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APPLIED PROBLEMS IN FRAME THEORY
Sara Botelho-Andrade

Dr. Peter Casazza, Dissertation Supervisor

ABSTRACT

This thesis is a study of two applied problems in frame theory: phase retrieval
and quantum detection. These problems are inspired by engineering applications in
signal processing and information theory.

In signal processing, phase retrieval is the problem of retrieving a signal from a
set of intensity measurements. Motivation for this problem comes from engineering
applications where phase information is lost, often after passing through a filter or
from the measurement process itself. Practical applications include X-ray crystal-
lography, diffraction imaging, optics, speech processing, deep learning, and quantum
information theory. In the discrete setting, these measurements correspond to the
magnitude of the inner products with the given frame vectors, or |(x, zx)|. By gener-
alizing known characterizations of the phase retrieval problem, we arrive at conditions
for embedding phase retrievable frames in larger dimensional spaces. We go on to
consider a related problem of recovering the phase of a vector from given a set of
intensity measurements, called the phase property. The study of the phase property
motivated a investigation of weakened notions of both problems in Sections 1.1.1 and
1.1.2. The last section in this chapter is aimed at observing the differences between
phase retrieval in finite and infinite dimensions. While most characterizations carry
over from finite dimensions, there are some surprising differences.

The other problem we will consider, quantum detection, has applications in op-



tical communications, including the detection of coherent light signals such as radio,
radar, and laser signals. Quantum detection theory is a reformulation, in quantum-
mechanical terms, of statistical decision theory. In this thesis, we consider a Hilbert
space frame version of a quantum detection problem. The quantum detection prob-
lem can be deconstructed as follows: the injectivity problem and the state estimation
problem. We begin by considering the problem in a more general setting and then
will show the desired results as particular cases.

The goal of the injectivity problem is to classify frames which are injective with
respect to self-adjoint Hilbert-Schmidt operators. By associating vectors x € H" with
vectors T in a larger space, we are able to use standard linear algebra and functional
analysis techniques to provide characterizations for the injectivity problem in complex
and real Hilbert spaces, as well as construct solutions. Given an injective frame, the
goal of the state estimation problem is to construct a self-adjoint trace one operator
T such that the vector with coordinates (Txy, zx) is equal to a predetermined mea-
surement vector. We give equivalent conditions for solvability of the state estimation
problem and provide best approximate solutions when no exact solution is possible.

We also show results about density of both problems.

vi



0.1 Preliminaries

The purpose of this section is to introduce some basic definitions and results from
frame theory. For a background on Hilbert space frame theory see [14, 16, 18]. H" will
be used to denote an n-dimensional real or complex Hilbert space. When applicable, H
will be used to denote a separable Hilbert space. When it is necessary to differentiate
the two, the usual notation will be used: R™ or C". As usual ¢, denotes the space of
square summable sequences. Throughout this thesis, let {ej }re; denote the canonical
basis of H. Also, ¢ will be used to denote the complex unit.

Frames are often considered a generalization of orthogonal basis. By relaxing
the orthogonality condition, we gain redundancy. The advantage is that redundant
systems can recover lost information, as we will see in the first chapter of this thesis.
We start with the definition of a frame in H, which is reminescent of Parseval’s

identity.

Definition 0.1. A family of vectors X = {x}xe;s is a frame for (a real or complex)

Hilbert space H if there are constants 0 < A < B < oo satisfying:

Allz|> <> [, z)” < Bj|)?, for all x € H.

kel
We have
1. A, B are the lower and upper frame bounds of the frame.

2. If A= B this is a tight frame. If A = B =1 this is a Parseval frame.

3. If we only assume we have 0 < B < oo, this is called a B-Bessel sequence.

Note that [|zx||* < B, for all k € I.

vil



In finite dimensions, the definition of a frame is equivalent to a spanning set.
However, in infinite dimensions there are examples of spanning sets which do not
satisfy the frame inequality.

For a frame vector x; in R™ or C”, we denote its coordinates as

T = ($k17$k27 e axkn)>

unless otherwise noted. Similarly, we extend this notation for x; belonging to /5.
We define the analysis operator of the frame as 7" : H — ¢5(I) by

T(x) = ((z, 1), (x,22),...) = > _ (2, 2k )ex

kel

The synthesis operator T is given by:

1 ({ak}kel) = Z ApTk-

kel

The frame operator is S = T*T. This is a positive, self-adjoint, invertible operator
on H satisfying:

Sz = Z(x,xk>xk

kel

With this definition, one reformulation of the frame definition is that the numerical
range of S, the set (Sz,z) for all ||z|| = 1, is an interval in the positive reals. It is
known that for any frame {zy }rer, {S™"/ %2 }res is a Parseval frame. It is also known

that a frame is Parseval if and only if its frame operator is the identity operator.

Definition 0.2. A frame {zy }res is said to be bounded if there is a constant C' > 0

such that ||zx]| > C, for all k € I.

viil



Chapter 1

The Phase Retrieval Problem

In signal processing, phase retrieval is the problem of retrieving a signal from a set
of intensity measurements. The problem has been studied by engineers for many
years. Signals passing through linear systems may result in lost or distorted phase
information, often after passing through a filter or from the measurement process
itself.. This partial loss of phase information occurs in various applications including
speech recognition [6, 33, 34], and optics applications such as X-ray crystallography [5,
24, 25]. The concept of phase retrieval for Hilbert space frames was introduced in
2006 by Balan, Casazza, and Edidin [3] and since then it has become an active area
of research. In the discrete setting, these measurements correspond to the magnitude
of the inner products with the given frame vectors, or [(x,x;)|. Measurements of
this type have an inherent ambiguity, since |(z,z;)| = |[(e¥z,x;)| for all § € R.
One question is what is necessary to recover the phase of a signal, given intensity
measurements from a redundant linear system? Another questions is given these
measurements can we recover the unknown signal itself? By phase, we are referring
to the unimodular portion of the polar decomposition of x. We will show that these
questions are equivalent, but it is not obvious from the definition.

Phase retrieval has been defined for vectors as well as for projections. Phase



retrieval by projections occur in real life problems, such as crystal twinning [20],
where the signal is projected onto some higher dimensional subspaces and has to be
recovered from the norms of the projections of the vectors onto the subspaces. We
refer the reader to [12] for a detailed study of phase retrieval by projections. At times
these projections are identified with their target spaces. Determining when subspaces
{W;}m, and {W;}™, both do phase retrieval has given way to the notion of norm
retrieval [1], another important area of research.

Next, we give the formal definitions of phase retrieva and norm retrieval.

Definition 1.1. Let X = {4 }rer be a family of vectors in H (resp. {Py}rer is a

family of projections on H) satisfying: for every non-zero vectors z and y and

[z, 2)|” = |(y, xe)|*, for all k e I. (1.1)
Respectively,
| Pez|® = || Peyl|?, for all k € 1. (1.2)

1. If this implies there is a |f| = 1 so that x = 6y, we say X does phase retrieval.

(Respectively, { P }rer does phase retrieval.)

2. If this implies ||z|]| = ||y||, we say & does norm retrieval. (Respectively,

{P.}rer does norm retrieval.)

Moreover, in the real case, if § = 1 we say x and y have the same signs and if
6 = —1 we say x and y have opposite signs.

