available, situations do arise where the characteristic equation has to be 
solved. Thus, for instance, in the ASCE Manual,t values are given only for shells 
with R/t ratios of 100 and 200. Shells with other R/t values cannot be analyzed 
accurately using the tables given. 

The Steinman procedure given in the paper has been compared with Newton's 
method described by Salvadori.t While it is conceded that Newton's method is 
simpler, it is found that three cycles are required as against two necessary with 
Steinman's method to get the same accuracy. As pointed out by Steinman him
self, his method is based on and is identical with Newton's method. 

The method suggested by Mr. Tamhanker is less time consuming; but it is also 
less accurate as the results correspond nearly to those given by the first cycle of 
iteration in the authors ' method. 

Since the final expressions are given in concise analytical form, the designer 
need not go through the procedure of solving the equations. 

The method is easily amenable to programming on a digital computer. 

tDesign of Cylindrical Concrete Shel! Roofs, ASCE Manual No. 31, American Society of 
Civil Engineers , New York, 1956. 

tSalvadori and Miller, The Mathematica! Solution of Engineering Problems, McGraw-Hill 
Book Co., New York, 1948. See also: Salvador! and Baron, Numerical Methods in Engineering, 
Prentice-Hall Inc., New York, 1955, 



Characteristic Equation of Cylindrical Shells 
- A Simplified Method of Solutiont 

By A. PAUW• and W. M. SANGSTER§ 

Discussion of a Concrete Brief by C. S. Ramaswamy and M. Ramaiah: 

Messrs. Ramaswamy and Ramaiah suggest an elegant procedure for deter
mining the roots of the eighth-degree characteristic equation. The method con
sists of converting the eighth-degree equation into a biquadratic and then form
ing its cubic resolvent equation which in turn is solved by the use of Steinman's 
rule. tt The object of this discussion is to show that the roots of the biquadratic 
can be obtained directly by using an iterative procedure to determine the quad
ratic factors. This procedure eliminates the need for operating with complex 
numbers. 

ITERATIVE SOLUTION OF QUADRATIC FACTORS 

The procedure is essentially an extension of Newton's method of tangents for 
real roots. A convenient method of applying this rule is to use synthetic divi
sion. If the equation to be solved is 

f (x) 

and x = a is a trial root, then 

:iA,x' ,:o 

f(a)=iA,a' ,:o 

0. 

can be evaluated by synthetic division as shown below 

An A._, An_, A2 A, 
+a aB,. aBn-1 aB, aB2 

-~--~--~--------·~-B~,--B, 
Bn B._, B._, 

Ao 
aB, 
Bo 

. (1) 

(2) 

A part of copyrighted JouRNAL OF THE AMERICAN CONCRETE INSTITUTE, Proceedings, V. 59, No. 10, 
Oct. 1962. Separate prints of the entire Concrete Briefs section are available at 35 cents 
each. Address P. 0. Box 4754, Redford Station, Detroit 19, Mich. 

tACI JOURNAL, Proceedings V. 58, No. 4, Oct. 1961, p. 471. 
tMember American Concrete Institute, Professor of Civil Engineering, University of 

Missouri, Columbia. 
§Professor of Civil Engineering, University of Missouri, Columbia. 
ttSteinman, D. B., "Simple Formula Solves All Higher Degree Equations," Civil Engineering. 

V. 21, No. 2, Feb. 1951. 
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where 

B, An-1 + aB. 

and in general 

B, =A,+ aB, 

If a is an exact root of Eq. (1), Bo=f(a) is equal to zero; if not, Bo repre
sents a residual which must be liquidated by changing the trial root. The oper
ator for computing a correction to the trial value is determined by a second 
synthetic division; viz., 

B. B._, B._, B2 B, 
+a aC. ac._, ac, aC, 

c. Cn-1 Cn-2 c. C1 

It may be shown thatt 

C, dB, .... (3) 
da 

... 

and hence the desired correction to the trial root by Newton's method is 

ll a -Bo 
~ 

................. .. . ... ... . .. , ..... (4) 

The new trial value is therefore 

x=a+lla=a-~ c, 

This procedure can be extended to the solution for quadratic factors. Consider 
as a quadratic factor a pair of complex conjugate roots x =a± if:\; i.e., 

