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THE MUTUAL IMPEDANCE OF PERPENDICULAR 
HALF-WAVE ANTENNAS 

D. R. CAPPS and D. L. WAIDELICH 
University of Missouri, Columbia, Missouri 

Abstract.-The mutual impedance of two coupled linear antennas is needed to obtain the 
radiation impedance of an array of linear antennas and to determine the effect of one antenna 
upon a neighboring antenna, for example, the effect of a transmitting antenna upon an ad-
jacent receiving antenna. Much work has been done on two parallel half wave antennas, 
but little quantitative data are available on skew antennas. The work presented in this 
paper is concerned with the mutual impedance of two half wave antennas at right angles. 

The method employed in calculating the mutual impedance was that of Carter and the 
resulting integrals were evaluated by an approximation method using a digital computer. 
The results are presented as curves in rectangular form for both the resistive and reactive 
components for the complex values of the mutual impedance. The curves indicate that the 
maximum coupling for two antennas at right angles occurs when the two antennas form an 
approximate L-shape. 

I. INTRODUCTION 
In problems involving radiating antenna systems, there arises the question 

of the effects that two or more closely spaced antennas have on each other. One 
significant parameter in antenna work is the input terminal impedance. 

Much theoretical work has been done on the determination of the impedance 
of a single antenna, such as a thin half-wave dipole, and also some results have 
been published dealing with the effect of another antenna upon the first when 
both lie in the same plane. However, only a few special cases have been dealt 
with to any extent. For instance, Carter1 has analyzed the case of two thin 
linear half-wave antennas in planar configurations, such as parallel, collinear, 
and echelon, and the expressions are evaluated in terms of sine integrals and 
cosine integrals. Some discussions2•3 of the skew antenna orientation have been 
published, but very few solutions have actually been made. 

The problem undertaken here was that of determining the effect of having 
the second antenna oriented at "right angles" to the first, not in the same plane. 
Both antennas are half-wave infinitely thin dipoles, center fed, with the gener-
ators at the centers so no feed system correction was taken into consideration. 

In this work, a T-network was assumed for the system, as in Fig. 1. The 
center leg, Z12, was called the mutual impedance. If this mutual impedance can 
be determined, then the input terminal impedance seen at either antenna may 
be determined since the impedance Zn is the self impedance ( or the impedance 
of one antenna by itself) of the thin half-wave center fed dipole. This Zn 

I, I,. - -
z,. -2,,. z,,-z, .. 

Fig. 1- Assumed T-Networlc for system. 
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Fig. 2-Antenna orientation defining parameters in rectangular coordinates . 
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may be taken as approximately 73 + j42.5 ohms. If the radiation pattern of 
the system were also desired, it could be obtained by superposition of the 
patterns of each antenna. 

A more general case of this problem would be that of finding the mutual im-
pedance between skewed antennas, which would include the "right angle" case 
dealt with here as well as the various planar configurations as limiting cases. 

II. THEORY 
To obtain the effects that one antenna has upon another, the following method 

will be used, based on the work by Carter. Two half-wave antennas are assumed 
to be at right angles with respect to each other in free space, as in Figs. 2 and 3. 
Let antenna number 1 be driven at its center by a sinusoidal generator. Antenna 
1 will be taken as the z-axis in both a rectangular Cartesian coordinate system 
and also a cylindrical coordinate system, with its center, i.e., the generator, at 
the origin. Assume now that the spii.ce function of current carried by antenna 
1 is given by 
(1) 11 = 101 cos {3z 
where· 101 is the maximum amplitude. 

In cylindrical coordinates, the element of length dy on antenna 2 is a distance 
(2) p = [d 2 + (y - h2)2]½ 
from the z-axis (along which antenna 1 lies). The distance from the left end of 
antenna 1 to the element dy is 
(3) r1 = [(X /4 + h1)2 + d2 + (y - h2)2]½ 
and from the right end of antenna 1 to dy is 
(4) r2 = [(X/4 - h1)2 + d2 + (y - h2)2] 
It can be shown4 that at the element dy the radial electric field Ep1 from an-
tenna 1 is 
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(5) 

Fig. 3-Cylindrical coordinates used with an-
tennas. 