We note that tight frames X = {zy }res for H do norm retrieval. Indeed, if

(2, 2)] = [(y, i), for all k € T



then
Allz]® =" [ @) =Y Ky, ze)* = Allyl*.
kel kel
Phase retrieval in R" is classified in terms of a fundamental result called the comple-

ment property, which we define below:

Definition 1.2. A frame X = {x}},c; in H satisfies the complement property if

for all subsets S C I, either span{xy }res = H or span{xy }rese = H.

Theorem 1.3 ([3] [11]). If X does phase retrieval in H then it has complement
property. In a real Hilbert space, if X has complement property then it does phase

retrieval.

In fact this definition fully classifies phase retrievable frames in the real setting.
It follows that if X = {z;}, does phase retrieval in R™ then m > 2n — 1. This
theorem only states that the complement property is necessary for complex phase
retrieval and the minimum number of measurements necessary remains open. It was
conjectured that the minimum number of vectors necessary in C" was 4n — 4, but a
counter example was shown in [36].

For an elementary example of vectors doing phase retrieval we give the definition

of full spark.

Definition 1.4. Given a family of vectors X = {z;}!*, in H", the spark of X is
defined as the cardinality of the smallest linearly dependent subset of X'. When
spark(X') = n + 1, every subset of size n is linearly independent, and in that case, X

is said to be full spark.



Notice that full spark is stronger than the complement property. That is, full spark
frames with m > 2n — 1 have the complement property and hence do phase retrieval.
Moreover, if m = 2n — 1 then the complement property clearly implies full spark.
To construct a set of vectors with this property begin with any basis {e;}}_; in R™.
Let H; = spany, ; €. Then pick x,,11 € (Uz-e[n]Hi)c. This new set of vectors has the
property that every n vectors are linearly independent. Repeating this procedure we
obtain a set with (2n — 1) vectors, this set will do phase retrieval.

One approach for classifying phase retrieval uses the association between vectors
and rank one Hermitian matrices (see [4]). The idea is to lift the problem to the
higher dimensional space of Hermitian matrices, where the problem becomes linear.
In the following theorem, the authors exploit this approach to derive a complement

property classification for phase retrieval by projections.

Theorem 1.5 ([12]). Let P; be othorgonal projections onto linear subspaces W; for
1 < j < m. Then for every orthonormal basis (¢; )., of W, the collection of vectors

{pjr + 1<j<m,1<k<n;} does phase retrieval.

Next we present a second classification of phase retrieval by projections. The
original proof for finite dimensional case was first presented in [21], we extend the

proof to all real separable Hilbert spaces.

Theorem 1.6 ([21]). A family of projections {P;}icr on a real Hilbert space H does

phase retrieval if and only if for every 0 # x € {y, Span{ Px}°, = H.

Proof. (=) We proceed by way of contradiction. So assume that thereisan 0 # x € s

and { Pz}, does not span ¢y. Choose 0 # y € l5 so that y L P foralli=1,2,....

4



Let u =2 +y and v = x —y. Then since Py 1 Pz for all 7, we have that
1Pz +y)I* = |1 Pizl® + | Pyll* = | Pz — ).

If {P;}5°, does phase retrieval, then  +y = £(2 — y). This implies z = 0 or y = 0,
which is a contradiction.

(«<=) The proof of this theorem in [13] works directly here. B

1.0.1 Lifting

In this section we demonstrate an embedding of finite frames in higher dimensions
such that the complement property is preserved, which we will refer to as “lifting”.
We provide necessary and sufficient conditions for when such a construction is possible
and an example to demonstrate problems that may arise in infinite dimensions. We

begin with a few useful definitions.

Definition 1.7. A frame X = {z;};c; has the overcomplete complement property if
for every S C I, either {z;};cs or {z;}icsc spans and is linearly dependent, i.e. it is

not a basis.

The overcomplete complement property is a natural generalization of the usual
complement property, as will be shown shortly. Next we specify exactly what types

of embeddings we are considering.
Definition 1.8. A frame {y;}, C R"™* is a k-lifting of a frame {z;}7, if
Yilgn =, for all i =1,2,... m. (1.3)

The next theorem classifies when 1-lifts are possible and provides a construction

for the choice of coordinates to adjoin.



Theorem 1.9. A phase retrievable frame X = {x;}*, C R"™ can be 1-lifted to a phase

retrievable frame if and only if X has the overcomplete complement property.

Proof. For the sufficiency we shall provide a constructive proof. The idea of the
proof will be to produce a vector v € R™ such that the i*" coordinate of v will be the
(n+1)" coordinate of #;. Given a subset S C [m], by assumption either Xg = {z;}ics
or Xse = {%; }icse spans R™ and is linearly dependent. We begin by demonstrating an
embedding of vectors from the spanning set that still span in R**!. Without loss of
generality, in our notation we shall assume yg is always the overcomplete spanning
set of vectors. Then for some choice of coefficients we have Zie g a;x; = 0 where «;
are not all zero. Denote ag = (a1, as,...,0qg)) € RI®I and pick Bg € RISl such that
(g, Bs) # 0. Define the embedded vectors Xg = {Z:}ies € R™M as follows

() = {W sl (14)

Where z;(j) = z;; denotes the j™ coordinate of x;. To show that X spans R,
observe <as—1/85> Zie ¢ ;%; = eyqq. Since Xg spans R”, it follows that X’S spans R+,
This construction gives a procedure for an embedding which spans the larger space
R™*! but is dependent on the subset S. Also observe we haven’t posed any conditions
on how to extend the vectors in S°. For each choice of S, we have the associated

ISl Let Hg C RISl denote the hyperplane perpendicular to asg.

vectors ag, fs € R
Then our construction depends on being able to choose a vector in the complement
of Hg for all subsets S. But the cardinality of S is changing as we range over all

possibilities. To overcome this we will work with the larger space R™ = RIS x RI%°I.

There are finitely many choices of S therefore USC[m] Hg x RISl £ R™. Then for

6



vE (USC[m] Hg x R'SC|>C we defined
o JEild) Jeln]
() = {v(i) —m4l (1.5)

Then it follows that X = {4;}™, has the complement property in R"*+!.

For necessity assume X does phase retrieval but does not have the overcomplete
complement property. Any spanning set that is a basis cannot be 1-lifted since by
our assumption there exists S such that vectors in .S nor S¢ are linearly dependant.

The result above may be generalized for a k-lift with minimal effort. Naturally
the overcompleteness of each subset S is critical in determining what integers k are
plausible. More specifically, we define the lifting number of a phase retrievable frame

as follows:
Definition 1.10. Given a frame X' = {;}icjm) C R", let

Ly = min{|S| — n : span{x; }ics = R" and |S| > S|}, (1.6)
then Ly is the lifting number for the frame X.

From the previous theorem we see immediately that if X has the overcomplete
complement property then Ly > 1. The lifting number tells us how many dimensions
higher we can lift X. If Ly > 1 then when we 1-lift, each overcomplete spanning
subset will be lifted to a spanning set in R"™! with the same cardinality. If Ly > 1
that means each spanning subset with higher cardinality (S or S¢) will be lifted to a

spanning set which is still not a basis in R"™!, hence can be lifted again. The idea is

7



that after each lift, the lifting number of the subsequent lifted frame X’ is one smaller

than Ly. That is, if X is a 1-lift of X then Ly=Ly—1
Corollary 1.11. X C R" can be k-lifted if and only if k < Ly.

