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On the Euler characteristics of certain moduli spaces of 1-dimensional closed
subschemes
Mazen M Alhwaimel
Dr. Zhenbo Qin, Dissertation Supervisor

ABSTRACT

Generalizing the ideas in [L.Q)] and using virtual Hodge polynomials as well as torus
actions, we compute the Euler characteristics of some moduli spaces of 1-dimensional
closed subschemes when the ambient smooth projective variety admits a Zariski-
locally trivial fibration to a codimension-1 base. As a consequence, we partially verify
a conjecture of W.-P. Li and Qin [LQ]. We also calculate the generating function for
the number of certain punctual 3-dimensional partitions, which is used to compute

the above Euler characteristics.



Chapter 1

Introduction

1.1 The goal of this thesis

The study of the Euler characteristics of the moduli spaces of 1-dimensional closed
subschemes in a smooth projective variety X has been of great interests in recent
years. The motivation comes from its relation with the study of Donaldson-Thomas
invariants and its interplay with Gromov-Wittin invariants [DT, MNOP1, MNOP2,
KLQ, LQ, Thol. In [LQ], W.-P. Li and Qin proposed the following conjecture which is
the analogue to those in [MNOP1, MNOP2] regarding Donaldson-Thomas invariants

in dimension 3.

Congecture 1.1. Let X be a smooth projective variety, and let J, (X, 5) be the moduli
space of 1-dimensional closed subschemes Z of X satisfying (5.1.1), and let X"} be the
Hilbert scheme of length-n 0-dimensional closed subschemes of X. Then the reduced

partition function of the Euler characteristics

En X(jn(Xv B))qn
S X (X )gn

is a rational function of ¢, and is invariant under ¢ — 1/¢ when Kx = 0.

(1.1.1)

Conjecture 1.1 was studied in [LQ] when X admits a Zariski-locally trivial fibra-

tion p : X — S where S is a smooth projective variety, and the fibers are smooth
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irreducible curves of genus g. Letting § € Hy(X;Z) be the class of a fiber of pu, it
was proved in [LQ] that Conjecture 1.1 holds if 2 < dim X < 3 or Kx = 0.
In this paper, we will continue the investigation of Conjecture 1.1 by generalizing

the ideas in [LQ)]. Using the same notations from the previous paragraph, put
Moy = jd(l—g)-i-"(Xv dﬂ)

for d,n > 0. An element of the moduli space My, consists of d fibers (possibly nonre-
duced counting with multiplicities) of u together with n points (possibly embedded

in the fibers) of X. Our main result is the following.

Theorem 1.2. Assume that X admits a Zariski-locally trivial fibration p: X — S

such that the fibers are smooth irreducible curves of genus g. Let r = dim(X) > 2.

“+oo
Then, the partition function Zx(imgm)q" 15 equal to
n=0
ooﬁ n 4—4g
X(5)* = x(5) ZX (X | um0 L +(n)g (1.1.2)
n=0 PT (n)qn
+o0 2—2g
20 An(n) ¢"
+ (r=1)-x(9) ) x(xMgm- ( n=0 ) : (1.1.3)
Z ( ) ::0 P (n) q"

In the above, P,(n) denotes the number of r-dimensional partitions of n, and
P.(n), A.(n) denote the number of r-dimensional partitions of n punctured at the
subsets Z = {(0,...,0)}, {(0,...,0),(1,0,...,0)} C (Zs)""" respectively (see Defini-
tion 4.1 for details). The generating function of the Euler characteristics of the Hilbert

scheme X[ has been calculated in [Che, ES, Gol] (see also [Go2, Qin]):

400 400 x(X)
S X = (Z Pr<n>q"> . (1.1.4)

Under our assumptions about X and u, Kx = 0 forces g = 1. Also,

+o00
ZX n(X, 25 q" —ZX Jo1- g)+n( 25)) 20-g)+ (12(179)'ZX(9372,n)q
n=0

n=0



Corollary 1.3. Assume that X admits a Zariski-locally trivial fibration p: X — S
such that the fibers are smooth irreducible curves. Let dim(X) > 2 and Kx = 0.

Then, Conjecture 1.1 holds for the reduced partition function

> X (Tn(X,28))q"
S x(Xhygn

By definition, Py(n) = Py(n) = Ay(n). By Lemma 7.5 in [LQ] (see (4.2.7)),

(1.1.5)

o Psn)gt 1
2o Ps(m)gn 1—gq

Moreover, by Proposition 4.4 below, when |¢| < 1/3, we have

w0 As(m)g” 11
e Py(n)gr 1—q 1—¢?

Corollary 1.4. Assume that X admits a Zariski-locally trivial fibration p: X — S
such that the fibers are smooth irreducible curves. Let 2 < dim(X) < 3 and |q| < 1/3.

Then, Congecture 1.1 holds for the reduced partition function (1.1.5).
1.2 Organization of the thesis

Our main goal as stated in the Section 1.1 is to prove Theorem 1.2. In order to do so,
and to make the thesis self-contained as much as possible, I will do the following. In
Chapter 2, I will closely follow the book [HM] for the introduction of moduli problems
and how to construct moduli spaces. Next, I will reproduce the construction of Hilbert
scheme and Grothendieck Quot scheme analogue to the one found in [Qin, Nit]. To
this end, we will be equipped with the necessary concepts and definitions to proceed
to prove Theorem 1.2 as follows. First of all, we decompose the moduli space My,
into the disjoint union of two locally closed subsets 92y, and M (;2),,. The subset

M2),n (respectively, M y2y,,) consists of the elements in My, corresponding to those

3



1-dimensional closed subschemes Z of X such that the support of the 1-dimensional
component Oy of Z is a single fiber of u (respectively, is the union of two distinct
fibers of ;). On one hand, since the support of ©7 with [Z] € M ;2),, is the union
of two distinct fibers of p, the computation of x(9(2),) can be easily reduced to
X(9M,,) which has already been computed in [LQ]. The contribution of x(9M2y,)
gives rise to the term (1.1.2). On the other hand, since the support of ©, with
[Z] € M9 is a single fiber of 1, the ideas in [LQ)] can be generalized to compute the
Euler characteristic of 9(5) ,,. Roughly speaking, we will use the properties of virtual
Hodge polynomials to reduce the calculation of x (9(2) ) to the relevant moduli space
over the local model C"~! x C where C' denotes a fiber of u. The relevant moduli
space over the local model C"~! x C' will be further reduced to a suitable moduli space
over C", to which torus actions will be applied. The contribution of x(IM(2)») gives

rise to the term (1.1.3).



Chapter 2

Moduli spaces

2.1 Basic definitions and constructions

The notion of a moduli space is central in various areas of mathematics. Since one
of the major tasks of mathematics is to classify, or to put similar objects together,
invoking the idea of moduli spaces leads to very important and happy consequences.
In the field of algebraic geometry, the notion of moduli spaces has been used in so
many areas to help to either investigate those spaces by their own, or to understand
the objects themselves that are being modulated by the space. A very basic example
of a moduli space is the projective space P% over complex numbers. This space
classifies all points in C* — {O}, where any two points are in the same equivalence
class if there exists a line connects them that passes through the origin. While the
geometry of points is relatively simple and well understood, the new resulting moduli
space carries a more fascinating structure and reveals more interesting properties. To
rigidify the problem and make it more concrete, let us start by defining what a moduli
problem is, and then examine what a natural definition of a moduli space should look
like.

Consider the category of schemes, denoted by Sch, and the category of sets, de-



noted by Set, such that for any object B of Sch, we assign a set S(B) which is a
family of objects over B, together with what it means for this family of objects to
be over B. To be more precise, the elements of S(B) must have some equivalence
relation between them which we are free to choose. Once an equivalence relation have

been chosen, we define a functor

F : Sch — Set,

such that

F(B) = S(B)/equivalence relation.

As much as this description is too general, we can restrict this idea in a way that
enables us to relate some nice scheme to this moduli problem. Specifically, we want
a space, which we will soon call moduli space, to represent the image of the functor
in a way that its geometric points have a connection with the image of the functor F.
While we can always come up with moduli spaces of various different structures fitting
the description in the previous sentence, possibly trivial ones, one problem might arise
here is that these spaces could be discursive and uninformative. To be more explicit,
it is not always possible to make the moduli problem along with its chosen functor into
something that we can gain important properties and new insights from. Of course, it
is not hard to construct a moduli problem with its functor that can be turned into a
scheme or a vector space in a trivial way. For an example, we might turn an arbitrary
moduli problem into a scheme by just declaring that every point in the image of its
moduli functor to be an affine scheme. While this would trivially equip our moduli
problem with a scheme structure, we will not get any important information neither

about the new scheme itself, nor about the objects being represented by the new



scheme. To avoid this type of triviality, one needs to attempt to control the moduli
problem by choosing its functor in a more precise way that enables us to find deeper
structures and properties. For this, we introduce the notion of fine moduli space.

Before doing so, we need to introduce further definitions.

Definition 2.1. Consider the functors F, G : Sch — Set. A natural transformation
n: F — G is a family of Set-morphisms ng : FB — GB, where B ranges over all
schemes in Sch, such that for each morphism f: B — C'in Sch, ncoFf = Gf onpg,

i.e. the following diagram commutes:

B
FB——— GB

Ff Gf

FC —— GC.
Ule;

Moreover, if for every object B in Sch, the natural transformation ng is an isomor-

phism in the category Set, then we say that 7 is an isomorphism of functors.