The electric field along antenna 2 caused by Epr is the projection of Ep1 an-
tenna 2. This is (see Fig. 3) 

(6) E . 0 Epr(Y - h2) 
pl Sln = 

p 

The complex power at antenna 2 caused by this electric field (6) and the current 
on antenna 2, 12 = 102 cos {Jy, shall be denoted as (j/2 and is given by the ex-
pression 

(7) 1 2 = _! pl 2 sm 0 y J).14 E I* . d 
qi 2 -V4 

where 1*2 denotes the conjugate of lz. Let us now define Z12 as the mutual 
impedance between the two antennas, referred to the terminals of the two 
antennas which are at the respective antenna centers. A general expression for 
this mutual impedance may be written as 

2 (j/2 
(S) Zr2 = Ii 12 

which becomes in this case 

(9) 2 (j/2 
Z12 = --

I 01 I 02 

since we are referring to the antennas' centers. Combining (5), (7), and (9), 
we may writ.e 

a 



(IO) Z12 = - "30 1)../4 (y - h2) [(h1 + X/4) E-j/3r1 
J -A/4 p 2 r1 

+ (h1 - X/4) -i/3r] (3 d E 2 COS y y 
r2 

where we have used I*2 = 102 at the center of antenna 2. 
Expression (IO) then is the function that may be evaluated for Z12 for various 

values of h1, h2, and d. Different approaches were tried in order to evaluate (10). 
The results of a numerical solution that was made using a digital computer are 
presented here in graphical form. To effect this solution, (IO) was rewritten 
so as to make the parameters dimensionless (all distances expressed in wave-
lengths) and the real and imaginary parts were separated. 

Denote the real part of Z12 as ffie[Z12l and the imaginary part as 8'm[Z12l the 
following expressions for these parts results 

(11) [z ] 30 (Y - H2) (H1 + 1 /4) . 2 R 1¾ [ 
(Re 12 = - , p 2 R sm 1r 1 

-¾ . I 

(H1 - 1 /4) . ] + R 2 sm 2 1rR2 cos 2 1r Y dY 

(12) !lm [Z12] = - 301¾ (Y-; H 2 ) [(Hi! l /4 ) cos 21rR1 
-¾ 2 I 

(Hi-1/4) ] + R 2 cos 2 1rR2 cos 2 1r Y dY 

where H1 = hi/X, P = p/X, D = d/ X, etc. 
These calculations were made in both rectangular and polar forms of the 

impedance Z12 in the range of H1 and H2 from 0.05 to 1.0 and D from 0.1 to 5, 
for a total of 960 points. The calculations were made by using Simpson's rule 
for approximating integrals. The integration interval was divided into ten strips. 
Since the computation of Z12 for each combination of H1, H2, and D required a 
very lengthy set of calculations and since the differences of large numbers 
which were nearly equal were involved, an IBM 650 digital computer was 
programmed to carry out the evaluation of (11) and (12) automatically which 
allowed ten decimal places to be carried in the computations. The conversion 
to polar form was also simultaneously performed by taking the square root of 
the sum of the squares of the real and imaginary parts for the magnitude of 
Z12- The arc tangent was used for the phase calculations. 

The evaluation of (10) was originally attempted along a different line than is 
presented here. By use of a number of algebraic substitutions, a form was 
obtained that involved the solution in terms of the Exponential Integral with 
complex limits. An outline of this procedure appears in Appendix I. This 
method was not followed through, as few useful tables of the Exponential 
Integral with complex limits were available when the calculations were made. 
Shortly after this computer solution was made, some tables of the Exponential 
Integral with complex limits were published by the National Bureau of Stand-
ards. 5 Some earlier, less complete tables of this function also have been pub-
lished. 6•7 
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Fig. 6-R12 in ohms versus D with H1 = 0.1 Fig. 7-X12 in ohms versus D with H 1 = 0.1 
for various H2. for various H2. 

III. RESULTS 
The results of this study are shown in graphical form for a few selected ranges 

of the parameters H1, and H2, and D. These appear as Figs. 4 through 11. 
Many more curves resulted from the original computer program but lack of 
space prevents their inclusion here. It should be borne in mind that all dis-
tances, that is, H1, H2, and D, are expressed in wavelengths in the graphs. The 
curves have not been extended to D = 0 because the results are questionable 
for D small. 

From the mathematical analysis of the preceding section, it can be shown that 
if either H 1 or H2 is zero the electric field Ep1 cancels along the antenna 2 and 
there is no coupling from antenna 1 to 2, i.e., Z12 = 0. Also, it makes no dif-
ference which antenna is number 1, so if for a fixed D, Hi and H2 are interchanged, 
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the values of Z12 should be identical. This fact afforded a check of the accuracy 
of the computed solut ions. Using this sort of check, it was observed that the 
computed values agreed to about five significant figures upon such an inter-
change. This test also showed that the calculated values for small D are less 
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accurate than for larger values of D, as was expected. Unfortunately, the 
coupling between antennas is also greater as D approaches zero, i.e., Z12 becomes 
larger with decreasing spacing of the antenna planes, so the most interesting 
points are also the most inaccurate. Over much of the range chosen, it may be 
noted that the real part of the mutual impedance is negative. 

