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Abstract 
 

Cryopreservation requires biological material to be stored at temperatures well 

below the freezing point of water. During the process of cryopreservation, the cooling 

rate should be carefully chosen to avoid cell damage due to the unbalanced pressure and 

the solution effect. Cellular thermal analysis that determines the thermodynamics 

properties of a micro-scale biological material is necessary for a successful 

cryopreservation procedure. 

A micro-scale differential thermal analyzer (µDTA) was previously developed to 

obtain accurate thermal properties measurements of freezing cells. However, the thermal 

signal needs to be properly interpreted in terms of how much ice is created. Also, the 

future cooling profile needed to experimentally control the cooling rate needs to be 

developed. So a 3D numeric model was built in STAR CCM+ to study the temperature 

change of the water droplets while being frozen by a thermoelectric module. The heat 

flux profile for the boundary condition was scaled to accommodate the heat spread effect. 

The numeric model solutions successfully matched the temperature distribution results 

from the experiments. By using additional heat flux to accommodate the heat spread 

effect, the STAR CCM+ model generated relatively accurate results on a smaller 

geometry within a very short computational time. This is a big improvement compared 

with other high fidelity computational simulation models used to solve similar problems. 

After the 3D model was calibrated, the same STAR CCM+ model was used to predict the 

temperature distribution of different sizes of water droplets during the freezing process. 

This model allowed us to better understand the temperature distribution of a water droplet 

when the water droplet was being cooled until frozen. The modeling technique developed 
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in this research will help establish the required cooling rates needed to control ice 

formation and establish thermodynamic properties of cell freezing solutions.  



1	
	

1. Introduction 

1.1 Motivation 

The world lost species at a rapidly increasing rate for the past 20 years. The 

current rate of biodiversity loss is much greater than background rates. Based on the 

World Wildlife Fund (WWF)’s most recent report, the rate that we are losing species is 

roughly between 1000 and 10,000 times higher than the natural extinction rate [1]. 

Between 1.4 and 1.8 million species have already been identified as extinct. Even if we 

estimate the number of species that has gone extinct every year by using the lowest 

extinction rate, we are facing 200 to 2,000 extinctions every year. In the face of human 

population growth, the extinction rate will keep increasing as predicted by scientists [2]. 

 

Figure 1.1 Human population and extinction rate 
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Human beings closely interact with wildlife in many different ways. Fish provide 

about 3 billion people with almost 20% of their intake of animal protein. Plants account 

for over 80% of the human diet. 30,000 terrestrial plants are known to be edible. 

Pollination services by insects and other animals affect 35% of the world’s crop 

production.  

It has been reported that a decrease in biological diversity would disrupt 

pollination between plants, water purification, the food chain and other important 

processes. A decrease in biodiversity would also make it harder for humans to harvest 

resources from ecosystems for the development of our society. In the end, a decrease in 

biological diversity will hurt human beings. Loss of genetic diversity has a great impact 

on the ability of populations to recover from natural disasters, which will lead to a higher 

chance of human extinction[3]. 

1.2 Cryopreservation Techniques 

Cryopreservation has been proven to be an effective way to save genetic diversity. 

By conserving germ plasm of endangered species, human beings can slow down the 

process of endangered species going extinct. Cryopreservation is a very complex process. 

Certain principles of cryopreservation need to be followed carefully to increase the 

success rate. With the guidance of these principles, two main procedures will be 

introduced in this section.  

1.2.1 Principles of cryopreservation 

To store a biological material for a long time, the material has to be brought 

below a certain temperature to suspend all biological activities. There are two effects that 
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should be avoided during the cooling process of cryopreservation: ice crystal formation 

and solution effect [4]. 

  

 

Figure 1.2 Phase diagram of water[5]  

First, cells contain a relatively large amount of water. When cells are cooled 

below the freezing temperature of water, the water inside cells can form crystalline or 

amorphous ice as shown in Fig 1.2. Ice crystal formation inside a cell disrupts the 

membranes and other structures.  

The second major goal of a successful cryopreservation process involves 

avoidance of solution effects. Ice crystals forming outside a cell can cause internal 

dehydration and damage to sensitive proteins. Since solutes remain in the cytosol as 
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liquid water solidifies, the solutes can reach very high concentrations. High-level 

concentration of electrolytes and other solutes can be toxic to intracellular proteins.  

 

Figure 1.3 Survival rate and intracellular ice percentage vs cooling rate[6] 

By cooling the cells at extremely high cooling rates around 10!𝐾/𝑠, amorphous 

ice can be formed. The advantage of amorphous ice is that it will not extend as much as 

crystalline ice. However, we currently do not have the technology to achieve cooling 

rates on the order of 10!𝐾/𝑠 for most cells and tissues. Therefore, cryoprotectants are 

used to displace some cellular water. The cooling rates needed to vitrify cryoprotectants 

are much lower. For example, in Fig 1.3, the cooling rates that ensure high survival rates 

of different cells range approximately from 0.2 K/s to 1000 K/s. By controlling ice 

formation and solute concentrations, it is possible to freeze biological samples. 

1.2.2 Vitrification 

Vitrification is a common method used in cryopreservation, which allows for 

fairly high survival rates. Cooling rates in vitrification are high compared to the cooling 
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rates used in freezing methods. Depending on the water content and the concentration of 

cryoprotectants in the biological samples, the required cooling rates could vary from less 

than 7 ℃/min to several thousand degrees per min.  

Inside of biological materials, cytosol behaves much like water during a freezing 

process. During a vitrification process, the goal is to freeze the liquid into an amorphous 

solid. Early ice crystal formation and growth are found to have a negative impact on the 

survival rates of the preserved biomaterial. Unlike glass or ceramics, which will turn into 

amorphous solids naturally during a freezing process with high cooling rates, water 

becomes amorphous at near freezing temperatures with salt and cryoprotectants[7].  

In several studies of the survival rates during vitrification of human oocytes, the 

samples were cooled close to -196 ℃  while suspended in different solutions of 

cryoprotectant. The entire group of specimens was then thawed to test the survival rate. 

The survival rates of vitrification are listed in Table.1.1 below. 

Table 1.1 Human Oocytes Vitrification Studies and Results 

Author Number of Human Oocytes Survival rate (%) 

Chian(2005)[8] 180 93.9 

Kuwayama(2005)[9] 64 90.8 

Yoon (2003) [10] 474  68.7 
 

(Data Source: J. K. Jain and R. J. Paulson, "Oocyte cryopreservation," Fertility and sterility, vol. 
86, pp. 1037-1046, 2006.[4] and Yoon, T.K., et al., Live births after vitrification of oocytes in a 
stimulated in vitro fertilization–embryo transfer program. Fertility and sterility, 2003. 79(6): p. 
1323-1326.[11] ) 

 

1.2.3 Slow-freeze 
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Slow-freeze is another standard approach to preserve cells. And just as the name 

says, the cooling rate in this approach is very slow[11]. With the slow cooling rate, 

cytosol solidifies into its amorphous form directly. To test the survival rate of the 

biomaterials, cells also need to be frozen first and then thawed. A typical standard 

procedure is introduced below. 

Before slowly freezing the cells, cryoprotectants are usually added at room 

temperature to minimize the toxic effects. After the slow-freeze process begins, the 

temperature is slowly reduced from room temperature to approximately −6 ℃ at first 

with the initial cooling rate being about 2 ℃/min. The nucleation is then induced 

manually during this period of time. When the biomaterial reaches the equilibrium state, 

the temperature will then be gradually reduced to −30 ℃ with a constant cooling rate of 

  0.3 ℃/min [12]. The concentrations of cryoprotectants will increase as cells cool down 

to −30 ℃ . This is because the forming ice crystal excludes the solutes. With the slow-

freeze method, the cells’ metabolic rates become really slow, which can help the cells to 

avoid the toxic effect. In the end, the ice crystal gradually grows into the extracellular 

area. The slow cooling rates allow the additional cryopretectant to permeate into the cells 

to retain a balanced pressure between the inside and the outside of the cells. Once the 

cells and the solution is converted to a solid, the frozen biomaterial is stored in liquid 

nitrogen to stay at a vitrified state [4].  

During the thawing process, the temperature is raised very rapidly to lower the 

risk of intracellular ice formation. The cryotube, with frozen cells in it, is usually plunged 

into a hot water bath at approximately 40℃  for 1 min [13]. Non-permeating 

cryoprotectant is added to create a pressure difference so that permeating cryoprotectant 
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can be diffused out of the cell. The overall survival rate results of the slow-freeze method 

are listed in Table.1.2. 

Table 1.2 Slow-freeze studies and results  

Author Number of Human Oocytes Survival rate (%) 

Jain (1996-2004)[4] 4,000 55.4  

Jain (2002-2004)[4] 688 69.2  

Fabbri (2001)[14] 1,502  53.0  

Chen (2005) [15] 159  74.8 
 

1.2.4 Studies of the crystallization of water droplets 

The slow-freeze method and vitrification method have been proven to be effective 

at conserving both plant cells and animal cells. However, in order to better preserve and 

characterize a single cell, the traditional methods are insufficient. A reliable way to 

develop a preservation protocol hasn’t been found so far and the limit of the toleration of 

ice inside a single cell remains unknown. A thermal analyzer is a very good device to 

fulfill the goal of analyzing the thermal behavior of a single cell.  

Each individual cell behaves differently in a freezing test. However, a study 

shows that the protoplast behaviors are similar between the animal cells and plant cells 

[16]. Despite the structural differences between the two types of cells, when biomaterials 

are plasmolyzed, animal cells and plant cells have a similar intracellular mechanism to 

prevent themselves from being damaged. All types of cells contain a large amount of 

cytosol, which has similar thermal properties to water.  
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Human body cells typically consist of cell membrane, cytoplasm, cell organelles, 

and nucleus. According to Geoffrey Cooper’s research, approximately 70% or more of 

the mass of a cell is water. [17] In the early stages of a single cell thermal behavioral 

study, a water droplet sample is used as a common replacement for plant cells and animal 

cells in calibrating thermal analyzers.  

During a high cooling rate solidification process, a micro-scale water droplet will 

experience four stages if it is initially at a temperature above its freezing point. A water 

droplet will first be cooled down to the freezing point in the liquid phase. Then, the water 

droplet will start to freeze while heat of fusion is released. The latent heat released during 

this stage can dramatically increase the water droplet temperature, therefore forming a 

peak in the temperature profile plot. During the third stage, the water droplet will 

continue cooling down slowly until it is fully solidified. Finally, the water droplet will be 

cooled down in its solid form. This process is well captured in Fig.1.4. 

 
Fig.1.4 Water droplet surface temperature [18] 
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However, real cells still have 30% to 50 % of dry weight. The dry weight is made 

of proteins, RNA, lipids and other substance. Some cells even contain a type of protein 

called antifreeze protein (AFP). AFPs bind to small ice crystals to inhibit growth and 

recrystallization of ice. AFPs have been identified in fish, numerous plants, and insects 

living in areas susceptible to ice formation. There is a possibility of cells being partially 

frozen during a cryopreservation cooling process.  

 
1.3 Differential Thermal Analyzers  

Thermal analysis experiments were first conducted by Le Chatelier in 1887 to 

study the heating curve for clay minerals[19]. However, using DTAs to take heat of 

transition and heat of fusion measurements didn’t start until the 1940s. Now, commercial 

Differential Scanning Calorimetry (DSC) can be purchased from several manufacturers at 

a wide variety of price. [20] DSCs are utilized to study the crystalline transition, melting, 

phase diagrams and heat capacity of biomaterials. For the purpose of cryopreservation, 

DTAs are designed to measure the change in weight of a biological sample as a function 

of a temperature profile, determine sample decomposition, oxidation, and loss of solvent 

or water. DTAs can also be used to obtain the temperature where phase change takes 

place. The commercial version DSCs are usually built based on two newer types of DTAs, 

heat-flux DSC (hf-DSC) and power compensation DSC (pc-DSC) [21].   

The basic concept behind DTAs is that they measure the difference in temperature 

between a sample and a base-line reference during tests. Temperature programs are 

imported into computers to enable recent DTAs to take measurements automatically. The 

temperature results are recorded as a function of time. A heat-flux type DSC can capture 
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the heat flux alteration during a phase change process using a heat sensitive plate built 

inside of the hf-DSC. Enthalpy of transition then can be estimated from the incremental 

temperature fluctuation results[22]. On the other hand, pc-DSC usually has two 

individual heaters to maintain the temperature of the sample and the reference material. 

Energy or power that is input to maintain the temperature is then recorded as a function 

of time. The energy input is also proportional to the heat capacity of the testing sample.  

DTAs are very useful when analyzing the thermal behavior of a single cell. When 

an ice crystal starts to form in a single cell, heat of fusion will be released. The water 

inside of the cell will go through the four stages as shown in Fig.1.4. A DTA can record 

the temperature results as a function of time and the heat capacity of the material. Given 

the heating or cooling rate, shape factor and other information, thermal conductivity of 

the sample can be calculated. DTAs will allow for the calculations of the thermal 

properties, therefore allowing us to better understand the thermal behaviors of a single 

cell. 

1.4 Objective of Study 

A micro-scale differential thermal analyzer (µDTA), shown in Fig.1.5, was 

developed by Campton and Armes[23] to obtain accurate thermal properties 

measurements. The µDTA setup includes three control systems and a data acquisition 

system. The control systems control the temperature of the air, the humidity of the air and 

the cooling rate of the thermoelectric module.  
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Fig. 1.5 Micro-scale differential thermal analyzer prototype 

Gross temperature control is provided by an industrial chiller controls that 

circulates ethylene glycol through a cold block at the bottom. And a Proportional Integral 

Derivative (PID) controller controls a power supply to provide integrated cooling and 

heating rates. The cooling and warming rate of the µDTA is determined by a current 

profile output from the PID controller. The local humidity around the µDTA is controlled 

by the atmospheric control system with moist air being pumped out of the testing housing 

while the dry air is being pumped in simultaneously. A humidity sensor is constantly 

tracking the relative humidity of the air. A thermoelectric module is attached to the cold 

block and provides temperature control of the µDTA that is attached to the other side of 

the thermoelectric module. 

In order to automate the data collection process, Campton and Armes developed a 

user interface using C#. This interface controls the power supply for the TE module and 
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the multi-meter that collect data from the thermocouple. Later on, the thermocouple was 

changed to a resistance temperature detector (RTD) for easier sample loading. The 

schematic of the data acquisition system is shown in Fig. 1.6. 

 

Fig. 1.6 Schematic of the data acquisition system 

Prior to conducting the experiments on cells, water droplets were tested. The 

following steps were followed for each experiment. First, deionized water droplets were 

loaded in position and the initial temperature of the sample was held at 20 ℃. Enough 

time was allowed for the sample to reach thermal equilibrium and for the humidity of the 

experimental housing to drop below 20%. The chiller was set at −35 ℃ and then the 

measurement plan was executed while cooling down the TE module. The program would 

automatically stop the cooling process once the experiment was finished.  Fig. 1.7 gives 

an example of the temperature profile of a water droplet sample after one complete 

experiment. 
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Fig. 1.7 Temperature Profile of a Water Droplet Sample 

 

From the temperature profiles that were obtained in the past, the µDTA prototype 

allowed for calculations of enthalpy change, error in repeatability, heat of fusion, and 

volume measurements. Based on the performance of the µDTA prototype, a better 

generation of µDTA is required to enhance the prediction of the µDTA’s transient 

thermal output.  

To enhance the accuracy of the current profile, Compton made a one-dimensional, 

transient, conduction-only model in MATLAB. Armes developed a much more complex 

2D numeric model using MATLAB to simulate the heat transfer process of the 

thermoelectric module. In Armes’ model, a direct transient comparison was made. By 

comparing to Compton’s 1D simulation results, it was found that both the one-

dimensional and the two-dimensional models fail to capture the thermal lag phase at the 

-60	

-50	

-40	

-30	

-20	

-10	

0	

10	

20	

30	

0	 50	 100	 150	 200	 250	 300	

Te
m

pe
ra

tu
re

 (d
eg

re
e 

C)


Physical Time (s)



14	
	

beginning of the cooling process. However, based on the experimental observation results, 

Armes’ model did predict the cooling rate better. 

A 3D numeric model built in STAR CCM+ is then proposed. This model will be 

calibrated with experimental data. In this numeric model, a water cube is built to simulate 

the cell activity when being frozen by a thermoelectric pad. This model will allow us to 

investigate the temperature distribution at different locations within the cell and help in 

the interpretation of the experimental data. It will also allow us to explore fractions of 

water cube that water freezes.   
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2. Literature Review 

2.1 Introduction 

Many analytical solutions for transient heat conduction profiles are reported in the 

literature. However, in many practical situations, analytical solutions haven’t been 

obtained yet due to irregular geometry or unique boundary conditions. The thermal 

behavior of biomaterials has been studied using numerical methods. Computational Fluid 

Dynamics (CFD) is an effective and powerful tool to study thermal processes numerically. 