Theorem 1.12. If a frame X C R™ contains 2n + 2m + 1 vectors with a 2n + 2m

full spark subset. X can be (m + 1)-lifted.

Proof. Clearly if a frame contains a 2n + 2m full spark subset it does phase retrieval
as it contains a 2n — 1 full spark subset which already does phase retrieval. Let
X = {&;}icpntom+1) and H = {;}icantom) be a full spark subset. Given any S C
[2n + 2m)], if S contains more than half the elements in H then it will be a spanning
set with more than n + m vectors hence its cardinality minus n will be greater than
m hence at least m + 1. If it contains less than half of the elements of H then the
same holds for S¢. If it contained exactly half then both S and 5S¢ will contain n +m
elements of H hence they both span. Whichever set that contains s,19,11 Will be a

spanning set of cardinality n +m + 1. Hence X will have lifting number m + 1. B

The set of 2n 4+ 2m + 1 full spark vectors is open, dense, and contains a subset of
2n 4+ 2m full spark vectors. Then the previous theorem shows the set of 2n 4+ 2m + 1
vectors in R™ that can be m+ 1-lifted contains an open dense set. Hence almost every

set of 2n + 2m + 1 or 2n + 2m + 2 vectors can be m -+ 1-lifted.

1.1 The Phase Property

In this section we investigate the relationship between phase retrieval and recovery

of the phase of signal in the finite dimensional case. Let = = (ay,as,...,a,) and

8



y = (b1, by, ...,b,) be vectors in H". We say that z,y have the same phase if there

exists |0] =1
arga; = fargh;, foralli=1,2,... n.
We begin this section with a simple definition.

Definition 1.13. Let X = {x}}7"; be a family of vectors in H" such that for every

non-zero x and y
[z, z1)|* = [{y, 2)|* forall k=1,2,...m.
If this implies x and y have the same phases, we say X has the phase property.

Definition 1.14. A family of orthogonal projections {P;}},; on H" satisfies the

phase property if for every non-zero z and y
| Beal|? = [|Pyll?, for all k € [m]
imples z and y have the same phase.

We will prove that phase retrieval implies the complement property for both the
real and complex cases and even in a more general setting. First, observe a few
consequences of this definiton. If z = (a1, as,...,a,) and y = (b1, bs, ..., b,) have the
same phases, then a; = 0 if and only if b; = 0 (i.e. zero has no phase). Note that if
{zx}7-, has the phase property in H", then span{x;}}", = H". For otherwise, there

would exist 0 # x € H" so that
(x,z5) = (0,24) =0, forall i =1,2,...,m,

while z and 0 do not have the same phase.

9



Over the years, the term phase retrieval has been used to replace the original
nomenclature of phaseless reconstruction. At a meeting in 2012, Casazza asked if this
shift in terminology was accurate. That is, are the phase property and phase retrieval
really the same? In this section we will answer this question in the affirmative.

The problem occurred here because of the way we translated the engineering ver-
sion of phase retrieval into the language of frame theory. The engineers are working
with the modulus of the Fourier transform and want to recover the phases so they
can invert the Fourier transform to discover the signal. So all they need to do is to
recover the phase. But in the frame theory version of this, for z = (a1, as, ..., a,) we

are really trying to recover two things:
1. Recover the phases of the a;.
2. Recover |a;| (which in the engineering case, is already known).

Theorem 1.15. Let { P}, be projections onto the subspaces {W;}™, of H" which
have the phase property, then for every orthonormal basis {¢; jD:"l of W;, the set

{¢i,j};1’1§i:1 has complement property.

Proof. Suppose {W;}™, satisfy the phase property, but fail phase retrieval. By The-
orem 1.5, there exist an orthonormal basis {gbm}f:"l of each W; such that the set
{¢i; ;1’1?":1 fails the complement property. In other words, there exists I C {(,j) :
1 < i < mandl < j < D;} so that {¢;}uer and {¢i;}@j)ere do not span
H"™. Choose vectors z,y € H" with ||z|| = 1 = ||y||, and z = (a1, as,...,a,) and
y = (b1,ba,...,b,) such that = L ¢, ; for all (i,5) € I and y L ¢;; for all (,j) € I°.

Note this choice of vectors forces that for each (i, j) either (z, ¢; ;) = 0 or (y, ¢; ;) = 0.

10



Fix 0 # ¢. Then for each 1 <i<m

’<£L' + cy, ¢1J>’ = ‘(.CL’ —Ccy, ¢ij>|7 for all Z,j

Hence,

D.
1P (z + ey)|)” = Z| vt ey, i) =Dl = ey, dig)l = [P — ey)lI*.
j=1

By assumption that {P;}™, does phase retrieval, this implies there is a [#| = 1 so
that = + cy and 0(x — cy) have the same phases. Assume there exists some 1 < 75 < n

so that a;, # 0 # b, and let ¢ = 7~¢. Then

%0

(x + cy)iy = ai, + cbiy = a;y + Tobio =
io

while

0 — 2&1‘0 7é0

("E - Cy)io = Qi — b
10
But this contradicts the observation that zero has a unique phase. It follows that for

every 1 < i < n, either a; = 0 or b; = 0. Let {e;}!; be an orthonormal basis for H"

and let I = {1 <i<n:b,=0}. Then

x+y:2aiei+2bi€i, andx—yzzai€i+2(_

el iele el ielc

By the above argument, = + y and (z — y) have this same phase, but this is a

contradiction. N

We have a number of consequences of Theorem 1.15. Letting the subspaces W; be

one dimensional, this becomes a theorem about vectors.

Corollary 1.16. If X = {z;}*, does phase retrieval in H", then X has the com-
plement property. Hence, in the real case, the phase property and phase retrieval are

equivalent properties.

11



Combining Theorems 1.15, 1.5 we get the following corollary.

Corollary 1.17. In R", a family of projections { P;}™, has the phase property if and

only if it does phase retrieval.

In the complex case, the complement property is not equivalent to phase retrieval.
However, we can show that the phase property and phase retrieval are equivalent in

the complex case by using the following criteria:

Theorem 1.18 ([4]). Consider X = {x}7, € C" and the mapping 4 : C"/T — R™
defined by (A(z))(k) := [(z,z1)]?. Viewing {xxziu}{, as vectors in R*", denote

S(u) := spang{zrrjultit,. Then the following are equivalent:

(a) A is injective.

(b) dim S(u) > 2n — 1 for every u € C™\ {0}.

(c) S(u) = spang{tu}* for every u € C*\ {0}.

To prove the desired result we first need a few lemmas. For this section we adopt

the notation (a,b)g to denote Re(a,b).

Lemma 1.19. Given {z};*; € C" and any u € C" then (vyriu, tu)g =0

Proof. The following calculation gives the result almost immediately:

(xpriu, tuyg =((u, vg) Tk, tu)r = Re(—u{u, xg) (Tg, u))

= — Re(il(u, z1)?) = 0.

