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Steady-State Waves on Transmission 

Lines 

D. L. WAIDELICH 
MEMBER AIEE 

THE increased use of nonsinusoidal 
waves on transmission lines such as, 

for ~xample, the location of faults on the 
lines1 by means of repeated pulses, has 
made it desirable to consider how the 
response of the lines to the applied non
sinusoidal waves may be obtained. The 
transient response of the line has been 
presented in a number of previous 
papers2, 3 but the steady-state response 
seems to have been neglected. It is the 
purpose of this paper to consider various 
methods of obtaining the steady-state 
response of transmission lines to applied 
nonsinusoidal waves and also to give 
several experimental results for purposes 
of comparison. These methods apply as 
well to plane electromagnetic waves prop
agating in a good dielectric which is iso
tropic. 

In making the mathematical analysis 
it is assumed that the frequencies are 
sufficiently high so that certain sim
plifications may be made. For example, 
in the operational expression for . the 
characteristic impedance Zo of the trans 
mission line 

Zo= V (R+Lp)/(G+Cp) 

= ✓%[1+~(:-2~)+ . ] (1) 

where R, L, G, C are the resistance, the 
inductance, the conductance; and the 
capacitance of the line for a unit length, 
it is assumed that only the first term in 
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the series is necessary. From this point 
on it will then be assumed that Zo = 
VL/C. Similarly for the propagation 
constant 'Y the operational expression 1s 

-y=V(R+Lp)G+Cp) 

=P VLc[1+;(~ -2~ )'-
8~2(1-%)' + . . -] <2) 

and only the first two terms in the series 
will be used so that 

-y= (p/V)+a (3) 

where V = 1/V LC= velocity of propaga
tion of the waves and 

R~ G~ . a =- -+- -=attenuation constant 
2 L 2 C 

To show how the various methods may 
be used , to determine the steady-state 
waves appearing on a transmission line, a 
particular example will be employed. 
This example is that of a line with a 
square-wave generator connected to one 
end while the other end is open-circuited. 
The voltage eR at the open end is to be de
termined. The generator is assumed to 
have zero internal impedance, and the 
generated voltage es is shown in Figure 1. 

The steady-state transform 4 Es of the 
generated voltage is 

E . =1!:. (l-,-PT/ 2)' 
p 

(4) 

The steady-state transform ER of the 
voltage at the open end of the line is 

En=~ (5) 
cosh -yl 

where l is the length of the line. The 
voltage is then 

,PtE(l-,-pr;•dp 

p(l-,:.._PT) cosh [(pl/V)+al) 
(6) 

where W is a certain path · of integra
tion 4_ in the p-plane. ' If the substitutions 
pi=pT, f3=(l/VT), a~al and 0=(1/T) 
are made in equation 6, 

eR 1 r ,P'8(1-,-;'!,)'dp' 

E=2,,,-j}wP'(l-,-P') cosh (p'f3+a) 
(7) 

The primes now will be omitted. 
The first method of evaluating the in

tegral of equation 7 uses the poles within 
the path W, sometimes called the driving 
function or "voltage" poles, and leads to 
the usual Fourier series for the voltage 
eR. These poles are p = ± j21rn where n is 
a positivt integer or zero. When the 
residues at each one of these poles are 
added, the result is 

?= Lyn sin (2n,r{)-o) (8) 

n=1 

which is summed over all odd integral 
values of n and in which 

Yn=4/n1r Vsinh2 a+ cos2 211,,,-(3 

and 

o= tan-• [(tanh a)(tan 2n1r/3)] 

The even harmonic voltages are ab
sent in eR since there are none in the ap
plied square wave of voltage. The result 
of equation 8 is useful in determining the 
amount of harmonic voltages present, 
but is of very little use in determining the 
actual waveforms present except in some 
very special cases. One such special case 
is that for a= 0 and {3 = 1/ 6 which means 
that the losses in the transmission line are 
zero and that a wave on the line travels 
the length of the line in one-sixth of the 
period of the applied square wave. From 
equation 8 the open end voltage is 

~ ~{!t ,m !"" ]-
• -, [; t.··· !"''] (9) 
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Figure 1. The square-wave voltage . es of the generator 
-2E 

which are summed over all odd integral 
values of n. The first series of equation 9 
is a square wave of amplitude 2E and 
period T, while the second is a square 
wave of amplitude E and period (T/ 3) . 
The resulting wave is shown in Figure 2, 
and this may be called the sum function 
of the series of equation 9. 

