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COMPENSATION OF SAMPLED-DAT A SYSTEMS 
L. M . BENNINGFIELD and G. V. LAGO 

Univers ity of M issouri, Co lumbia , M isso uri 

Abstract.- Compensation of sampled-data systems is straight forward if the compensation 
network can be separated from the rest of the system by samplers. However, use of directly 
connected continuous networks presents more of a problem. Existing theory does not ade-
quately cover such compensation. 

This paper examines the above situation using z-transform theory and continuous network 
realizability conditions. Lack of a general correlation between the number of z-plane and 
s-plane zeros presents the major problem. This difficulty becomes apparent when attempting 
to find a principle Laplace transform for the final system impulse response following z-plane 
compensation. By imposing certain restrictions on z-plane pole locations and by approxi-
mating the desired system impulse response in the s-plane, this paper demonstrates the use 
of directly connected RC networks in lieu of discrete networks or digital computers for com-
pensating sampled-data systems. 

Studies are, also, made concerning the requirements necessary to eliminate the need for 
approximating the final impulse response. Graphs are presented to allow the solution of this 
prnblem for third order systems. 

I. INTRODUCTION 
Numerous papers published during the last few years1 -2 ,:i, 4 ,5 ,G have con-

siderably advanced the field of sampled-data systems. Continuous system 
techniques for using the system open-loop frequency locus (Nyquist criterion), 
maximum moduli contours (M circles), root-locus, and Bode plots have all 
been extended in some form to sampled-data systems. Only limited success 
has been obtained in devising a direct sampled-data system synthesis procedure. 9 

The form of the root-locus technique as now applied to sampled-data sys-
tems7 is still limited to providing, in all but simple cases, only discrete network 
compensation or compensation networks separated by samplers from the rest 
of the system. It is the purpose of this paper to extend the root-locus tech-
nique so that continuous RC networks can be utilized as compensation elements. 
In accomplishing the above purpose, the physical significance of certain z-trans-
form operations is investigated, difficulties with z-transform zeros are studied, 
RC transfer function requirements in the z-plane are determined, and a pro-
cedure for arriving at the overall objective is given. 

II. Z-TRANSFORM RELATIONS 
Use of the z-transformation1 •2 •3 provides one of the most useful approaches 

to sampled-data system study. As previously mentioned, root-locus methods 
have been adapted to the open-loop z-plane pole-zero configuration for systems 
of the form shown in Fig. 1.7 In this figure, g1(t) and g2(t) are the impulse 
responses of the compensation network and the fixed part of the system respec-
tively, while G1(s) and G2(s) are the corresponding Laplace transforms, and 
G1(z) and G2(z) are the accompanying z-transforms. 

If the loop is closed on only the fixed portion of the system, the root-locm 
in the z-plane is determined by exactly the same set of rules as used for con-
titrnous s-plane plots. 6 Of course, the behavior of the system in terms of z-pla11E 
poles and zeros has to be interpreted in terms of z-transform theory. 

The loci can be reshaped by inserting new poles and zeros in the open-looi= 
system transfer function with the view to obtaining better system response. 
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Fig. 1- Prototype sampled-data control system Ti 7 c 
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The usual interpretation of this procedure is to lump the added poles and 
zeros into G1(z), the z-transform of the compensation network, as previously 
noted. This gives the complete open-loop system function as G(z) = G1(z)G2(z). 
Multiplication in this manner implies that the compensation network is sepa-
rated from the rest of the system by a sampler as illustrated in Fig. 1. 

As an example to illustrate the above procedure, let it be supposed that 
K 

(1) G2(s) = s(s + 1) 

and that the sampling period, T, is 1 second from which the fixed system z-trans-
form is 

(2) .., ( ) 0.632Kz 
Uz z = (z - l)(z - 0.368) 

The root-locus for this system is shown in Fig. 2. Let it also be supposed that, 
as K is varied, no set of closed-loop pole locations gives a response that is 
satisfactory. Therefore a new pole and zero are inserted leading to 

(z - 0.4) 
(3) G1(z) = 1.67 ( _10 ) 

Z - E 

The overall open-loop function is now 

( ) ( ( ) Koz (z - 0.4) 
(4) G z = G1 z)G2 z = (z - l)(z - 0.368) (z - E-10) 

w:th its corresponding root-locus shown in Fig. 3. The assumption is that the 
gain, Ko, can now be set so that the response of the system satisfies the speci-
fications. 

j LO j 1.0 
Z- PLAN£ Z-PLAN£ 

-1.0 1.0 - 1.0 
ENLARGE~----f 

· ~ZE:- ,o 1.0 

-jl.0 -j 10 

Fig. 2-Z-plane root-locus for system described Fig. 3-Z-plane root-locus for compensated 
by (2). function given by (4) . 
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Fig. 4-Prototype sampled-data control system 
with continuous compensation. 