12



Lemma 1.20. Given {z};~, € C" and any u,v € C" then for each xy,

[(u+ v, 2) [ = [(u — v, 24) [ = Hapaju, v)r.
Proof. Consider the following

[t v, 20)[ = [{u, 24) P+ 2Re((u, i) (v, @) + {0, 21) (1.7)
and

[(u—v,2i)* = [{u, 24) |* — 2Re({u, 2x) (v, 1)) + (v, 22) . (1.8)

Then subtracting (1.8) from (1.7) we obtain

(w4 v, 21) 2 — (v — v, 21)[* = 4Re((u, z) (v, 7)) = Hzpriu, v)w

Corollary 1.21. If {x}}7-, does phase retrieval and (xixiu,v)r = 0 for each k then

u+v=w(u—ov) for |w =1 and thus v = Tffﬁ? .
Proof. If w4+ v = wu — wv then v = x—jr}u =— (lfﬁggw) = Tffﬁﬁu |
Lemma 1.22. Given any u, let v = awu for o € R and let w = T2 then |w| = 1

and u+v =u(l + ) = 2% (u — cwu) = w(u — v).

Lemma 1.23. If x — y # 0 then (p¢*(x — y),z + y)r = 0.
Proof. Consider the following calculation,
(99" (z —y), =+ y)r = Re((z + y)"¢¢" (x — y))
= Re(|¢*z]* — 2" 09"y + y*¢o*x — |py[*)

= Re(—2"¢¢"y + 2" 9¢"y) = 0.

13



Lemma 1.24. Let a,b € C such that |a| + |b] > 0. If
arg(a + b) = arg(e(a — b)),

then

2Im(ab)

tanf = ———
T aE =P

for |a| # |b| and 0 = /2 otherwise.
Theorem 1.25. The phase property implies phase retrieval in the complex case.

Proof. Suppose X = {z;}7-; C C" does phase retrieval. Let u, v be non-zero vectors
in C" such that (zpzju,v)g = 0 for all k. Note that Lemma 1.20 ensures that
(u + v, 2)|* = [{u — v, z3)|* for each k. To apply the results in Theorem 1.18, we
must show v = A\ for some A € R. For simplicity, denote v = (uq,us,...) and

v = (v1, g, ...). Consider the following cases:
Case 1: ujv; =0forall 1 < j <n.

Without loss of generality, suppose u = (e*1,0,....) and v = (0,e?2,...) for some
a1, f1 € R. Since x has the phase property, we have that u+ v has the same phase as
e"(u — v), with some real constant v. In particular arg(u; + v1) = arg(e*?(u; — v1)),
i.e. arg(e®) = arg(eVe'®r). Similarly arg(us+vy) = arg(e (ug—uy)), i.e. arg(e’?) =
arg(—e7e'?). However the first condition implies v = 0 and the second gives v = T,

a contradiction.
Case 1: u;v; # 0 for some 1 < j <n.

Without loss of generality, we can assume ujv; # 0 and by multiplying by the

appropriate constants we may also assume |ui| = |v;| = r; > 0. Then by Lemma
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1.24, for each 1 < j < n we have that

2 Im(w;v,)
tan(y) = ———22.
i[> — |v;]?
By assumption |u;| = |v1], therefore v = 7/2 and hence |u;| = |v;| for all 1 < j < n.

So we have shown that

LB

Lo Lo

u = (1™ ree'®, ... rpet®) and v = (rieft, ree2 L rettn).

Now we claim that sin(5; —a;) = ¢ for all j. To see this note that since arg(2u;+v;) =
arg(e’?(2u; — v;)) for all j and fixed 6, then by Lemma 1.24 we see that

4 Im(w;v; 4
c:taHHZM:§sin(ﬁj—aj) Vi<j<n.

2
37‘j

For each j, set a; = cos(f; — a;) = £v/1 — 2. We can express v = w + ciu where

Lo

w = (a1r1€" Y, agrae*®?, ... apretn).

Now we rewrite

v = (Tle‘aleb(ﬁl_‘”), roetezetBemaz) ,Tne‘a"eb(ﬁ"_a”))

and each e!%i=%) = cos(B; — ;) + tsin(B; — ;) = a; + tc. We must show w = 0.

Recall that for every k we have
0 = (xraju, w + cu)yr = (Tpriu, w)r + (TRTRU, CLU)R.

By Lemma 1.19 we see that (xpziu, w)g = 0 for all k. Note that w = 0 if and only if
a; = 0 for all j. This is clear since that if a; # 0 then the first component of a;u + w
is non-zero but the the first component of aju — w is 0 (assuming u; # 0) which

contradicts to w = 0.
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1.1.1 Weak Phase Property

While investigating the relationship between phase retrieval and the phase property,
it was noted that if two vectors have the same phase then they will be zero in the
same coordinates. This gave way to a weakening of phase retrieval, known as weak
phase retrieval. In this work, we study the weakened notions of the phase property
and phase retrieval. One limitation of current methods used for retrieving the phase
of a signal is computing power. Recall that a generic family of (2m — 1)-vectors in
R™ does phase retrieval, however no set of (2n — 2)-vectors can (See [3] for details).
By generic we are referring to an open dense set in the set of (2n — 1)-element frames
in H™. We started with the motivation that weak phase retrieval could be done with
n+1 vectors in R™. However, it will be shown that the cardinality condition can only
be relaxed to 2n — 2. Nevertheless, the results we obtain in this work are interesting
in their own right and contribute to the overall understanding of phase retrieval. We
provide illustrative examples in the real and complex cases for weak phase retrieval
and weak phase property.

In this section we will make a detailed study of the weakened phase property.
First we define the weak phase property and obtain the minimum number of vectors

required.

Definition 1.26. Two vectors in H", z = (aj,as,...,a,) and y = (by,ba, ..., by)

weakly have the same phase if there is a |#| = 1 so that
arg(a;) = Qarg(b;), for alli =1,2,...,n, for which a;b; # 0.

In the real case, if § = 1 we say z,y weakly have the same signs and if § = —1

they weakly have opposite signs.
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In the definition above note that we are only comparing the phase of x and y
for entries where both are nonzero. Hence, two vectors may weakly have the same
phase but not have the same phase in the usual sense. We define weak phase retrieval

formally as follows:

Definition 1.27. A family of vectors {z }}~; in H" have the weak phase property

if for any = = (aq,as,...,a,) and y = (b1, bs, ..., b,) in H", with
[z, 1) |? = [(y, 2)|?, forall k =1,2,...,m,
then z,y weakly have the same phase.

Observe that the difference between the phase property and the weak phase phase
property is that in the later it is possible for a; = 0 but b; # 0. Now we begin our
study of the weak phase property in R™. The following proposition provides a useful

criteria for determining when two vectors have weakly the same or opposite phases.

Proposition 1.28. Let x = (ai,as,...,a,) and y = (by,ba,...,b,) in R™. The

following are equivalent:

1. We have
sgn (a;a;) = sgn (bb;), for all a;a; # 0 # b;b;.
2. Either x,y have weakly the same signs or they have weakly opposite signs.
Proof. (1) = (2): Let
I={1<i<n:aq;=0}and J={1<i<n:b =0}

Let K = [n]\ (JUJ). So i € K if and only if a; # 0 # b;. Let igp = min K. We
examine two cases:

17



Case 1: sgn a;, = sgn b;,.