Among all the numerical techniques, the finite element method and the finite volume 

method are often used in commercial packages because of their high accuracy，general 

purpose application, and ability to consider complex geometries and physics. 

In CFD, some physical models solve the Navier-Stokes equations while others 

solve the Boltzmann equations.[24] In order to obtain the temperature profiles and to 

predict the freezing time of phase change materials, the method so-called “Equivalent 

Heat Capacity Method” and the “Enthalpy Method” have been implemented often times. 

Both physical models are considered the classical engineering approaches to solve a 

phase-change heat transfer problem. 

 

2.2 Available Numerical Techniques 

2.2.1 Finite Element Method 

Finite element modeling involves the discretization of the structure into elements 

that are defined by nodes as shown below. Since the nodes define the elements’ 

boundaries, the shape of the elements could be different from case to case. Element shape 
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functions can range from linear interpolation functions to higher order polynomial 

functions. Generally, elements are formed in a local coordinate system. Elemental 

matrices are transformed from the local elemental coordinate system to the global 

coordinate system. 

 

 

Fig. 2.1 Typical elements for finite-element method (Data source: F. 
Mahmoudian and G. F. Margrave, "A review of the finite-element method in seismic 

wave modelling," Technical report, CREWES Research Report2003.) [25] 

 

 The finite element method was first proposed by Y. Cheung to solve heat 

conduction problems[26] by developing partial differential equations of the function at 

each node. Field quantities are stored in each of the elements at the nodal points.  Using 

the finite element method, thermal properties (such as thermal conductivity, heat capacity, 

density, latent heat and heat transfer coefficient) are approximated using discretized 

equations over each of the domains. The general solution for all elements results in an 

algebraic set of simultaneous equations of unknown nodal values. The equations are 
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calculated on a finite element basis after the application of boundary conditions using the 

variational principle and Euler minimum integral theorem.[27]  

In numeric simulations involving phase change problems, simultaneous 

temperature dependence of thermal properties is assumed. These properties are set to 

change rapidly within a very narrow range of melting temperature. [28] 

There is some literature that has solved the same heat conduction problems using 

the finite element method. For example, for a non-linear melting and solidification 

problem with geometry shown below, the analytical solution and numeric solution 

obtained by using the finite element method were compared. The material is at 283K 

initially and the wall is at constant 253K for the solidification process. Fig.2.2 shows the 

temperature distribution of the region after 200s and the freezing point of this material is 

283.15K. 
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Fig.2.2 Solidification of a slab in liquid.(a) Finite-element mesh. Non-conductive 
boundaries are assumed throughout but at the face x = 0. Slab thickness: L = 1 m (b) 

Progress of freezing front through slab: distance vs time.(Data source: G. Comini,"Finite 
element solution of non-linear heat conduction problems with special reference to phase 
change," International Journal for Numerical Methods in Engineering, vol. 8, pp. 613-

624, 1974.) [28] 

 

Fig.2.3 Temperature distributions at different time values during the freezing 
process referred to in Figure 2.2 (Data source: G. Comini,"Finite element solution of 

non-linear heat conduction problems with special reference to phase change," 
International Journal for Numerical Methods in Engineering, vol. 8, pp. 613-624, 1974.) 

[28] 

 
There are many other applicable heat conduction problems that have been solved 

by the finite element method with decent accuracy. It has been proven that the finite 

element method has the capacity to deal with phase change problems, determination of 

thermal stresses, food freezing, thawing technology, etc.[28-30] 

2.2.2 Finite Volume Method 
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Patankar and Spalding developed the finite volume method (FVM) using a 

physical approach for deriving the nodal equations.[31] When using FVM, the domain is 

divided into many small control volumes, usually in the shape of a rectangle or triangle. 

The integral conservation law is enforced for small control volumes (CV) defined by the 

computational mesh and the entire domain. 

 

Fig.2.4 Typical control volumes in finite volume method[32] 

This method requires a discretization of the governing equation in its integral 

form. In order to obtain a linear system, integrals must be expressed in terms of mean 

values. The solution is available only at the CV centers; interpolation is needed to obtain 

the function values at quadrature points. Common numerical integration rules and 

interpolation techniques are listed in the table below. 

Table 2.1 Numerical integration rules and interpolation techniques 

Newton-Cotes quadrature rules Interpolation techniques 

1D 2D or 3D Upwind difference approximation 
Central difference approximation 
Linear upwind difference scheme 

Quadratic upwind difference scheme 

Midpoint rule 
Trapezoidal rule 
Simpson’s rule 

Midpoint 
Center of gravity 
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The second-order FVM usually combines the center difference scheme and the 

linear upwind difference scheme. High-order schemes can be derived from polynomial 

fitting.  

Boundary conditions are applied with certain boundary temperatures or heat 

fluxes. The finite volume method can handle Neumann boundary condition as well as the 

Dirichlet boundary condition. 

 The finite volume method is oftentimes coupled with the front tracking approach 

for simulating the interface during a phase-change process, especially the solidification 

modeling[33-36]. Each phase is modeled separately with the use of fitted body 

coordinates. Two-phase equations are difficult to obtain due to the large variation of the 

thermal properties across the interface. A fine mesh is necessary to ensure high stability 

for the numeric simulation. However, even with fine mesh, the front tracking method 

becomes insufficient with the phase separation, and the fixed-grid approach or the “cut-

cell“ method is usually applied for better results [37-39].  

2.2.3 Other Accelerated CFD Methods 

There are adopted CFD methods built upon the conventional finite element 

method and the finite volume method in industrial applications. These methods usually 

accelerate the numeric simulations and output results with decent accuracy and stability. 

Conventional CFD methods use either the Eulerian approach or the Lagrangian approach, 

where the former one is a mesh-based method and the latter one is a mesh-free method. 

[24] Some accelerated CFD methods use one of the approaches, such as the reduced 

order modeling method and the smoothed particle hydrodynamics method. On the other 

hand, hybrid methods (such as the lattice Boltzmann method) are developed based on 
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both the Eulerian and Lagrangian approaches to accelerate the mathematical calculation 

process.  

Reduced order modeling seeks to reduce the number of degrees of freedom to 

shorten the calculation time. The model relies on a basis called the Proper Orthogonal 

Decomposition (POD), which is used for data pattern analysis.[40] POD is the most 

popular procedure for extracting spatial basis functions from computational data. 

Detailed simulation work done for fluid flow and heat transfer can be found in Matthieu 

Rousset’s [41] thesis and other literature[42]. 

Smoothed Particle Hydrodynamics (SPH) was initially developed by Gingold and 

Monaghan[43].  It has been a good method in solving multiphase problems. In SPH, the 

fluid properties are stored in discrete particles and are manipulated using kernel functions. 

Bockmann [44] and Valizadeh’s work[45] showed the implementations of SPH in 

incompressible inviscid flows with free surfaces and two-phase flow modeling. 

Lattice Boltzmann Method (LBM) is based on the Boltzmann equation, which 

was initially derived by Ludwig Boltzmann. It uses the particle-mesh approach and it 

models the fluid flow from single-phase to multi-phase with complex geometries such as 

porous media flows.[46] Complex heat transfer problems were solved using LBM in a lot 

of literature.[46-49] For instance, the thermal behavior of a droplet on a solid surface was 

studied by Taghilou, M. and using LBM.[50] 

2.3 Phase Change Physical Models 

2.3.1 Equivalent Heat Capacity Method 

Dariusz Heim used a graph to explain the equivalent heat capacity method, as 

shown in Fig.2.5.[51]  
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Fig.2.5 Graphical representation of Effective Heat Capacity Method 
 (Figure source: D. Heim, "Two solution methods of heat transfer with phase 

change within whole building dynamic simulation”) 
 

The equivalent heat capacity method assumes that the latent heat of phase change can be 

treated as a function of the effective heat capacity and an artificial melting temperature 

range[52]. Since in reality, one substance has one specific melting temperature at a 

certain situation, the artificial melting temperature range is usually very narrow in order 

to accurately represent the real situation. The effective heat capacity can be calculated 

by,[53] 

 𝐶!,!" =
𝐿
∆𝑇 +  𝐶! 2.1 

As shown in Eqn.2.1, the effective/equivalent heat capacity is equal to the sum of the 

ratio between the latent heat and the melting range plus the real heat capacity of the 

material in its solid form. The effective heat capacity is then utilized in the energy 

balance equation shown below. 

 𝜌!𝐶!,!"
𝜕𝑇
𝜕𝑡 + ℎ!∇𝑇 =  ∇(𝑘!∇𝑇) 

2.2 



23	
	

Where, ℎ! is the convection heat transfer coefficient during the melting process. The 

equation that is used to calculate ℎ! can be found in Appendix A. 

2.3.2 Enthalpy Method 

The energy balance can be written in the form of the enthalpy. 

 𝜌
𝜕ℎ
𝜕𝑡 + 𝜌𝑢 ∙ ∇ℎ −  ∇ ∙ 𝛼∇ℎ + 𝑆 = 0 

2.3 

 

Where 𝑢 is the velocity vector, 𝛼  is the thermal diffusivity, and S is a source term. The 

velocity vector,𝑢, equals to zero at the solid-liquid interface and also the solid region. 

The enthalpy method states that the total enthalpy (H) in a system during the phase-

change stage can be determined by DSC measurements results. The specific enthalpy and 

the source term can be calculated by [54, 55] 

 h =  𝐻 − ∆𝐻 2.4 

 𝑆 =  𝜌
𝜕∆𝐻
𝜕𝑡  2.5 

For a isothermal solidification, 

 ∆𝐻 = 𝐿      𝑇 > 𝑇!
0       𝑇 < 𝑇!

 2.6 

For material with a melting temperature range, the amount of heat released can be 

calculated by, 

 
∆𝐻 =

𝐿                     𝑇 > 𝑇!
𝐿 ∙ 𝑓!             𝑇! > 𝑇 > 𝑇!
0                     𝑇 < 𝑇!

 
2.7 

Where 𝑓! is the volume fraction of fluid and 𝑓! 𝑇  could be a non-linear function[55].  

2.4 Conclusions and Proposal 
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In summary, numeric simulation analysis relies on efficient mesh generation 

systems to accompany the geometrical complexity. The quality of the simulation depends 

strongly on the mesh conditions, in terms of smoothness, regularity, and distortion of the 

cells. There are several options for the grid geometry and different levels of density when 

we first meshed the geometry. Robust CFD algorithms will generate reliable results. 

Typically, reduced-order modeling can shorten the computational time while retaining 

the model’s ability to capture physics of interest. However, a model with complex 

physical interactions requires more time in the face of high fidelity equation sets.  

The simulation model in this study is based on the micro-scale calorimeter 

prototype created by James L. Armes. A two-dimensional, transient model was 

previously developed by James to predict the experimental performance of the µDTA 

prototype. The numeric model has allowed for a geometry upgrade. 

 In this study, a one-dimensional model was first established in MATLAB. Later 

on, a three-dimensional model was established in Star CCM+, which is a commercial 

application with implement of the adaptive finite volume method. To accompany 

multiphase heat transfer processes, a Eulerian fixed-grid technique called the volume of 

fraction scheme (VOF) was also introduced into the 3D model. The VOF scheme is based 

on the enthalpy method and it will ensure that the interfacial energy between the solid 

and liquid phases can be properly simulated. 

The new numeric models will allow for further enhancement in current profile 

predictions that can ultimately help building the micro-scale calorimeter prototype. The 

details of the proposed numeric simulation can be found in the subsequent chapters. 
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3. Investigative Approach 

3.1 Governing Equations 

3.1.1 Combined Fundamental Differential Equation  
The most fundamental laws that our numeric models are built upon are 

conservation of mass, conservation of energy and conservation of momentum. For a 

differential control volume, all the variables are calculated on a control volume basis by 

using the general differential equation proposed by S. V. Patankar[56]. 

 𝜕
𝜕𝑡 𝜌ϕ + ∇ ∙ 𝜌𝑢𝜙 = ∇ ∙ Γ∇𝜙 + 𝑆 3.1 

In	Eqn	3.1,	the	velocity	vector	𝑢	=	(u,	v,	w).	The first term  !
!"

𝜌ϕ  represents the time 

rate of change of properties within the control volume, ∇ ∙ 𝜌𝑢𝜙  represents the advection 

transport across the boundaries of the control volume,  ∇ ∙ Γ𝑢𝜙   is the diffusion term, 

and S is the source term.  

When using different conservation equations, ϕ  is a property and Γ  is the 

diffusion coefficient. For example, in the conservation of mass equation, ϕ is equal to 1 

and S equals 0. Thus, Eqn. 3.1 can be simplified to  

 𝜕𝜌
𝜕𝑡 + ∇ ∙ 𝜌𝑢 = 0 3.2 

The simplified conservation of energy and momentum equations are shown below. 

 ∇ ∙ 𝜌𝑢 ∙ ℎ = ∇ ∙ k∇𝑇 + 𝑆 3.3 

 𝜕
𝜕𝑡 𝜌u + ∇ ∙ 𝜌𝑢𝑢 = ∇ ∙ µ∇𝑢 + 𝑆 

 

 ∂
∂t ρv + ∇ ∙ ρuv = ∇ ∙ µ∇v + S 
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 ∂
∂t ρw + ∇ ∙ ρuw = ∇ ∙ µ∇w + S 

3.4 

3.1.2 The Discretization Equation for Heat Conduction 

  A discretization equation is an algebraic relation that the numeric model follows 

to solve values for a group of node points. To derive the right discretization equation for 

the numeric model, let’s consider a steady one-dimensional heat conduction problem 

first. Set  ϕ  equal to T and Γ equal to k in the general differential equation.  Eqn. 3.1 then 

becomes, 

 𝑑
𝜕𝑥 (𝑘

𝑑𝑇
𝑑𝑥)+ S = 0 3.5 

To discretize Eqn3.5, we shall employ the grid-point structure shown in Fig 3.1. 

 

Figure 3.1 Grid-point structure for one-dimensional discretization equation (S.V. 
Patankar, Numerical Heat Transfer and Fluid Flow, Taylor & Francis, 2014, p. 32.) 

 
If we multiply dx on both sides of the equation 3.5 and then take an integral, it will 

become 

 
𝑑(𝑘

𝑑𝑇
𝑑𝑥)

!

!

+ 𝑆
!

!

𝑑𝑥 = 0 3.6 

If we approximate the value of  !"
!"

  using a linear profile, Eqn. 3.6 can be written as 

 𝑘!(𝑇! − 𝑇!)
(𝛿𝑥)!

−
𝑘! 𝑇! − 𝑇!

𝛿𝑥 !
+ 𝑆∆𝑥 = 0 3.7 
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where 𝑆 is the average value of S over the control volume. Notice that for an infinitesimal 

change in x, the integral S can be evaluated by, 

 S x dx ≅ S∆x 3.8 

Rearrange Eqn. 3.7, the final form of the discretization equation becomes, 

 𝑎!𝑇! =  𝑎!𝑇! + 𝑎!𝑇! + 𝑏 3.9 

Where, 
𝑎! =  

𝑘!
(𝛿𝑥)!

 
3.10 

 
𝑎! =  

𝑘!
(𝛿𝑥)!

 
3.11 

 𝑎! = 𝑎! + 𝑎! 3.12 

 𝑏 = 𝑆∆𝑥 3.13 

The thermal conductivity 𝑘! and 𝑘!  can be evaluated at the e or w axis shown in Fig 3.1. 

 

Figure 3.2 Grid-point structure for three-dimensional discretization equation 

The same technique used to derive the one dimensional discretization equation 

can also be used to derive the three dimensional equation. As shown in Fig 3.2, by adding 
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the south, north, top and bottom direction, the general differential equation can be written 

as  

 𝑎!𝑇! =  𝑎!𝑇! + 𝑎!𝑇! + 𝑎!𝑇! + 𝑎!𝑇! + 𝑎!𝑇! + 𝑎!𝑇! + 𝑏 3.14 

 𝑎! =  𝑎! + 𝑎! + 𝑎! + 𝑎! + 𝑎! + 𝑎! + 𝑎!! − 𝑆!∆𝑥 ∆𝑦 ∆𝑧 3.15 

 𝑏 = 𝑆!∆𝑥 ∆𝑦 ∆𝑧 + 𝑎!!𝑇!! 3.16 

 
𝑎! =

k!∆𝑦 ∆𝑧
(𝛿𝑥)!