Figure 4 depicts a system where the compensation network is not separated 
from the fixed part of the system by a sampler. If a system of this form could 
be realized, the added expense of the sampler could be saved, reliability im-
proved, and ordinary continuous networks used as compensation. The following 
paragraphs set forth design methods for arriving at such a system. 

As a start in the direction of continuous network compensation the system 
described by (4) can be thought of as representing the system of Fig. 4. In 
other words, this equation can also represent the z-transform of the product 
G(s) = G1(s)G2(s). The G(s) corresponding to (4) is 
(5) G(s) = K1(s + 0.885) 

s(s + l)(s + 10) 
By comparison of this function with the original continuous part of the system, 
(1), a continuous compensation function, (6), results. 
(6) Gi(s) = fils)_ = K1(s + 0.885) 

G2(s) K(s + 10) 
The above steps indicate a method for arriving at a continuous compensation 

function. Unfortunately this compensation is not generally physically realiz-
able as an RC network except for systems that meet a certain set of restrictions. 
These restrictions are explained and methods for arriving at RC compensation 
networks in the majority of commonly encountered control systems are pre-
sented. 

III. RESTRICTIONS ON THE PROCEDURE 
AND RC NETWORK REQUIREMENTS 

The preceding example was chosen to illustrate the proposed method to 
advantage but, as mentioned, in the general case this method does not lead 
to a compensation network that is RC realizable. The reason for this is now 
examined. Let it be supposed for the moment that the Laplace transform of 
the fixed part of the system has three poles and no finite zeros as given by 

K 
(7) Gz(s) = s(s + Pi) (s + p2) 
The impulse response of this system has an initial value equal to zero, an initial 
slope equal to zero, and an initial second derivative equal to K as can be deter-
mined from the initial value theorem. The z-transform corresponding to 
functions of the form (7) and having sampling period, T seconds, in general 
has the form 

(8) 

where a1 

G2(z) = Koz(z - u1) 
(z - 1) (z - a1)(z - a2) 

e-piT, az = -pzT, and u1 is a function of Pi, p2, and T. It should 
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be noticed that the additional zero at z = u1 has been introduced in taking 
the z-transform. For all functions which have a nonzero value at the first 
sampling instant after t = 0 the highest power of z in the numerator of G2(z) 
will be one less than the highest power of z in the denominator. This means the 
introduction of z-plane zeros for which nos-plane images exist in many cases. 

When transformations are made from the s-plane to the z-plane, the intro-
duction of these zeros presents no problem. However let it be supposed that 
compensation is to be performed in the z-plane using (8) as the fixed system 
z-transform. By adding an additional real pole and zero, the overall open-
loop function is 

(9) 

When this function is returned to the s-plane the only assurance is that the 
function will have a zero initial value. The form of G(s) corresponding to 
(9) is 

(10) 

The net result has been the addition of two s-plane zeros instead of one. 
The compensation function for this case would be 
(ll) Gi(s) = G(s) = K2(s + ai) (s + a2) 

G2(s) K(s + p3) 
From network synthesis theory the following physical realizability con-

ditions for RC transfer functions are obtained. 
1. All poles must be simple and must lie on the negative real axis with no 

poles at infinity or zero. 
2. Zeros may be anywhere and of any order. 

The first requirement means that (11) is not physically realizable as an RC 
network transfer function. Since added z-plane poles that actually appear in 
the final G(z) have directs-plane images, the first requirement above also means 
that such poles must be placed on the real z-plane axis from (0,0) to (1,0) . 
It might be noted at this point that poles can be added as a direct cancellation 
of z-plane zeros and not appear in the final G(z). It is therefore possible to 
broaden the previous region for added z-plane poles to include the cancellation 
of zeros inside the unit circle. 