Definition 2.2. Let 2 be an object in the category Sch. Then, we define the functor
of points

Morgen(__, ) : Sch — Set

to be the functor that assigns to any scheme B € Sch, the set of all morphisms

B — 9.

Definition 2.3. The functor F is representable in the category of schemes if there
exist a scheme 9, and a natural transformation 1 : F — Morgen(__,901) that is an

isomorphism.



Definition 2.4. Let F be a moduli functor for the moduli problem S(B) which is
representable by a scheme 9. Then, we say that the scheme 9 is a fine moduli space

for the moduli problem S(B).

A significant outcome of representability is the existence of a universal family. The
universal family works as a dictionary translating information about the geometry of
the families of objects S(B) and the geometry of the fine moduli space 9 representing
it. To make this observation more concrete, let € be the family in S(91) corresponding
to Idgy € Morgen (9, ). Then, € is called the universal family over the fine moduli
space M. The universality of the family € is interpreted in the following sense: let
U :® — B be any family in S(B). Let n be as in above, and put x = n(¥). Then

there is a commutative fibered product diagram

B ——— M.

After having introduced the notion of fine moduli spaces, we will examine two
examples of some moduli problems: one can be represented by a fine moduli space,
but the other can not. In the next section, we will construct in more details the
central objects we will be working with throughout this thesis which are the Hilbert

scheme and Quot scheme.

Example 2.5. Let F be the functor of the moduli problem that assigns the set of lines
passing through the origin of A7™'. Then P} is the fine moduli space representing

that functor, where k is algebraically closed field.
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Example 2.6. In this example, we will show the existence of some moduli problems
that can not be represented by a fine moduli space. Before we start the example,
which will be a very general phenomenon, let us examine the following situation.
Suppose we are trying to find a moduli space that parametrizes all 1-dimensional
vector spaces up to isomorphism, then one would expect the moduli space to be just
a point. We know a family of 1-dimensional vector spaces over a circle would give a
line bundle over the base variety S*. Also, it is well known that over a circle, we have
two non-isomorphic line bundles, namely, a cylinder and a Mobius strip. Therefore,
it is impossible for such a fine moduli space to exist. A more general case would be
the possibility of the existence of a moduli space 9, whose geometric points are the
isomorphism classes of smooth curves of genus g over a base scheme S, i.e. a scheme

M, that represents the moduli functor
F :Sch — Set

that assigns to a scheme S, the set of isomorphism classes of smooth curves of genus
g over S. Again, such a fine moduli space 9, would be impossible as some of these

curves have non-trivial automorphisms.

2.2 Hilbert scheme and Grothendieck Quot scheme

2.2.1 Hilbert scheme

While it is more natural to construct the Grothendieck Quot scheme first, and then
proceed to show how to obtain the Hilbert scheme from it, it is more insightful to
start with constructing the Hilbert scheme, and then proceed to the more general

Grothendieck Quot scheme. The treatment here is exactly the same as what a reader



would find in [Qin, Nit]. Following the general discussion in the previous section,
we will resolve specific moduli problems in which their functors are representable by
schemes called Hilbert schemes and Grothendieck Quot schemes, respectively.

Let X be a quasi projective complex scheme over a locally noetherian scheme S,
i.e. we have a morphism p: X — S. Let Ox(1) be a very ample line bundle on X.

Consider the contravarient functor
Hilbx,s : Sch — Set
given by
Hilbx)s(U) : {Z C U xg X | Z is a closed subscheme of U x X, flat over U}.

For a morphism ¢ : V' — U of locally noetherian S-schemes we have

Hilbxs(¢) : Hilbxs(U) — Hilbx,s(V)

which sends Z to Z xy V.
Let ¢ : Z — U be the projection, and u € U. We put Z, = ¢*(u). Then, the

Hilbert polynomial of Z at u is

pu(m) == X (Ogz,(m)) = x (Oz, oy Ox(m))

where p, is a polynomial in the variable m independent of the choice of u. Let Hilb /s
be the subfunctor of Hilbx/s that associates to U the set of closed subschemes of X
which are flat over U, and have Hilbert polynomial p. Then, we have the following

theorem that can be found in [Qin, Nit|:
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Theorem 2.7. the functor Hilbg(/s s represented by a projective scheme Hilb’)’(/s,

called the Hilbert scheme.

From the discussion right after Definition 2.4, we should be able to describe a
universal family that comes with this Hilbert scheme. Specifically, there exists a
closed subscheme Z C Hilb% /g X X such that Z — Hilb%, /g is the universal family
in the following sense: if Z is flat family of closed subschemes in X parametrized by
U such that p is the Hilbert polynomial of the closed subschemes, then there exists a

unique morphism f : U — Hilb%, /g such that
Z = (f x ldx)*Z.

Finally, if S = Spec C and the Hilbert polynomial p(m) = n is a constant positive
integer, then we drop S from the notation, call Hilb% the Hilbert scheme of n points

in X, and denote it by X M.

2.2.2 Quot scheme

Similarly, I will briefly sketch the construction of Grothendieck Quot scheme. This
construction goes exactly as in [Nit]. Let X — S be a finite type scheme over a
noetherian scheme S. Let E be a coherent sheaf on X. Let Schg be the category of
locally noetherian schemes T over S. A family of quotients of £ parametrized by T

is a pair (F,q) consists of

1. a coherent sheaf F on X7 = X X ¢ T such that the SuppF is proper over T and

F is flat over T', together with

2. a surjective Ox,.-linear homomorphism of sheaves ¢ : By — F, Er = 7*(F)

where 7 : X7 — X is the projection.

11



Two families (F,q), and (G, f) parametrized by T are equivalent if ker(q) = ker(f).
We denote the equivalence class of (F,q) by < F,q >. The pull-back of < F,q >
under an S-morphism 77 — T is well defined. Therefore, we have a contravarient

functor denoted by Quotg,x/s from the category Schg to the category Set given by

Quotp x/s(T) = {All < F, ¢ > parametrized by T'}.

If £ = Oy, then the functor Quotp,  x/s associates to T' the set of closed sub-
schemes Y C X xg T that are proper and flat over T'. Namely, this functor is the
functor Hilbx,s(T) defined above. As in the Hilbert scheme case, the Grothendieck
Quot scheme is the scheme representing the functor Quotg,/x/s, and is denoted by
Quotg x/s-

Let £ be a relatively very ample line bundle on X. Let F be any coherent sheaf
on X whose schematic support is proper over S and which is flat over S. Let s € S
be a point, X, be the fiber over the point s, and F, be the restriction of F to X,.

Then, the Hilbert polynomial is given by

ps(m) = x (Fs(m)) = x (X, Fs @ LT™)

where L is again the restriction of £ to X;. It is important to note as well that we

have the following decomposition

QUOtE/X/s = H QUOt%/ax/S.
p

We interpret the subfunctor Quot%fX /s as follows: for any polynomial p(m) € Q[m],

12



all equivalence classes < F,q > such that for any t € T’
Quot’gfx ss(T) = ¢ the Hilbert polynomial of the restriction F; computed
with respect to the pull-back of £ is p(m).

13



Chapter 3

Virtual Hodge polynomials and
Euler characteristics

Danilov and Khovanskii [DK] introduced virtual Hodge polynomials for reduced com-
plex schemes. These polynomials can be viewed as a convenient tool for computing
the Hodge numbers of smooth projective varieties by reducing to computing those of
simpler varieties. They can also be used to compute Euler characteristics. In this
chapter, we recall the basic properties of virtual Hodge polynomials.

First of all, let Y be a reduced complex scheme (not necessarily projective, irre-
ducible or smooth). Mixed Hodge structures are defined on the cohomology H*(Y, Q)
with compact support (see [Del, DK]). The mixed Hodge structures coincide with the
classical one if Y is projective and smooth. For each pair of integers (m,n), define

the virtual Hodge number

m(Y) =) (DR HE(Y, Q).

k

Then the virtual Hodge polynomial of Y is defined to be

e(YVis,t) =Y ™" (Y)s™t". (3.0.1)

m,n

Next, for an arbitrary complex scheme Y, we put

e(Y;s,t) = e(Yrea; s, 1) (3.0.2)

14



following [Che]. By (3.0.2) and the results in [DK, Ful, Che] for reduced complex

schemes, we see that virtual Hodge polynomials satisfy the following properties:

(i) When Y is projective and smooth, e(Y; s, t) is the usual Hodge polynomial of

Y. For a general complex scheme Y, we have
e(Y;1,1) = x(Y)
where x(Y) denotes the topological Euler number of Y.

(ii) f Y = H Y; is a finite disjoint union of locally closed subsets, then
i=1

e(Ysis,t) =Y e(Yis, ).
i=1

(iii) If f:Y — Y’ is a Zariski-locally trivial bundle with fiber F', then

e(Yis, t) =e(Y';s,t)-e(F;s,t).

(iv) If f:Y — Y’ is a bijective morphism, then

e(Yis,t) =e(Y';s,t).