 
3.17 

 
𝑎! =

𝑘!∆𝑦 ∆𝑧
(𝛿𝑥)!

 
3.18 

 
𝑎! =

𝑘!∆𝑥 ∆𝑧
(𝛿𝑦)!

 
3.19 

 
𝑎! =

𝑘!∆𝑥 ∆𝑧
(𝛿𝑦)!

 
3.20 

 
𝑎! =

𝑘!∆𝑦 ∆𝑧
(𝛿𝑥)!

 
3.21 

 
𝑎! =

𝑘!∆𝑦 ∆𝑧
(𝛿𝑥)!

 
3.22 

 𝑎!! =
𝜌𝑐 ∆𝑥 ∆𝑦 ∆𝑧

∆𝑡  3.23 

3.1.3 Tri-diagonal Matrix Algorithm (TDMA) 

Suppose that we have a one-dimensional structure shown below, 

 

Figure 3.3 Internal and boundary node points 
 

For the convenience of presenting the algorithm, we will re-write Eqn. 3.9 to be, 

 𝑎!𝑇! =  𝑏!𝑇!!! + 𝑎!𝑇!!! + 𝑑! 3.14 
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Rearrange Eqn. 3.13, for each node n,  

 0 = 𝑐!𝑇!!! −  𝑎!𝑇! + 𝑏!𝑇!!! + 𝑑! 3.15 

In order to solve the temperature for each node, we will need to solve the matrix 

equation, 

 0 = 𝐴 𝑇 + 𝑑  3.16 

Where, 

𝐴 =

𝑐! −𝑎! 𝑏!
0 𝑐! −𝑎!
0 0 𝑐!

     
0 ⋯ 0
𝑏! ⋯ 0
−𝑎! ⋯ 0

⋮   
⋮   
0 0 0

     
   
  ⋱
⋯ 𝑐! −𝑎!

      
⋮
⋮
𝑏!

 

 

 

3.17 

 

𝑇 =

𝑇!
𝑇!
𝑇!
⋮
⋮
𝑇!

   , 𝑑 =

𝑑!
𝑑!
𝑑!
⋮
⋮
𝑑!

 

 

 

3.18 

3.19 

If we write the current node temperature in term of the next node, 

 𝑇! = 𝑃! 𝑇!!! + 𝑄! 3.20 

 𝑇! =
𝑏!

𝑎! − 𝑐!𝑃!!!
 𝑇!!! +

𝑐!𝑄!!! + 𝑑!
𝑎! − 𝑐!𝑃!!!

 
 

3.21 

Where, 𝑃! =
𝑏!
𝑎!

 ,𝑄! =
𝑑!
𝑎!
,  3.22 

3.23 

 𝑃! =
𝑏!

𝑎! − 𝑐!𝑃!!!
 , 𝑄! =  

𝑐!𝑄!!! + 𝑑!
𝑎! − 𝑐!𝑃!!!

 
3.24 

3.25 

In summary, the first step of the tridiagonal-matrix algorithm (TDMA) is to 

calculate𝑃! and 𝑄!. Then, one shall use Eqn. 3.22 to calculate 𝑃! and 𝑄! for n=1, 2, 3 …, 
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N. Next, use boundary condition equations to solve 𝑇!  and set 𝑇! =𝑄! . And then use the 

sequence formula Eqn. 3.20 to calculate  𝑇!!! ,𝑇!!! , … ,𝑇!. 

3.2 Numeric Model Development 

 
3.2.1 One-Dimensional Heat Conduction Model Geometry  
 

Thermal simulations of heat conduction have been preformed using MATLAB 

(MathWorks, R2009b) and Star CCM+ (CD-Adapco, STAR-CCM+9.06.011-R8). The 

continuity equation as well as the momentum and energy equations for the process has 

been solved in MATLAB and Star CCM+ using TDMA and finite volume methods 

respectively. The thermal simulations involve two kinds of structures; a single water cube 

and a multiple layered structure as shown in Fig. 3.4. 

 

Figure	3.4	1D	multi-layer	geometry	utilized	in	the	construction	of	numeric	

model 

A multi-layer solid region was created in Star CCM+. However, within the 

region, there was only heat conduction in the z direction as shown in Fig. 3.5. 
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Figure 3.5 Multi-layer geometry utilized in Star CCM+ 

For the multi-layered geometry, the dimensions and thermal properties of 

different materials are listed in Table 3.1. 

Table 3.1 Dimensions and thermal properties of different materials 

Material Name Thickness 
(𝑚𝑚) 

Heat 
Capacity 

𝐶! (𝐽 𝑘𝑔 ∙ 𝐾) 

Thermal 
Conductivity 
 𝑘 (𝑊 𝑚 ∙ 𝐾) 

Density 
𝜌 (𝑘𝑔 𝑚!) 

Water/cell Solid 0.01 2050 2.22 916 
Liquid 4186 0.561 999.8 

Silicon Wafer 0.5 745 1.38 2220 
Silicon Dioxide 0.3 745 1.38 2220 

Ceramic Alumina 0.68 77.5 35 3750 

 
3.2.2 Boundary Condition 

 There are two types of boundary conditions assigned to the numeric models; 

constant temperature and constant heat flux boundary conditions. Each of the boundary 

conditions requires different values for coefficients used in the TDMA code written in 
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MATLAB. And each of the boundary conditions requires different physics conditions set 

up when building the regions in Star CCM+.  

 In MATLAB, for a constant temperature boundary condition applied to the 

beginning of the structure, the parameters for the first node point in TDMA can be set as 

shown below. 

 𝑃! = 0 ,𝑄! = 𝑇!  ,  𝑎! = 1 , 𝑏! = 0 ,𝑑! = 𝑇!    

If a constant temperature boundary condition is applied to the last node point, 

 𝑃! = 0 ,𝑄! = 𝑇!  ,  𝑎! = 1 , 𝑐! = 0 ,𝑑! = 𝑇!    

For a constant heat flux boundary condition shown in Fig. 3.6, 

 

Figure 3.6 Half control volume near the boundary 

Based on the energy balance equation, 

 𝑘!
(𝛿𝑥)!

𝑇! + 𝑞" + 𝑆∆𝑥 =
𝑘!

(𝛿𝑥)!
𝑇! 3.26 

Thus, 
𝑎! =

𝑘!
(𝛿𝑥)!

 , 𝑏! =
𝑘!

(𝛿𝑥)!
 , 𝑐! = 0,𝑑! = 𝑞" + 𝑆∆𝑥  

 

 Where 𝑘! is evaluated at the e axis shown in Fig 3.6 and 𝑘! is evaluated at the 

material boundary. 
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In Star CCM+, the boundary type can be selected to be wall, stagnation inlet and 

so on. To provide more information on the boundary condition, a user can apply a 

specified temperature or a specified heat flux thermal boundary condition.   

3.2.3 Source Term  

In the TDMA algorithm, when the heat source remains constant, it will be input as 

𝑆 in the discretization equation. When the heat source is a function of temperature, it can 

be linearized in the form of  

 𝑆 =  𝑆! + 𝑆!𝑇! 3.27 

The value of  𝑆! and 𝑆! may depend on the temperature and there are recalculated during 

each iteration cycle. There are different values one can assign to 𝑆! and 𝑆!, but one 

should always choose the linearization of S that is a good representation of the 𝑆 (𝑇) 

function and the slope of the linear relation should always remain negative.  

For a phase change problem, the energy balance equation becomes 

 𝜌𝐶!
𝑑𝑇
𝑑𝑡 =

𝜕
𝜕𝑥 𝑘

𝜕𝑇
𝜕𝑥 − 𝜌𝐿

𝑑𝑓!
𝑑𝑡  3.28 

The heat source term should include both heat released due to phase change and heat loss 

due to an increase in temperature. The heat source term for a single cell for an iteration 

cycle is 

 𝑆 = 𝜌𝐶!𝑇!! + 𝜌𝐿∆𝑥∆𝑓! 3.29 

Since the fluid fraction 𝑓! at a certain temperature 𝑇 is 

 
𝑓! =

0 𝑇 < 𝑇!
𝑇 − 𝑇!
𝑇! − 𝑇!

𝑇! < 𝑇 < 𝑇!
1 𝑇 > 𝑇!

 
 

3.30 
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Using Eqn 3.27, we can split our heat source term into 𝑆! and 𝑆! as shown below. 

 𝑆! = 𝜌𝐶!𝑇!! +
𝜌𝐿𝑇!!

𝑇! − 𝑇!
  

3.31 

 𝑆! = −
𝜌𝐿

𝑇! − 𝑇!
  

3.32 

 

 The heat source terms 𝑆! and 𝑆! will be added to the 𝑎! term and the 𝑏 term in 

Eqn. 3.11 and Eqn. 3.12, respectively, for each control volume. The new 𝑎! and 𝑏 value 

can be computed by 

 𝑎! = 𝑎! + 𝑎! + 𝑎!! − 𝑆!∆𝑥 3.33 

 𝑏 = 𝑆!∆𝑥 + 𝑎!!𝑇!! 3.34 

Also, the thermal properties in the energy balance equation will be calculated based on 

the fluid fraction.  

 𝑘 = 𝑓! ∙ 𝑘! + (1− 𝑓!)𝑘! 3.35 

 𝜌 = 𝑓! ∙ 𝜌! + (1− 𝑓!)𝜌! 3.36 

 𝐶! = 𝑓! ∙ 𝐶!" + (1− 𝑓!)𝐶!" 3.37 

 

To simulate the phase change process in Star CCM+, a Volume of Fluid (VOF) model 

has been chosen from the Eulerian Multiphase Model group. This model allows the users 

to set the liquidus temperature and solidus temperature as well as other thermal 

properties; including the specific latent heat of fusion as shown in Fig 3.7. 
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Figure 3.7 Melting-Solidification Simulation Window in Star CCM+ 

3.2.4 Thermal Properties in Composite Materials 

The thermal properties of each node are stored in matrix [A] and [d] in Eqn. 3.15. 

For a multi-layer structure, thermal properties could change between two nodes. In order 

to derive a formula to calculate the equivalent thermal property, let’s consider a one-

dimensional node structure like Fig.3.8. 

 

Figure 3.8 Composite Material Node Point Structure 

Between node P and E, the length of material A (on the left hand side) is 𝛿𝑥!! and the 

length of material B (on the right hand side) is 𝛿𝑥!!. Therefore, between node P and E, 
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!!!!
!!!

 percent of the material is A and !!!!
!!!

 percent is B. Based on the energy balance at the 

interface, the equivalent thermal property 𝑋!"  can be calculated by 

 𝑋!" =
𝑋!𝑋!

𝛿𝑥!!
𝛿𝑥!

𝑋! +
𝛿𝑥!!
𝛿𝑥!

𝑋!
  

3.38 

3.3 Mesh Refinement Study 

3.3.1 MATLAB  

A mesh independence study has been conducted using a steady-state one-

dimensional conduction model. The three mesh densities are listed in Table 3.2.  

Table 3.2 Mesh information for TDMA code developed in MATLAB 

Mesh Density Mesh Size (m) Number of Nodes 

Coarse 10!! 700 

Base Line 10!! 7000 

Fine 10!! 70000 

The temperature distribution results for different mesh densities have been 

compared at the same locations of the solid; the beginning of the solid, 1/7 length of the 

solid, 3/7 length of the solid, 5/7 length of the solid and the end of the solid. Average 

temperature differences have been calculated between one mesh and the previous one 

with lower numbers of nodes. 
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Figure 3.9 Temperature vs position for different mesh sizes 

 

Figure 3.10 Average temperature differences between two mesh densities 

 

3.3.2 Star CCM+ 
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A mesh independence study has been conducted using the same transient one-

dimensional conduction model that previously used in MATLAB. Detailed mesh 

information for numeric models developed in Star CCM+ is listed in Table 3.3. 

Table 3.3 Mesh information for numeric models developed in Star CCM+ 

Mesh Density Mesh Size (m) Number of Cells 

Coarse 1.28×10!! 6,528 

Base Line 6.14×10!! 27,136 

Fine 1.28×10!! 6,096,198 

Average temperature difference has been calculated between one mesh and the 

previous one with lower numbers of nodes. Based on the information in Table 3.4, we 

decide to use the fine mesh with the mesh size being 1.28×10!! m. 

Table 3.4 Mesh densities and the relative temperature differences 

Mesh Density Energy Residual (K) Average Temperature Difference (K) 
Compare with Base Line 

 

Coarse  1.17×10!!" -0.87 

Base Line 3.84×10!!" 0 

Fine 8.98×10!!" 0.044 
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Figure 3.11 Temperature vs position for different mesh sizes 

3.4 Time Step Study 

3.4.1 MATLAB  
Given the temperature of a cell at time t, a fully implicit scheme is utilized to 

calculate the temperature at t+∆𝑡. The implicit scheme assumes the temperature at t, 𝑇!!, 

drops suddenly to temperature  𝑇!! at t+∆𝑡 and stays at that value.  
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Figure 3.12 Variation of temperature with time for three different schemes (S.V. 
Patankar, Numerical Heat Transfer and Fluid Flow, Taylor & Francis, 2014, p. 56.)  

   

Using the fully implicit scheme, the values of 𝑎! and 𝑏 were re-calculated using different 

formulas. 

 𝑎! = 𝑎! + 𝑎! + 𝑎!! − 𝑆!∆𝑥 3.39 

 𝑏 = 𝑆!∆𝑥 + 𝑎!!𝑇!! 3.40 

Where,  𝑎!! =
𝜌𝑐∆𝑥
∆𝑡  3.41 

It can be seen that as ∆𝑡 goes to infinity, the value of 𝑎! and 𝑏 agree with the steady-state 

calculation results.   

In order to make sure that the time step ∆𝑡 would be as large as possible to reduce 

the computation time while also small enough to provide accurate and realistic results, a 

time step independence study has been conducted using a one-dimensional symmetric 

transient conduction model. This model has symmetric geometry and uniform thermal 

properties. Three different time-step values were chosen and the temperature at the 1/12, 

1/6, and 1/4 lengths of the geometry have been compared after the simulations are 

converged.   

 
Table 3.5 Time step information for TDMA code developed in MATLAB 

Step Size Time Step 
(s) 

Temperature (K) 
1 / 12 Length 1 / 6 Length 1 / 4 Length 

Big 4×10!! 16.8368 23.5623 24.8438 
Base Line 4×10!! 16.5645 23.6076 24.8924 

Small 4×10!! 16.5363 23.6122 24.8978 
Very Small 4×10!! 16.5334 23.6126 24.8984 



41	
	

 

Figure 3.13 Temperature at 0.4 seconds for different time steps  

3.4.2 Star CCM+ 

In Star CCM+, four different time steps have been tested using the same transient 

numeric model previously run in MATLAB. Temperature profiles were compared. The 

results are listed in Table 3.6 below. Based on the results, the time step was set to be 

4×10!! second. 

Table 3.6 Time step information for numeric models developed in Star CCM+ 

Time Step Test Time Step (s) Average Temperature Difference 
(K) 

Energy 
Residual 

Big 4×10!! 3.60×10!! 2.97×10!!" 
Base Line 4×10!! 0 1.14×10!!" 

Small 4×10!! 4.0×10!! 2.74×10!!" 
Very Small 4×10!! 3.65×10!! 2.02×10!!" 
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Figure 3.14 Temperature vs position for different time steps 

3.5 Analytical Validation 

3.5.1 Steady One-Dimensional Heat Conduction  

The numeric model developed in MATLAB has been tested under a steady-state 

heat conduction condition. The bottom of the structure was set at a constant temperature 

of 288 K and the top of the structure was at 237 K constantly. 

 

Figure 3.15 Boundary conditions of the one-dimensional heat conduction scenario 
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The same boundary conditions were applied to the geometry in Fig. 3.4 as in Star CCM+.  

The physical model of the geometry was set to be constant density and segregated 

energy.  

The analytical solution can be obtained by solving, 

 𝑑!𝑇
𝑑𝑥! = −𝑆 

3.42 

The exact solution of equation 3.39 is,  

 𝑇 = −
𝑆
2 𝑥

! + 𝐶!𝑥 + 𝐶! 3.43 

Where 𝐶! and  𝐶! are constants which can be computed given the source term value and 

two boundary conditions. After solving Eqn. 3.39, temperature computed using the 

numeric method and the analytical method were compared. 
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Figure 3.16 Numeric temperature profile and analytical result for one-dimensional 

conduction  

The results obtained from all three methods agree with each other. The temperature 

difference between the MATLAB model results and the analytical solution is less than 

0.34 K.  

3.5.2 One-Dimensional Transient Heat Conduction 

In order to further test the numeric model developed in MATLAB, a transient heat 

conduction problem was simulated using the geometry and boundary conditions shown 

below. 
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Figure 3.17 Geometry set up of the transient heat conduction scenario 

 This transient one-dimensional conduction problem is governed by the equation, 

 1
𝛼
𝜕𝑇
𝜕𝑡 =

𝑑!𝑇
𝑑𝑥! 