The lack of a zero correspondence between Laplace and z- transforms, however, 
cannot be eliminated in the manner that was used to satisfy the compensation 
pole requirements. An entirely different approach is needed. In order to have 
reasonable freedom in the root-locus compensation procedure and still obtain 
a final RC realizable compensation function the following steps are, therefore, 
proposed: 

1. Obtain the Laplace transform of the open-loop continuous system, G2(s) . 
2. Find G2(z) and its root-locus. 
3. Alter the z-plane root-locus of the previous step by adding only poles 

on the real axis from (0,0) to (1,0) or to cancel zeros inside the unit 
circle. There is no location restriction on zeros. 

4. Find the primary Laplace transform, G(s), of the z-plane pole-zero 
pattern resulting from Step 3. 
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1.0 
-1.0 1.0 
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F-ig. 5- Z-plane root~locus for uncompensated Fig. 6- Z-plane root-locus for Fig. 5 system as 
system given by (13). partially compensated as given in Article IV . 

5. Approximate the Step 4 G(s) impulse response by a new impulse response, 
G'(s), having the same relative degree between the highest power of 
sin the numerator and denominator as in the Step 1 fixed transfer func-
tion. 

6. Find the compensation function G1(s) = G'(s) / G2(s) and realize this 
function as an RC transfer function by using any standard synthesis 
procedure. 

The Step 5 approximation procedure is generally best accomplished by 
adding remote poles on the negative real s-plane axis as is done in Guillemin's 
direct synthesis procedure for continuous feedback systems.6 In fact any 
added poles must be on the negative real axis. It is this step that circumvents 
the occurrence of poles at infinity in the final transfer function G1(s) as hap-
pened in (11). The remaining steps are straightforward after one gains facility 
in altering root-locus shapes to improve system response. 

While the z-plane pole restrictions may appear rather confining, it is believed 
that these restrictions allow reasonable freedom in compensation since similar 
restrictions are required in the RC network compensation of continuous systems. 

IV. EXAMPLES 
As an example of the above procedure, consider 

(12) K 
l)(s + 2); T = s(s + 1 sec. 

(13) Ko z(z + 0.368) 
G2 (z) = (z - 1) (z - 0.368)(z - 0.1354) 

The root locus for this function is shown in Fig. 5. It is apparent that the 
limiting factors on rise time are the poles at z = 0.368, and 0.1354. By can-
celling these poles with zeros and introducing new poles at z = C 5 and z = 
f-io it appears that improvement in rise time can be obtained. However it 
must be remembered that as the gain is increased a root-locus of the form shown 
in Fig. 6 results. Consequently there still has not been much improvement 
in the system transient response. By going one step further and cancelling 
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Fig. 7-Z-plane root-locus for Fig. 5 system as 
finally compensated as given by (14). f.O ENLARGE~ £-~ 

-10 
£ 

1.0 

~j1.0 

the zero at z = -0.368 and inserting a new zero at z = 0.01, the root-locus 
is modified to that shown in Fig. 7. While this may not be adviseable due to 
the fact that a closed-loop pole will always remain on the positive real z-plane 
axis, it will at least illustrate the procedure. The complete open-loop response, 
G(z), is now 

(14) 

(15) 

G(z) = Ko z(z - 0.01) 
(z - 1) (z - €-5)(z _ €-10) 

G(s) _ K1(s + 4.02) 
- s(s + 5)(s + 10) 

Without approximation this leads to a compensation function 

(l6) Gi(s) = K1(s + 4.02)(s + l)(s + 2) 
K(s + 5)(s + 10) 

Equation 16, of course, is not RC realizable. Approximating the overall im-
pulse response by 

(17) G' ( ) 50K1 (s + 4.02) 
8 = s ( s + 5) ( s + 10) ( s + 50) 

results in the RC realizable compensation function 

(18) G '() = 50K1(s + 4.02)(s + l)(s + 2) 
1 8 K(s + 5)(s + lO)(s + 50) 

A similar procedure can be applied to other system functions although in many 
cases a simpler compensation results. 