(x- [u+if:l])(x- [u-if:I]) =X2 -2ux+u•+fJ2 

Thus, if we solve for a quadratic factor in the form 

then 

and 

x' = ax - b 

11. 
a 
2 

f.l = ½ V 4 b - a2 

.... (5) 

........ ................................. (5a) 

......... (5b) 

The coefficients a and b are determined by an iterative procedure similar to 
that used for real roots. Successive synthetic division is again used to determine 
both the residuals and the operators required for liquidation. In general, real 
roots, if any, should be determined first, since the reduced equation then con
tains only pairs of complex conjugate roots and is therefore of even degree. 

t"'Basic Research in Force Relaxation Methods," Solution of Polynomial Equations, Part IV, 
Report ORD Project No. TB2-0001, University of Missouri Experiment Station, June 1958. 
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The two steps of synthetic division will take the form: 

A 2n A2n-1 A2n-2 Aa A2 A, Ao 
+a aC2n aC2n-1 aC, ac. aC2 aC, 
-b -bC2,, -bC. -bC, -bC, -bC, 

C2n C2n-1 C,n-2 C, C2 c, Co 
+a aE2n aE,n-, aE, aE, aE. 
-b -bE,n -bEs -bE, -bE, 

E," E2n-1 E 2n-! E, E, E, 

where 

C, A,+aC,.,-bC1 • 2 

and 

E, C, + a E,., - b E.,, 

respectively. 

C, and C, vanish if, and only if 

x" - ax+ b = 0 

Hence, these terms can be considered as residuals which must be liquidated 
by applying correction to the trial values of a and b. It may be demonstrated 
thatt 

E, = o c,_, = o c,_. __ _ 
oa ob 

Hence, to eliminate the residuals C, and C, we set 

Li a ° Co + Ii b ° Co = Ii a E, + Li b E, - C, 
oa ob 

and 

Li a o C, + Li b ° C, = Li a E2 + Li b E, = - C, 
oa ob 

Solving the above equations for Lia and Lib, the desired corrections are 

Lia= C,E, - C. E, .. (7a) 
E,E, - El 

and 

11 b = Co E. - C, E, ... 
E1 E0 - E.2 

. .. (7b) 

To illustrate the method of application consider the biquadratic equation 
solved by Messrs. Ramaswamy and Ramaiah, viz., Eq. (2): 

y' - 0.090492 y' + 0.000778 y• - 0.0004028 y + 0.9600055 = 0 

Since the coefficients of the y 3
, y', and y terms are small and the constant is 

approximately equal to unity, we takE! as our trial roots one of the quadratic 
factors of 

y' + 1 0 .. ... .. (8) 

tlbld. 
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TABLE A-SUMMARY OF COMPUTATIONS 

October l 962 

---------------------
4 3 2 1 0 
y• y• y• y Constant 

1 -0.090 492 +o.ooo 778 -0.000 402 8 +0.960 005 5 
a +1.4 +1.4 +1.833 311 +1.167 724 6 -0.199 060 4 
~ -1.0 -1.0 -1.309 508 -0.834 089 
C 1 +1.309 508 +0.834 089 -0.142 186 -0.073 144 

+1.4 +1.4 +3.793 311 +5.078 360 
-1.0 -1.0 -2.709 508 

E 1 +2.709 508 +3.627 400 +2.226 666 

C,E, - CoE, = (-0.142 186) (3.627 400) - (-0.073 144) (2,709 508) = -0.317 581 

C.,E, - C,E, = ( -0.073 144) (3.627 400) -(-0.142 186) (2,226 666) = +0.051 278 

E,E,-El = (2.226 666)(2.701 508)-(3.627 400)' = -7.124 861 

.1 a = - 0-317 581 = +0.044 574 a = +1.4 + 0.044 574 = 1.444 574 
-7.124 861 

Ab = ~~:~;~ ~~~ = -0.007 197 b = -1.0 - 0.007 197 = -1.007 197 

1 '-0.090 492 +o.ooo 778 -0.000 402 8 +0.960 005 5 
+1.444 574 +1.444 574 +1.956 072 +1.371 844 0 +0.010 998 8 