3.44 

Based on M. Necati Özişik’s separation of variables method[57], the solution of Eqn.3.44 

can be approximated using the formula, 

 
𝑇 𝑥, 𝑡 = 𝐾(𝛽!, 𝑥) ∙ 𝑒!!!!

! !
!

!!!

∙ 𝐾(𝛽!, 𝑥!) ∙ 𝐹(
!

!!!!
𝑥!)

∙ 𝑑𝑥! 

                   3.45 

Where, 𝐾 and 𝛽 are different constants that depend on how big the number of elements, 

m, is. More detailed formulas can be found in Appendix B. This study used 10 terms to 

calculate the analytic values of the temperature. The element size is 1×10!!m, the time 

step is 4×10!!   second, the boundary temperature stays constantly at 0 K, and the initial 

temperature is at 25 K. The numeric simulation results and the analytical results are 

plotted in the figure below. The biggest temperature difference among the three models is 

about 0.2 K. 
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Figure 3.18 Transient heat conduction temperature distribution at different time 

3.5.3 Semi-infinite Solid Melting Problem  

In order to examine the numeric model for phase-change problems, the numeric 

models developed in MATLAB and Star CCM+ were used to calculate the temperature 

distribution of a semi-infinite solid during a melting process. Numeric results obtained 

from the TDMA algorithm and Star CCM+ were compared with the exact analytical 

solution and a second-order approximation solution.  

Fig.3.18 shows the expected behavior at a certain moment for the one-

dimensional melting problem in which the solid was initially at a temperature lower than 

the fusion temperature. A constant temperature boundary condition that is higher than the 

freezing point was applied at x=0.  
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Figure 3.19 Sketch of semi-infinite solid melting problem 

For the purpose of convenience, the fusion temperature for water was set to be 273.15 K, 

the temperature at x=0 was 278 K and the initial temperature of the region was 273.145 

K.  Since the thermal properties of water vary with phase and temperature, the volume of 

fraction method was used to determine the thermal properties of water. The thermal 

properties of the liquid and solid phase can be found in Table 3.1. 

In order to understand the derivation of the exact solution and the approximated 

solution, let’s first consider the governing physics equation for this phase-change 

problem, 

 
𝜌 𝐶!

𝜕𝑇
𝜕𝑡 = 𝑘

𝜕!𝑇
𝜕𝑥! 

3.46 

The boundary conditions are  

 𝑇 0, 𝑡 =  𝑇!  

 𝑇 𝑠, 𝑡 =  𝑇!  

 −𝑘
𝜕𝑇
𝜕𝑥 !!!

= 𝜌𝐿
𝑑𝑠
𝑑𝑡 

 

The heat transfer problem above is also called the Stephan Problem, where the solution of 

this specific Stephan Problem can be obtained by solving a transcendental equation, 



48	
	

 𝑆𝑡!
𝑒!!erf (𝜆)

 −
𝑆𝑡!

𝑣𝑒 !" ! erfc 𝑣𝜆
= 𝜆 𝜋 3.47 

 
𝑆𝑡! =

𝑐!(𝑇! − 𝑇!)
𝐿  

 

 
𝑆𝑡! =

𝑐!(𝑇! − 𝑇!)
𝐿  

 

 
𝑣 =

𝛼!
𝛼!

 
 

Where, 𝜆 is the root of the transcendental equation 3.47. The location of the interface 

𝑠 𝑡  between the solid region and the liquid region is  

 𝑠 𝑡 = 2𝜆 𝛼!𝑡 3.48 

The approximated temperature profile of the solid region and the liquid region was 

proposed by Vasilios Alexiades[58]. 

 

𝑇 𝑥, 𝑡 =  𝑇! + (𝑇! − 𝑇!)
𝑒𝑟𝑓𝑐( 𝑥

2 𝛼!𝑡
)

𝑒𝑟𝑓 𝑐(𝜆 𝛼!
𝛼!
)
 

3.49 

 

𝑇 𝑥, 𝑡 =  𝑇! − (𝑇! − 𝑇!)
𝑒𝑟𝑓 ( 𝑥

2 𝛼!𝑡
)

𝑒𝑟𝑓 (𝜆)  

3.50 

In MATLAB, a mesh as shown in Fig 3.20 was established to solve the problem 

mentioned in Fig 3.19. Fig 3.20 also shows the boundary conditions that were applied at 

this MATLAB model. 

 

Figure 3.20 Sketch of the mesh and boundary conditions for phase-change problem 
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In order to solve this melting problem in MATLAB, a modified implementation 

of integral method derived by M. Necati Özişik[59] was utilized in addition to the TDMA 

algorithm as another analytical method. The integral method was initially derived by 

Goodman[60] to estimate the temperature in a liquid region and the method assumes that 

the temperature remains constant in a solid region. By integrating the differential 

equation of heat conduction over the thermal-layer thickness, which is s(t), the heat-

balance integral equation for the melting problem becomes, 

 
−𝛼

𝜌𝐿
𝑘
𝑑𝑠 𝑡
𝑑𝑡 +

𝜕𝑇
𝜕𝑥 !!!

=
𝑑
𝑑𝑡 𝑇 ∙ 𝑑𝑥

!(!)

!

− 𝑇! ∙ 𝑠(𝑡)  
 

     3.51 

To simplify the calculation, Özişik chose a second-degree polynomial to approximate the 

temperature profile in the form of 

 𝑇 − 𝑇! = 𝐵!(𝑥 − 𝑠)+ 𝐵!(𝑥 − 𝑠)! 3.52 

Where 𝐵!, 𝐵! and s are equations of thermal properties, initial temperature and boundary 

temperature. The formulas that were used to determine the value of those coefficients can 

be found in Appendix C. The 2nd approximation approach can only roughly predict the 

temperature profile trend before the liquid-solid interface and the location of the liquid-

solid interface. 

Those two analytical methods mentioned above have been compared in Özişik’s 

book. The exact solution and the 2nd order polynomial output really similar predictions of 

the temperature profile of the substance as well as the liquid-solid interface location. In 

Özişik’s second-degree approximation method, the root 𝜆 is calculated using  

 
𝜆 =  3

1− 1+ 𝜇
!
! + 𝜇

5+ (1+ 𝜇)!/! + 𝜇

!/!

 
3.53 

 
𝜇 =

2𝑘
𝛼𝜌𝐿  𝑇! − 𝑇! =

2 𝐶! 𝑇! − 𝑇!
𝐿  

3.54 
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The approximated 𝜆 is used in Eqn 3.48 to calculate the approximated liquid-solid 

interface location. The figure below shows the amount of deviation of the interface 

location relative to the exact solution as the physical time proceeds. It also shows the 

comparison of the exact interface location and the calculated interface location using 

Özişik’s second-degree approximation method.  

 

 
Figure 3.21 Interface location comparison 

As time proceeds, the difference between the exact solution and the second-degree 

approximation becomes larger. However, the percentage of deviation is determined by 

the 𝜆 used in the exact solution and the 𝜆 calculated from Eqn 3.53. Therefore, the 

percentage of deviation always remains constant once the two 𝜆 values are determined.  

The same semi-infinite solid melting problem is also simulated using Star CCM+. 

A solid region was imported into the Star CCM+ model. The region was set to be 

symmetric along the x and y direction. There is only heat diffusion along the z axis. Since 

it is a transient model, the time is set to be implicitly unsteady. The physical properties of 

the region are calculated based on the volume of fluid method.  

Figure 3.22 shows the temperature distribution results from the MATLAB model, 

the Star CCM+ simulation, and the exact solution equations.  
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Figure 3.22 Temperature results at t = 0.0175 second for the phase-change problem 

From Fig.3.22, it can be observed that melting starts at x=0 and the solid-liquid 

interface moves in the positive direction. Temperature decreases in the liquid region as 

the position moves away from x=0. After the position passed the liquid-solid interface, 

the temperature remains constant. The MATLAB model gives out a fairly accurate 

prediction on temperature in fluid region. Results from the Star CCM+ simulation agree 

with the exact solution.  
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4. Numeric Model 

4.1 Geometry Discretization 
As shown in Fig 4.1, a water droplet or the sample cell is dropped at the middle of 

the thermoelectric module for the physical experiment. The numeric model is mainly 

focused on simulating the heat transfer in the vertical direction of the water droplet or cell 

sample that sits on top of the thermoelectric module. Since the RTD thickness is very thin, 

it was neglected in the model geometry.  

 

Figure 4.1 Two-dimensional Geometry of the experimental setup 

A Parasolid file were generated in SolidWorks and then imported into Star CCM+. 

The Parasolid file has a water cube on the top and a layer of the ceramic surface of the 

thermoelectric module at the bottom as shown in Fig 4.2(a) The bottom area of the water 

cube equals to the ceramic layer surface on the top. In order to see how much of the 

ceramic layer is accounted for the numeric model, Fig 4.2(b) shows a water cube sitting 

on a real-scale TE ceramic layer.  
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Figure 4.2 Three-dimensional geometry of the numeric model (a) water cube with 
a small TE ceramic layer (b) water cube with the real-scale ceramic layer 

 
Christin Young [61] conducted some water droplet freezing experiments using 

0.5mg and 2.5mg water droplets. He used a RTD that is located above the top of the TE 

ceramic layer and below the water droplet to take the temperature measurements. The 

sides of the water cubes were set to be 0.8mm and 1.36 mm in Star CCM+ to match the 

size of the water droplets used in the experiments. According to the most recent database 

of cell biology, the estimated size of human cells could be from 30 𝜇𝑚! to 4 ×10! 𝜇𝑚!, 

as shown in Table 4.1 below. The equivalent edge length of the water droplet is from 

3.11 𝜇𝑚 to 158.74 𝜇𝑚. In addition to 0.8 mm and 1.36 mm, a cell with edge within the 

range from 3.11 𝜇𝑚 to 158.74 𝜇𝑚 was used to estimate the thermal behavior of human 

cells. 
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Table 4.1 Characteristic average volumes of human cells of different types[62] 

 

 

Based on the previous mesh size study, the mesh element size for the 3D 

geometries was set to be 1×10!!m. To provide more flexibility, the boundary growth 

rate was set to be slow and the relative value was set as a percentage of the base size. The 

advantage of allowing a relative size is that control volumes can be positioned in a way 

that reflects the interface between two regions. Then, in order to measure the temperature 

at different locations of the water cube, a temperature-detecting probe was inserted along 

each of the vertical axis of the geometry.  

4.2 Initial Condition 

Initially, the water cube region was set to be liquid and the ceramic layer of the 

TE module was set to be solid. From the experiments, water droplets were heated to room 

temperature and then cooled based on the current flow that went through the 
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thermoelectric module. In the numeric simulation, the initial temperature was set to be 

293K. 

	 	
4.3 Boundary Condition 

4.3.1 Equivalent Heat Flux  

The object of interest was the control volume at the center of the water droplet 

and the top layer of the thermoelectric module directly below the water droplet. Four side 

surfaces of the TE module were set to be adiabatic and all five exposed water cube 

surfaces were set to be natural convection with the heat transfer coefficient being 

1 𝑊/𝑚!𝐾. The bottom surface of the water cube and the top surface of the TE module 

were set to be one overlapped interface. A heat sink was applied at the bottom of the 

structure to simulate the cooler in the experimental setup. 

 

Figure 4.3 Boundary conditions schematic  
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The net heat loss that goes through the top of the ceramic layer is determined by 

the amount of heat that the TE module generates and the amount of heat loss due to 

natural convection as shown below. 

 

Figure 4.4 Energy balance diagram for the TE module 

The total amount of heat going out of the control volume, 𝑞!"#$ , can be calculated by, 

 𝑞!"#$ = 𝑞! − 𝑞!"#$% !"#$%&' − 𝑞!"#$%!&'"# 4.1 

Where, 𝑞! is a function of 𝑇!, the current that goes through the circuit ‘I’, number of 

junctions in the TE module ‘N’ and the Seabeck coefficient, 𝛼. Three heat terms can be 

calculated using the formulas below. 

 𝑞! = 𝛼 ∙ 𝐼(𝑡) ∙ 𝑇! ∙ 𝑁 4.2 

 𝑞!"#$% !"#$%&' =
1
2 𝐼(𝑡)

!𝑅 4.3 

 𝑞!"#$%!&'"# = 2𝑁 ∙
 𝑇! − 𝑇!
𝑊 ∙ 𝑘 𝐴 4.4 

 

Knowing three terms in Eqn.4.1, the value of 𝑞!"#$ has been calculated and plotted in 

Fig.4.5. 
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Figure 4.5 Instant amount of heat going out of the control volume at a certain 

time 

This plotted 𝑞!"#$(𝑡) profile shown in Fig 4.5 is applied at the bottom of the ceramic 

layer in the numeric models as a boundary condition.  

4.3.2 Heat Spread Effect 

The TE module below the water cube has a very complex geometry and a 

relatively large surface area compared with the water cube. In case the complex 

geometries of the TE module are not fully understood in the numeric model and shorten 

computing time, the heat spreading effect is used to simplify the geometry set up in the 

numeric model. Instead of using the exact geometry, the TE ceramic layer in the 

simulation was built much smaller, as shown in Fig.4.2. For geometries set up like 

Fig.4.2, the shape factor is 2 times the equivalent diameter of the TE ceramic layer area. 
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Table 4.2 shows all the dimension parameters and shape factors for each water cube size 

that were used in the simulation. 

Table 4.2 Heat Spread Effect Parameters  

Water	Droplet	Weight	(mg)	 0.003	 0.5	 1.0	 2.0	 2.5	
Cube	Side	Length	Size	(m)	 1.44E-04	 7.94E-04	 1.00E-03	 1.26E-03	 1.36E-03	
Cube	Surface	Area	(𝑚!)	 2.08E-08	 6.30E-07	 1.00E-06	 1.59E-06	 1.84E-06	

Effective	Diameter	of	disk	(m)	 1.63E-04	 8.96E-04	 1.13E-03	 1.42E-03	 1.53E-03	
Shape	Factor	 3.26E-04	 1.79E-03	 2.26E-03	 2.84E-03	 3.06E-03	

Area	of	TE	Ceramic	Layer		(𝑚!)	 2.08E-08	 6.30E-07	 1.00E-06	 1.59E-06	 1.84E-06	
 

Knowing the shape factor, the effective heat flux that was applied at the bottom 

TE ceramic layer can be computed with the equation, 

 𝑞 = 𝑆𝑘∆𝑇  4.5 

where S is the shape factor, k is the thermal conductivity of ceramic, and ∆𝑇 is the 

temperature difference between the top surface and the bottom surface of the TE ceramic 

layer.[63]  

                   

Figure 4.6 Boundary conditions applied at the bottom surface of the ceramic layer 
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Fig 4.6 shows the equivalent heat flux that should be applied to the bottom surface of the 

ceramic layer to accommodate for the heat spreading effect.  

 

Figure 4.7 Equivalent heat fluxes that should be applied at the bottom of the ceramic 

layer to accommodate for heat spreading for a 0.5 mg water cube  

Fig 4.7 shows the exact value of q that is needed for different temperature 

difference and different TE ceramic layer areas. The smaller the ceramic layer is, the 

bigger the heat flux value is. And as the temperature difference between the top surface 

and the bottom surface of the ceramic layer, the larger heat flux should be used. Just as 

shown in Fig. 4.7, when using the real size for the ceramic layer, the equivalent heat flux 

goes to zero. 
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All the TE layer sizes that were used in the numeric simulations were calculated. 

Fig 4.8 and Fig 4.9 show the heat fluxes that are required to apply at the bottom of the 

ceramic layer for different water cube sizes.  

 

Figure 4.8 Equivalent heat fluxes that should be applied at the bottom of the ceramic 
layer to accommodate for heat spreading for a 0.5 mg, 1mg, 2mg or a 2.5 mg water cube 

 

Figure 4.9 Equivalent heat fluxes that should be applied at the bottom of the ceramic 
layer to accommodate for heat spreading for a 0.003mg water cube 
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In order to accommodate the heat spreading effect in the simulation model, proper 

equivalent heat fluxes were applied at the bottom surface of the ceramic layer in 

additional to the 𝑞!"#$(𝑡) profile mentioned in section 4.3.1. 