(3.0.3)

(3.0.4)

(3.0.5)

(3.0.6)

By the Lemma 5.6 in [Che] and the Theorem 4.1 in [LY], if Y is a reduced complex

scheme with a C*-action and if Y©" denotes the set of fixed points, then

x(Y)=x(Y").

15
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Chapter 4

Torus actions on Hilb"(C", O)

4.1 r-dimensional partitions

In this section we introduce torus action following [LQ, Che]. This technique allows us

to reduce computations of M, ,, (see Definition 5.9 ) to simpler computations of mod-

cr—ixcC

¢nmg  (see Definition 6.4), which will be further reduced to computations

uli spaces 9

of the punctual moduli spaces img“ L.O (see chapters 6.1, and 6.2).

Definition 4.1.

(i) Let r > 2 and n > 0. An r-dimensional partition of n is an array

(Mg iy Vv s (4.1.1)
77777 _, indexed by the tuples
(ity v yir_1) € (Zso)™* (4.1.2)

such that

Z Niyooosipy = 10, (4.1.3)
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(ii) Let J be a finite subset of (Zxo)""!. Then an J-punctual r-dimensional partitions

of n is an array

(Mot )it i (4.1.4)
77777 _, indexed by the tuples

(il, . ;ir—l) € (Zzo)r_l -7

such that

Z Niy,oipey = N, (4.1.5)

(iii) Define P?(n) to be the number of J-punctual r-dimensional partitions of n. For

simplicity, we denote P7(n) by P(n), P,(n), A.(n), B,(n) when
3=0,{(0,..,0)},{(0,...,0),(1,0,..0)}, {(0, ..., 0), (1,0, ..., 0), (0, ..., 0, 1) },
respectively.

We remark that Definition 4.1 (i) is consistent with the one used in [MNOP1],

while our r-dimensional partitions are (r — 1)-dimensional partitions in [Che].

4.2 Generating series of plane partitions and torus
action

Lemma 4.2. The series Y25 P7(n)q" is convergent if |q| < 1/r.
Proof. 1t suffices to prove that

P’(n)<r-P’(n—1). (4.2.1)



Let S?(n) be the set of J-punctual r-dimensional partitions of n. Let

A= (ni1,..~,ir—1)il,m,ir—l € Sg(n)

Define
jl = maX{ilynih,,,,ir_l > O}a
Jo = max{io|n; 4,0, > 0},
R maX{?;Tfl‘njl,...,jr_mir—l > 0}

By definition, nj, ;. , > 0. Define an element
f(>‘) = (mi1,~--,ir—1)ihm,ir—l < Sg(n - 1)

by putting:

i :{ Ni,eiipo1 — 1 if (i1, 0-1) = (J1s- s jro1)

Mir,oin_1> otherwise.

This defines a map

f:87(n) = S’(n—1).

Note that f is surjective. Moreover, |f~1(u)| < r for each u € S (n — 1). Therefore,

we obtain (4.2.1). B

Torus actions on the punctual Hilbert scheme Hilb"(C", O) have been studied in

[LQ, Chel. Let z,..., 2. be the coordinate functions of C". Then C* acts on C" by

21,y 2r) = (21,0 1 2,), teC. (4.2.2)

18



This C*-action on C" induces a C*-action on Hilb"(C", O). Now choose wy, ..., w, € Z
properly. Then, the C*-fixed points in Hilb"(C", O) are precisely those corresponding
to the colength-n ideals of C[z,...,z.] generated by monomials. These ideals are
in one-to-one correspondence with r-dimensional partitions of n. Indeed, given an

r-dimensional partition (n;,, . ,)i...i._>0 of n, the ideal of C[zy,.. ., z,] generated

.....

. ; e Vg eig .
by the monomials 2}* - - - 2" ' 2. ! ' has colength-n. Conversely, given a colength-n

ideal I of C|z1,. .., 2| generated by monomials, we obtain an r-dimensional partition

(Piyip 1 )iv,...in_1>0 Of n by putting
Niy..iry = min{i,| 23" -+ Zf 2 e I}, (4.2.3)
Therefore, by (3.0.7), we have (see the Proposition 5.1 in [Che]):
x(Hilb"(C", 0)) = P.(n). (4.2.4)

Proposition 4.3. We have

> Py(n)g” = Hl_lqn (4.2.5)
S P = Hﬁ (4.2.6)

+00
; Py(n)g" = — 2 Z Py(n)q". (4.2.7)
Proof. Formula (4.2.5) follows from the definition of Py(n). Formula (4.2.6) is known

as MacMahon’s formula. The formula and its proof can be found in [And]. Formula

(4.2.7) was proved in [LQ]. B
4.3 Important relation

In the following Proposition we prove an important relation that would be used later.
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Proposition 4.4. Let |q| < 1/3. Then

—+00 1 1 “+oo
I ey DLIOLD
n=0 q q n=0

Proof. We shall use notations and results from Sect. 11.2 of [And]. Identify our 3-
dimensional partitions with the plane partitions there, i.e., our 3-dimensional partition
(M) 45 )iy in>0 1s identified with the plane partition whose entry at the lattice point
(i1,12),41,72 > 0 in the plane is equal to n;, ;,. Similarly, our punctual 3-dimensional
partitions will correspond to the punctual plane partitions.

Let Sie(m,n), §k74(m, n), Sk.e(m,n), Ske(m,n) denote the sets of J-punctual plane

partitions of m with

3=10,{(0,0)},{(0,0),(1,0)},{(0,0),(1,0), (0, 1)}

respectively, and with at most ¢ columns, at most k& rows, and with each entry < n.
Let pre(m,n) = |Ske(m,n)l, pre(m,n) = [Ske(m,n)l, ye(m,n) = [Sge(m,n)], and
Pre(m,n) = |Sg.e(m,n)|. Define the generating functions:

+oo
Te(niq) = Y pee(m,n)q",

m=0
+oo
Fre(niq) = > Prelm,n)q",
m=0
“+o0o
Tre(niq) = Zﬁk,i(mﬂl)qm;
m=0
+o0
Tre(niq) = Zﬁw(m,n)qm.
m=0
So
+oo
Moo, 400(+005q) = Zpg(m)qm, (4.3.1)
m=0
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Troooo(+001q) = Y As(m)q™ (4.3.2)
Define
(@i=1-q)(1—-¢") - (1-7q) (4.3.3)

for a positive integer i. By the Theorem 11.2 in [And],

(@)1(g)2 - (@r—1 (@t e(Dntes - - (Q)n-&-f-&-k’—l. (4.3.4)

Tre(n;q) = (@e(@ ez (@)esn ) (Dn(Dns1 - (QOngr—1

By (7.14) in [LQ], we have
Tee(n;q) = q " [Tre(n; q) — mee(n — 1;q)] - (4.3.5)
There is a relation among the numbers of different punctual plane partitions:
Pry(m,n) = pri(m,n — 1) + 2Py, (m — n,n) — pry(m — 2n,n)

which can be illustrated by the following diagram

Xx kX
Xx kX
* X

with parts < n

¥ ok ok

¥ X ...

% % X % %
= % %k + * +(n *x x —In * *
% % n * % % n *
with parts << n-1 with parts << n with parts << n with parts << n

In other words, every punctual plane partition with empty (0, 0)-entry and parts < n
is either a punctual plane partition with empty (0, 0)-entry and parts < (n— 1), or a
punctual plane partition with empty (0, 0)-entry, n at (1,0)-entry and parts < n , or
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a punctual plane partition with empty (0,0)-entry, n at (0, 1)-entry and parts < n

Therefore
The(n; q)
= Wkg(n—1q+22pkl Zpklm 2n,n)q™
m=0
= Tpe(n —1iq) +2¢" - Zpk,l (m —n,n)g" ™" — ¢ - Zﬁk,z(m —2n,n)q" "
m=0 m=0

= Te(n—159) +2¢" - Tre(n; q) — " - Tua(n5 ).
So
2¢"  Tre(n;q) — ¢ - Te(ni @) = Tre(ni @) — Tae(n — 1)
Now, we want to use a parallel argument to the one found in [LQ)]. To take the limits

k,l,n — +o0, we assume |q| < 1/3 in the rest of the proof. By (4.3.4), (4.3.5) and

the definition of (¢); from (4.3.3), we have

n

_ q “
The(n;q) — 5 - Tre(n; q)

—2n —(2n-1)
= q2 : [ﬂ'k,é(n§Q> - Wk,z(n - 1;(])] _1 5 : [7Tk,£<n - 1;(]) - Wk,z(n - 2;(])]
_ Trk,E(n - 27 Q) . q_2n : [k,g(n; q) (436)
2 [ (1 —gmri1) - Ty (1 — g )

where Ij ¢(n; q) is defined to be

q-(L=q" (1 —=g") - (L=g"™" 27 (1= g™

k—1 k—1
. (1 4 q) . H(l . n+€+z 1 H . n+z
i=0 1=0

+ (1 . qn+€fl>(1 _ qn+é> . (1 _ qn+€+k 2) . (1 _ qn+€+k71).
It is straightforward to check that Iy ¢(n;¢q) is equal to

g <qn71(2qn o 4 g 2R gy
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+qn<qn + 2qn+1 et 2qn+k72 + anrkfl)
+qn(2qn+1 44 2qn+k—2 + qn-i-k—l)
+qn+k73(qn+k73 + 2qn+k72 + anrkfl)
+qn+k—3(2qn+k—2 + qn-i-k—l)
+qn+k—2(qn+k—2 + qn—l—k—l)
g2 qn+k—1>
. (1 +q) . <qn . <qn+1 4. _'_anrkfl)
+qn+1 . (qn+2 R qn-‘rk—l) N qn+k—2 . qn+k—1>