V. Z-PLANE ZEROS AND LIMITATIONS 
It is theoretically possible to avoid the necessity of approximating the system 

response by properly positioning the zeros of the z-transform. Some study 
has been given to the movement of z-plane zeros for functions of the form 

K 
(l9) G(s) = s(s + P1) (s + P2) 

(20) Ko z(z + u) 
G(z) = (z - l)(z - cP,T)(z - cP,T) 
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p2.T - UNITS 
Fig. 8-Loci of the z-plane zero, "u", as functions of "Pi1"' ancl "]!21"' for functions given by 

(19), (20) ancl (21). 

Figure 8 and 9 illustrate the location of 'u' as a function of P1T and P2T. This 
set of curves will give the location of the z-plane zero to be added in compen-
sating a function of the form 

Ko z 
(21) G2(z) = (z _ l)(z _ cP1') 

in order to be assured that the corresponding Laplace transform is of the form 
of (19). 

F igure 10 does the same for functions of the form 
K 

(22) G(s) = s[(s + a) 2 + i32) 

(23 ) G(z) = Koz(z + u) 
(z - l )(z 2 - 2u-a1' cos{3T + c 2"T) 

F urther study has also been given to the movement of the z-plane zeros 
of higher order functions when using lead-lag compensation. The system 

1 
(24) G2(s) = s(s + l)(s + 2) 
is the basic system to which a lead-lag compensation is applied to give 

(25) G(s) - (s + a) 
- s(s + 1) (s + 2) (s + b) 

For b = 10 and the sampling period, T, equal to 0.694, Fig. 11 illustrates the 
movement of the z-plane zeros for the z-transform of (25) as 'a' is varied. 
Other functions of this form have been found to give similar curves . It is not 
feasible to determine general curves for such higher order functions. 
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Fig. 9-Locus of the z-plane zero, "ii", as a fimction of "pT" for functions of the form 

G(s) = I{_ G(z) = Ko z (z + u) 
s2 (s + p) (z - 1)2 (z - e-P7) 

A word of caution is now in order concerning the manipulations of z-plane 
zeros. While the z-plane poles of a sampled function remain the same for any 
instant in the sampling period, the zeros move for each different instant as 
can be seen from the modified z-transformation integral. 2 Therefore a given 
set of z-plane zeros is valid only for the train of impulses taken at a particular 
time in the sampling period. If hidden oscillations8 exist in the system, then 
caution should be used in dealing with any set of z-plane zeros. For the above 
reason, it has been found advisable to avoid working with the z-plane zeros 
whenever possible. 

Fig. 10- Loci of the z-plane zero, "u", as a 
fimction of "aT" " {jT" for functions given by 

(22) and (23) . 

8 
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if) 
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-1.0 
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-I 
10 10° 

"a" UNITS 
Fig. 11-Loci of the z-plane zeros, "ui'', and, "u!', of the z-lransform 

G(z) = K 0 z (z + u 1)(z + u2) 

(z - l)(z - 0.5)(z - 0.25)(z - e-10) 

as a function of "a" in the corresponding La.place transform 
K(s + a) 

G(s) = o(s + J)(s + 2)(s + 10) 
for T = .694 . 

Functions of a type not mentioned previously cannot be handled by the 
procedure discussed herein. These functions are those having complex zeros 
in G2(s). Any alteration of G (z) results in the complex zeros occurring as 
poles in the final compensation function. A similar limitation is evident in 
continuous systems in that no complex zeros can be cancelled. 

VI. CONCLUSIONS 
The preceding discussion has extended the existing root-locus technique to 

the determination of RC realizable continuous compensation for sampled-data 
systems. This procedure t herefore eliminates the need for using discrete net-
works or samplers in compensating sampled-data systems. While there are 
certain limitations in applying the procedure, a reasonably wide class of func-
tions are covered and reasonable freedom is available in the compensation 
process. 
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Additional limited study has been given the movement of z-plane zeros and 
curves are presented to eliminate the need for approximating the impulse 
response of certain functions in realizing RC compensation networks. 

Precautions concerning the significance of z-plane zeros are pointed out and 
reference made to the modified z-transform for determining the complete 
system response in cases that might have hidden oscillations. 

ACKNOWLEDGMENT 
The authors are indebted to the National Science Foundation for making 

this work possible with their grant NSF-G2304. 

REFERENCES 
1. J. R. Ragazzini and L. A. Zadeh, "The Analysis of Sampled-Data Systems," A.I.E.E . 