For circuits with concentrated param
eters the sum function of the Fourier 
series may be obtained without difficulty 
by using the poles outside the path W, 
sometimes called the system-function or 
"impedance" poles. In most circuits 
these poles are finite in number and thus 
lead to an expression with a finite number 
of terms. This approach was tried as the 
second method of evaluating the integral 
of equation 7. The poles are -(a/ {3) ± j
(m1r/2{3), where m is an odd positive in
teger. Since there are again an infinite 
number of poles, the resulting expression4 

is an infinite series somewhat resembling 
a Fourier series. When 0<8< 1/2, the 
voltage at the open-circuited end is 

in which 

m=an odd positive integer 
a-[sin µ11+,-0-/ z sin µ.(9-¼) I+ 

Am= µ.(cosµl/+•-.-/ 2 cosµ.(9-1/z)I 

[1+2,-0-/Z COS (µ./2)+.-0-1 

a-= a / (3 

µ.= m1r/2(3 

Again this is useful in determining wave
forms only in some special cases such as 
the one used in the preceding paragraph. 
If a= 0 and /3 = 1/6, the result is a Fourier 
series similar to equation 9 but not the 
same series. 

m-t 

(-1) 
cos 31rm9 

(11) 
m 
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Figure 2. The open-end voltage eR of the transmission line with no 
attenuation (a= O) 

in which m is an odd positive integer. 
The second term of equation 11 is a 
square wave of amplitude E and period 
(2T / 3), while the third term is a square 
wave of the same amplitude and period 
but shifted in phase by (T/ 6). When the 
three tenns of equation 11 are"added, the 
result is again the wave of Figure 2. 

The third method involves the use of 
steady-state convolution or "faltung" 
integrals . 5 Let A (t) be the voltage at the 
open end of the line when a unit voltage 
is suddenly applied2 to the generator end 
of the line, and A(t)=A(m)+R(t) where 
A(m) is a constant approached by A(t) 
as t becomes very large and then R(t) ap
proaches zero as t becomes large. The 
form of the steady-state convolution m
tegral to be used is : 

e8 =A( co)e,(t)+- e,(t-r)P(r)dr (12) dlT 
dt 0 

where 

m 

P(t) = L R(t+nT) 
•=O 

and n is a positive integer or zero. In the 
example at hand, from 8=0 to 8=/3, 
A(t)=0, and from 8=m/3 to (m+2)/3, 

3E 
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-2E 
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where mis an odd positive integer, 

rn-1 

[
l+ (-l)-2-,-,m+t)a] 

A(t) =2•-a 
1+,-2a 

Then 

A( m) = z, -a / (1+, - 'a) 

(13) 

(14) 

and also from 8=0 to 8={3, R(t) = -2e-a/ 
(l+e-2"), and from 8=m/3 to 8=(m+ 
2)/3, where mis an odd positive integer 

m-12,- (m+2)a 
R(t) = ( -1) 2 --- (IS) 

1+,-2a 

Then for the special case of /3 = 1/ 6, from 
8=0 to{!= 1/6, 

-2,-a 
P(t) - ------

- (1+,-'a) (1+,-6a) 

and from 8=m/ 6 to 8= (m+ 2)/ 6 where m 

is an odd positive integer 

m-1 2,-(m+2)a 
P(l) = (-1) 2 

(1+,- 2a) (1+,-•a) (16) 

With the aid of equations 12, 14, and 16 
and in the interval from 8 = 0 to 8 = 1/ 6: 

2E(-,-a+,-•a+,-sa 
eR= (1+,-•a) 

T 

t 

Figure 3 (left). The open
end voltage e R of the trans
mission line with attenua-

tion (a= 0.2) 



Figure 4. The calculated output voltage of 
the line for an applied square wave 

from 8= 1/ 6 to 8= 1/3 

2E(•- "'+• -•a+• -6a) 

eR= (l+•-""') 

and from 8= 1/3 to 8= 1/2 

2E(•-a+,-•a-•-•a) 
eR= (l+•-'"') 

(17) 

The values of en for the second half 
cycle from 8 = 1/ 2 to 8 = 1 are the nega
tives of those given in equation 17. \Vheu 
a= 0, the receiving end voltage as cal 
culated from equation 17 is again the wave 
of Figure 2. For a line with losses the 
wave is not quite so symmetrical as is 
shown in Figure 3 for the case of a= 0.2. 