-1.007 197 -1.007 197 -J.363 827 3 -0.956 487 7 
1 +1.354 082 +0.949 653 +0.007 613 9 +0.014 516 6 

+l.444 574 +1.444 574 +4.042 866 +5.757 092 5 
-1.007 197 -1.007 197 -2.818 797 9 

1 +2.798 656 +3.985 322 +2.945 908 

.1 a = +0.001 346 a = 1.445 920 .1 b = -0.004 638 b = -1.011 835 

1 -0.090 492 +o.ooo 778 -0.000 402 8 +0.960 005 5 

+1.445 920 +1.445 920 +1.959 840 +1.371 864 3 -0.000 011 6 
-1.011 835 -1.011 835 -1.371, 469 5 -0.960 011 8 

1 +1.355 428 +0.948 783 -0.000 008 0 -0.000 017 9 
+1.445 920 +1.445 920 +4.050 525 +5.765 567 0 

-1.011 835 -1.011 835 -2.834 502 0 
1 +2.801 348 +3.987 473 +2.931 057 0 

ti a = -0.000 002 3 a = 1.445 917 7 .1 b = +o.ooo 006 2 b = -1.011 828 8 

1 -0.090 492 +o.ooo 778 -0.000 402 8 +0.960 005 5 

+1.445 917 7 +1.445 917 7 +1.959 834 0 +1.371 862 4 +o.ooo 001 2 
-1.011 828 8 -)..01! 828 8 -1.371 458 8 -0.960 006 2 

1 +1.355 425 7 +0.948 783 2 +o.ooo ooo ! +o.ooo ooo J 

y 2 -1.445 917 7y + 1.011 828 8 = 0 

a = -0.722 958 8 11
2 = +0.522 669 4 ~' = +0.489 159 4 ~ = +0.699 399 3 

y = +0.722 958 8 ± 0.699 399 3 i 

y 2 +1.355 425 7y + 0.948 783 2 = 0 

a = +0.677 712 8 u.2 = +0.459 294 7 f:I' = +0.489 488 5 j:l - +0.699 634 5 
y = -0.677 712 8 ± 0.699 634 5 i 
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The roots of Eq. ( 8) are 

hence 

y' = ± -Y2 y - 1 .. (9 ) 

The computations r equired are sh own in Table A. The first t ri a l quadratic 
factor used is 

y' = 1.4 y - 1 

After the third correction, the r esidua ls have been reduced to an order of 
IO ''. The real part of the roots obtained by this procedure agree exactly with 
the results ob tained by Messrs. Ramaswamy and Ramaiah, although th e absolute 
value of th e imaginary part and the average of the absolute values of the 
imaginary part differ in the fourth signifi cant figure. 

Whil e up to eigh t significant figur es have been used in this example for each 
trial , it is ·usually m ore economical of computation time to round off to a lower 
number of significant figures in the earl y trials. It may also be noted that a 
computational error in one of th e inte rmediate trials does not affect the final 
results, but m er e ly tends to reduce th e rate of convergence. Thus, it m ay be 
concluded that the procedure not only eliminates the need for r esolving the 
biquadratic in to a cubic equation. but also provides an automati c check on the 
accuracy of the results. 









PUBLICATIONS OF T~E ENGINEERING REPRINT SERIES 
Copies of publications may be secured from the Director of the Engineering Experiment Station, University 
of MissourL Single copies may be obtained free unless otherwise indicated until the supply is exhausted. 
Requests for additional copies will be considered upon further inquiry. 

Reprint No. 

44. The Design of a Single-Layer Microwave Absorbing Material by D. L. Waidelich, Professor of Electrical 
Engineering, University of Missouri. Reprinted from Volume XIV, Proceedings of the National Electronics 
Conference, Hotel Sherman, Chicago, Illinois, October 13, 14, 15, 1958. 