4.4 Source Terms 

4.4.1 Volume of Fluid 

In order to accurately model the heat released due to phase change, the Volume of 

Fluid (VOF) model was utilized in the solver. The VOF formulation assumes that the 

liquid phase and solid phase are not interpenetrating. There are three conditions that 

could occur during the numeric simulation; pure liquid, pure solid, and two-phase 

mixture. To calculate the amount of latent heat released during the water droplet or cell 

sample solidification process for each cell, a variable called volume fraction has been 

introduced as mentioned in Chapter 3. In each cell, the sum of the volume fraction of the 

liquid and the volume fraction of the solid is equal to 1. The amount of latent heat can be 

calculated by the equation, 

 𝑆 = 𝜌𝐿 ∆𝑓! 4.2 

4.4.2 Crystallization Temperature 

It has been found that water does not crystallize upon cooling at the liquid-solid 

equilibrium temperature but at a lower temperature.[64] The nucleation rate is the highest 

at the beginning of the freezing process. The difference between the liquid-solid 

equilibrium temperatures and the temperature at the highest nucleation rate increases as 

the water body size decreases. Based on some experimental data from different 

literatures, a plot was generated as shown below. 
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Fig.4.10 Size dependent temperature of water droplets at the highest nucleation rate[64, 
65] 

 
Based on the curve fit function, the freezing point of different size water droplets were 

calculated and listed in the table below.  

Table 4.3 Calculated freezing temperature for water droplets with different size 

Weight	(mg)	 Radius	(mm)	 Temperature	Prediction	(K)	
0.003	 9.00E-02	 240.5	
0.01	 1.30E-01	 241.7	
1	 6.20E-01	 246.8	
2	 7.80E-01	 247.5	

 

4.4.3 Thermal Properties 

The thermal properties such as thermal conductivity and specific heat are all 

functions of temperature. In Star CCM+, the freezing temperature was set to be a very 

small temperature range around the value predicted in Table 4.2. Within this range of 

temperature, thermal properties were interpolated with a linear relation and the value of 
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the thermal properties changed very rapidly from solidus value to liquidus value. Thus, 

the property for melting and solidification was implemented like a step function. 

	
Figure 4.11 Thermal conductivity polynomial function in term of temperature 

4.5 Solver 

Fig.4.12 shows the solvers that have been implemented in the Star CCM+ model. 

Based on the previous time independence study, the time-step was set to be 1×10!!s.  
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Figure 4.12 Solvers implemented in STAR CCM+ 
The solidification process is dynamic and many cells can release latent heat at subsequent 

iterations during one time-step. An accurate model requires a big number of iterations to 

ensure energy is balanced through each time-step. Usually, 200 to 1000 numbers of 

iterations is sufficient for a very small energy residual value. 

4.6 Partially frozen water cube model 

A simulation solely based on a frozen water cube model can only give some 

trends in the temperature profile. Since a cell contains about 70% water in mass, the rest 

30% mass may have a different freezing point than water. It is then valuable to study the 

interaction between water and the rest of the cell mass and look at the temperature profile 

when a water cube in the numeric model is partially frozen. The partially frozen water 
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cube model can also help guide the design of the DTA to detect if a fraction of a cell 

freezes or not. The frozen percentage of the water cube was set to be 100% in the 

previous model. In this section, some minor modifications of the physical setup of the 

numeric models allows for a 50%, 25% or 0% frozen water in mass. 

4.6.1 Half-frozen water cube 

Half of the water cube geometry is set to be liquid phase in Star CCM+ regardless 

of the temperature change. The rest of the simulation model contains liquid that can 

change phase. Chapter 4.1 to 4.5. In order to better understand the correlation between 

the fraction of frozen water that is frozen and the change of temperature profile, three 

different locations of the half amount of water cube was set to be liquid only as shown in 

the picture below.  

 
Figure 4.13 Locations of the frozen half of the water cubes 

The solid halves of the water cubes in Fig. 4.13 are highlighted in blue. The frozen half 

volume in different simulations locates at the bottom, the top, one side and along one 

diagonal of the water cube geometry respectively. The initial condition and the boundary 

condition of the simulations remain the same. However, since only one half amount of 
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the water in each of the numeric model can become frozen, the total amount of latent heat 

released during the freezing process in each simulation was cut into half. 

4.6.2 A-quarter-frozen water cube 

Similar to the numeric models in Section 4.6.1, three quarters of the water cube 

geometry is set to be liquid phase in Star CCM+, which means that only one quarter of 

the water cube will be frozen at most in the model. Four different locations of the frozen 

quarter of the water cube were chosen as shown in the picture below.  

 

Figure 4.14 Locations of the frozen half of the water cubes 
4.6.3 Liquid only water cube 

The entire water cube in the simulation model was set to be liquid-only. The 

geometry, boundary conditions, initial condition and the solver remained the same like 

what were in the other partially frozen models. The modifications in the liquid phase only 

water cube model will allow us to see the strong influence of the heat flux boundary 

condition calculated based off the heat spread effect on the average volumetric 

temperature profile. 
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5. Results 

5.1	Small TE Layer Module 

The Star CCM+ results of the 0.5mg water cube model described in Fig. 4.2 (a) are 

shown in Fig.5.1 and Fig 5.2. The side length of the water cube is 0.8mm. The TE 

ceramic layer is set to have the same top and bottom surface area compare with the water 

cube and the layer thickness is at 0.66mm. In order to validate the results, several trials 

were run with different cell numbers and time steps before getting the results shown in 

Fig.5.1. Star CCM+ output energy residuals with an order of magnitude being 10E-7. Fig 

5.1 and Fig 5.2 shows the volumetric average temperature profile of the 0.5mg water 

cube in Star CCM+ and Christin Young’s RTD temperature results. 	

	

	 	
 

Figure 5.1 Temperature profile of 0.5mg water droplet sample  
with the TE layer top surface as big as the bottom of the water cube surface area 
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Figure 5.2 Focused view of the temperature profile of 0.5mg water droplet sample  
with the TE layer top surface as big as the bottom of the water cube surface area  

	
The biggest difference between the numeric and the experimental data at a certain 

time was about 0.2 K. The numeric solution matches the temperature distribution trend 

from the experimental data. The moment when the rate of crystallization reached its 

highest value, the temperature of the water droplet increased rapidly, which is what 

happened in the experiments. After the temperature increased, the temperature fell back 

with a relatively high cooling rate.  The high cooling rate from Fig.5.2 is because the 

temperature difference between the top surface and the bottom surface of the TE ceramic 

layer was increased. Therefore, according to Fig. 4.9, the additional heat flux applied at 

the bottom surface of the TE layer was increased.  Eventually, the cooling rate went back 

to the value before the latent heat was released in the water droplet.  

The numerically calculated temperature distribution of the 2.5mg water droplet is 

plotted in Fig.5.3 and Fig.5.4.  
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Figure 5.3 Temperature profile of 2.5mg water droplet sample  
with the TE layer top surface as big as the bottom of the water cube surface area 

 

 

Figure 5.4 Focused view of the temperature profile of 2.5mg water droplet sample  
with the TE layer top surface as big as the bottom of the water cube surface area  
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The biggest temperature difference between the numeric and experimental data 

was about 0.82K. The 2.5mg simulation model was validated similarly to the 0.5mg 

water droplet model. 

 

 
 

Figure 5.5 Solid fraction of water of the 0.5mg and the 2.5mg water droplet sample  
 

As shown in the figures, the temperature difference between the experimental data 

and the numeric solution is very small. With the sudden latent heat being released after 

the water droplets reached the freezing temperature, the temperature profile formed a 

peak in the plot that is very similar to the experimental data. Additional heat flux was 

calculated based off of Eqn.4.5 and then applied at the bottom surface of the ceramic 

layer. The temperature in the numeric model was able to drop quickly like what was 

shown in the experimental data because of the additional heat flux.  

The solid fraction of water remained to be zero until the phase change process 

started after 70 seconds. The fraction of ice went up to 100% when the temperature fell 

into the tight freezing temperature range set in the numeric model. When the temperature 
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rose due to the latent heat release, the solid fraction of water dropped around 80 seconds. 

Due to the steep cooling rate, the temperature quickly dropped below the freezing point 

of the water. And the solid fraction of water went back to 100% and remained 

unchanged. 

 

 
5.2 Temperature Distribution Prediction 

After the determination that the solution obtained from the Star CCM+ model is 

feasible, simulations were run to predict the temperature distribution of water droplets 

weighing 1mg, 2mg and 0.003mg. Fig.5.6 shows the focused view of the temperature 

profile of 1.0 mg, 2.0 mg, and 0.003mg water droplets when the samples were freezing. 

 

 
Figure 5.6 Focused view of the temperature profile of different size water cube 

 
In Fig 5.6, water cubes with varies weight experience phase change processes at 

different temperature. The heavier the water cube is, the higher the temperature is when 

phase change processes begin. Since a heavier water cube releases more latent heat 
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during the entire phase change process, the temperature change is expected to be bigger 

for a heavier water cube after the phase change begins. In Fig 5.6, the temperature change 

is about 7 K for the 2.5 mg and the temperature change is about 2 K for the 0.003 mg 

curve. Other water cube curves with the cube weights between 0.003mg and 2.5mg 

suggest the same trend. 

 

5.3 Partially frozen water cubes 

5.3.1 Half-frozen water cube 

Fig 5.12 was plotted after the physical time reached 100 second. This means that 

the phase change processes have already happened in the model. Fig 5.12 displays the 

solid volume fraction of water in the water cube geometry. Figure a, b and c within Fig 

5.12 shows that the frozen part of the water cube matches with the physical set up in the 

model mentioned in section  4.6. The two one-quarter solid region set up as shown in Fig 

4.13 part d is not included in the figure below because the two solid regions are set to be 

two different physical continuums. Star CCM+ is incapable of displaying discontinuous 

solid regions in the solid volume fraction plot for the water cube.  
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Figure 5.7 Solid volume fraction of water results for one-half frozen water droplets  
 

Fig 5.7 does not have the solid volume fraction of water result for the set up in Fig 

4.13 part d. Fig 5.7 only shows where the geometry was solid after cooling, however, the 

phase of the water at different locations of the water cube geometry is not the primary 

factor that influence the temperature profile. The amount of latent heat released during 

the phase change process is the primary factor. 

	
 

Figure 5.8 Temperature profile when only the bottom half of the water cube is frozen 

	
 

Figure 5.9 Detailed temperature profile when only the bottom half of the water cube is 
frozen 
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The numeric model temperature profile for the overall volume agrees with the 

experimental data before the water cube starts to freeze. In Fig 5.9, the height of the peak 

for the overall volume temperature profile is approximately half of the height of the peak 

formed in the experimental data. In order to better compare the temperature profiles in 

Fig 5.9, area under the peak is estimated treating the area as a triangle. The area under the 

T (t) curve is related to the amount of energy being released during phase change. 

Knowing the three vertices of the triangle, A (𝐴! , 𝐴!), B(𝐵! , 𝐵!) , C(𝐶! , 𝐶!), the area of 

the triangle can be calculated by, 

	

	

	

5.1	
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Figure 5.10 Temperature profile with some data point callouts 
Fig 5.10 shows the temperature profile with six called out data points that are 

used to calculate the area under the peak. The estimated area under the peak for the 

experimental data is 0.84 and the estimated area under the peak for the overall volume 

average temperature is 0.44. The ratio of the area from the simulation result over the 

experimental result is 0.52. This is very close to 0.5, which means that half amount of 

latent heat was released during the phase change process. 
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Figure 5.11 Temperature profile when only the top half of the water cube is frozen 

	
 

Figure 5.12 Detailed temperature profile when only the top half of the water cube is 
frozen 

	
Similar to what Fig 5.8 and Fig 5.9 showed, the numeric model temperature 

profile for the overall volume in Fig 5.11 agrees with the experimental data before the 

water cube starts to freeze. In Fig 5.12, the height of the peak for the overall volume 

temperature profile is approximately half of the height of the peak formed in the 
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experimental data. However, since the frozen half of the water cube is at the top portion, 

the slope of the temperature drop due to the heat spreading heat flux applied at the bottom 

of the TE model is shallower compare with the results in Fig 5.9. 

	
 

Figure 5.13 Temperature profile when only one half side of the water cube is frozen 

	
	

Figure 5.14 Detailed temperature profile when only one half side of the water cube is 
frozen 
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Figure 5.15 Temperature profile when two discontinuous quarters of the water cube is 

frozen 
 

 
Figure 5.16 Detailed view of the temperature profile when two discontinuous quarters of 

the water cube is frozen 
 

Table 5.1 Estimated areas under the peak for half frozen water cube models 

Locations Bottom Top Side Two Quarters 
Estimated Area Under the Peak 0.44 0.58 0.43 0.49 
Simulation/Experiment Area ratio 0.52 0.69 0.51 0.59 
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The under the peak area ratio is a rough estimation of the latent heat energy ratio. 

Based on the ratio value in Table 5.1, the amount of heat released during the phase 

change process is about one half of the value in the experiment. The results in Fig 5.9, 

Fig 5.12, Fig 5.14 and Fig 5.16 shows that the locations of the frozen part of the water 

cubes have very little influence of the highest value on the volume average temperature 

curves. This can be explained by the same amount of latent heat released during the 

freezing process among all three half-frozen models.  

However, the locations of the frozen part of the water cubes do influence the cooling rate 

right after the temperature profiles reach their highest peak value.  

 

5.3.2 A-quarter-frozen water cube 

	

Figure 5.17 Solid volume fraction of water results for one-quarter frozen water droplets  
 

The solid part of the water cubes shown Fig 5.17 matches with the physical model 

setup mentioned in the Section 4.6.2.  Fig. 5.18 to Fig. 5.25 below shows the volume 

average temperature profile when a quarter of the water cube was frozen.  
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Figure 5.18 Temperature profile when only one vertical quarter of the water cube is 
frozen 

 

	
	

Figure 5.19 Detailed temperature profile when only one vertical quarter of the water 
cube is frozen 
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Figure 5.20 Temperature profile when only one horizontal quarter of the water cube is 
frozen 

	

	
Figure 5.21 Detailed temperature profile when only one horizontal quarter of the water 

cube on the top is frozen 
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Figure 5.22 Temperature profile when only one horizontal quarter of the water cube on 
the bottom is frozen 

	
 

Figure 5.23 Detailed temperature profile when only one horizontal quarter of the water 
cube on the bottom is frozen 
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Figure 5.24 Temperature profile when 1/8 of the water cube at the top and the opposite 
bottom corner is frozen 

 
 

Figure 5.25 Detailed temperature profile when 1/8 of the water cube at the top and the 
opposite bottom corner is frozen 
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Table 5.2 Estimated area under the peak for 1/4 frozen water cube models 

Locations Vertical Horizontal 
Top 

Horizontal 
Bottom 

Two 1/8 
Water Cubes 

Estimated Area Under the Peak 0.21 0.29 0.20 0.23 
Simulation/Experiment Area ratio 0.25 0.35 0.24 0.27 

 
When a quarter of the water cube is frozen at different locations within the water 

cube, the overall volume average temperature profiles are almost identical to each other. 

Comparing Fig 5.24, Fig 5.26, Fig 5.28 and Fig 5.30, the liquid quarter curves and the 

frozen quarter curves behave very differently during the phase change process among 

those four figures.  

Since there is only a quarter of the mass being frozen for each scenario, the 

amount of latent heat being released should be the same. Therefore, the volume average 

temperature curves can be very similar for each location scenario. The artificially 

controlled frozen region locations can change the heat flow directions and the magnitude 

of the heat flux within the water cube during the phase change process, therefore cause 

different temperature curves for the frozen and the liquid regions.  

5.3.3 Liquid only water cube 
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Figure 5.26 Temperature baseline for a liquid phase only water cube model 
 

 
 

Figure 5.27 Focused temperature baseline for a liquid phase only water cube model 
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heat sink applied at the TE layer to incorporate the heat spreading effect. Similar 

behavior can be found in the liquid-phase only volume in partially frozen water cube 

simulations.  
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6. Conclusions  

6.1 Conclusions 

A 3D numeric model has been built using STAR CCM+ to simulate the freezing 

process in the experiments. In the numeric model, a geometry including water droplet and 

the TE ceramic layer was built to simulate the water droplet activity when being frozen 

by a thermoelectric pad. This numeric model was verified by comparing the simulation 

results with the analytical solutions, the simulation results generated from a MATLAB 

numeric model, and the experimental results.  