For any iy # k € K, sgn (a;,ax) = sgn (b, by), implies sgn ap = sgn by. Since all

other coordinates of either x or y are zero, it follows that x,y weakly have the same

signs.
Case 2: sgn a;, = —sgn b;,.
For any i, # k € K, a;,a), = b;,by, implies sgn ay, = —sgn by. Again, since all other

coordinates of either x or y are zero, it follows that x,y weakly have opposite signs.

(2) = (1): This is immediate. B

The next lemma will be useful in the following proofs as it gives a criteria for

showing when vectors do not weakly have the same phase.

Lemma 1.29. Let x = (ay, as, ..., a,) andy = (b, bs, ..., b,) be vectors in R™. If there
exists i € [n] such that a;b; # 0 and (z,y) = 0, then x and y do not have weakly the

same or opposite Signs.

Proof. We proceed by way of contradiction. If x and y weakly have the same phase

then a;b; > 0 for all j € [n] and in particular we arrive at the following contradiction

<l’,y> = Zajbj > Clibi > 0.

j=1

If x and y weakly have opposite phases then a;b; < 0 for all j € [n] and by reversing

the inequalities in the expression above we get the desired result. B

The following result relates the weak phase property and the original phase prop-
erty. Recall that in the real case, it is known that the phase property, phase retrieval

and the complement property are equivalent [3, 10].
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Corollary 1.30. Suppose X = {xx}}; C R™ has the weak phase property, but fails

complement property. Then there exists two vectors v,w € R™ such that v L w and
(v, k)| = [{(w, )| for all k. (1.9)
Further, v and w are disjointly supported.

Proof. By the assumption, X = {z;}}~, fails complement property so there exists
S C [m], st. A = span{xy}res # R™ and B = span{xy}rese # R". Choose ||z|| =
|lyll = 1 such that L A and y L B. Then

(z +y,xr)| = [(x —y,zx)| for all i=1, 2, ..., m.

Let w=2x+y and v =2 —y. Then u L v. Observe

(w,0) = (x+y,x —y) = ||zl|” + (y,2) — (x,y) — |ly]I* = 0.

Moreover, the assumption that X has the weak phase property implies u and w have
weakly the same or opposite phases. Then it follows from Lemma 1.29 that w,w; = 0

forall e =1,2,...,n and so u and w are disjointly supported. B

Example 1.31. In R? let 7; = (1,1) and and x5 = (1, —1). These vectors clearly

fail complement property. But if x = (ay,a3), b = (b1, bs) and we have,
(2, z)| = [(y, zx)|, for k =1,2,

then
lay + as|® = |by + by|? and |a; — as]* = |by — bo.

By squaring these out and subtracting the result we get 4ai;as = 4b1bs. Hence, ei-
ther x,y have the same signs or opposite signs. These vectors have the weak phase
property.
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With some particular assumptions, the following proposition determines a con-

straint on vectors which have the weak phase property, but not phase retrieval.

Proposition 1.32. Let X = {x;}", € R™ such that X has the weak phase property,
but fails complement property. Let x = (a1, az,...,a,), y = (by,ba,...b,) € R™ such
that v +vy L x —y and satisfy equation 1.9. If a;b; # 0, a;b; # 0 for some 1,5 and all

other co-ordinates of x and y are zero, then

|zk;| = c|xgi|; for some ¢ > 0.

where x, = (1, Tray - -+ Thn)-

Proof. Without loss of generality, take x = (a1, as,0,...,0) and y = (by, by,

0,...,0). Observe that both x 4+ y and = — y either weakly have the same phase or
weakly have the opposite phase. Thus, by Lemma 1.29, x 4+ y and x — y have disjoint
support as these vectors are orthogonal. Thus it reduces to the cases where either
a1 = by, as = —by or a3 = —by, as = by. In both cases, it follows from equation 1.9

>0.1

that |zxa| = ¢ x| where ¢ = "b—zl

The next theorem gives the minimum number of vectors necessary to satisfy the
weak phase property in R™. Recall that phase retrieval (or the phase property)

requires m > 2n — 1 vectors.
Theorem 1.33. If {x;}, in R™ satisfy the weak phase property, then m > 2n — 2.

Proof. For a contradiction assume m < 2n — 3 and choose S C [m] with S = [n — 2].
Then |S| =n—2 and |S¢| < n—1. For this partition of [m], let z+y and x —y be as
in Corollary 1.30. Then x + y and x — y must be disjointly supported and therefore
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for each 7 we have a; = €;b;, where ¢; = £1 for each i. Observe the conclusion holds

for a fixed x and any y € (span{zj}res)t and dim (span{zj}res)t > 2. However
this poses a contradiction since there are infinitely many distinct choices of y in this

space, while our argument shows that there are at most 2" choices of y.

Contrary to the initial hopes, the previous result shows that the minimal number
of vectors needed to satisfy the weak phase property is only one less than the number
of vectors doing phase retrieval. However, it is interesting to note that a minimal set
of vectors satisfying the weak phase property is necessarily full spark, as is true for

the minimal number of vectors doing phase retrieval.

Theorem 1.34. If X = {x;}:",? satisfies the weak phase property in R", then X is

full spark.

Proof. We proceed by way of contradiction. Assume X is not full spark. Then there
exists S C {1,2,...,2n—2} with |S| = n such that dimspan{xy }res < n—1. Observe
that the choice of S above implies |S¢| = n — 2. Now we arrive at a contradiction by

applying the same argument used in (the proof of) Theorem 1.33. B

It is important to note that the converse of Theorem 1.34 does not hold. For
example, the canonical basis in R? is trivially full spark but does not have the weak
phase property.

If x is as in Theorem 1.34, then it is possible to add a vector to this set and obtain
a collection which does phase retrieval. However, the following corollary provides a

slightly stronger result.

Corollary 1.35. If X is as in Theorem 1.34, then by the construction of full spark
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there exists a dense set of vectors F in R™ such that {1} UX does phase retrieval for

any ¥ € F.

Proof. We observe that the set of 1 € R™ such that X U {¢} is full spark is dense
in R*. To see this let G = Uﬁ[gn_g] span{z }re;. Then G is the finite union of
Ij=n—1
hyperplanes so G° is dense and {¢} U X is full spark for any ¥ € G°. To verify that
this collection of vectors is full spark. Note that either a sub-collection of m-vectors
is contained in X, then it spans R", or the subcollection contains the vector . In
this case, denote I C [2n — 2] with |I| = n — 1 and suppose ), axry + arp = 0.
Therefore ai) = — ), ., apzy and if a # 0 then arp € span{zy}rer, a contradiction. It

follows a = 0 and since X is full spark (see Theorem 1.34), in particular {xy}rer are

linearly independent, it follows that ay =0 for all k € 1. B
1.1.2 Weak Phase Retrieval

In this section, we define weak phase retrieval and show that in the real case it is

equivalent to phase retrieval. A formal definition is given below:

Definition 1.36. A family of vectors X = {x}}7", in H" does weak phase retrieval

if for any = = (aq,as,...,a,) and y = (b1, bs, ..., b,) in H", with

[z, 1) |? = [{y, 2)|?, forall k =1,2,...,m, (1.10)
there is a || = 1 so that

a; = 0b;, for all i =1,2,... n, for which a; # 0 # b;.

In particular, X does phase retrieval for vectors having all non-zero coordinates.