+ q2n+€—1 ' fk,f(n7 Q) + q3n : fk<n7 Q)

where | fr(n, q)| < gr(q) and | fr.e(n, q)| < hi(g) for some functions gi(q) and hi(q) of

k and q. Therefore,

—2n[ .
lim lim g ‘i) kn(1:9)
k—~+oo nf——+oo 2

= 14+qg+2¢+2¢3+3¢" +3¢° + ...
= (14+q)-(1+2¢*+3¢" +4¢°+---)

1
-y
1 1

1—q 1—¢
Combining this with (4.3.6) and Lemma 4.2, we obtain

1 1

Foerton ($001) = Moo pon(+0030) - T - T3
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By (4.3.1) and (4.3.2),

“+o00 1 1 —+00
> As(n)q" = T 12 Y Ps(n)q".
n=0 q q n=0

Conjecture 4.5. Let |q| < 1/3, ¢ > 0 and J, = {(0,0),---,(0,¢)}. Then,

400 l+1 1 +00
2 R = 1= 2 Bl
n=0 i=1 n=0

By (4.2.7) and Proposition 4.4, Conjecture 4.5 holds for ¢ = 0, 1.
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Chapter 5

The moduli spaces J,(X, 3) and
5)ﬁal,n

5.1 Description of J,(X,3) and My,

Let X be a smooth projective complex variety of dimension r. For a fixed class
B € Hy(X;Z) and a fixed integer n, following the definitions and notations in [LQ)],
we define J,(X, 3) to be the moduli space of 1-dimensional closed subschemes Z of

X satisfying the two conditions:
X(Oz)=n, [Z]=5 (5.1.1)

where [Z] is the class associated to the dimension-1 component (weighted by their

intrinsic multiplicities) of Z.
Lemma 5.1. If dim(X) = 3, and H is a divisor on X, then

W(O2(dH)) = ([2]- H) - d+(Oz) = (8- H) - d+n. (5.1.2)

Proof. By the Hirzebruch-Riemann-Roch formula, we have

xX(Oz(dH)) = x(Oz ® Ox(dH))
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= (ch(Oz ® Ox(dH)) - td(Tx))s
= (ch(Oz) - ch(Ox(dH)) - td(Tx))s
= ((0+0—c(Oz) + %cg(oz))
(1+dH + %d2H + éd?’H?’) td(Tx))s
= ((—c2(Og) + %cg(oz) —dH - ¢3(0z)) - td(Tx))s

= dH 7] +x(02)

since ¢2(0z) = —[Z] = —0.

The degree-0 moduli space J,(X,0) is isomorphic to the Hilbert scheme X [l
parametrizing length-n 0-dimensional closed subschemes of X. In general, when 5 # 0
and when an ample divisor H on X is fixed, the space J,(X, ) is only part of the
Hilbert scheme (see [Gro]) defined in terms of certain degree-1 Hilbert polynomial.
By Lemma 5.1, when dim(X) = 3, this degree-1 Hilbert polynomial is (8- H) - d + n.
By the Lemma 1 in [MNOP2|, when dim(X) = 3, the virtual dimension of J,,(X, §)

—(B8- Kx). (5.1.3)

In the rest of the paper, we adopt the following basic assumptions.

Assumption 5.2. We assume that X admits a Zariski-locally trivial fibration
pw:X =9 (5.1.4)

where S is a smooth projective variety, the fibers are smooth irreducible curves of

genus-g, and f € Hy(X;Z) is the class of a fiber of p.
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Let d,n > 0. Then,
Ja1_g)(X,dB) = SI¥ (5.1.5)
where S14 denotes the Hilbert scheme of d points on the variety S. Put
Man = Ta—g)+n (X, dB). (5.1.6)

An element in M, denotes a 1-dimensional closed subscheme Z of X whose 1-
dimensional component is equal to some curve Ce € Myp (ie, Iz C I¢,) such that

the quotient I¢, /I is supported at finitely many points in X with
h(X,Ic,/17) =n.

Our goal is to determine, under Assumption 5.2, the partition function for the Euler

characteristics of the moduli spaces My, = Tg1-g)40(X,dB),n > 0:

Zx(ﬂﬁdm) q". (5.1.7)

Lemma 5.3. Let Z; C S x S be the universal codimension-2 subscheme, and
Quot?lds[d]X W)+ Iz, /S x X/ Sl be the Grothendieck Quot-scheme with the constant poly-

nomial n. Then, there exists an isomorphism

Ma,n = QUOt?IdS[d] xu)* 1z, /St xx/Sl
Proof. Note that every element in Mg, = Ta1—g)+n(X, dB) is of the form:

Z:

[1]

+0e (5.1.8)

where = € Xl for some ng satisfying 0 < ng < n, Supp(Z) N Supp(©) = 0,
and the dimension-1 component © is equal to some curves Ce € My together with
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embedded points of length-ng (i.e., Ig C Ic, and the quotient I, /I is supported at

finitely many points in C¢ with h%(X, I, /1e) = ng). So we have a surjection
]CE — ICE/]Z — 0

where the quotient I, /I is supported at finitely many points, and has length n.

It follows that the universal quotient over Quot’& d gy xp)* Iz, /S1 x /51 induces a
bijective morphism ¢ : Quot&ds[d] xu)* Iz, /Sl x X /sl M.

On the other hand, let Z;,, be the universal ideal sheaf over 91;, x X. Let I[’Ln

be the saturation of Zg,, C O, xx (see Definition 1.1.5 in [HL]). Then, Zj,, is a flat

family of ideal sheaves in M40 = Sl and fits in an exact sequence
0= Zgpn — Ty, —2—0

over My, x X. Now the flat family 7}  and the quotient 7}, — Q — 0 induces a

n

morphism ¢q : My, — Quot(lds[d] <) Iz, /5!

a1 X /Sl which is inverse to ¢;. B

In view of Lemma 5.3, we will make no difference between 9,,, and the Quot-

scheme Quot(I A yya xp)* Tz, /10 x X/ 5141 In particular, we have a natural morphism:

] X 1)
My, — S (5.1.9)
Moreover, over M, , x X, there exists a universal quotient

Panlzy — Q—0 (5.1.10)

where pg,, is the composition of the morphism My, x X — S [ % X induced from

(5.1.9) and the morphism Idgu x g : S x X — Sl x §.

Definition 5.4. Let $ and g be from Assumption 5.2. Let 0 < ng < n.
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(i) We define My .., to be the locally closed subset of My, consisting of all the

elements Z = 24 © from (5.1.8) such that h®(X, I, /Ie) = no.

(ii) Let C' be a union of fibers of X — S. Fix a point x € C. We define M,,,.c
(respectively, My .c..) to be the closed subset of My .., consisting of all the ele-
ments Z = Z+ 0O from (5.1.8) such that = = (), and Supp(©) = C (respectively,

the embedded points in © are supported at z).

(iii) Let C be a union of fibers of X — S. Fix a point € C'. Define ng],no to be the
locally closed subset of X[ consisting of all the elements = = Z; 4+ =, € X[
such that Supp(Z;) N C = ), Supp(Z2) C C, and £(Z,) = ny. Define X[c?] =
XgL I and define X! to be the closed subset of X consisting of all = € XM

such that Supp(Z) = {z} (i.e., X! is the punctual Hilbert scheme at ).

Remark 5.5. To emphasis the dependence on X, we will also denote the notations

X X X -
Man, Maning, Manc, ... by Mg, M M .c» - - - Tespectively.

d,n;ng?

Let S be the d-th symmetric product of S.

Definition 5.6. For 0 < ng < n, define Z;,.,, to be the locally closed subset of

XM @ consisting of all pairs (Z, €) such that

(1]
|

[1]

1 + 527
Supp(Z1) N~ (Supp(€)) = 0, Supp(Z2) C = (Supp(€)), and £(Z;) = ny. Put
Wd,n = Zd,n;n and Td,n = Zd,n;O-

Lemma 5.7. Let 0 < ng < n. Then there exists a bijective morphism:

Wd,n—no Xs(d) md,no;no — md,n;no-
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Proof. Let m; and my be the two projections of Wy, —ny X g@) Mangime-

Over My nomo X X, there exists a universal quotient
Panglzy = Q1 — 0.
So over (Wapn—ny X g@ Manging) X X, we have a surjection:
(m2 X Idx )" P gLz, — (M2 x 1dx)*Q1 — 0.
Also, over X[l x X we have a universal quotient:
Oxin-nolxx — Q2 — 0.

Hence, over (Wy—ny X g@ Mangme) X X, we have another surjection:

O

*
Wd,n—nOXS(d)md,nO;nO)XX - T Q2 — 0

where 7 is the composition:

(Wd,n—no X g(d) md,no;no) X X — Wd,n—no X X — X[n—no] x X.