45. Pressure Changes at Open Junctions in Conduits by William M. Sangster, Associate Professor of Civil 
Engineering, University of Missouri; Horace W. Wood, Professor and Chairman of Civil Engineering, 
University of Missouri; Ernest T. Smerdon, Instructor in Civil Engineering, University of Missouri; and 
Herbert G. Bossy, Highway Research Engineer, U, S. Bureau of Public Roads, Washington, D.C. Reprinted 
from Journal of the Hydraulics Division, Proceedings of the American Society of Civil Engineers, 2057, 
June, 11159, HY6. 

46. The Mutual Impedance of Perpendicular Half-Wave Antennas by D. R. Capps, Assistant Professor of 
Electrical Engineering, University of Missouri, and D. L. Waidelich, P.E., Prof. of Electrical Engi
neering, University of MissourL Reprinted from Proceedings of the National Electronics Conference, 
Vol~ XV, Hotel Sherman, Chicago, Illinois, October 13, 14, 15, 1959. 

47. The Bandwidth of a Single Layer Absorbing Material by B. W. Sherman, Assistant Instructor, Department 
of Electrical Engineering, University of Missouri, and D. L. Waidelich, P.E., Professor of Electrical 
Engineering, University of Missouri. Reprinted from Volume l of the Proceedings of the Second Annual 
RADC International RAM Symposium 9, 10, and 11 June 1959, Rome Air Development Center, Griffith 
Air Force Base, N. Y. 

48. Measuring Equivalent Circuits by J. C. Hogan, Professor of Electrical Engineering, Univ~sity of Missouri, 
Columbia, Missouri, and V. E. Verrall, System Planning and Protection Engineering, CentJ;al Illinois 
Public Service Company, Springfield, Illinois. Reprinted from Volume XXII, Proceedings of the American 
Power Conference. 

49. Dewatering Rates For Digested Sludge in Lagoons by Edgar A. Jeffrey, Assistant Professor of Sanitary 
Engineering, University of Missouri. Reprinted from Journal Water Pollution Control Federation, 
November 1960, Washington, 16, D. C. 

50. Static Modulus of Elasticity of Concrete as Affected by Density by Adrian Pauw, P.E., Professor of Civil 
Engineering, University of Missouri. Reprinted from American Concrete Institute Journal, Title No. 57 -32; 
V. 32; No. 6, December 1960 (Proceedings V. 57), P.O. Box 4754, Redford Station, Detroit 19, Michigan. 

51. The Application of the Principle of Corresponding States for Polar Substances by Truman S. Storvick, P.E., 
Assistant Professor of Chemical Engineering, University of Missouri, and J. M. Smith, Northwestern 
University. Reprinted from Journal of Chemical and Engineering Data, VoL 6, No. 1, January 1961. 

52. Loosening of Bolted Joints by Small Plastic Deformations by O. A. Pringle, P. E., Associate Professor of 
Mechanical Engineering, Presented at the Winter Annual Meeting, New York, N. Y., Nov. 27 - Dec. 2, 
1960, of The American Society of Mechanical Engineers. Paper No. 60-WA-116. 

53. Thermodynamic Properties of n-Propyl Alconol by J. L. Cosner, Graduate Student, Department of Chemical 
Engineering, University of. Missouri, J. E. Gagliardo, Student Assistant in Chemical Engineering, Univer
sity of Missouri and T. S. Storvick, P. E., Assistant Professor of Chemical Engineering, University of 
Missouri, Reprinted from Journal of Chemical & Engineering Data, Vol. 6, No. 3 July, 1961. 

54. Ao Evaluation of the Overhead Projector in Teaching Kinematics by Richard P. Covert, Associate Professor 
of Industrial Engineering, Reprinted from The Journal of Engineering Education, Vol. 51, No, 10, June 1961. 

55. Tranmer of. Load Between Precast Bridge Slabs.by Adrian Pauw, P.E. and John E. Breen, Assistant 
Professor, Department of. Civil Engineering, University of. Missouri, Reprinted from Bulletin 279 (1961) 
Wgbway Research Board, Washington, D.C. 