Clearly if X C R"™ does weak phase retrieval, then it has the weak phase property.
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The converse is not true in general. Let z = (ay,a4,...,a,,) and y = (by, bs, ..., by).
If X = {xx}7>, C R" has the weak phase property and [{i|a;b; # 0}| = 2 then
X may not do weak phase retrieval. If a,a; = b;b; where a;b; # 0 then we certainly
cannot conclude in general that |a;| = |b;| (see Example 1.40). The following theorems
provide conditions under which the weak phase property is equivalent to weak phase

retrieval.

Proposition 1.37. Suppose X = {xx}}, has the weak phase property on vectors
r = (a1, ag,....;a,) and y = (b1, ba,...,b,) in H". If |I| = |{i : a;b; # 0} > 3 and

a;a; = bib; for alli,j € I, then X does weak phase retrieval on these vectors.

Proof. 1f i, j, k are members of I such that a,a; = b;b;, a;ar = b;by and ara; = byb;,
then a short calculation gives a?a;ay = b?b;by, and hence |a;| = |b;|. This computation
holds for each ¢ € I and since x does has the weak phase property, there is a [0] = 1

so that arga; = @ argb; for all 7. It follows that a; = 0 b; for all i such that a;b; # 0. B

It turns out that whenever a frame contains the unit basis vectors, then the weak
phase property and phase retrieval are the equivalent, as shown in the following

theorem.

Proposition 1.38. Suppose X = {x;}7, C R™ has the weak phase property. If X

contains the standard basis vectors, then x does phase retrieval.

Proof. Let x = (ay,az,...,a,), y = (by,ba,...,b,) € R™. If X satisfies the equa-
tion 1.10, then (for basis vectors) the equation 1.10 implies that |a;| = |b;|, Vi =
1,2,...,n. 1
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We conclude this section by showing the surprising result that weak phase retrieval

is equivalent to phase retrieval in R”. In other words, it was never really weak.

Theorem 1.39. Frames in R™ which do weak phase retrieval do phase retrieval.

Proof. For a contradiction assume X' = {x;}7*; C R™ does weak phase rectrieval but

fails the complement property. Then there exists S C [m] such that span,.g x5 # R"

and spangcg. x; # R". Pick non-zero vectors z,y € R" such that L span,cgq xp #

R™ and span;g. o # R™. Then for any ¢ # 0 we have

(z + cy, zi)| = [{x — cy,x)| for all k € [m].

Now we consider the following cases where a; and b; denotes the i** coordinate of

the vectors x and y.

Case 1:

Case 2:

{i:a; 20 N{i:0; #0} =0

Set ¢ = 1 and observe since = # 0 there exists some i € [n]| such that a; # 0 and
b; = 0 and similarly there exists j € [n] such that b; # 0 but a; = 0. Then z+y
and = — y have the same sign in the i**-coordinate but opposite signs in the ;%

coordinate, this contradicts the assumption that X does weak phase retrieval.

There exists i, j C [n] such that a;b; # 0 and a; = 0, b; # 0.

Without loss of generality, we may assume a;b; > 0 otherwise consider —x or
—y. If0<ec< ZT’ then the i*" coordinate of = + cy and z — cy have the
same sign whereas the j® coordinates have opposite signs which contradicts
the assumption. By considering y + cx and y — cx this argument holds in the

case that b; = 0 and a; # 0.
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Case 3: a; = 0 if and only if b; = 0.
By choosing ¢ small enough, we have that a; 4 cb; # 0 if and only if a; — cb; # 0.
By weak phase retrieval, we have a; +cb; = £(x; —cy;). This forces either a; # 0

or b; # 0 (but not both), which contradicts the assumption for case 3.

It is known [1] that if X = {x;}}., C R” has the phase property or does phase
retrieval in H" and 7" is an invertible operator on H" then {T'z;}}*, does phase
retrieval. It follows that the same result holds for weak phase retrieval. However,
this result does not hold for the weak phase property. Indeed, if z; = (1,1) and
xy = (1,—1), then we have seen that this frame does weak phase retrieval in R?. But
the invertible operator T'(z1) = (1,0), T(x2) = (0,1) maps this frame to a frame

which fails weak phase retrieval.

1.2 Illustrative Examples

In this section, we provide examples of frames that have the weak phase property in
R3 and R*.
Our first example is a frame which has the weak phase property, but fails weak

phase retrieval (as we have seen in R?).

Example 1.40. We work with the row vectors of

1 1 1 1
w111
A= T3 1 -1 1

Ty 1 1 -1
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Observe that the rows of this matrix form an equal norm tight frame X'. Recall that
a tight frame must do norm retrieval since the frame operator is a constant multiple
of the identity. That is, A||z||? = S r_, [(z, zx)|% If 2 = (a1, a9, as) the following is
the coefficient matrix where the row FE; represents the coefficients obtained from the
expansion |{x, zy)|*

3 2
aias @143 axaz Y ., a;

E, 1 1 1 1/2
12 |By, | -1 -1 1 1/2
Ey | -1 1 -1 1/2
E, 1 -1 -1 1/2

Then the following row operations give

[ a1ay Q103 Qsas Z?Zl a?]
F,=FE — Ey 1 1 0 0
Fy=F;s—FE, —1 1 0 0
12| F=EB B | 1 0 1 0
Fi,=FE,— FE, —1 0 1 0
Fi=F —FE, 0 1 1 0
R=B-E | 0 -1 1 0

3 2
a1 Q1043 G203 Zi:lai

Fy — Fy 1 0 0 0
1/2 Fs+ Fy 0 0 1 0
B-F | 0o 1 0 0

Therefore we have demonstrated a procedure to identify a;a; for all 1 <1 # j < 3.
This shows that given y = (b, by, b3) satisfying [(x, zx)|* = |(y, zx)|* then by the

procedure outlined above we obtain
a;a; = bibj, for all 1 S 1 #] S 3.

By Proposition 2.7, these four vectors do weak sign retrieval in R®. However this

family fails to do weak phaseless reconstruction. Observe the vectors z = (1,2,0)
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and y = (2,1,0) satisty |(z,zy)| =

value in each coordinate.

Our next example is a frame which has the weak phase property, but fails phase

retrieval.

Example 1.41. The set of vectors below satisfy the weak phase property in R*. In

|{y, zx)| however do not have the same absolute

this case, our vectors are the rows of the matrix:

T
Hop)
T3
Ty
Ts
Te

1
-1

—_ = =

1
1
-1
1
-1
-1

1
1
1
—1
1
-1

1]

1
1
-1
-1
1

Note that X fails to do phase retrieval as it requires seven vectors in R* to do

phase retrieval in R*. Given x = (ay,as, as, as), y = (b1, b2, bs, by) we assume

(@, 21)|> = |(y, 7x)|?, for all k =1,2,3,4,5,6. (1.11)

Step 1: The following is the coefficient matrix obtained after expanding |(z, z})|* for

k=12,...,6.