Note:

Supp((wz X Idx)*Ql) C <7T2 X Idx)_lp;’io(zd),

(my x 1dx) "' py, (Za) N Supp(n*Q,) = 0.
So we get a surjection:

(71'2 X IdX)*pjl,nUIZd — (77'2 X IdX>*Q1 ) W*QQ — 07

(5.1.11)

(5.1.12)

(5.1.13)

(5.1.14)

(5.1.15)

(5.1.16)

(5.1.17)

and the quotient is flat over W ,,—pny X g0 Mg ngimo- This surjection induces a morphism
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U Wan—ne Xs@ Mangmo — Man- (5.1.18)
One checks that im (V) = My, and ¥ is injective. B
Remark 5.8. Similarly, there exists a bijective morphism:
Wine Xs@ Tan—no = Zdanine- (5.1.19)

Let A = (A > ... > )/) be a partition of d. Let S® be the locally closed subset

of the d-th symmetric product S consisting of all the elements of the form
fz)\lsl—f-...—f—)\gSg
where s1, ..., s, are distinct points in S.

Definition 5.9. Let A = d be a partition of d. We define 9y, to be the locally
closed subset of M, consisting of all the elements Z = =4 © in (5.1.8) such
that the support of © is equal to u*(¢) for some ¢ € S®. We adopt similar no-
tations 9y g, M s Man:Czs Zrnmos Wams Thn as those in Definition 5.4 and Def-

inition 5.6.

By Definition 5.9, we have the following decompositions:

Man = [ Drn, (5.1.20)
AHd

My = [ Mrmino- (5.1.21)
no=0

Moreover, as in Lemma 5.7 and Remark 5.8, we have the following bijective mor-

phisms:

W)x,n—no X5\ mt)x,no;no — mk,n;nm (5122)
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W)\,no X g(n) T)\ﬂ*no — Z)\,n;no- (5123)

Let d=2. Then, there are exactly two partitions of d=2: (2), (1?). So by (5.1.20)

and (5.1.21) , we have

Myp = m(2),nH9ﬁ(12),m (5.1.24)

Mazyn = [ M2y (5.1.25)
no=0

Mayn = [ Mmoo (5.1.26)
no=0

5.2  Various bijective morphisms

Now we fix some notations. Let C denote a fixed fiber of the fibration pu: X — S.
Let m = dim(X) — 1 =r — 1, O be the origin of C™, and Cy = {O} x C.

The following is Proposition 4.3 in [LQ).

Proposition 5.10. Let O be the origin of C™ and Cy = {O} x C. Let f:U — C™

be an étale morphism. Then there exists a bijective morphism over U:

Uy M0 x U — MY

1,nn-
The goal of this section is to generalize Proposition 5.10 to the case when A = (2).

Lemma 5.11. There exists a bijective morphism over C™:

. C™xC m C™m™xC
v 932(2),71;00 x C™ — DJT(Z)JW.

Proof. Let Xy = C™ x C. We view X, as a fibration over C™ with the projection

Xo=C" x C — C™. Over E)ﬁfg‘; nice X Xo, there exists a universal quotient

Fo— Qp— 0 (5.2.1)
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where JFq is the pull-back of the universal sheaf coming from the punctual Hilbert

scheme Hilb*(C™, O) x C™. Let
o:C"xC"—=C"

be the subtraction: o(u,v) = u —v. Let ¥ = 1d_ x, x o x Ide:

m(Q)yn;Co

M ey XC X Xg = ME | XCXC" X C = M xC"xC =M\ x X

Then we obtain a commutative diagram of morphisms:

szggm;% X C™ x Xy 3 szgn s % Xo
lm 1
Cm x Cm 2 cm

where the two vertical morphisms are the natural projections. We have over Dﬁé‘; niCo X

C™ x Xy a quotient
Y F) = X°Qy — 0. (5.2.2)

Let uw € C™. The restriction of (5.2.2) to i)ﬁ(Q) ey X {ut x Xo = EJJIXO

(2),n:Co XXO 1S

e Fo— 2,90 —0
where ¥, is the automorphism of im @iy X Xo = EDTX Y nsCo X C™ x ' induced by
0,:C"—=C™
with o,(v) = u — v. By the universal property, (5.2.2) induces a morphism:
U e, X C™ = MG

The morphism W is bijective since every 3, is an automorphism. R
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Let U be a smooth variety. Let
My(U) = {¢ € (U)¥|¢ is supported at one point}.

Since U = U(®) the natural morphism img)xgn — U®@) ¢ U® induces the mor-

phism X)JT(UQ)Xfm —U.

Lemma 5.12. Let f : U — C™ be an étale morphism. Then there exists a bijective

morphism \if : Qﬁg;X Xem U — mg)xc over U.

Proof. Let X =U x C and Xy = C™ x C. Then there exists a universal quotient

over Emé())nn x Xo, where Z5(C™) is the universal subscheme of M;(C™) x C™ and

o is the composition:
M) X Xo = M(C™) x Xg = My(C™) x (C™ x C) = My(C™) x C™.
The projection ‘,méf)’ XemU — Dﬁ@) i a0d the morphism f xIde : X — X induce
Fo (M5, Xem U) x X = MG x X,

Moreover it is known that there exists a bijective morphism over U:

Mo(C™) xem U 25 My(U),

NS

(5.2.4)

Let f be the follwing morphism which is induced by f:

(M3(C™) xcm U) x U — (M3(C™) xcm C™) x C™ = Ms(C™) x C™.
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We have a commutative diagram:

Xo T g x Idy
(M55 X e U) X X — (Ma(C™) xm U) x U == My(U) x U
F| |7
MY X X o M, (C™) x C™
G0 AR (5.2.5)

Pulling-back the surjection (5.2.3) via F', we obtain the surjection

F*(ﬂ'o)*[gz((cm) — F*Q — 0

over (,’Jﬁégnn xcm U) x X. Since F*(mp)* = (mgo F)* = (fom)* = 7* f*, we have the

surjection:
™ Lzycmy — F*Q — 0 (5.2.6)

over (‘Jﬁé‘; xcm U) x X. Note that

7n;n

(9 x 1dy) " (22(U)) = {(& usu) € (Ma(C™) xcm U) x USupp(€) = f(u)},

f_l(Zz(Cm)) = {(§ ursuz) € (Ma(C™) xcm U) x U[Supp(§) = f(ur) = f(u2)}-
Since f : U — C™ is étale, we conclude that f~1(Z5(C™)) is the disjoint union of

(g x Idy) "1 (22(U)) and some other irreducible components. Hence,

T [ Iz emlei(gxian) -1 z0) = T gxaan) 1zl gx1ap) -1 (z0)
= T Izl z0)
where 7 = (g x Idy) o . So we obtain a surjection over (Sﬁégnn Xem U) x X:
T zy0) = T L zyw) |71 (20)) = F*Qla1(zow)) — 0. (5.2.7)

One checks that F*Q|z-1(z,) is flat over Sﬁgg xcm U and that the quotient (5.2.7)

7”;”

induces a morphism:

T X
Wy MG, Xem U — smgg)m
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over U. Using the completions of the points in U, we see that v f 1s bijective. B

Parallel to Proposition 5.10 we have

Proposition 5.13. Let O be the origin of C™ and Cy = {O} x C. Let f : U — C™

be an étale morphism. Then there exists a bijective morphism over U :
. CmxC UxC
Uy 931(2)7:”00 x U — 93?(2;”;”.

Proof. Follows from Lemmas 5.11 and 5.12 by putting ¥; = \Tff o (¥ xcm Idy). B
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Chapter 6

Reducing the problem and the
computation of x (M) ,)

6.1 Reduction to the local model C"~ ! x C

Lemma 6.1. Let O be the origin of C"™' and Cy = {O} x C. Then,

+o00 +oo +o0

Z e(Mayn;s,t)¢" = Ze(W(g)m; s,t)q" - Z e(mg)j;éf; s,t)q". (6.1.1)

n=0 n=0 n=0
Proof. By (5.1.26), (5.1.22), (3.0.4) and (3.0.6), we obtain:

n n

e(Meyni s 0) = Y M@y nimoi ) = Y e(Wi2ynono X5t M@ymoino; 5, 1)-

no=0 no=0
Since S(?) 2§ we have

n

e(i)ﬁ(g)vn; S, t) = Z €(W(2)7n_n0 Xg m(g),nomo; S, t). (612)

no=0
Consider the commutative diagram for the fiber product W2) ,—ny X5 M(2)n0:m0-

W(Z),TL*TLO X8 m@),no;no — iIn(Z),no;no

I o ) (6.1.3)
W(2),n—no — S.