Trans ., vol. 71, part II, pp. 225-234; 1952. 
2. E . I. Jury, "Analysis and Synthesis of Sampled-Data Control Systems," A.I.E .E. Trans ., 

vol. 73, part I, pp. 332-346; September, 1954. 
3. R. H . Barker, "The Pulse Transfer Functions and Its Application to Sampling Servo 

Systems," Proc. Inst . Elec. Engrs., vol. 99, part IV, pp. 302-317; December, 1952. 
4. G. V. Lago and J. G. Truxal, "The Design of Sampled-Data Feedback Systems," A.I.E.E. 

Trans., vol. 74, part II, pp. 403-408; January, 1955. 
5. G. W. Johnson, D . P. Lindorff, and C. G. A. Nordling, "Extension of Continuous Data 

System Design Techniques to Sampled-Data Control Systems," A.I.E.E. Trans ., vol. 74, 
part II, pp. 252-262; September, 1955. 

6. J. G. Truxal, "Automatic Feedback Control System Synthesis," McGraw-Hill Book Com-
pany, New York, N . Y., pp. 500-542; 1955. 

7. E. I. Jury, "Root Locus and Transient Response of Sampled-Data Systems," A .I.E.E. 
Trans., vol. 75, part II, pp. 427-435; January, 1956. 

8. E. I. Jury, "Hidden Oscillations in Sampled-Data Control Systems," A.I.E.E. Trans., 
vol. 76, part II, pp. 391-395; January, 1957. 

9. G. V. Lago, "A Synthesis Procedure for Sampled-Data Systems," Proc. N .E.C., vol. II, 
pp. 351-360; 1955. 

Reprinted from Volume XIII 
PROCEEDINGS OF THE NATIONAL ELECTRONICS CONFERENCE 

Hotel Sherman, Chicago, Illinois, October 7, 8, 9, 1957. 

10 







PUBLICATIONS OF THE: E:NGINE:E:RING REPRINT SE:RIE:S 
Copies of the complete list of publications may be secured from the Director of the Engineering Experiment 
Station, University of Missouri 

Reprint No. 

21. Sequence Summation Factors by Adrian Pauw, Professor of Civil Engineering. Reprinted from the 
Proceedings of the American Society of Civil Engineers. Vol. 81, Paper No. 763, August, 1955. 

22. Pulsed Eddy Currents Gage Plating Thickness by Donald L. Waidelich, Associate Director, Engineering 
Experiment Station. Reprinted from Electronics, Vol. 28, p. 146, November, 1955. 

23. Relay Protection for Lines Being Sleet-Melted by the Short-Circuit Method by J. C. Hogan, Associate 
Professor of Electrical Engineering and C. G. Pehler, Commonwealth Associates, Inc. Reprinted from 
Transactions of the American Institute of Electrical Engineers, Vol. 74, December, 1955. 

24. Supplemental lrrigation . .. . Careful Planning is Essential by Harry Rubey, Professor of Civil Engineering . 
Reprinted from What's New in Crops and Soils, Vol. 7, August-September, 1955. 

25. Analysis of Single-Phase-to-Three-Phase Static Phase Converters by J. C. Hogan, Associate Professor 
of Electrical Engineering. Reprinted from Transactions of the American Institute of Electrical Engineers, 
Vol. 74, p. 403, January, 1956. 

26. Enrollment and Incomes in Civil Engineering can be Increased by Harry Rubey, Professor of Civil 
Engineering. Reprinted from Journal of Engineering Education, Vol. 46, p. 236, November, 1955.· 

27. A Synthesis Procedure for Sampled-Data Systems by G. V. Lago, Associate Professor of Electrical 
Engineering. Reprinted from Proceedings of the National Electronics Conference, Vol. 11, p. 251, 1955. 

28. Design of Optimum Phase-Shift Oscillators by Donald L. Waidelich, Associate Director, Engineering 
Experiment Station. Reprinted from Proceedings of the National Electronics Conference, Vol. 11 , 
p. 222, 1955. This article also appeared in Electronics Equipment, Vol. 4, p. 38, April, 1956. 

29. Investigation Concerning Polarization in Barium Titanate Ceramics by G. W. Marks, U.S. Navy Electronics 
Laboratory, Donald L. Waidelich, Associate Director Engineering Experiment Station, University of Mis-
souri and L.A. Monson, U. S. Navy Electronics Laboratory. Reprinted from Transactions of the American 
Institute of Electrical Engineers, ·vol. 75, Part I, p 469, 1956. 

