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Design of Low-Frequency Constant 

Time Delay Lines 

CLIFFORD M. WALLIS 
FELLOW AIEE 

DELAY lines are used in many ap-
plications in both high-frequency 

and low-frequency fields. In low-fre-
quency applications such lines consist of a 
cascade connection of inductance-capac-
itance network sections employing 
lumped constants. Ideally, the line 
should have no attenuation; its charac-
teristic impedance should be constant, 
and the phase shift should be a linear 
function of frequency. With the latter 
condition, the time delay is constant and 
the character of the signal is unchanged 
in its transmission over the line. In de-
sign practice, one attempts to meet as 
closely as possible these ideal conditions 
within the limits of cost, space, and 
practicability. 

When the desired delay time is large, 
that is, in the magnitude of milliseconds 
and the passband ranges from zero fre-
quency to several kilocycles, the line 
necessarily must be long in terms of the 
number of sections used. In addition to 
the cost, space requirements, line loss, and 
simplicity of construction become im-
portant factors of consideration. Gener-
ally speaking, the closer the tolerance on 
constancy of delay time the smaller must 
be the delay time per section and hence 
the greater the number of sections. This 
means larger line loss, more space, and 
higher cost for a fixed over-all delay time. 
Again, to obtain constancy of delay time 
over a large portion of the passband by 
use of a complicated network section in-

Paper 52-150, recommended by the AIEE Basic 
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creases the space required and line cost. 
Consequently, one must determine the 
kind of network that best meets the 
electrical, space, and economic require-
ments of the application. It is the pur-
pose of this paper to present data and to 
compare the relative merits of several 
types of networks that are particularly 
useful where essentially constant delay 
for signals ranging in frequency from near 
zero to some arbitrary upper limit is re-
quired. 

Where the frequency range lies in this 
part of the spectrum an inductance-
capacitance network of the low-pass type 
is employed. There are a number of 
these whose characteristics make them 
useful in delay line design. In particular, 
they are: 
The M-derived section. 
The bridged-T sect ion. 
The capacitance shunted section. 
The unsymmetrical Pierce section. 

Analyses of the first three have been pre-
sented in a recent article by Hebb, Horton 
and Jones. 1 Although these circuits often 
are used in filter design 2 their time-delay 
characteristics are not as commonly 
known. The unsymmetrical Pierce sec-
tion is perhaps even less familiar. As far 
as the author knows, its virtue as a delay 
network was first discovered by G. W. 
Pierce around 1919, though little mention 
of it has been made in the literature. The 
major portion of this discussion will be 
devoted to presenting an analysis and the 
characteristics of this circuit. For the 
sake of comparison, the time-delay char-
acteristics and design equations of the M-
derived and bridged-T sections will be in-
cluded. The latter two symmetrical 
sections and the Pierce unsymmetrical 
section are shown in Figures l(A), l(B), 
and l(C) respectively. All are of the T-

Charles S. Rich, Editor 

type structure employing mutual coupling 
between the inductive elements of the 
T. 

The following symbols are used in the 
analysis: 
Zc =characteristic impedance 
Zco =characteristic impedance at J-0 
w=21rf 
i3 = phase-shift angle 

Jc =frequency a t which i3 = 180 degrees 
T0 = group delay time = d,3 / dw 
T0 =delay time at J- 0 (called zero-fre-

quency delay time) 
k =coupling coefficient 
Z,Z2 =iterative impedances of unsym-

metrical section in forward and back-
ward direction 

Group delay time represents the delay time 
for a narrow band of frequ encies centered 
about the angular frequency (w). Defined 
in this manner it is the slope of the phase-
shift curve. 

The conventional assumption is made 
that the coils and capacitors are lossless 
components as far as determining the de-
lay and impedance characteristics of the 
section. 

In designing a delay line one usually 
starts with the following factors specified 
to meet a given application: 
1. Frequency range. 
2. Total delay time or delay time between 
feed-in points if signals are to be injected 
into the line at several points. 
3. Nominal (zero frequency) characteristic 
impedance. 
4. Allowable variation ( tolerance) of items 
2 and 3 over the specified frequency range. 

It is convenient to express the delay 
time in terms of its zero frequency value 
and the per-cent variation. Therefore, 
the design equations are expressed in 
terms of this parameter, the nominal 
characteristic impedance, and such other 
parameters as are needed. 