By the Proposition 1.3.24 in [Mil], there exist an open affine cover {U;}; of S and
étale morphisms f; : U; — C"~!. By Proposition 5.13, we see that for each i, there

exists a bijective morphism over the open affine subset U;:

s A6 % Ui (60)7 (00,
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So there exist a decomposition S = HSi of locally closed subsets S; and bijective

morphisms Ug, : Sﬁg)toxgo X Sy — (¢2)71(S;). By (6.1.3), there exist a decomposition

W(Q),nfno = HW(Q) n—no3i

%

of locally closed subsets W 2) ;,—ny;; and bijective morphisms
r—1 —
\IIW(Q),TL—nO;i : m%),ngjgo X W(Q),Tb—no;i — (¢1) 1(W(2)7n_n0§i)'
Combining this with (3.0.4) and (3.0.6), we conclude that

e(W2)n—no X5 M©2) noino; S, 1) = Z6((¢1)_1(W(2),n—n0;i);Svt)

%

=YD G Wi o)

i

cr—1ixcC
= Z e(W@),n*no;i; = t) ) e(gﬁ@),nofco; S, t)

%

r—1
= e(W(2)n-no; 5, 1) - e(i)ﬁ((cz)’n;go; s,t).  (6.1.4)

By (6.1.2) and (6.1.4),

+00 +oco n
n n—mn r—l n
Z e(m@),n; S, t) g = Z Z e(W(Q),TL—TL(); S, t)q 0 e(m((cg),n;go; S, t)q 0
n=0 n=0 ng=0
“+oo —+00 .
= Z e(Wynis, t)q" - Z e(i)ﬁ((%)’mxcf; s, 1) q".
n=0 n=0

Lemma 6.2. Let O be the origin of C"™' and Cy = {O} x C. Then,

+oc0 +o0 +00
Z e(XM x S;5,t)q" = Z e(Wiaym; s, t)q" - Z e((@"’1 X C’)[gg; s,t)q”. (6.1.5)
n=0 n=0 n=0
Proof. By Definition 5.9,
X SN = TT Zaino- (6.1.6)

no=0
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So
e(XM x 8;5,1) = (X1 % SD;5.8) = 3 " e(Zia) ninos 5, 1)- (6.1.7)
no=0

By (5.1.23), we have an analogue of (6.1.2):

e(X x S;5,t) = Z e(Wynno X5 T(2)mp; 5 1)- (6.1.8)

no=0
Let A be a partition of ng, denoted by A F ng. Express A as A = (Ay,...,\;) where
At > ... 2> Acand A+ ...+ A = ng. We define T{y) 5 to be the locally closed subset

of T(2) ., consisting of all the pairs (Z, s) such that == Z; + ... + Z; where

Supp(Z:) = {z:} € ' (s),

((Z;) = \;, and the points x4, ..., x, are distinct. Then,
e(XM 5 Si5,t) = > e(Wiapmony x5 Tzpai i b). (6.1.9)
no=0 AFng

Using the Lemma 2.1.4 in [Go2], we can prove that the natural morphism Tig) y — S

is a Zariski-locally trivial fibration with fibers isomorphic to (C"' x C)2,. Here

(C1 x C)2, denotes the locally closed subset of (C"! x C’)[gg] consisting of
E=E+...+5

where Supp(Z}) = {z}} C Coy, £(Z)) = \;, and 7, ..., are distinct. Hence

e(XM x S;s,t) = Z Z e(W(2)n—no: 5, 1) - e(((Cr_1 X C’)éo;s,t)

no=0 AFng

= Z e(W(2),n—no; S7t) ’ Z e(((CTfl X C)é«o, 57t)
no=0 AFng

= Z 6(VV(2),n—no; S, t) ’ e(((cr—l X C)[g(?]a S, t)a
no=0
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where we used the fact that (C™~! x C’)[gs] is the disjoint union of the locally closed

subsets (C"™! x O , A F ng. Therefore,
Co

+00 +oco n
Ze(X["] x S;s,t)q" = ZZ ynene)d"0 " e((CT71 x C)[(Z?];s,t)q”o
n=0 n=0no=0
400 +o00
= D eWnis, "~ e((C x O)gss,1)q"
n=0 n=0

Proposition 6.3. Let O be the origin of C"~' and Cy = {O} x C. Then,

400 +0o0 (Dﬁ(c IxC, ‘g t)q
n n n = (2),7;Co

Ze(ﬂﬁ(g)m; s,t)q" = Ze(X[ s, t)q" - e(S;s,t) -

n=0 n=0 n= 0 (((CT X C)[C']’S t)

Proof. By (6.1), we have

Zemzmst ZeW@n,st Ze ME*Css,1)¢" . (6.1.10)

By Lemma 6.2 and (2.5) we have

+-00 +00
X% S5, t)q"
S (Wi s, 0" = E e( St )4 (6.1.11)
n=0 n= 0 (((CT X C)C 15 t)q
€<X[n] X 87 S,t) — €(X[n], s, t) . 6(87 S,t). (6112)

By combining (6,11),(6,12) with (6,10) the result follows. B

Following Chapter 4, choose a C*-action on C"~! such that (C"~1)¢" = {O} and
the induced C*-action on the punctual Hilbert scheme Hilb*(C"~',O) has finitely
many fixed points. Let z1, ..., z_1 be the coordinates of C"~!. Then the elements in

(Hilb? (Cr_l, O))C* are in one-to-one correspondence with the following ideals:

(22, 20,y iy s 2ol )y oo (20, 22, ooy 20y 22 1), (6.1.13)
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Let C* act on C"~! x C by acting on C trivially. Then C*-action induces an action
on the moduli space 9)? @) éc Now, if © € (i)ﬁg 1XC) then the 1-dimensional

component of © is equal to pu*¢ for some & € (Hilb2 ((C”’l, O))C*
Definition 6.4. For cach ¢ € (Hilb?(C™*,0))", define
sz; é:c {6¢ mcr IXC| the 1-dimensional component of © is equal to p*¢}.

r—1 . .
Then, each mﬁ?n‘cjc admits a C*-action. Moreover,

(MG )" = 1T (ME 2" (6.1.14)
ee(mib? (cr-1,0)) “

By (3.0.7),
(G5 = (G0

r— c*
= > (M) )
ee(Hib2 (cr-1,0)) “
= . XM, ) (6.1.15)
ee(Hib2 (cr-1,0)) “

Lemma 6.5. Fiz an element ¢ € (Hilb*(C1, O))C*.Then,

+oo 400
> ox (MG ) g = (r = 1) Y x (M) (6.1.16)
n=0 n=0

Proof. By (6.1.15) we have
ZX MG i) 4" = Z > XM )"
ne (Hilb? (cr-1 o))c*

= > Z XS )"
ne (Hib? (cr- 10)) .

By (6.1.13), up to isomorphisms, E)ﬁnn Co ¢ is independent of 7 € (Hllb2 ((CT ! O))

So
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—+00

ZX (MG i) = |(HID*(C,0)) 7 |- >0 X (M) e
n=0
00 .
= (r—1)- Zx(fmgmcjo)q”.
n=0

6.2 Reduction to the punctual cases

From Proposition 6.3 and Lemma 6.5 we see that it suffices to compute the virtual
Hodge polynomials of ,‘)ﬁgn CXC and (C™! x C’) . These spaces are similar to the
Hilbert scheme X™ in the sense that they are all built up from the punctual cases.
Cheah developed a method of computing virtual Hodge polynomials to deal with this
kind of situation. In order to apply the method to img;ézc and (C™1 x C’)[gi, we
will follow the presentation in Section 6 in [LQ)] of Cheah’s original approach in [Che]
for the case of X

Let Hilb"(C", O) be the punctual Hilbert scheme of C" at the origin. Then there
exist unique rational numbers Hy,, , such that

+o00 400 +oo Hpmon
Ze(Hilb"((C’” s, )" = H H (1 7 smt”) (6.2.1)

n=0 (=1 m,n=0

as elements in Q[s, t][[¢]]. Define b.(q, s,t) € QIs, t][[¢]] to be the power series:

b (a5, 1) Z ( > Hypus™t ) (6.2.2)

m,n=0

Then the main result proved in [Che] states that

n=0 n=1

+oo +00
1

XMl s g = Ze(X:s" ™Mb, (q", s 1) | . 6.2.3

Y e(XM:s t)g eXP(Zne( ;" ") (q", 8™, )) (6.2.3)

The key ingredients in Cheah’s proof of (6.2.3) can be summarized as follows:
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(A)

(B)

(C)

Each element = € X[ can be uniquely decomposed into 21 + ... +=® where
every =) € X[l is supported at a single point in X, ny + ...+ ng = n, and

the supports of 21, ... 2 are mutually distinct.

Every xM s isomorphic to Hilb"(C",O). Let X ([Z]) be the closed subscheme
of X" consisting of all Z € XM such that Supp(Z) is a single point of X.
Then the natural morphism X([Z]) — X sending = € X ([Z]) to Supp(Z) € X is

Zariski-locally trivial with fibers isomorphic to Hilb"(C", O).

Using certain combinatorial arguments independent of X, one reduces the com-
putation to the virtual Hodge polynomials of X and Hilb"(C", O) which con-

tribute to the terms e(X; s™, ") and b,.(¢", s™,t") in (6.2.3) respectively.

It follows that we can apply Cheah’s arguments to the computations of

+oo +oo
dTe((C ' x O)hist) ", > e, s t)q"
n=0 n=0

+0o0

in a straightforward fashion. For Z e(((C”’1 X C’)[Cng; s, t) q", we have

n=0

(A1) Each element = € (C™! x C’)[go] can be uniquely decomposed into

where each 2 € (C™! x C’)[gg] is supported at a single point in Cy,
ny+...+ny=n,

and the supports of =1, ... Z® are mutually distinct.
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(B1) Every (C™' x C)[n] x € () is isomorphic to Hilb"(C",0). The natural mor-
phism

U@ x o)l = ¢

zeCo

sending = € (J,¢q, (C71 x C’)Lcn] to Supp(Z) € Cp is Zariski-locally trivial with

fibers isomorphic to Hilb"(C", O).