30. The Influence of Shank Area on the Tensile Impact Strength of Bolts by John Love, Jr., General Electric 
Company and 0. A. Pringle, Associate Professor of Mechanical Engineering. Reprinted from Trans-
actions of the American Society of Mechanical Engineers, Vol. 78, p 1489, October, 1956. 

31. Measurement of Coating Thicknesses by Use of Pulsed Eddy Currents by Donald L. Waidelich, Associate 
Director, Engineering Experiment Station. Reprinted from Nondestructive Testing, Vol. 14, p 14, May-
June 1956. 

32. Head Losses in Storm Drain Junction Boxes by Horace W. Wood, Professor of Civil Engineering. Repr int-
ed from Highway Research Board Proceedings, Vol. 35, p 177, 1956. 

33. Stability of Laminar Flow in Curved Channels by Chia-Shun Yih, Associate Professor of Engineering Me-
chanics, University of Michigan and W. M. Sangster, Associate 1-'rofessor of Civil Engineering, University 
of Missouri. Reprinted from The Philosophical Magazine, Volume 2, Eighth Series, Page 305, March 1957. 

34. Viscosity of Suspensions of Spherical and Other Isodimensional Partic les in Liqu ids by Andrew 
Pusheng Ting, Chemical Construction Corporation and Ralph H. Luebbers, Professor of Chemical 
Engineering, University of Missouri. Rep-rinted from the American Institute of Chemical Engineers 
Journal, Volume 3, Page 111 , March, 19517. 

35. Irrigation-Drainage-Clim3.tology for Flat Humid Land by Harry Hubey, Professor Emeritus of Civil 
Engineering. Reprinted from the Proceedings of the American Society of Civil Engineers, Volume 83, 
Paper No. 1253, May 1957. 

36. The Impedance of a Coil Near a Conductor by D. L. Waidelich, Associate Director, Engineering Experiment 
Station and C. J. Renken, Jr., Argonne National Laboratory. Reprinted from the Proceedings of the National 
Electronics Conference, Volume 12 , Page 188, 1956. 

37. Automatic Control - The Fundamentals by Gladwyn Lago, Associate Professor of Electrical Engineering. 
Reprinted from the Proceedings of the Second Annual Conference on Automatic Control, University of 
Oklahoma, April 29-30, 1957, Page 9. 

38. 

39. 

Non-Aqueous Solvent Electrochemical Systems, by G. Myron Arcand, Assistant Professor of ?hemistry, 
and James R. Tudor, Assistant Professor of Electrical Engineering. Reprinted from Proceedmgs of 
Eleventh Annual Battery Research and Development Conference, Power Sources Division, United States 
Army, Signal Engineering Laboratories , Fort Manmouth, New Jersey, May 22-23, 1956, pages 16-19. 

Compensation of Sampled-Data Systems by L. M. Benningfield, Assistant Professor of Electrical _Engi-
neering, and G. v. Lago, Associate Professor of Electrical Engineering, Reprinted from Proceedmgs of 
the National Electronics Conference, Volume XIII, Hotel Sherman, Chicago, Illinois , October 7, 8, 9, 1957 , 
pages 888-897. 

*Out of Print. 





 
University of Missouri Libraries  
University of Missouri 
 
MU Engineering Experiment Station Series 
 
Local Identifier  Benningfield1957 
  
Capture information 
 
  Date captured  2018 June 
  
  Scanner manufacturer Ricoh 
  Scanner model  MP C4503 
  Scanning software  
  Optical resolution 600 dpi 
  Color settings    Grayscale, 8 bit; Color 24 bit 
  File types  Tiff 
 
Source information 
 
  Format   Book   
  Content type  Text   
  Notes   Digitized duplicate copy not retained  

  in collection. 
 
Derivatives - Access copy 
 
  Compression  LZW  
  Editing software Adobe Photoshop  
  Resolution  600 dpi 
  Color   Grayscale, 8 bit; Color, 24 bit 
  File types  Tiffs converted to pdf 
  Notes Greyscale pages cropped and canvassed. 

Noise removed from background and text  
  darkened. Color pages cropped.  

 
 
 
 
 
 
 
 
 
 
 
 