[ a1 a1z a1a4 Q203 Qa2a4 QA304 Z?:l af_

E, 1 1 -1 1 -1 -1 :

(|| -1 -1 -1 1 1 1 >

3 E; -1 1 1 -1 -1 1 3

E, 1 -1 -1 -1 -1 1 3

E; -1 1 -1 -1 1 -1 2
| Es -1 -1 1 1 -1 -1 >

Step 2: Consider the following row operations, the last column becomes all zeroes

so we drop it and we get:
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Fi=iXEi—-E) |0 1 0 1 0 -1
Fr=%iE—-E) | 0 -1 0 1 0 1
Fy=3(E;—FEs) | 0 1 0 -1 0 1
Al=4(Fi+F) |0 0 0 1 0 0
Ay=2(Fi+F;) |0 1 0 0 0 0
| As=2(F,+F;) | 0 0 0 0 0 1|

Step 3: Subtracting out Ay, A and A3 from F4, Es, E5 and Ej, we get:

E/l=| 1 0 -10 —10
Ey=|-10-10 1 0
Ei=|-10 1 0 —10
Ej=| 1 0 -10 —10

Step 4: We will show that a;a; = b;b; for all i # j.

Performing the given operations we get:

Dy =By +E) | 100000
A, 010000
Dy==2E,+E) | 00100 0
A 000100
Dy=3E,+E) | 000010
] As 00000 1]

Doing the same operations with y = (by, by, b3, by) we get:
a;a; = bibj, for all 1 S 7 #] S 4.

It should be noted that weak phase retrieval does not imply norm retrieval.
We may use the previous example to illustrate this. Let X = {z;}¢_; be as in
Example 1.41. Suppose X does norm retrieval. Since there are only 6 vectors
X fails the complement property. Now, take z = (1,1,—1,1) L {zy, 29,23} and
y = (1,1,1,1) L {xy4,x5,26}. Then, we have [{x + y,z;| = |[{x — y,z;)| for all
i =1,2,...6. The definition implies ||z +y|| = ||z —y||. Since ||z| = ||y, this implies
that x L y, which is a contradiction.
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1.3 Phase Retrieval in /¢

The purpose of this section is to highlight some differences between finite and infinite
dimensional phase retrieval. While most of the known classifications hold in ¢, there
are many surprising differences between the finite and infinite dimensional cases.

It is known [12] that the families of vectors {z;}"; which do phase retrieval in R"
are dense in the family of m > (2n — 1)-element sets of vectors in R"™. This follows
from the fact that full spark families of m > 2n — 1 vectors are dense and do phase

retrieval. The corresponding result fails in infinite dimensions.

Definition 1.42. We say a family of sequences of vectors F is dense in /5 if given
any sequence of vectors Y = {y;}22, C {5 and any € > 0 there an X = {x;}2, € F so

that

d(X, V) = |z —uill* < e
i=1
First we need the definition of a Riesz basis.

Definition 1.43. A collection of vectors {z;};c; in a Hilbert space H is a Riesz basis
for H if it is the image of an orthonormal basis for H under an invertible linear
transformation. In other words, if there is an orthonormal basis {e;} for H and an

invertible transformation 7" such that Te; = x; for all 7.
Note that a Riesz basis cannot do phase retrieval since it fails complement property.

Proposition 1.44. Let X = {z;}3°, C ly be such that Z |z; — eil|* <1 —e. Then
i=1
X s a Riesz basis for (5.
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Proof. Define an operator T' : ¢5 — {5 by Te; = z;, for all © = 1,2,.... Given

oo
a=Y ", a;e € ly we have

It = T)al* = HZ%(%—%)HQ (1.12)

< Z jaillle; — @i (1.13)
< Z|ai|2> (Z”%—@HQ) (1.14)
< (1 - O)fall®. (1.15)

It follows that T is an invertible operator and so {T'e;}3°, is a Riesz basis for /5. B

Proposition 1.45. The families of vectors which do phase retrieval in €y are not

dense in the infinite families of vectors in 5.

Proof. Let 0 < e < 1. If X = {x;}$2, is any family of unit vectors with
ZH%—&HQ <l-—g (1.16)
i=1

then X is a Riesz basis and hence cannot do phase retrieval. B

It is known in finite dimensions [2, 12] that if X = {x;}/", does phase retrieval,

there is an € > 0 so that whenever ) = {y;}I", satisfies:

ZH%—%HQ <6 (1.17)
=1

then ) does phase retrieval. The above is called a e-perturbation of X. The

corresponding result fails in ¢y as was shown in [11].

Theorem 1.46 ([11]). Given a frame {x;}2, doing phase retrieval in ly and an

€ >0, there is a frame {y;}32, which fails phase retrieval in ¢y and satisfies:
Dz —wil® <e (1.18)
i=1
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Next we try to generalize the definition of full spark, however we will see that such

families may not do phase retrieval.

Definition 1.47. A set of vectors {z;}32, in {5 is finitely full spark if for every
I € Nwith |I| = n, {Prz;}3°, is full spark (i.e. spark n+1), where Py is the orthogonal

projection onto span{e; }icr.

Proposition 1.48. The finitely full spark families of vectors in {5 are dense in the
infinite families of vectors in ly. In particular, there are Riesz bases for {5 which are

finitely full spark, and these families cannot do phase retrieval.

Proof. Let {y;}2, be a family of vectors in {5 and fix e > 0. We will construct the
vectors by induction. To get started, choose a vector x; with all non-zero coordinates
so that ||z1 — 1]|* < §. Now assume we have constructed vectors {z;}/*; so that for
every I C N with |I| < oo, {Pra;}, is full spark and ||z; — y;]|* < 555. For each
finite subset I C N, let

I'l = % 1< 1]
gI:U{m[{Pfxi}ieI’U{ei}ielc]:]/C [m],{’ | =mifm+1<|[]] }

| = |I| - 1if [I| <m

Let F = U U Gy, then F is a countable union of proper subspaces of ¢, and hence

€

there exists a vector ¥, 41 not in F and ||2pi1 — Ymia]]? < smgr- Lhis provides the

required family of finitely full spark vectors. B

One interpretation of the definition of full spark is that any minimal number of
vectors in the set which could possibly span, must span, i.e. any subset of n-vectors

must span. The corresponding statement for /5 is:

Definition 1.49. A family of vectors {z;}3°, is full spark in ¢, if every infinite

subset spans /s.
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A full spark set clearly has complement property and hence does phase retrieval

in the infinite dimensional case.

Theorem 1.50. There exist full spark families of vectors in 5 which then do phase

retrieval.

Proof. Such an example can be found in Theorem 2 of [36]. For another example,
consider L5[0,1]. It is known that if a sequence a,, # a of numbers (real or complex)
tends to a when n — oo, then the sequence of functions f,,(t) = e** spans Ls[0, 1] (this
is a standard application of the Hahn-Banach theorem together with the uniqueness
theorem for holomorphic functions, see more in Appendix IIT of [31].) Since every
subsequence of a, also has the same limit, every subsequence of f,, also spans Ls[0, 1].

In the following, we will show how to create a new phase retrieval set by translating

the vectors of the original one in the same direction. First, we will need a lemma.

Lemma 1.51. If {x;}$2, is Bessel in ly, then for every v € (o,

lim (v, z;) = 0. (1.19)
1—00
Proof. Given a vector v, we have Z |(v, 2;)|* < oo, hence lim;_,o [{(v, 7;)| = 0.0
i=1

Note that if any {z;}°, does phase retrieval, then { xl} is Bessel and

=1

][ 2°
also does phase retrieval.

Theorem 1.52. Assume {x;}5°, is a Bessel sequence in {5 and does phase retrieval.