After the 3D numeric model was calibrated, the same STAR CCM+ model was 

used to predict the temperature distribution of different sizes of water droplets during the 

freezing process. Simulations were run to predict the temperature distribution of water 

droplets weighing 1mg, 2 mg and 0.003 mg. In reality, it has been proven by experiments 

that the	 temperature	 at	 the	 highest	 nucleation	 rate	 increases	 as	 the	 water	 body	 size	

decreases.	 In the numeric result, the freezing temperature for different sizes of water 

droplets agrees with the experiments results.  

 In addition, the calibrated numeric model was modified to study fractional ice 

formation. Minor modifications of the physical setup of the numeric model were made to 

allow for 50%, 25% or 0% of the water mass being frozen. The temperature curves 

computed from this numeric model were validated by a rough energy conservation check. 

The behavior of the temperature curve for liquid only volume is very unique when 25% 

of water body is frozen. This is because to freeze only one quarter of the water body 

unsymmetrically in geometry can be physically unrealistic. When 25% of the water body 

is being frozen, the liquid part of the water body temperature drops very rapidly when the 
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freezing process starts. The artificial negative heat flux applied at the boundary that 

simulates the heat spread effect can draw energy from both the liquid-phase and the solid-

phase part of the water body. However, being able to release latent heat during the 

freezing process made the solid-phase water body has a higher temperature than the part 

that was set to be liquid-only. 

The calibrated numeric model allows us to better understand the temperature 

distribution of a water droplet when the water droplet is being cooled until frozen. The 

size of the thermoelectric pad influences the simulation result due to the heat spreading 

effect. By using additional heat flux to scale the simulated thermoelectric layer to a 

smaller size, the numeric model generated relatively accurate results within a very short 

computational time. This is a big improvement compared to other high fidelity 

computational simulation models that are used to solve similar problems. In addition to 

that, the partially frozen water body simulation helps to predict the behavior of a real cell 

when it is being frozen.  

6.2 Recommendations and Future Work 

 The numeric model can be recreated using the same set up and geometry 

mentioned in the previous Chapters. The MATLAB code files that are used to validate 

the numeric model can be found in Appendix D.  

Since other biomaterials, including cells, consist not only of water but other 

substances, it is very valuable to validate the fractionally frozen water cube models with 

carefully designed experiments in the future. Once the partially frozen water cube models 

are validated, those models will allow us to simulate more complex cell thermal 

behaviors. The artificial negative heat flux applied at the boundary that simulates the heat 
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spread effect can cause physically unrealistic behaviors for the quarterly frozen water 

cube model. Running the corresponding experiments and trying to only freeze a quarter 

of the water cube may provide useful hints in order to refine the numeric models. 

In addition to the partially frozen model validation, the shape of the water droplet 

in the STAR CCM+ model is still a cube. The next step of the research is to change the 

cube to a semi-sphere or a geometry that is close to the real water droplet shape. The 

shape factor for the new model needs to be studied through simulation analysis. The 

quality of the simulation will depend strongly on the mesh conditions, in terms of 

smoothness, regularity, and distortion of the new water droplet geometry. The new model 

with complex physical interactions can be solved with high fidelity equation sets, 

although it will probably require more time. 
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Appendix 
Appendix A 

The convection heat transfer coefficient in Eqn.2.2 can be calculated by 

 

h! = 0.072
𝑔(
𝑇!"## − 𝑇!"#$%&'

2 )𝜌!!𝑐!𝑘!!𝛽

𝜇  

 

A.(1) 

Where, 𝛽 is the coefficient of the thermal expansion and  𝜇 is the dynamic viscosity of 

air. 

Appendix B 

The coefficients in Eqn.3.45 can be calculated by, 

 
K 𝛽!, 𝑥 =

2
𝐿  ∙ sin(𝛽!𝑥) 

 

B.(1) 

 𝛽! ∈ sin 𝛽𝐿 = 0 ∩ 𝛽 > 0 
B.(2) 

 𝐹 𝑥 = 𝑇! = 𝑐𝑜𝑛𝑠𝑡 B.(3) 

Appendix C 

 𝐵! =
𝐴 𝛼
𝑠 1− (1+ 𝜇)!/!  

C.(1) 

 
𝐵! =

𝐵!𝑠 + (𝑇! − 𝑇!)
𝑠!  C.(2) 

 𝐴 =
ρ ∙ L
k  

C.(3) 

 
𝜇 =

2(𝑇! − 𝑇!)
A ∙ α  

C.(4) 

 𝑠 = 𝐾 𝑡 C.(5) 

 
𝐾 = 12 𝛼 

1− 1+ 𝜇
!
! + 𝜇

5+ (1+ 𝜇)!/! + 𝜇

!/!

 
 

C.(6) 
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Appendix D 

Appendix D.1 
%% Writen by: Han Han 9-31-2014 
% 1-D transient conduction validation 
% Layering Scheme :Ceramic Alumina, Silicon Wafer and Silicon Dioxide,  
% Titanium, Platinium, Cell, Water 
% 
====================================================================== 
% ---------------- Section 1  Initialization of constants -------------
- 
% 
====================================================================== 
close all,clear all,clc; 
% Testing code 
% Type I : check for k's. No heat source 1D conduction, constant  
% temerature boundary condition. 
% Type II: check for uniform distributed heat source. 
% Type III: check for transient problem with: S=0,h=infinity 
% Type IV : check for transient problem with: S=0,h=5 
% Type V : transient problem with phase change in water layer 
  
display('Type I : check for k. S=0,T_b=constant'); 
display('Type II: check for uniform distributed heat source.') 
display('Type III: check for transient problem with: S=0,h=infinity.'); 
display('Type IV : check for transient problem with: S=0,h=5 W/m^2'); 
display('Type V: ozisic transient problem with: S=0,h=infinity.'); 
flag = input('What type of testing do you want? Please enter 1 to 5'); 
  
% cv = layer thickness in x direction [m] 
cv = [6.8e-4 5e-4 3e-7 2e-9 1e-8 1e-7 1e-5]; 
if flag == 1 
    % Testing code I  
    delta_t = 999999999999; 
    S = 0; 
    % Define heat capacity, c_p [J/(kg*K)]   
    c_p =[775 745 745 522 133 4217 4217]; 
    % Define density , rho = density [kg/m^3] 
    rho=[3750 2220 2220 4500 21450 1000 1000]; 
    % Define thermal conductivity [W/m*K] 
    k=[35 1.38 1.38 21.9 71.6 0.569 0.569]; 
    R_RTD = cv./k; 
    % Num = Number of nodes in each control volume 
    Num = [6800 5000 3 3 10 100 100]; 
  
    % Testing code II                         
elseif flag == 2 
    delta_t = 999999999999; 
    c_p =775*ones(1,length(cv)); 
    rho=3750*ones(1,length(cv)); 
    k= 35*ones(1,length(cv)); 
    Num = [6800 5000 3 3 10 100 100]; 
     
    % Testing code III  
elseif flag == 3 
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    delta_t =0.0009; 
    S = 0; 
    c_p =775*ones(1,length(cv)); 
    rho=3750*ones(1,length(cv)); 
    k= 35*ones(1,length(cv));  
    alpha = k./(rho.*c_p); 
    Num = [6800 5000 3 3 10 100 100]; 
    L = sum(cv)/2; 
    iteration =200; 
elseif flag ==4 
    delta_t = 0.01; 
    S = 0; 
    c_p =775*ones(1,length(cv)); 
    rho=3750*ones(1,length(cv)); 
    k= 35*ones(1,length(cv));  
    Num = [6800 5000 3 3 10 100 100]; 
    h = 583333.33; % convection coefficient of air [W/m^2] 
    L = sum(cv); 
    iteration = 20; 
else 
    delta_t =0.0004; 
    S = 0; 
    c_p =4179*ones(1,length(cv)); 
    rho=1000*ones(1,length(cv)); 
    k= 0.569*ones(1,length(cv));  
    alpha = k./(rho.*c_p); 
    Num = [6800 5000 3 3 10 100 100]; 
    L = sum(cv); 
    iteration =100; 
end; 
% --------------------------------------------------------------------- 
%% Assign node and material interface position   
delta_x(1)=cv(1)/(Num(1)-0.5);  
delta_x(2:length(Num)-1)= cv(2:length(Num)-1)./(Num(2:length(Num)-1)); 
delta_x(length(Num)) = cv(end)/(Num(end)-0.5); 
  
x = zeros(1,sum(Num)); 
x(1:Num(1))=(0:delta_x(1):cv(1)); 
for ii=1:length(Num)-2 
    x(sum(Num(1:ii))+1:sum(Num(1:ii+1)))=... 
    (sum(cv(1:ii))+0.5*delta_x(ii+1):delta_x(ii+1):sum(cv(1:ii+1))); 
end; 
x(sum(Num(1:length(Num)-1))+1:end)=... 
(sum(cv(1:length(cv)-1))+0.5*delta_x(end):delta_x(end):sum(cv)); 
%---------------------------------------------------------------------- 
% Calculate the width of each cell 
dx = zeros(1,length(x)); 
dx(1) = x(2)/2; 
dx(2:Num(1))= delta_x(1); 
for ii = 1:length(cv)-2 
    dx(sum(Num(1:ii))+1:sum(Num(1:ii+1)))=delta_x(ii+1); 
end; 
dx(sum(Num(1:length(cv)-1)):end-1)=delta_x(end); 
dx(end)=delta_x(end)/2; 
     
%% -------------------------------------------------------------------- 
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% Define the source term S  
  
% I = 10e-3; % current that goes through platinium layer [A] 
% L = .1;     % length of RTD wire in [m]           
% A = 1e-13;  % cross section area [m^2] 
% R = rho(5)*L/A; 
% S = zeros(1,length(x)); 
% % S(2201:3200)= I^2*R; 
if flag==2 
S =1e6; 
fprintf('S = %e\n',S); 
elseif flag ==5 
  
end; 
%----------------------------------------------------------------------
-- 
%% Calculate equivalent Cp,rho,k values for each node   
k_e=zeros(1,length(x));k_e(1:Num(1)-1)=k(1); 
%k_eq is for analytic model 
k_eq=zeros(1,length(x)); 
  
cp_eq=zeros(1,length(x)); 
cp_eq(1:Num(1))=c_p(1); 
cp_eq(end)=c_p(end); 
rho_eq=zeros(1,length(x)); 
rho_eq(1:Num(1))=rho(1); 
rho_eq(end)=rho(end); 
  
% Assign the ends of the nodes' thermal properties 
k_w=zeros(1,length(x));k_w(2:Num(1))=k(1);k_w(end)=k(end); 
  
for ii=1:length(Num)-1 
    cp_eq(sum(Num(1:ii))+1:sum(Num(1:ii+1)))=c_p(ii+1); 
    rho_eq(sum(Num(1:ii))+1:sum(Num(1:ii+1)))=rho(ii+1); 
     
    k_e(sum(Num(1:ii))+1:sum(Num(1:ii+1))-1)=k(ii+1); 
    k_w(sum(Num(1:ii))+2:sum(Num(1:ii+1)))=k(ii+1); 
     
    delta_x_minus = sum(cv(1:ii))-x(sum(Num(1:ii))); 
    delta_x_plus = x(sum(Num(1:ii))+1)-sum(cv(1:ii)); 
    delta_x_boundary = x(sum(Num(1:ii))+1)-x(sum(Num(1:ii))); 
    f_minus = delta_x_minus/delta_x_boundary; 
    f_plus = delta_x_plus/delta_x_boundary; 
         
    k_e(sum(Num(1:ii)))=... 
        k(ii)*k(ii+1)/(f_plus*k(ii)+f_minus*k(ii+1)); 
     
    k_w(sum(Num(1:ii))+1)=... 
        k(ii)*k(ii+1)/(f_plus*k(ii)+f_minus*k(ii+1)); 
          
end; 
  
k_eq=[k(1),k_e(1:end-1)]; 
%----------------------------------------------------------------------
-- 
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%% Pre Allocating memory 
a_p0 = zeros(1,length(x)); 
a = zeros(1,length(x)); 
b = zeros(1,length(x)); 
c = zeros(1,length(x)); 
d = zeros(1,length(x)); 
P = zeros(1,length(x)); 
Q = zeros(1,length(x)); 
T = zeros(1,length(x)); 
%----------------------------------------------------------------------
-- 
%% Chose boundary condition for testing   
% Type I B.C. (Constant Temperature) 
if flag == 1 
T_boundary_1 =288; %cv1 boundary temperature [K] 
T_boundary_2 =237; %cv7 boundary temperature [K] 
T(1)= T_boundary_1; 
T(end) = T_boundary_2; 
T_initial = 273+20; 
  
% Type II B.C. (Constant Heat Flux)    
elseif flag == 2 
T_boundary_1 =288; %cv1 boundary temperature [K] 
T_boundary_2 =237; %cv7 boundary temperature [K] 
T(1)= T_boundary_1; 
T(end) = T_boundary_2; 
T_initial = 273+20; 
  
% Type III B.C. (Constant Temperature)  
elseif flag == 3 
T_inf =237; %T infinity [K] 
T_initial =  273+20;% Initial temperature for all the nodes [K]    
  
TT = T_initial*ones(iteration,length(x)); 
TT(:,1)= T_inf; 
TT(:,end) = T_inf; 
T_ana = TT; 
  
elseif flag == 4 
     
T_inf_1 =288; %cv1 boundary temperature [K] 
T_inf_2 =237; %cv7 boundary temperature [K] 
T_initial = 273+20;% Initial temperature for all the nodes [K]   
  
TT = T_initial*ones(iteration,length(x)); 
TT(:,1)= T_inf_1; 
TT(:,end) = T_inf_2; 
T_ana = TT; 
  
else 
  
T_inf =0; %T infinity [K] 
T_initial = 25;% Initial temperature for all the nodes [K]    
  
TT = T_initial*ones(iteration,length(x)); 
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TT(:,1)= T_inf; 
TT(:,end) = T_inf; 
T_ana = TT; 
    
end;       
  
%%  
% 
====================================================================== 
% --------- Section 2  Temperature distribution Calculation -----------  
% 
====================================================================== 
% Coefficients Calculation 
if flag==1 
             jj = 10; 
            % Time [s] 
            Time = jj*delta_t 
            while jj>1 
            a_p0 = rho_eq.*cp_eq.*dx./delta_t; 
             
            a_E = k_e(1:end-1)./dx(2:end); 
            a_E = [a_E,0]; 
            a_W = k_w(2:end)./dx(1:(end-1)); 
            a_W = [0,a_W]; 
  
  
            a = a_p0 + a_E + a_W; 
            a(1) = 1; 
            a(end)=1; 
            b = a_E; 
            b(1) = 0; 
            c = a_W; 
            c(end) = 0; 
            d = a_p0.*T+S.*dx; 
            d(1) = T(1); 
            d(end) = T(end); 
            P(1)= b(1)/a(1); 
            Q(1)=d(1)/a(1); 
            P(end) = 0; 
            Q(end)= T(end); 
  
  
            for ii= 2:length(x)-1 
               P(ii) = b(ii)/(a(ii)-c(ii)*P(ii-1)); 
               Q(ii) = (c(ii)*Q(ii-1)+d(ii))/(a(ii)-c(ii)*P(ii-1)); 
            end; 
               ii = length(x)-1; 
            while ii>1 
                T(ii)=P(ii)*T(ii+1)+Q(ii); 
                ii=ii-1; 
            end; 
  
            jj = jj-1; 
            end; 
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elseif flag == 2 
            jj = 10; 
            % Time [s] 
            Time = jj*delta_t 
            while jj>1 
            a_p0 = rho_eq.*cp_eq.*dx./delta_t; 
             
            a_E = k_e(1:end-1)./dx(2:end); 
            a_E = [a_E,0]; 
            a_W = k_w(2:end)./dx(1:(end-1)); 
            a_W = [0,a_W]; 
  
  
            a = a_p0 + a_E + a_W; 
            a(1) = 1; 
            a(end)=1; 
            b = a_E; 
            b(1) = 0; 
            c = a_W; 
            c(end) = 0; 
            d = a_p0.*T+S.*dx; 
            d(1) = T(1); 
            d(end) = T(end); 
            P(1)= b(1)/a(1); 
            Q(1)=d(1)/a(1); 
            P(end) = 0; 
            Q(end)= T(end); 
  
  
            for ii= 2:length(x)-1 
               P(ii) = b(ii)/(a(ii)-c(ii)*P(ii-1)); 
               Q(ii) = (c(ii)*Q(ii-1)+d(ii))/(a(ii)-c(ii)*P(ii-1)); 
            end; 
               ii = length(x)-1; 
            while ii>1 
                T(ii)=P(ii)*T(ii+1)+Q(ii); 
                ii=ii-1; 
            end; 
  
            jj = jj-1; 
            end; 
  