The fourth method depends upon an ex
tension and summation of the various 
waves obtained from the response A (1) 
to a unit voltage. Consider 

where W1 is the usual path of integration 
for the inverse Laplacian transfonn and is 
to the right and parallel to the imaginary 
axis. Equation 18 should be compared 
with equation 7. By use of the series: 

(l-•-P/2)t 
- --..,- = l-2.-P/2+2,-;_ 

1-,-P 
2.- ,ph + . 

and 

l =2,-(P/l+a)_2,-a(P/l+a)+ 
cosh (PiS+a) 

2.-5(P/l+a)_ .. .. 

the response to the unit voltage is 

A(t) = I; A,,.(t) (19) 
m=1 

where mis an odd integer and 

4 (I)= - (-1 - •- 2•.:..m(p/J+a)X l .i m-1 

• 711 21r} Wt 

[l-2,-Ph+2,- P-2, -ap/2+ . ... ) X 
,-PB 
-dp 

p 

In the problem used as an example {3= 
1/6. Consider one of the tenns in the 
series for A(t), say 

Aa(/)=(-2)~ [ ,-, (p / s+a)x 
21r1Jw1 

•PB 
[1-2,-P/2+2,-P_ .. ,] - dp 

p 

which represents a square wave begin
ning at 8= 1/2 and with an amplitude of 
2E-•a. This square wave should be con• 
tinned or extended back to 8=0. Each 
one of the square waves for each of the 
A,,.'s should be extended back in a like 
manner to 8=0. All of the square waves 
may then be summed to give the required 
steady-state output voltage eR. The 
result is for 0 <8 < 1/6. 

2,-,"'-2,-ua_2,-1aa+ .. 

-2,-a+2, -aa+2,-sa 

1+,-•a 

for 1/ 6 <8 < 1/3 

eR 2,-a+2,-aa+2,-r.a 

E I+,-•a 
(20) 

for 1/3 <8<1/ 2 

eR 2,-a+2,-3a_2.-•a 

E I+,-•a 

These results are identical with equation 
17 and will thus give the waves of Figures 
2 and 3. 

Experimental Results 

In the experimental work a square
wave generator with a high output im-

Figure 5 (left). The experi• 
mental output voltage of the 
line for an applied square wave 

Figure 7 (right). The experi
mental output voltage of the 
line for an applied pulse wave 

3 

I I 
Figure 6. The calculated output voltage of 

the line for an applied pulse wave 

pedance was used with a length of RG-
8/ U coaxial cable, and the voltage across 
the other end of the cable was observed 
with a high-impedance cathode-ray oscil
loscope. For this purpose then both ends 
of the cable were effectively open cir
cuited. Under these conditions the opera
tional voltage at the receiving end is 

ZoVu 
ER= ----

Ru sinh -yl 
(21) 

where Vu is the transfonn of the generator 
voltage and Ru is the output impedance 
(considered a pure resistance) of the gen
e~ator. By the use of the fourth method 
given in the analysis section for f3 = 1/ 12, 

it is found that for 

for 1/ 12<8<1/4 

for 1/ 4 <8<5/ 12 

~= Zo[2•-a+2,-3a_2,-sa] (22) 

E Ru 1+,-•a 

for 5/ 12 <8<1/ 2 

~= ~l2,-a+2,-3a+2,-sa] 
E Ru I+,-•a 

where E is the peak value of the applied 
square wave . 

The calculated receiving end voltage 
en for a=0.2 and {3= 1/ 12 is shown in 
Figure 4, and the experimental wave form 
is that of Figure 5. Evidently the two 



half waves of the applied square wave 
were not exactly equal because some dis
symmetry is noticeable in the figure. 
Also some overshoot is visible and this 
might be caused in part by the charac
teristics of the oscilloscope used and also 
by the fact that the velocities, attenua
tions, and terminations of the cable are 
not those assumed in the analysis. 

The action of repeated pulses6 on a 
transmission lirie also was studied. If E 
is the transform of the applied repeated 
pulses, the output voltage eR will be cal
culated for a transmission line effectively 
open circuited at both ends. Again using 
the fourth method given in the analysis 
section for fl= 1/8, it is found that 
;i.t 0= 1/ 8 

at 0=3/ 8 

ZoE( z,- 3a) 
en= RuT 1-.-sa 

(23) 

at 0='5/ 8 

The output voltage would then be four 
pulses per period as shown in Figure 6 
which was calculated for a=0.2. The 
experimental wave form is shown in 
Figure 7, and it was obtained using a 
pulse length of 0.5 microsecond and a 
pulse repetition rate of 84.3 kc per second 
on a 957-foot length of RG 8/ U coaxial 
cable. The velocity of propagation may 
be obtained from 

V=l//3T=l.97Xl08 meters per second (24) 

and the velocity factor, that is, the ratio 
of the velocity of the pulses on the line and 
the velocity of light in space, is 65. 7 per 
cent. From equation 24, at O=n/ 8 where 
n is 1, 3, 5, or 7, eR is proportional to 
~- na. If lneR is plotted versus n, the re
sult should be a straight line of slope 
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(-a). This was done with the waveform 
of Figure 7, and a straight tine resulted 
with a slope of -0.188. The experimental 
value of a:=0.188, and the attenuation 
constant a=(a/l)=0.1964Xl0-3 neper 
per foot or 0.1703 decibel per 100 feet of 
cable. 
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