(C1) The same combinatorial arguments from (C) reduces the computation to the

virtual Hodge polynomials of Cy and Hilb"(C", O).

Therefore, we conclude as in (6.2.3) the following formula:

+00 +oo
D e((Ct x OVl s,t) ¢ = exp (Z %G(Co; Sn,t")br(Q”,S"J")) . (6.2.4)

n=0 n=1

The next lemma is from [LQ).

Lemma 6.6. Let Cyp = {0} x C CC"' x C. Then,

+fx((@”—l x C)e) ZX Hilb™(C",0)) ¢")* . (6.2.5)

n=0

Proof. By (3.0.3),

e(Co; 1,1) = x(Co) = x(C) =2 — 2g.

Also, by (6.2.1) and (6.2.2),

—+00 1 ~+00
exp (Z; Ehr(qn, 1, 1)) = Z X(Hilb"((Cr, O)) q".

By (3.0.3) and (6.2.4),

—+00

ZX CT 1 [n]) _ Ze(((crfl X C)[CT,LA, 1, 1) Qn
n=0
+00 1
= exp (Z 56(00; L, 1)b,(¢", 1, 1)>
n=1
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= ©Xp (Z %(2 - 2g)br(qn7 L 1))

n=1
= 2-2
= (D x(HIL*(C,0))q") .

n=0

|
Lemma 6.7 below is also from [LQ)].

Lemma 6.7. Let Cp = {O} x C CC ' xC. Let L={z =..= 2, =0} CC".
Then,

+o00 +o0 2-2
r—1 n T n

Z X(m(in;C;(C)q = (Z X(mt%n;L,O>q >

n=0 n=0

where S.TI(E:L;L?O parametrizes all the 1-dimensional closed subschemes © of C" such

that Ie C Ir, Supp(I./le) = {O}, and h°(C", I /Io) =n. B

Next, we fix £ € (Hilb*(C" 1, O))C*. Let mf[éjc be from Definition 6.4. For the
+00
computation of Z e(imggézc; s,t)q", we have
n=0

(A2) Let © € E)ﬁg;é(fc By the definition of m?;’é:c, the quotient I,+¢/Ig is sup-

ported at finitely many points in Cy. Put

Lire/Io =Q1® - ®Qy

where each (); is supported at a single point in Cy, and the supports of Q1, ..., Q,
are mutually distinct. Let f : [, — I¢/lo be the quotient map. For

1 <i < ¢, define the subscheme ©® by putting

Iow = [7H(Q)).
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(B2)

Then © € 9)?£ . Co © gives rise to OW, ..., 0W, Tt is clear that the process can

be reversed. Hence © € zmg " C ¢ can be formally written as
o=004  +0¢

in a unique way, where O ¢ ﬂﬁgn Co Cfor 1 <i<l ny+...+n; =n, each
quotient I,+¢/le, is supported at a single point in Cy, and the supports of the

quotients I¢/Ie,, ..., I+¢/lo, are mutually distinct.

Let x € Cy. Since C' is a smooth curve in X, we have an isomorphism
M, oS =MmE o (6.2.6)
between the punctual moduli spaces, where
{L=1(0,...,0,a)la € C} C C",
O is the origin of C", and zmgl; 1.0 barametrizes all the 1-dimensional closed
subschemes © of C” such that Ig C I,-¢, Supp(l,+¢/Io) = {0}, and
RO(C", 1,¢/1o) = n.

Let i)ﬁ(c XC be the subset of fm ¢ consisting of all © € 931 ¢ such that
Supp(I,+¢/Ie) is a single point in Cy. By the construction in [Gro], there is a
natural morphism from mﬁ;’lxc to the n-th symmetric product Sym”(C ! x

(). Its restriction to WC (n); C gives rise to a morphism

¢ ME, 50— Co.

An argument similar to the proof of Proposition 5.13 shows that there exist a

decomposition of locally closed subsets

Co =[] Cos,
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and bijective morphisms over the locally closed subsets Cj;:

D, : ﬁﬂgnl;o X CbJ —$(¢71(Cb¢»

(C2) The same combinatorial arguments from (C) reduces the computation to the

virtual Hodge polynomials of Cy and 9, ., .

Hence once again, we conclude as in (6.2.3) the following:

+00 +o00
r—1 1
E e(ﬁﬁgmc(fc; s,1)q" = exp ( g EB(CO; st (q", s”,t”)) , (6.2.7)

n=0 n=1

where the power series ¢,(q, s,t) € Q[s, t][[¢]] is defined by

¢ (¢, 5,1) i ( > Clamns™ ) (6.2.8)

/=1 \m,n=0

and the rational numbers Cy,, ,, are the unique rational numbers such that

+oo0 400 Com,n
Z Mois ) =] 11 (1_q8mtn) . (6.2.9)

n=0 {=1 m,n=0

Lemma 6.8. Let Cp = {O} x C C C"' x C. Then,

ZX S)ﬁéc;é:c )d" = ZX mgnLo)qn)2_2g- (6.2.10)

n=0 n=0

Proof. By (3.0.3),

e(Co; 1,1) = x(Co) = x(C) =2 —2g.

Also, by (6.2.8) and (6.2.9),

+o00
exp (thrq > ZX EmgnLo

n=1

By (3.0.3) and (6.2.7),

+o00 400
S oxME )t = D e, %1, 1)g"
n=0 n=0
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+oo
1
= €Xp <Z 56(007 17 1)cr(qn’ 17 1))

n=1

= €Xp <Z %(2 - 2g)cr(qna L, 1))

n=1

= ZX mtgnLO )2_29.

Proposition 6.9. Fiz £ € (Hilb(CT’l,O))C*. Let Me,,.;. o be from (6.2.6). Under

Assumption 5.2, we have
+0o0
> XM
n=0

B <2 N n >om OX( £n;L70) g o
= oD X x(8): (Zn ox(Hﬂb"“C’FO))q") |

Proof. By Proposition 6.3, Lemma 6.5, Lemma 6.6, and Lemma 6.8, we have

+oo
> XMeyn)q
n=0
+oo

— Z G(Dﬁ(g)m; 1, 1) q”

n=0
+00 m(c XC?l’l
o Ze(X[n]le)qne(S,].,l) ( nCO[] )q
n=0 (((CT 1xC’g,171)qn
MC LN
- Zex[m 1) g e(S:1,1) - ( 1) - S (S x)g
%e((C=tx O)Eh1,1) g

_ n]y Zn ox(m&";LvO)q o
= (r—1)- ;X(X[ Da"-x(s)- (Zn > x (Hilb™(Cr, 0)) qn> |

n=

6.3 Torus actions on zmgn LO

According to (3.0.7), we can make use of a suitable C*-action on C" and count the

number of the fixed points of the induced C*-action on zmg r.o- The fixed points of
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torus actions on smg; 1.0 are closely related to multi-dimensional partitions of n.

Let r > 3 and let 2y, 2o, ..., 2z, be the coordinate functions of C". Let
L:{le...:Zr_lz()}CCT,

and

Ct={z=0}cC".
Consider the C*-action (4.2.2) on C", and choose the weights wy, ..., w, € Z in (4.2.2)
properly. Then, we have an induced C*-action on C"~' C C”, and the elements in
(Hilb*(C™*,0))¢" are in one-to-one correspondence with the ideals in (6.1.13). Let
¢ € (Hilb*(C™1,0))®" correspond to the ideal:

I& = (Zl, ceey Rp—2, 23_1).

Then, we obtain an induced C*-action on i)ﬁg; r.o- The C*-fixed points in SmgC; 1.0

are precisely those corresponding to the ideals I generated by monomials such that

ICle= (21, 20 0,2 }), (6.3.1)

and

2
dime Gy, ZIH’ZH) =n. (6.3.2)

These ideals are in one-to-one correspondence with the J-punctual r-dimensional
partitions of n (note that a linear basis of the ideal (z1,..., 2, 1,22 ;) consists of all

the monomials 2{' - - - 27 ' 2" with

(i1, ... ip1) €T = (Zs0) ' = {(0,...,0),(1,0,...,0)}).
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Indeed, in view of (6.3.1) and (6.3.2), given an J-punctual r-dimensional parti-

tion (n;, )(ir,.sin_1)e3 Of m, the ideal of Clz,...,z2,| generated by the monomi-

7777 Tp—1

als 280 ... 27121 has colength-n. Conversely, given a colength-n ideal I of

Clz1, - - -, 2] generated by monomials, we obtain an J-punctual r-dimensional parti-
tion
(T [CA N =

of n by putting
Niy...iry = min{i,| zil = I}. (6.3.3)

r—1 ~r

Therefore, we obtain from (3.0.7) and Definition 4.1 (iii) that
XM, 1.0) = Ar(n). (6.3.4)

Theorem 6.10. Under Assumption 5.2, let r > 2. Then,

i I +oo N 2—29
Zx(fm@)m) @ =(r—1) x(9)- ZX(XM) q" - ( neo Ar(n) g ) '

T Pr(n) g

Proof. The formula follows from Proposition 6.9, (4.2.4) and (6.3.4). B
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Chapter 7

The computation of X(im<12> )

The following is parallel to Lemma 6.1.