56. The Present Status of Structural Lightweight Concrete in the U.S.A. by Adrian Pauw, P.E., Professor 
of Civil Eogmeeriog, University of Missouri. Reprinted from "De Iogenieur, • Vol. 73, No. 34, Aug. 25, 
1961, The Netherlands. · 

57. Field Testing of Two Prestressed Concrete Girders by Adrian Pauw, Professor of Civil Engineering, 
University of Missonri, and John E. Breen, Instructor In Civil Engineering, University of Missonri. 
Reprinted from Highway Research Board Bulletin 307, National Academy of Sclences--National 
Research Council Publication 937, pages 42-63, 1961. 

58. Controlled-DeOection Design Method for Re!o[orced Concrete Beams and Slabs by Adr~ Pauw, 
Professor of Civil Engineering, University of Missouri. Reprinted from Journal of The American 
Concrete Institute, Vol. 591 No. 5, May 1962. 

59. The Impedance or a Coll Placed on a Conducting Plane by T. J. Russell, The Bendbc Corporation, Kansas 
City, Missouri, V. E. Schuster, Motorola, Inc., Phoenix, Arizona and D. L. Waidelich, Professor of 
Electrical Engineering, University of Missouri. Reprinted from AIEE Winter General Meeting, New York, 
N; Y., Jaol181'y 28 - February 2, 1962. 

60. Discussion of an Article by G. S. Ramaswamy and M. Ramalab: Characteristic Equation of Cylindrical 
Sbells--A Simplified Method or Solution by Adrian Pauw, · Professor or Civil Engineering, University of 
Miseourt, and W. M. Sangster, Professor of Civil Engineering, University of Missouri. Reprinted 
from Journal of The American Concrete Institute Concrete Briefs, pages 1505-1509, October 1962. 

•Out of Print 



The University of Missouri 
SCHOOLS AND COLLEGES 

I 

FOR THE .DIV1SIONS AT COLUMBIA: 

COLLEGE OF AGRICULTURE 

SCHOOL OF FORESTRY 

SCHOOL OF HOME ECONOMICS 

COLLEGE OF ARTS AND SCIENCE 

SCHOOL OF SOCIAL WORK 

SCHOOL OF BUSINESS AND PUBLIC ADMINISTRATION 

COLLEGE OF EDUCATION 

COLLEGE OF ENGINEERING 

ENGINEERING EXPERIMENT STATION 

GRADUATE SCHOOL 

ScHOOL OF JOURNALISM 

SCHOOL OF LAW 

SCHOOL OF MEDICINE 

SCHOOL OF NURSING 

UNIVERSITY EXTENSION DIVISION 

SCHOOL OF VETERINARY MEDICINE 

FOR THE DIVISION AT ROLLA: 

SCHOOL OF MINES AND METALLURGY 



 
University of Missouri Libraries  
University of Missouri 
 
MU Engineering Experiment Station Series 
 
Local Identifier  PauwSangster1962 
  
Capture information 
 
  Date captured  2018 May 
  
  Scanner manufacturer Ricoh 
  Scanner model  MP C4503 
  Scanning software  
  Optical resolution 600 dpi 
  Color settings    Grayscale, 8 bit; Color, 24 bit 
  File types  Tiff 
 
Source information 
 
  Format   Book   
  Content type  Text   
  Notes   Digitized duplicate copy not retained  

  in collection. 
 
Derivatives - Access copy 
 
  Compression  LZW  
  Editing software Adobe Photoshop  
  Resolution  600 dpi 
  Color   Grayscale, 8 bit; Color, 24 bit 
  File types  Tiffs converted to pdf 
  Notes Greyscale pages cropped and canvassed. 

Noise removed from background and text  
  darkened. Color pages cropped.  

 
 
 
 
 
 
 
 
 
 
 
 


	PauwSangster1962p0000a
	PauwSangster1962p0000b
	PauwSangster1962p0001
	PauwSangster1962p0002
	PauwSangster1962p0003
	PauwSangster1962p0004
	PauwSangster1962p0005
	PauwSangster1962p0006
	PauwSangster1962p0007
	PauwSangster1962p0008
	PauwSangster1962p0009
	PauwSangster1962p0010
	PauwSangster1962p0011
	PauwSangster1962p0012
	PauwSangster1962p0013
	PauwSangster1962p0014
	PauwSangster1962p0015
	PauwSangster1962p0016
	PauwSangster1962p0017
	PauwSangster1962p0018