M-Derived Section 

A type of M-derived section which of-
fers an optimum time-delay charac-
teristic in its passband is one where the 
two coils are connected series aiding. Its 
equivalent circuit is shown in Figure 2. 
In terms of the zero-frequency charac-
teristic impedance and delay time, the 
constants of the section are 
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Figure 1. Three inductance-capacitance networks used in low-frequency time-delay lines 

ToZco L =--
2(1 +k) 

C 2L(l+k) =_Ii 
Zco 2 Zco 

(1) 

(2) 

The cutoff frequency and phase-shift 
angle are 

(3 ) 

{3 = 2sin-1 [ mu ] 
-Vl-(l-m2)u2 

(4) 

where m = V(l+k) /(1 - k) and u=f/fc. 
The group delay time at any frequency 
within the passband is 

m 

Tu= 1rfc-Vl-u2 [l-(l-m2)u 2 ] 

Normalizing with respect to T0 • 

Tu 1 

To -Vl - u2 [1 -(l-m2)u2 ] 

(S) 

(6) 

Curves of (Tu - T0 )/ T0 are plotted in 
Figure 3 for several values of coupling co-
efficient. Included is the one for k = 0, 
representing the constant-K type of sec-

L(l+k) L(l+k) 

tion. For values of kin the neighborhood 
of 0.25 we see that the delay time remains 
essentially constant over approximately 
60 per cent of the passband. The serious 
disadvantage of this type of section lies in 
the difficulty of obtaining a coupling co-
efficient this low when the two coils are 
wound on a common toroidal core of 
magnetic material. To obtain a value of 
k=0.25, and at the same time maintain 
high coil Q's, would demand a special ar-
rangement of coils. 

Bridged-T Section 

Though requiring an extra component, 
the bridged-T circuit has better delay 
characteristics for high values of k than 
the M-derived section . The equivalent 
electric circuit is shown in Figure 4 for the 
coils connected series aiding. The phase 
shift in the passband is 

/3 = 2 tan -r [ u2 +k X 
1-k 

where 

.20 
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-Vl - (u12 :u.2) +u,2u22 ] ( 7) 
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U1 = flf1 
U2 = f/J. 

and 

v2 
f2 = --,====-

21r-V C,L(l - k) 

(SA) 

(SB) 

For the characteristic impedance we 
write 

From equation 7 one may obtain the 
expression for the delay time ratio as 

Tu 1-u, 2u2 2 

To =[1-u,'+ ( /~\) u2•+u,•u2•]x 
-Vl - (u12 +u22)+u12u22 

(10) 

In general there are two frequencies at 
which the phase-shift angle (3 is equal to 
180 degrees, indicating the presence of 
two passbands. These frequencies are 
!1 and f2. If we let a =fi2/f.2= u22/u, 2, 
equations 9 and 10 become 

(11) 

and 

T0 l-au14 

To [1 +u1•(i2~: -1)+au1•]x 
-Y~l---a-u-,-•)_(_l __ - u- ,-2 ) 

( 12 ) 
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Figure 2 (above). Equivalent circuit ol 
the M-derived section shown in Figure 

1(A) 

Figure 3 (right). Per cent variation of 
delay time versus frequency ratio for M-

derived section of Figure 1 (A) 
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c, 
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Figure 4 (above). Equivalent circuit of 
bridged-T section shown in Figure 1 (8) 

Figure 5 (right). Per cent variation ol 
delay time versus frequency ratio for 

bridged-T section of Figure 1 (8) 

A type of inductor widely used in low-
frequency (1 to 50 kilocycles) delay lines is 
one which consists of two coils wound on 
a toroid core. The core is a bonded low-
loss magnetic material such as molyb-
denum permalloy. The coil Q is rela-
tively high and, as there is little stray 
field the coil units can be arranged in a 
com;act manner. Their coupling coef-
ficient k ranges from about 0.8 to 0.9 and 
for the smaller sized units centers pretty 
well around 0.87. With a value of k in 
this range the paramete, a is less than 
unity and f1 is the lower cutoff frequency. 
The curves of Figure 5 show that for a 
minimum variation of delay time the 
values of a range between 0.11 to 0.15, de-
pending on the exact value of k. 