elseif flag==3 
            Time = 0; 
            kk=iteration-1; 
            Time = delta_t+Time; 
            a_p0 = rho_eq.*cp_eq.*dx./delta_t; 
            a_E = k_e(1:end-1)./dx(2:end); 
            a_E = [a_E,0]; 
            a_W = k_w(2:end)./dx(1:(end-1)); 
            a_W = [0,a_W]; 
  
            a = a_p0 + a_E + a_W; 
            a(1) = 1; 
            a(end)=1; 
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            b = a_E; 
            b(1) = 0; 
            c = a_W; 
            c(end) = 0; 
            d = a_p0.*TT(1,:)+S.*dx; 
            d(1) = TT(1,1); 
            d(end) = TT(1,end); 
            P(1)= b(1)/a(1); 
            Q(1)=d(1)/a(1); 
            P(end) = 0; 
            Q(end)= TT(1,end); 
             
            for ii= 2:length(x)-1 
               P(ii) = b(ii)/(a(ii)-c(ii)*P(ii-1)); 
               Q(ii) = (c(ii)*Q(ii-1)+d(ii))/(a(ii)-c(ii)*P(ii-1)); 
            end; 
            ii = length(x)-1; 
            while ii>1 
                TT(1,ii)=P(ii)*TT(1,ii+1)+Q(ii); 
                ii=ii-1; 
            end; 
             
            while kk>0 
                    count = iteration-kk+1 
                    Time = delta_t+Time; 
                    a_p0 = rho_eq.*cp_eq.*dx./delta_t; 
                    a_E = k_e(1:end-1)./dx(2:end); 
                    a_E = [a_E,0]; 
                    a_W = k_w(2:end)./dx(1:(end-1)); 
                    a_W = [0,a_W]; 
  
                    a = a_p0 + a_E + a_W; 
                    a(1) = 1; 
                    a(end)=1; 
                    b = a_E; 
                    b(1) = 0; 
                    c = a_W; 
                    c(end) = 0; 
                    d = a_p0.*TT(count-1,:)+S.*dx; 
                    d(1) = TT(count-1,1); 
                    d(end) = TT(count-1,end); 
                    P(1)= b(1)/a(1); 
                    Q(1)=d(1)/a(1); 
                    P(end) = 0; 
                    Q(end)= TT(count-1,end); 
                    for ii= 2:length(x)-1 
                       P(ii) = b(ii)/(a(ii)-c(ii)*P(ii-1)); 
                       Q(ii) = (c(ii)*Q(ii-1)+d(ii))/(a(ii)-c(ii)*P(ii-
1)); 
                    end; 
                    ii = length(x)-1; 
                    while ii>1 
                        TT(count,ii)=P(ii)*TT(count,ii+1)+Q(ii); 
                        ii=ii-1; 
                    end; 
                    kk = kk-1; 
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               T_ana(count,:) = (1.2733.*exp(-1*(1.57^2).*alpha(1).*... 
               Time./(L.^2))).*cos(1.5708*((x-L)./L)).*... 
               (T_initial-T_inf)+T_inf; 
            end; 
             
            
  
elseif flag ==4 
    % Assign all the coefficients a,b,c,d,P and Q 
            Time = 0; 
            kk=iteration-1; 
            Time = delta_t+Time; 
            a_p0 = rho_eq.*cp_eq.*dx./delta_t; 
            a_E = k_e(1:end-1)./dx(2:end); 
            a_E = [a_E,0]; 
            a_W = k_w(2:end)./dx(1:(end-1)); 
            a_W = [0,a_W]; 
             
            a = a_p0 + a_E + a_W; 
            b = a_E; 
            c = a_W;             
            d = a_p0.*TT(1,:)+S.*dx; 
             
            a(1) = k_eq(1)/dx(1)+h; 
            a(end)=k_eq(end-1)/dx(end); 
            b(1) = k_eq(2)/dx(1); 
            b(end)=k_eq(end)/dx(end)+h; 
            c(1)=0; 
            c(end) = 0; 
            d(1) = h*T_inf_1+0.5*S*dx(end); 
            d(end) =0.5*S*dx(end)-h*T_inf_2; 
             
            P(1)= b(1)/a(1); 
            Q(1)=d(1)/a(1); 
            P(end) = 0; 
            Q(end)= TT(1,end); 
             
            for ii= 2:length(x)-1 
               P(ii) = b(ii)/(a(ii)-c(ii)*P(ii-1)); 
               Q(ii) = (c(ii)*Q(ii-1)+d(ii))/(a(ii)-c(ii)*P(ii-1)); 
            end; 
            % Calculate the first iteration of TT 
            ii = length(x)-1; 
            while ii>1 
                TT(1,ii)=P(ii)*TT(1,ii+1)+Q(ii); 
                ii=ii-1; 
            end; 
             
            while kk>0 
                    count = iteration-kk+1 
                    Time = delta_t+Time; 
                    a_p0 = rho_eq.*cp_eq.*dx./delta_t; 
                    a_E = k_e(1:end-1)./dx(2:end); 
                    a_E = [a_E,0]; 
                    a_W = k_w(2:end)./dx(1:(end-1)); 
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                    a_W = [0,a_W]; 
  
                    a = a_p0 + a_E + a_W; 
                    b = a_E;  
                    c = a_W; 
                    d = a_p0.*TT(count-1,:)+S.*dx; 
                     
                    a(1) = k_eq(1)/dx(1)+h; 
                    a(end)=k_eq(end-1)/dx(end); 
                    b(1) = k_eq(2)/dx(1); 
                    b(end)=k_eq(end)/dx(end)+h; 
                    c(1)=0; 
                    c(end) = 0; 
                    d(1) = h*T_inf_1+0.5*S*dx(end); 
                    d(end) =0.5*S*dx(end)-h*T_inf_2; 
                     
                    P(1)= b(1)/a(1); 
                    Q(1)=d(1)/a(1); 
                    P(end) = 0; 
                    Q(end)= TT(count-1,end); 
                     
                    for ii= 2:length(x)-1 
                       P(ii) = b(ii)/(a(ii)-c(ii)*P(ii-1)); 
                       Q(ii) = (c(ii)*Q(ii-1)+d(ii))/(a(ii)-c(ii)*P(ii-
1)); 
                    end; 
                    ii = length(x)-1; 
                    while ii>1 
                        TT(count,ii)=P(ii)*TT(count,ii+1)+Q(ii); 
                        ii=ii-1; 
                    end; 
                    kk = kk-1; 
            end; 
            
else 
     Time = 0; 
            kk=iteration-1; 
            Time = delta_t+Time; 
            a_p0 = rho_eq.*cp_eq.*dx./delta_t; 
            a_E = k_e(1:end-1)./dx(2:end); 
            a_E = [a_E,0]; 
            a_W = k_w(2:end)./dx(1:(end-1)); 
            a_W = [0,a_W]; 
  
            a = a_p0 + a_E + a_W; 
            a(1) = 1; 
            a(end)=1; 
            b = a_E; 
            b(1) = 0; 
            c = a_W; 
            c(end) = 0; 
            d = a_p0.*TT(1,:)+S.*dx; 
            d(1) = TT(1,1); 
            d(end) = TT(1,end); 
            P(1)= b(1)/a(1); 
            Q(1)=d(1)/a(1); 
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            P(end) = 0; 
            Q(end)= TT(1,end); 
             
            for ii= 2:length(x)-1 
               P(ii) = b(ii)/(a(ii)-c(ii)*P(ii-1)); 
               Q(ii) = (c(ii)*Q(ii-1)+d(ii))/(a(ii)-c(ii)*P(ii-1)); 
            end; 
            ii = length(x)-1; 
            while ii>1 
                TT(1,ii)=P(ii)*TT(1,ii+1)+Q(ii); 
                ii=ii-1; 
            end; 
             
            while kk>0 
                    count = iteration-kk+1 
                    Time = delta_t+Time; 
                    a_p0 = rho_eq.*cp_eq.*dx./delta_t; 
                    a_E = k_e(1:end-1)./dx(2:end); 
                    a_E = [a_E,0]; 
                    a_W = k_w(2:end)./dx(1:(end-1)); 
                    a_W = [0,a_W]; 
  
                    a = a_p0 + a_E + a_W; 
                    a(1) = 1; 
                    a(end)=1; 
                    b = a_E; 
                    b(1) = 0; 
                    c = a_W; 
                    c(end) = 0; 
                    d = a_p0.*TT(count-1,:)+S.*dx; 
                    d(1) = TT(count-1,1); 
                    d(end) = TT(count-1,end); 
                    P(1)= b(1)/a(1); 
                    Q(1)=d(1)/a(1); 
                    P(end) = 0; 
                    Q(end)= TT(count-1,end); 
                    for ii= 2:length(x)-1 
                       P(ii) = b(ii)/(a(ii)-c(ii)*P(ii-1)); 
                       Q(ii) = (c(ii)*Q(ii-1)+d(ii))/(a(ii)-c(ii)*P(ii-
1)); 
                    end; 
                    ii = length(x)-1; 
                    while ii>1 
                        TT(count,ii)=P(ii)*TT(count,ii+1)+Q(ii); 
                        ii=ii-1; 
                    end; 
                    kk = kk-1; 
  
            end; 
             
end; 
  
%% 
======================================================================= 
%  ----------------- Section 3 Plot resluts for Testing ---------------
--- 
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%  
======================================================================= 
if flag==1 
    % R = dx./k_eq; 
    R = zeros(1,length(x)); 
    T_ana = zeros(1,length(R)); 
    T_ana(1) = T_boundary_1; 
    T_ana(end) = T_boundary_2; 
  
    for ii = 2:length(R) 
    R(ii) = dx(ii-1)/k_eq(ii-1)+0.5*dx(ii)/k_eq(ii); 
    end; 
    q =(T_boundary_1-T_boundary_2)/sum(R); 
    for ii=1:length(R) 
    T_ana(ii) = T_boundary_1-q*sum(R(1:ii));  
    end; 
    %calculate the mean difference between two lines 
    T_diff = mean(abs(T_ana - T)) 
  
    figure 
    plot(x,T,'k-'),hold on , plot(x,T_ana,'r--'); 
    title('Temperature vs x'); 
    legend('Numerical','Analytical'); 
  
  
elseif flag==2 
    S = S/k(1); 
    c2=T_boundary_1 
    c1=(T_boundary_2 - T_boundary_1+S/2*(sum(cv)^2))/sum(cv) 
    T_analytic = (-1*S)/2.*(x.^2)+c1.*x+c2; 
    figure 
    plot(x,T,'k-'),hold on, plot(x,T_analytic,'r--'); 
    legend('Numerical','Analytical'); 
    title('Temperature vs x while S ~10^6w/m^3'); 
    T_diff = mean(abs(T_analytic - T)) 
     
elseif flag==3 
     
    figure, 
    plot(x,TT(1,:),'k-'),hold on, plot(x,TT(iteration/4,:),'r-'),... 
    plot(x,TT(iteration/2,:),'g-'), plot(x,TT(end,:),'c-');... 
    plot(x,T_ana(1,:),'k--'),plot(x,T_ana(iteration/4,:),'r--'),... 
    plot(x,T_ana(iteration/2,:),'g--'), plot(x,TT(end,:),'c--'); 
    legend('1 time step','1/4 time','1/2 time ','total time',... 
        '1 time step Analytical','1/4 time Analytical',... 
        '1/2 time Analytical ','total time Analytical'); 
    title('Temperature vs x at different time step 0.0009 X 200'); 
  
    T_diff = mean( mean(abs(T_ana - TT))) 
     
elseif flag==4 
    %Calculate the analytical results for Type VI   !!!!!!!! 
    alpha = k_eq./(rho_eq.*cp_eq); 
    H(1:2)=h./k_eq(1,end); 
    B(1:2)=h*L./k_eq(1,end); 
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    % Find Xi,K,F 
    m =4; 
    Xi=zeros(1,m); 
    K=zeros(m,length(x)); 
    X=K;  
    F=T_initial*ones(m,length(x)); 
    T=K; 
    intergral=K; 
    Xi=[2.86 5.73 8.61 11.52];         
    beta=Xi./L; 
     
   for jj=1:length(x) 
       X(:,jj) =beta.*cos(beta.*x(jj))+H(1).*sin(beta.*x(jj)); 
       K(:,jj) =sqrt(2).*(X(:,jj)')./(((beta.^2+H(1)^2).*(L+H(2)./... 
           (beta.^2+H(2)^2))+H(1)).^0.5);            
       intergral(:,jj)=sqrt(2).*(((beta.^2+H(1)^2).*(L+H(2)./... 
           (beta.^2+H(2)^2))+H(1)).^-0.5).*(sin(beta.*x(jj))-H(1)./... 
           beta.*cos(beta.*x(jj)));     
   end; 
  
    % Calculate T_ana(x,t) 
   Time = 0; 
   kk=iteration; 
    
   for ii=1:kk 
        Time = delta_t+Time; 
        term1 = exp(-1.*alpha(jj).*Time.*((beta').^2)); 
        term2 = K.*F.*intergral; 
        for jj=1:m 
           T(jj,:)=term1(jj).*term2(jj,:); 
        end; 
        T_ana(ii,:)=sum(T); 
   end; 
    figure, 
    plot(x,TT(1,:),'k-'),hold on, plot(x,TT(iteration/4,:),'r-'),... 
    plot(x,TT(iteration/2,:),'g-'), plot(x,TT(end,:),'c-');... 
    plot(x,T_ana(1,:),'k--'),plot(x,T_ana(iteration/4,:),'r--'),... 
    plot(x,T_ana(iteration/2,:),'g--'), plot(x,TT(end,:),'c--'); 
    legend('1 time step','1/4 time','1/2 time ','total time',... 
        '1 time step Analytical','1/4 time Analytical',... 
        '1/2 time Analytical ','total time Analytical'); 
    title('Temperature vs x at different time step 0.0009 X 200'); 
  
    T_diff =mean( mean(abs(T_ana - TT))) 
    figure, 
    plot(x,TT(1,:),'k-'),hold on, plot(x,TT(iteration/4,:),'r-'),... 
    plot(x,TT(iteration/2,:),'g-'), plot(x,TT(end,:),'c-'); 
    legend('1 time step','1/4 time','1/2 time ','total time'); 
    title('Temperature vs x at different time step 0.0002 X 100'); 
% ---------------------------------------------------------------------
- 
% TESTING TYPE V 
else 
    %Calculate the analytical results  
    alpha = k_eq./(rho_eq.*cp_eq); 
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    % Find Xi,K,F 
    m=100; 
    K=zeros(m,length(x)); 
    F=T_initial*ones(m,length(x)); 
    T=K; 
    intergral=K; 
    n = (1:1:m); 
    beta=n.*pi./L; 
     
   for jj=1:length(x) 
       for ii=1:m 
       K(ii,jj) = sqrt(2/L).*sin(beta(ii).*x(jj));          
       intergral(ii,jj)=sqrt(2/L).*((1./beta(ii))-cos(beta(ii).*L)./... 
           beta(ii));  
       end; 
   end; 
  
    % Calculate T_ana(x,t) 
   Time = 0; 
   kk=iteration; 
    
   for ii=1:kk 
        
        Time = delta_t+Time; 
        for jj = 1:m 
        term1 = exp(-1.*alpha(1).*Time.*(beta(jj).^2)); 
        term2 = K(jj,:).*intergral(jj,:); 
        T(jj,:)=term1.*term2; 
        end; 
        T_ana(ii,:)=T_initial.*sum(T); 
   end; 
    
    
    figure, 
    plot(x,TT(1,:),'k-'),hold on, plot(x,TT(iteration/4,:),'r-'),... 
    plot(x,TT(iteration/2,:),'g-'), plot(x,TT(end,:),'c-');... 
    plot(x,T_ana(1,:),'k--'),plot(x,T_ana(iteration/4,:),'r--'),... 
    plot(x,T_ana(iteration/2,:),'g--'), plot(x,TT(end,:),'c--'); 
    legend('1 time step','1/4 time','1/2 time ','total time',... 
        '1 time step Analytical','1/4 time Analytical',... 
        '1/2 time Analytical ','total time Analytical'); 
    title('Time step 0.0004 X 100 avg_T_d_i_f_f=0.1150'); 
    xlabel('position x (m)'); 
    ylabel('temperature (initial T =25 K)'); 
    T_diff =mean( mean(abs(T_ana - TT))) 
end; 
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Appendix D.2 
% Semi-infinite surface melting  
% 
====================================================================== 
% ---------------- Section 1  Initialization of constants -------------
- 
% 
====================================================================== 
close all,clear all,clc; 
% For purpose of testing, assume: 
% 1)constant thermal properties 
% 2)semi-infinite surface 
  