Lemma 7.1. Let m = dim(X) — 1 =r — 1. Let O be the origin of C™ and Cy =

{O} x C. Then,
+00 400 400 2
ST xMaz)d" = > x(Wazya)g" (Zx(ﬂﬁﬁn;z§>q”> :
n=0 n=0 n=0

Proof. By (5.1.25), (5.1.22), (3.0.4) and (3.0.6), we obtain:

n n

6(9)?(12)@; S, t) = Z 6(9}1(12)7,1;”0; S, t) = Z @(W(12),n—n0 X g((12)) m(12)7n0m0; S, t).
no=0 no=0
By (3.0.3),
X(m(IQ),n) = Z X(W(IQ),n*no X 5(12)) m(12)7n0;n0)' (701)
no=0

For 0 <7 < ny, let
fimo—i * Mz X M pg—immg—i — S X S = S? (7.0.2)
be the product of the natural projections f; : M, ;,; — S and
Jro—i t M ng—isng—i —+ S

from (5.1.9). Let
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As = {(s,s)[se S} Cc xS, (7.0.3)

S2 = Sx8—Ag. (7.0.4)
Then we have an unramified morphism

(52) — M (12),m0;n0*

zno i

The sum of these morphisms is a 2 : 1 unramified morphism:

f H znoZS2 —>9ﬁ(12 JELGHIN

By Proposition 5.10, there exists a decomposition

S:HSi

of locally closed subsets such that for each pair (i, j), there exists a bijection:

Emfjéoc X Sj — fi_l(Sj).
To avoid the notations, we will simply write:
cmxC -
ml,i;é@ X S5 = f; 1(53')-
So we have

Miii = H(WKEZ&CXS]'), (7.0.5)

J

and

_ CmxC CmxC
My X Ming—imo—i = || (MEnad x Sin) x [ (M x Sj,)

1,n0—1;Co
Ji J2
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= (O ) < [T (S5 x )

1,n0—1;Co
J1,J2
_ C"xC CmxC 2
= (MIioy X My, Ge,) X S° (7.0.6)

Under the identification (7.0.6), the morphism f;,,—; in (7.0.2) is just the second
projection:

(ML s x My <Gy ) x 5% = 52,

1,n0—1;Cop
Therefore we obtain
- CmxC CmxC
i,nlofi<sg) = (ml,i;go X ml,noxfi;cb) X 5(2) (707)
It follows that
no no
[T fimi53) = TT (T < T C,) x 5. (7.0.8)
i=0 i=0
Let
no
U= H(m(i:gf X m(?,:ox*c;;co) X Sg
i=0

Now consider the fiber product diagram

W2y mno Xg2p U ——— U

I g

Wa2)n-ny X g2y Maz)mome = Ma2),npmo (7.0.9)
W2y nng , §((1%)

where f is the morphism induced by f. Since f is an unramified 2 : 1 map, so is f.

Therefore by (7.0.1), we have

n

1 e m
XMa2) = > X (W(12),n—no X 5(12)) <H(9ﬁ(1c,i;éoc X MT <G o) % SS))

no=0 =0
n 1 no
_ 2 CmxC Cm™xC
= § X (Wa2)n-ne X g2y Sg) X H(fmu;co X ml,no—i;Co)
no=0 =0
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N | —

no
2 C™xC CmxC
12),n—no XS((12)) SO) "X (H(ml,i;c’o X ml,no—i;Cb))
1=0

no

x(W(
1 . .
XW2)meno X g2y S3) Y XMTLEE) - X (M XGe)-

1,n0—1;Co
=0

N |

no=0
no=0

Since S2 — S(1*) is an unramified 2 : 1 cover,
X(Wa2yn—no X g2y 55) = 2X(W12) n—ny)-

Therefore

X(m(IQ),n) = Z X(W(12),n—no) : ZX(&R;CT(?OC) ) X(m(f:()x—ci;co)‘ (7.0.10)
no=0 ;

It follows that

+00
> X (M2)0)g" (7.0.11)
n=0
400 n 0 . .
= > xWazynon)d " Y x5 (M)
n=0 np=0 =0
+o0 400 2
= ZX(W(lz)m)qn : (Z X(im‘fn,xcf)qn> .
n=0 n=0

The following is parallel to Lemma 6.2, and its proof is similar to those of Lemma

6.2 and Lemma 7.1.

Lemma 7.2. Let m = dim(X) — 1 =r — 1. Let O be the origin of C™ and Cy =

{O} x C. Then,

+00 +o00 +00 2
DX SEMg =% " (Wirzy n)g" - <Z x((C™ x C)?ﬂ)@l”) . (1.0.12)
n=0 n=0 n=0

Proof. By Definition 5.9,

X SN = TT Zaino- (7.0.13)

no=0
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So

e(X[n] % S((12));s,t) — 26(2(12)’";”0;8’t)' (7.0.14)
nop=0
By (5.1.23),
e(Xx x 5((12»;3,0 = Z e(Wa2)n-no X5 T12)n0; 8, ) (7.0.15)
no=0

By an argument similar to that for (7.0.10), we have

X(X[n] % S((IQ)))
n ng

Z X(W(12)7n7n0> : X(((Cm X C)[CZJO) . X((Cm % C)%Lf—z])
no=0

=0

It follows that

+00
ST (X S

n=0
+o0o n no

= 3N X (Wazpumn)d™™ > X((C™ x OV ) - x((C™ x C)ge g
n=0 ng=0 =0

+o0o 2
S W) (zx m o O ) 7016

The following is parallel to Theorem 6.10.

Theorem 7.3. Under Assumption 5.2, let r > 2. Then,

+o00 X(S)Q _ X(S) +o0 +oo ﬁ (n)q” 4—4g
NG o Gl a2 N5 'eL | PPN (POPETRAAGOL ) B
% ’ 2 ::0 Pr(n)qn
Proof. Let m = dim(X) — 1 =r — 1. By Lemma 7.1 and Lemma 7.2,

+o0o +o0 Cm XN 9
Z X(Q’n(p)’n)qn = Z X(X['fl] X S((lQ)))q ( Zn 0 X(ml,n;CO )q )
n=0 n=0

S x((Cm x O)ED g
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where Cy = {O} x C € C™ x C. Recall S? from (7.0.4). Since S2 — S(1*) is an

unramified 2 : 1 cover,

X (X 5@y

>

(X - x (510
X (X)) v (S3)
X (X)) x(S% = Ag)

(X - (x(9)? = x(9)).

N~ N~ N~

Thus, we have

+o0
Z X (M2
n=0

XS = X(5) X iy ( o X )
2 ZX( )q Zn OX((Cm X C)[Cng)qn

n=0

Combining with Lemma 6.6 and Lemma 6.7, we obtain

Z X (12),n

WS =x(S) 2 [ x0T
2 ;X(X Ja (zn >0 X (Hilb"(Cr, 0))q"

where L = {z; = .. = 2,_1 = 0} C C" and O is the origin of C". By formula (7.7) in

[LQ], X(MS,.; o) = Pr(n). By (4.2.4), x(Hilb"(C",0)) = Py(n). It follows that

+oo 2 +oo Yoo 7 o\ 49
n X S)* — X S n]\ .n n= PT’ n)q

S i = ML) Sty (Tm> |

n=0 n=0

n=0"T (n)qn
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Chapter 8

Euler characteristics of 9,

In this chapter we sum up the previous results to compute the Euler characteristics

of me,n.

Theorem 8.1. Under Assumption 5.2, let r > 2. Then,

ZX(mQ,n)q
92— x(S) X +33én Y

oo Somoe (B

Proof. By (3.0.3), (3.0.4), (5.1.24), Theorem 7.3 and Theorem 6.10, we have

D XM,
+o00
= > XMz +ZX M2).n)q"
LS X(8) B (S B M)
P ( P

Hr= 1) x(5) - X g (St

n=0
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Remark 8.2. The generating function of the Euler characteristics of x(X™) of the

Hilbert scheme X was calculated in [Che, ES] (see also [Qin]):

ZX g (ZP )xm.

Corollary 8.3. Under Assumption 5.2, let r > 2 and g = 1. Then,

+o00 x(X)
> X (Man) q" = X(S] + (21“2— (Z Py (n ) _

Corollary 8.4. Under Assumption 5.2, for r =3 and |q| < 1/3, we have

D> X (M) g
- 400 x(X)
_ x(8)2=x(5) 1 N
B 2 (,Hl (1- q”)”) (1—q)*
400 x(X)
1 1
e (H (1- CI")") (g1 — g™

Proof. By Theorem 8.1 and Remark 8.2 we have
+o00
Z X (M) g
n=0
0o x(X) o = n\ 4749
X(S)2_X<S) . iP(N)q" . :L_:OPT(n>q
2 n=0 ' :ic()) PT (n>qn

o8



+OOA

n=0""T

+o0 x(X)
= 1) x(8)- (Z Pr<n>qn> |

n=0

By (4.2.6) and (4.2.7) we get

+OOP

n=0"T

ZX (M) ¢"
- too x(X)
_ X(8)2 —x(S) ! L
-2 (H (i- qn>n> (=g
too x(X) +o0
1 o Ar(n) "
eSS (Hl (1—q”)”> ( ii‘E)Pr((n))ZJ

Finally, the result follows by Proposition 4.4. B
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