When the allowable variation in the de-
lay time of a line for a given frequency 
range is specified, along with the line im-
pedance, reference to a family of curves 
such as those of Figure 5 allows one to 
determine the proper value of a. With 
this parameter determined, Ji and h are 
fixed and the constants of the section as 
well as the delay time per section can be 
calculated from the equations 

To C,= ~ 
- Zco 

(13) 

(14) 

(15) 

The capacitance C1 1s determined from 
equation 8(A). 

Pierce Unsymmetrical Section 

The Pierce unsymmetrical section is 
shown in Figure l(C). The two coils, 
whose self-inductances are designated as 
L1 and L 2, are connected series aiding, and 
are wound to have a coefficient of coupling 
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as close to unity as possible. If the ratio 
of L1 to L 2 is made large and the sections 
are connected on an iterative basis, it is 
possible to secure a delay time that is 
nearly constant over a large portion of the 
passband. The avoidance of the need for 
loose coupling between the two coils is a 
distinct advantage of the Pierce section 
over the symmetrical M-derived type . 

When connected in an iterative manner 
all the sections are oriented in the same 
direction. If each end of the line is ter-
minated in an impedance that takes the 
place of an infinite continuation of the 
line, it is said to be terminated on an 
iterative basis. These impedances, des-
ignated as Z1 and Z2, are called the itera-
tive impedances of the section. 3 

The equivalent circuit is shown in 
Figure 6. In terms of the circuit con-
stants the iterative impedances are 

It may be noted that within the passband 
Z 1 and Z 2 are complex conjugate imped-
ances. For frequencies in this region the 
phase-shift angle can be expressed either 
as 

_ . -i[":. /L 1 +L,+2M] 
/3-2 s in 2 l S + Mw' 

or 

(17A) 

[ Li+L,+2M ] (3=2tan~ 1 w 
4S-w 2(L1 +L,-2NI) 

(17B) 

For the delay time we may write 

-- C - i...--

.5 .6 .7 .8 .9 

T0 = [s&.]x 
. I 4(L,+L,+2M) (18) l 4(S+Mw 2 )-w2(L1 +L,+2M) 

There is one other factor of interest, 
particularly for applications where signals 
are to be injected into the line at several 
points. This is the impedance looking 
into the section between ground side and 
the point of the capacitor connection be-
tween coils. When the section is ter-
minated on the iterative basis, this im-
pedance is largely resistive for frequencies 
within a major portion of the passband. 
Hence, this is the point where signals are 
most conveniently fed into the line if 
bridging generators are used. This im-
pedance, denoted by Zr in Figure 7, is 

[ S 2 ]·I L1+L,+2M 
Zr = s+M"w' l 4S-w2(L,+L,-2M)-

MS 
jw S+Mw' (19) 

The zero-frequency values of the 
several impedances and of the delay time 
are evident from examination of the pre-
ceding equations. In particular it may 
be seen that 2Zr0 =Z10=Z,o=Zco. 

Again it is convenient to set up the de-
sign equations in terms of the zero-fre-
quency values of the delay time and itera-
tive impedance, the coupling coefficient 
k = M / V J~1L2, and the parameter r, 
which is the ratio L1 / L2. Expressed in 
this way 

(20) 
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figure 6 (above). Equivalent circuit i-=~ 
of the Pierce unsymmetrical section .05 

shown in Figure 1 (C) r-

Figure 8 (right). Per cent variation of 
delay time versus frequency ratio for 

Pierce unsymmetrical section 
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The delay t ime, normalized with respect 
t o T0 , is 

very little error is made in simplify ing the 
preceding equations by assuming k = 1. 
Whence 

impedances, normalized with respect to 
Z co become 

Tu r- 2kVr+l - - ---------'------~-~~ (23 ) 
To - [r- 2k-vr+I +4k vru2 ]V l- u2 

where u =f /Jc. The impedance expres-
sion becomes 

Z1I = Zco [v-l -- u-2 ± . -----:==(=r -=l=)=u==] 
Z2 J Vr 2+r(2 - 4k 2)+l 

(24 ) 

Minimum variation of delay is secured 
when r is large and k approaches unity. 
For values of k:::: 0. 95 the optimum values 
of r are above 50. With t his magnitude 

Figure 7 (above). Equivalent circuit to 
determine the shunt input impedance Z , 

Figure 9 (right). Cutoff frequency versus 
zero-frequency delay time 
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Expressions for the iterative and bridging 
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TERMINATING 
SECTION 

STANDARD 
SECTION 

TERMINATING 
SECTION 

Figure 10. A method of terminating the Pierce delay line 

Values of (T0 -T0 )/ T0 are plotted as 
functions of u in Figure 8 for several 
values of the parameter r. It may be 
seen that with a value of r=64, for ex-
ample, the delay time is constant to 
within ± 1 per cent over 60 per cent of the 
passband. 