% cv = layer thickness in x direction [m] 
% cv = [6.8e-4 5e-4 3e-7 2e-9 1e-8 1e-7 1e-5]; 
cv=[1e-4,1e-4,1e-4,1e-4,1e-4,1e-4,1e-4]; 
  
% c_p =4186*ones(1,length(cv)); 
% rho=997.561*ones(1,length(cv)); 
% k= 0.569*ones(1,length(cv)); 
%  
c_p =2050*ones(1,length(cv)); 
rho=916.2*ones(1,length(cv)); 
k=2.22*ones(1,length(cv)); 
  
% Num = Number of nodes in each control volume 
%  Num = [6800 5000 3 3 10 100 100]; 
Num=100.*[10,10,10,10,10,10,10]; 
  
% Define the thermal properties for phase change 
Ts=273.15; % Temperature of ice in [K] 
Tl=273.5;  % Temperature of water in [K] 
  
ks=2.22; 
kl=0.569;%W/mK 
cps=2050; 
cpl=4186; % J/Kg 
rhos=916.2; 
rhol=999.8;% Kg/m^3 
lambda=334000; %[J/kg] 
  
%  
% ks=0.569; 
% kl=0.569;%W/mK 
% cps=4186; 
% cpl=4186; % J/Kg 
% rhos=997.561; 
% rhol=997.561;% Kg/m^3 
% lambda=334000; %[J/kg] 
  
  
% delta_t =1.75e-2; % Time step 
delta_t =1.75e-2; % Time step 
  
iteration =3; 
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R_RTD = cv./k; 
L=sum(cv); 
% ---------------------------------------------------------------------
-- 
%% Assign node and material interface position   
delta_x(1)=cv(1)/(Num(1)-0.5);  
delta_x(2:length(Num)-1)= cv(2:length(Num)-1)./(Num(2:length(Num)-1)); 
delta_x(length(Num)) = cv(end)/(Num(end)-0.5); 
  
x = zeros(1,sum(Num)); 
x(1:Num(1))=(0:delta_x(1):cv(1)); 
for ii=1:length(Num)-2 
    x(sum(Num(1:ii))+1:sum(Num(1:ii+1)))=... 
    (sum(cv(1:ii))+0.5*delta_x(ii+1):delta_x(ii+1):sum(cv(1:ii+1))); 
end; 
x(sum(Num(1:length(Num)-1))+1:end)=... 
(sum(cv(1:length(cv)-1))+0.5*delta_x(end):delta_x(end):sum(cv)); 
%----------------------------------------------------------------------
- 
% Calculate the width of each cell 
dx = zeros(1,length(x)); 
dx(1) = x(2)/2; 
dx(2:Num(1))= delta_x(1); 
for ii = 1:length(cv)-2 
    dx(sum(Num(1:ii))+1:sum(Num(1:ii+1)))=delta_x(ii+1); 
end; 
dx(sum(Num(1:length(cv)-1)):end-1)=delta_x(end); 
dx(end)=delta_x(end)/2; 
     
%% --------------------------------------------------------------------
- 
% Define the source term S  
Sc = zeros(1,length(x)); 
sc_mem=zeros(iteration,length(x)); 
%----------------------------------------------------------------------
-- 
%% Calculate equivalent Cp,rho,k values for each node   
k_e=zeros(1,length(x));k_e(1:Num(1)-1)=k(1); 
%k_eq is for analytic model 
k_eq=zeros(1,length(x)); 
  
cp_eq=zeros(1,length(x)); 
cp_eq(1:Num(1))=c_p(1); 
cp_eq(end)=c_p(end); 
rho_eq=zeros(1,length(x)); 
rho_eq(1:Num(1))=rho(1); 
rho_eq(end)=rho(end); 
  
% Assign the ends of the nodes' thermal properties 
k_w=zeros(1,length(x));k_w(2:Num(1))=k(1);k_w(end)=k(end); 
  
for ii=1:length(Num)-1 
    cp_eq(sum(Num(1:ii))+1:sum(Num(1:ii+1)))=c_p(ii+1); 
    rho_eq(sum(Num(1:ii))+1:sum(Num(1:ii+1)))=rho(ii+1); 
     
    k_e(sum(Num(1:ii))+1:sum(Num(1:ii+1))-1)=k(ii+1); 
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    k_w(sum(Num(1:ii))+2:sum(Num(1:ii+1)))=k(ii+1); 
     
    delta_x_minus = sum(cv(1:ii))-x(sum(Num(1:ii))); 
    delta_x_plus = x(sum(Num(1:ii))+1)-sum(cv(1:ii)); 
    delta_x_boundary = x(sum(Num(1:ii))+1)-x(sum(Num(1:ii))); 
    f_minus = delta_x_minus/delta_x_boundary; 
    f_plus = delta_x_plus/delta_x_boundary; 
         
    k_e(sum(Num(1:ii)))=... 
        k(ii)*k(ii+1)/(f_plus*k(ii)+f_minus*k(ii+1)); 
     
    k_w(sum(Num(1:ii))+1)=... 
        k(ii)*k(ii+1)/(f_plus*k(ii)+f_minus*k(ii+1)); 
          
end; 
  
k_eq=[k(1),k_e(1:end-1)]; 
alpha =k_eq./(rho_eq.*cp_eq); 
% A=rho_eq.*lambda./k_eq; 
A=rho_eq.*lambda./k_eq; 
Fo=alpha.*delta_t./L; 
Fo(1) 
%----------------------------------------------------------------------
-- 
%% Pre Allocating memory 
a_p0 = zeros(1,length(x)); 
a = zeros(1,length(x)); 
b = zeros(1,length(x)); 
c = zeros(1,length(x)); 
d = zeros(1,length(x)); 
P = zeros(1,length(x)); 
Q = zeros(1,length(x)); 
T = zeros(1,length(x)); 
%----------------------------------------------------------------------
-- 
% %% Chose boundary condition 
%  
% T_boundary_1 =237; %cv1 boundary temperature [K] 
% % Initial temperature for all the nodes [K]    
% T_initial = 277; 
% T_boundary_2 =T_initial; %cv7 boundary temperature [K] 
%  
%  
% TT = T_initial*ones(iteration,length(x)); 
% TT(:,1)= T_boundary_1; 
%  
% T_ana = TT; 
% miu=2.*(Ts-T_boundary_1)./(A.*alpha); 
% K=sqrt(12.*alpha.*(1-sqrt(1+miu)+miu)./(5+sqrt(1+miu)+miu)); 
%% Chose boundary condition 
  
T_boundary_1 =278; %cv1 boundary temperature [K] 
% Initial temperature for all the nodes [K]    
T_initial = 273.15; 
T_boundary_2 =T_initial; %cv7 boundary temperature [K] 
T0 = T_boundary_1; 
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Tm = 273.15; 
  
TT = T_initial*ones(iteration,length(x)); 
TT(:,1)= T_boundary_1; 
  
T_ana = TT; 
miu=2.*(T0-Tm)./(A.*alpha); 
K=sqrt(12.*alpha.*(1-sqrt(1+miu)+miu)./(5+sqrt(1+miu)+miu)); 
  
%%  
% 
====================================================================== 
% --------- Section 2  Temperature distribution Calculation -----------  
% 
====================================================================== 
% Coefficients Calculation 
Time = 0; 
kk=iteration-1; 
Time = delta_t+Time; 
a_p0 = rho_eq.*cp_eq.*dx./delta_t; 
a_E = k_e(1:end-1)./dx(2:end); 
a_E = [a_E,0]; 
a_W = k_w(2:end)./dx(1:(end-1)); 
a_W = [0,a_W]; 
  
a = a_p0 + a_E + a_W; 
b = a_E; 
c = a_W; 
d = a_p0.*TT(1,:)+Sc.*dx; 
  
a(1) = 1; 
b(1) = 0; 
c(1) = 0; 
d(1) = TT(1,1); 
  
a(end)=k_eq(end)/dx(end); 
b(end)= 0; 
c(end) =k_eq(end)/dx(end) ; 
% d(end) =-0.5.*Sc(end).*dx(end); 
d(end) =-0.5.*Sc(end).*dx(end); 
  
P(1)= b(1)/a(1); 
Q(1)=d(1)/a(1); 
P(end)=0; 
Q(end)=TT(1,end); 
  
for ii= 2:length(x)-1 
    P(ii) = b(ii)/(a(ii)-c(ii)*P(ii-1)); 
    Q(ii) = (c(ii)*Q(ii-1)+d(ii))/(a(ii)-c(ii)*P(ii-1)); 
     
end; 
  
TT(1,end)=c(end)/a(end)*TT(1,end-1)+d(end); 
  
ii = length(x)-1; 
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while ii>1 
    TT(1,ii)=P(ii)*TT(1,ii+1)+Q(ii); 
                  
    ii=ii-1; 
end; 
  
S=K.*sqrt(Time); 
B=A.*alpha.*(1-sqrt(1+miu))./S; 
C=(B.*S+(T0-Tm))./(S.^2); 
T_ana(1,:)=Tm+B.*(x-S)+C.*((x-S).^2); 
%% --------------------------------------------------------------------
---- 
% Define phase change relevant constants 
% fl=fluid fraction 
fl=zeros(1,length(x)); 
cpcount=zeros(iteration+1,length(x)); 
cpcount(1,:)=cp_eq; 
if flag==1 
for mm=1:length(x) 
%     if TT(1,mm)<=Ts 
%         fl(1,mm)=0; 
%     elseif TT(1,mm)>=Tl 
%         fl(1,mm)=1; 
%     else 
%         fl(1,mm)=(TT(1,mm)-Ts)/(Tl-Ts); 
%     end 
%     k_eq(1,mm)= fl(1,mm)*kl+(1- fl(1,mm))*ks; 
%     rho_eq(1,mm)= fl(1,mm)*rhol+(1- fl(1,mm))*rhos; 
%     cp_eq(1,mm)= fl(1,mm)*cpl+(1- fl(1,mm))*cps; 
%   
    if TT(1,mm)<=Ts 
        fl(1,mm)=0; 
    elseif TT(1,mm)>=Tl 
        fl(1,mm)=1; 
    else 
        fl(1,mm)=(TT(1,mm)-Ts)/(Tl-Ts); 
    end 
    k_eq(1,mm)= fl(1,mm)*kl+(1- fl(1,mm))*ks; 
    rho_eq(1,mm)= fl(1,mm)*rhol+(1- fl(1,mm))*rhos; 
    cp_eq(1,mm)= fl(1,mm)*cpl+(1- fl(1,mm))*cps; 
  
     
end; 
end; 
cpcount(2,:)=cp_eq; 
%% --------------------------------------------------------------------
---- 
% Start from the second iteration 
while kk>0 
    fl_old=fl; 
    count = iteration-kk+1 
    Time = delta_t+Time; 
     
%     TT(count,end) = TT(count-1,end)-
Sc(end).*0.5.*dx(end).^2/k_eq(end); 
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    a_p0 = rho_eq.*cp_eq.*dx./delta_t; 
    a_E = k_e(1:end-1)./dx(2:end); 
    a_E = [a_E,0]; 
    a_W = k_w(2:end)./dx(1:(end-1)); 
    a_W = [0,a_W]; 
  
    a = a_p0 + a_E + a_W; 
    b = a_E; 
    c = a_W; 
    d = a_p0.*TT(1,:)+Sc.*dx; 
  
    a(1) = 1; 
    b(1) = 0; 
    c(1) = 0; 
    d(1) = TT(1,1); 
     
    a(end)=k_eq(end)/dx(end); 
    b(end)= 0; 
    c(end) = k_eq(end)/dx(end); 
%     d(end) =-0.5.*Sc(end).*dx(end);   
    d(end) =-0.5.*Sc(end).*dx(end);  
    P(1)= b(1)/a(1); 
    Q(1)=d(1)/a(1); 
    P(end)=0; 
    Q(end)=TT(count,end); 
  
    for ii= 2:length(x)-1 
        P(ii) = b(ii)/(a(ii)-c(ii)*P(ii-1)); 
        Q(ii) = (c(ii)*Q(ii-1)+d(ii))/(a(ii)-c(ii)*P(ii-1)); 
    end; 
     
    TT(count,end)=c(end)/a(end)*TT(count-1,end-1)+d(end); 
     
    ii = length(x)-1; 
    while ii>1 
        TT(count,ii)=P(ii)*TT(count,ii+1)+Q(ii); 
        ii=ii-1; 
    end; 
  
    for mm=1:length(x) 
        if TT(count,mm)<Ts 
            fl(1,mm)=0; 
        elseif TT(count,mm)>Tl 
            fl(1,mm)=1; 
        else 
            fl(1,mm)=(TT(count,mm)-Ts)/(Tl-Ts); 
        end 
        k_eq(1,mm)= fl(1,mm)*kl+(1- fl(1,mm))*ks; 
        rho_eq(1,mm)= fl(1,mm)*rhol+(1- fl(1,mm))*rhos; 
        cp_eq(1,mm)= fl(1,mm)*cpl+(1- fl(1,mm))*cps; 
    end; 
     
    miu=2.*(T0-Tm)./(A.*alpha); 
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    K=sqrt(12.*alpha.*(1-sqrt(1+miu)+miu)./(5+sqrt(1+miu)+miu)); 
    S=K.*sqrt(Time); 
    B=A.*alpha.*(1-sqrt(1+miu))./S; 
    C=(B.*S+(T0-Tm))./(S.^2); 
    T_ana(count,:)=Tm+B.*(x-S)+C.*((x-S).^2); 
     
%     Sc=-lambda.*rho_eq.*abs(fl-fl_old)./delta_t; 
    Sc=-lambda.*rho_eq.*abs(fl-fl_old)./delta_t; 
    sc_mem(count,:)=Sc; 
    cpcount(count+1,:)=cp_eq;  
    kk = kk-1; 
     
end; 
  
%% Generate the plot 
    
% plot(x,TT(2,:),'k-'),hold on, plot(x,TT(iteration/4,:),'r-'),... 
% plot(x,TT(iteration/2,:),'g-'), plot(x,TT(end,:),'c-'); 
% plot(x,T_ana(1,:),'k--'),plot(x,T_ana(iteration/4,:),'r--'),... 
% plot(x,T_ana(iteration/2,:),'g--'), plot(x,TT(end,:),'c--'); 
% legend('1 time step','1/4 time','1/2 time ','total time',... 
%         '1 time step Analytical','1/4 time Analytical',... 
%         '1/2 time Analytical ','total time Analytical'); 
% xlabel('postion x [m]'); 
% ylabel('Temperature [K]'); 
% title('Temperature vs x with phase change and time step 1 X 100'); 
T_diff = mean( mean(abs(T_ana - TT))); 
T_absdiff=abs(TT-T_ana); 
  
% figure, 
% plot(x,TT(1,:),'k-'),hold on, plot(x,TT(2,:),'r-'),... 
% plot(x,TT(4,:),'g-'), plot(x,TT(6,:),'c-'); 
% plot(x,T_ana(1,:),'k--'),plot(x,T_ana(2,:),'r--'),... 
% plot(x,T_ana(4,:),'g--'), plot(x,TT(6,:),'c--'); 
% legend('1 time step','2nd step','4th step ','6th step',... 
%         '1 step Analytical','2 step Analytical',... 
%         '4th step Analytical ','6th step Analytical'); 
% xlabel('postion x [m]'); 
% ylabel('Temperature [K]');     
%      
%      
% figure, 
  
star_x = importdata('star_x5.txt'); 
% star_T6 :lambda=334 step 1,2,3,5,10,20 lambda=334000,step 1,2 
% star_T7 :lambda=334,step 1,2,3,5,10,20 
star_T = importdata('star_T6.txt');   
  
plot(x,TT(1,:),'k-'),hold on, plot(x,T_ana(1,:),'r-'),... 
plot(star_x,star_T(:,1),'g-'); 
legend('1 time step','analytical','star CCM'); 
xlabel('position x (m)'); 
axis([0 L 270 280]); 
ylabel('temperature (initial T =278 K)'); 
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figure, 
plot(x,TT(2,:),'k-'),hold on, plot(x,T_ana(2,:),'r-'),... 
plot(star_x,star_T(:,2),'g-'); 
legend('2 time steps','analytical','star CCM'); 
xlabel('position x (m)'); 
axis([0 L 270 280]); 
ylabel('temperature (initial T =278 K)'); 
  
% figure, 
% plot(x,TT(3,:),'k-'),hold on, plot(x,T_ana(3,:),'r-'),... 
% plot(star_x,star_T(:,3),'g-'); 
% legend('3 time steps','analytical','star CCM'); 
% xlabel('position x (m)'); 
% ylabel('temperature (initial T =278 K)'); 
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