Inspection of the curves shows that over the range of D chosen, the reactive 
part, X12, is generally a bit larger in magnitude than the resistive part R12- The 
largest amount of coupling occurs when D is small and also when the antennas 
overlap slightly. The largest computed value for the magnitude of Z12 occurred 
when H1 = H 2 = 0.2, D = 0.1, and was equal to approximately 32.711 ohms. 
However, the largest value of the resistive part, R12, was computed to be ap-
proximately -13.129 ohms at H 1 = H2 = 0.3, D = 0.1 wavelengths. This 
means that the largest resistive coupling does not occur when the largest reactive 
coupling does. The largest reactive coupling takes place at D = 0.1, H1 = H2 = 
0.2, and has an approximate value of -31.732 ohms. The mutual impedance 
falls off more sharply as H 1 approaches zero (symmetrical placement) than it 
does as H, becomes larger than the position for maximum mutual impedance. 

APPENDIX I 

Z 12 EXPRESSED IN TERMS OF THE EXPONENTIAL 
INTEGRAL WITH COMPLEX LIMITS 

Starting with (10), one may write the cosine in exponential form and then 
break (10) up as follows 

(13) Z,2 = -j15 (h, + l\/4)!)./4 (y - h2) [€-i/lcr,- y> + €-i/lcr,+u>]dy 
-l../4 r, p 2 

+ j15 (l\/4 _ h,)1)./4 (y - h2) [€-i/lcr,-YJ + €-i/lcr, +YJJ dy 
- l../4 r2 p2 

Let the integrals above be called G, and G2, or 
(14) Z12 = -j15 [(h1 + l\ /4) G1 + (h1 - l\/4) G2] 
Consider G1. Take the integral of the first term in G, and call it J1 

(15) 

For brevity, let 
(16) 
Define a new variable, t, in the following way 
(17) at = r1 + (y - h2) 

(18) 

Using this gives 

(19) 

(20) 

a 
r1 = 2 (t + 1 /t) 

a (y - h2) = - (t - 1 /t) 
2 

7 



(21) ri dy = -dt 
t 

The limits of integration of Ji become 

(22 ) ti = ! j[a2 + (">,. /4 + h2/]½ - (h2 + >,. /4)} a 

(23) 

Then for J 1 with this variable change 

(24) 
2 E-j/Jh, it, (t2 - 1) :-j{Ja t dt 

Ji= ---
a t, t4 + 2 ( 2a~2 - 1) t2 + 1 

By use of a partial fraction expansion, (24) may be broken into four integrals 

Ji= E-jfJh, [ rt, E-j{Jat dt -1,t, E-j{Jat dt _11, :-j{Jat dt 
<25 ) 2(hi·+>-. /4 ) J1i t+p1 ti t+p2 t, t+p3 

where 
(26) api = - (hi+ >-./4) -jd 
(27) ap2 = (hi + >,. /4) -jd 
(28) ap3 = (hi + >,. /4) +jd 
(29) ap4 = - (hi+ >-. /4) +jd 

+ 11, E-j{Jat dt] 
t, t + p4 

Take the first integral in the brackets of (25) and call it K 1 

(30) 

Now let 
(31) 

1\-itJat dt 
Ki= ---

' t + Pi 

W = (t + Pi) (3a 

and this gives the form of the exponential integral 

(32) 

where 
(33) 
(34) 

! W •-iW 
Ki = E-i/3apl E __ dW 

w, w 

Wi = (ti+ Pi) f3a 
W2 = (t2 + Pi) (3a 

Returning to the expression for Gi, as given by (13) and (14), let the second 
term be called J2. Then J2 may be handled in a similar fashion as J 1• When 
this is done one may write Ji and J 2 as 

E-j8h , [ j{Jap ( W" E-jW j{Jap f W22 E-i W 

(35) Ji=2(hi+>-- /4) E ' Jw11W-dW-E ' w21W-aw+ 

1 w,,_;w iw., -iW ] 
- //Jav, E __ dW + //Jap • E __ dW 

Wn W W, W 
8 



(36) 

where 
(37) 
(38) 
with 

E 2 j{Jap E j{Jap E j/3/i [ 1X12 -jX 1X" -iX 

J2 = 2 (h1 + X/4) E 1 Xn x-dX - E 2 x,.-dX + 
f X,, -jX j/Jap iX" 

_ //3ap3 _E_dX +-E __ • E 
X31 X X x .. 

Wmn = Ctn+ Pm) {3a 

Xmn = (I /tn + Pm) {3a 

-jX] 

(39) n = I, 2 ; m = I, 2, 3, 4. 
Note that the tn and Pm are the same in J2 and .T1. 

Similar expressions for G2 may be derived as G2 is the same form as G1 with 
r2 replacing r1. Therefore, Z12 can be expressed in terms of the Exponential 
Integral with complex limits. 
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