Equation 28 shows that the scalar mag-
nitude of either iterative impedance is 
equal to Zea throughout the passband; 
only the resistive and reactive compo-
nents vary. Figure 9 shows plots of cut-
off frequency Jc versus the delay time T0 

for several values of r. Using log-log 
scales gives straight line plots that are 
useful for quick reference. 

Termination 

T erminating delay lines that use sym-
metrical sections presents no serious dif-
ficulty. A resistance is chosen which 
best ma tches the characteristic imped-
ance over the operating frequency range. 
However, the fact that the Pierce unsym-
metrical section has iterative impedances 
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that are complex conjugates somewhat 
complicates the problem of securing 
proper termination of a line using this 
type of section. 

At the right end of the line, referrin g 
t o Figure 10, the terminal impedance 
should be the iterative impedance Z 1 

which is inductive. Proper termination in 
this case is simply obtained by the use of 
an extra coil whose inductance is (L1 -

L 2)/ 2 and a resistance that gives the best 
over-all match to the resistive component 
of z,. In Figure 10 the extra coil is 
shown as part of the terminating section 
on the right. 

On the left end of the line, the ter-
minal impedance should be Z 2 which has 
a negative reactive component - j w(L 1 -

L2) / 2. Such a reactance cannot be pro-
duced by a simple circuit. Over a limited 
frequency range it can be simulated 
fairly well by use of a parallel resistance-
capacitance network with proper selection 
of components. Better termination is 
secured by the method indicated in Figure 
10. The last section is terminated in Zea 

R-, !X'>I ~---i-----V Zco Zco ,;/ 
1'.. --........ r--........_ / 

.._/ 

['.... v' 
,, 

"::'{_ IXI 
b=l,9,- i-.../ Zcc 

y I'-'-. 

" I/ -,~-
K ....._ ', i----- b•2 . I\ R 

Zcp 

.5 .6 .7 .8 .9 

U= f lfc 

Figure 11. Curves showing degree of matching obtained by use ol terminating section on left 
end of Pierce line as shown in Figure 10 

and its coil inductances L 1 and L 2 are re-
spectively decreased and increased by an 
equal ratio ( designated as b) from their 
values in the standard line section. The 
coupling is made as near unity as possible 
as in the standard line section . Then for 
values of b close to 2.0 the impedance 
looking into this section approximates Z 2 

over a considernble portion of t he pass-
band. The eq uations for th e resistive 
and reactive components of this imped-
ance normalized with respect to Zea are 

R 
[ cvr -1 )2 ] 2 

- ;- +u2 
4 v r 

(r-1) 2 r[ 2 (vr-1)2]2 
~u'+4 bu 2 2r 

(30 ) 

---u2+- - u2- -( r - l ) 2 r[2(. v.:..__r -_ I__:_) 2] 2 

4r 4 b 2r (31 ) 

where r is the ratio - Li/ L 2 used in the 
standard line section. 

The curves of Figure 11 show the de-
gree of approximation t o Z 2 that can be 
realized with such a terminating section 
when r=64. A value of b=2.0 appears to 
giv.e optimum matching considering both 
resistive and reactive components. Lines 
built with this termination have shown 
remarkably good characteristics, that is, 
constancy of delay time and smooth line 
operation . 

Conclusion 

In an application where the required 
delay time is large, necessitating a line of 
many sections, and space is at a premium, 
the Pierce section offers distinct advan-
tages. Only two components per section 
are needed-one capacitor and a double-
winding inductor. The section constants 
are of sizes that are procured easily in 
practice. For example, for a 1,000-ohm 
50-microsecond section, C= 0.05 micro-
farad, L2= 0.61 millihenry . With r= 64, 
L1 = 39.5 millihenrys. 

Its time-delay characteristic compares 
very favorably with the other types men-
tioned . Although the bridged-T and 
capacitor-shunted types can be made to 
give constant delay over a slightly greater 
percentage of the passband, each requires 
an extra capacitor. For constant time 
delay the M-derived type demands a low 
coupling coefficient between coils of the 
inductor. This is not easily obtained 
where magnetic cores are used. 
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