Then for every v € Uy, {z; + v}2, does phase retrieval.

32



Proof. Assume
(z,z; +v)| = |(y,x; +v)|, forall i =1,2,....

Let I = {i : (z,z; + v) = (y,x; + v)}, then either |I| or |I°| is infinite. By the
complement property, either {x;};cr or {x;}ic;e spans the space. Without loss of

generality, assume {z; };c; spans f5. Now,

(r,z; +v) = (y,z; + v), for all i € I,
and so (x —y,x;) = (y — x,v), for all i € I. By Lemma 1.51,

(y—x,v)=0=(x —y,x;), foralli e I. (1.20)
It follows that x —y =0. B

Note that {x;+v}$°, is not Bessel. But we can scale it to be Bessel and it still does
phase retrieval. By repeating the argument in the previous corollary, it is possible to
effectively “delete” a finite number of vectors by translating the system and scaling

the set so they are Bessel.

Proposition 1.53. There is a family of vectors in €y doing phase retrieval where

each of the vectors has all non-zero coordinates with respect to the unit vectors.

Proof. Let {x;}°, do phase retrieval. Let {e;}2°, be the unit vectors. Recall z;; =
z;(j) denotes the j* coordinate of x;. For any j = 1,2,... the family {x;;}3°, is
a countable set of real numbers, so we may choose a real number a; # —z;; and
0 <a; <5 foralli=1,2.... Let v = (a,as,...). Then {z; + v}2; does phase
retrieval and each vector has all non-zero coordinates. B
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1.3.1 Lifting

The following theorem is an infinite dimensional version of Theorem 1.9. Note that
this is not a classification of the liftable phase retrieving frames, but is a sufficient

condition.

Theorem 1.54. Let X = {x;}2, be a frame for {5 doing phase retrieval and let
Y = {y:}2, be a linearly dependent spanning set in ly. Then X UY can be lifted to

a phase retrieving frame for (5.

Proof. Let X = {x;}2, and Y = {y;}32, be as in the theorem. We show that we can
lift this union to one higher dimension and maintain phase retrieval. Let L be the
right shift operator on /s, i.e. if z = (ay,aq,...), then Lz = (0,a4,as,...). Replace
vectors in X by X = {i;}2°, where #; = La;. The idea for I = {4,122, is very similar
to the proof in Theorem 1.9. We show existence of a vector v = (by,by,...) € o
such that 1; = b;e; + Ly; will have the desired property to assure X UY does phase
retrieval.

Since {y;}3°, is linearly dependent, there exists a sequence of scalars oo = {o; }3°,
with all but a finite number equal to zero, such that Zf; a;y; = 0. Denote H; =

e C ly and note that by the Baire Category Theorem
(U Hi) Uat]" #0. (1.21)

Let v = (b, by, ...) € [(UZ, H;) Uat]® and define §; as stated above. Note that v

has all non-zero coordinates and (v, ) # 0. Moreover,

o0

Zai@i = Z(ai(biel + Ly;) = (o, v)e;. (1.22)

=1
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Let any j > 1 and € > 0. Since {y;}°, spans {5, there is a finite subset [; and scalars

{Br}rer; such that
leg = > Bunell <e. (1.23)
kEIj
This implies

lejr1 = > Bl — brer)|| < e, for all j > 1. (1.24)
kEIj

Since e; € span{g;}2°,, e; € span{y; }2, for all j, Y = {§;}52, spans (o

Now we will show that X U ) satisfies Edidin’s theorem. Since (e1,7;) = b; # 0,
the projection of e; on the vectors of y span f5. Let any non-zero vector x # ey,
the projection of x onto the vectors #; will spans e; C f5. Note that x cannot be
orthogonal to all g; since these vectors span f5. Let g; be one such vector. Since g;
is outside of e{ C /5, the projection of o onto the vectors of X UY span ly as well.

Hence X U ji does phase retrieval.

1.3.2 Sets Which do Phase Retrieval in /5

Theorem 1.55. Assume we have subspaces Wy C Wy C -+ C {5 and wvectors
{x@j)}jer doing phase retrieval in W; for every i. Finally, assume U2, W; is dense

in ly. Then {x 4 }32, je;, does phase retrieval in {y.

Proof. We will check the complement property. Observe that a partition of vec-
tors {x(i ) }i2y jer, induces a partition for vectors {z( ;) }jer, C Wi. By assumption

{x@j)}jer, does phase retrieval on W;, therefore for each it = 1,2, ...

either W; C span{x y}ujyer or Wi C span{x( )} )ere- (1.25)
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Then either [ or I¢ contains infinitely many W;, without loss of generality we assume

it is 1. This means that for infinitely many ¢,

Wi C span{z (i } i jer- (1.26)
Since W; C W;,4 for all 1,

U2, Wi C span{zj) }ijyer, (1.27)

and so the closure of the right hand set is /5. This shows our family of vectors have

complement property and hence do phase retrieval on /5. R

In finite dimensions it is known [3] that any family of vectors doing phase retrieval
must contain at least (2n — 1)-vectors. It follows that a full spark family of vectors
{x;}?"7" does phase retrieval (since it has complement property) but if we delete any
vector it fails phase retrieval. The following example shows that there is a family of
vectors in £ which does phase retrieval but we cannot drop any vector and maintain

phase retrieval. First, we need the following lemma:

Lemma 1.56. Let {e;}32, be the canonical orthonormal basis for {y. For any fized i,
if © is orthogonal to e; +e; for infinitely many j > i, then (x,e;) = (x,e;) =0 for all

such 7j.

Proof. Let K = {j : j > i,(x,e; + €;) = 0}, then by assumption, the cardinality of
K is infinite.

It is clear that |[(x,e;)| = |(z,e;)| for all j € K. Suppose by a contradition that
[(x,e;)| > 0 for all j € K. Then we have ||z||* > Z |(x,e;)|* = oo, a contradiction.

jEK
[ |
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Example 1.57. Let the family of vectors X = {e; + ¢;}i<;. Then X does phase

retrieval in £ but we cannot drop any vector of X and maintain phase retrieval.

Proof. Let I be any subset of the set {(,7) : ¢ < j}, and we can assume that (1, j) € I
for infinitely many j. We will show that either {e; 4 €;} ¢ jyer or {e; +€;} (i )ere spans
ly. Suppose {e; + €;} (i jyer does not span . We will show that {e; + e;}(;  jcre spans
ls.

Let any = = (2(1),2(2),...) be such that (z,e; +¢e;) =0 for all (3, j) € I°.

By assumption, there is y = (y(1),y(2),...),y # 0 and (y,e; + e;) = 0 for all
(i,7) € I. Let s be the smallest number such that y(s) # 0. By Lemma 1.56,
(s,7) ¢ I for infinitely many j > s. Hence there is ¢ > s such that (s, j) € I¢ for all

j > t. Again, by Lemma 1.56, we get

z(s) =z(j) =0 for all j > ¢.

We will now show that z(j) = 0 forall j = 1,2...t—1. Suppose thereis 1 < j <s
such that z(j) # 0. This implies (j,s) ¢ I°. Thus (j,s) € I and hence y(j) # 0. But
this contradicts the way we chose s. So xz(j) =0 for all 1 <j < s.

Now let any s < j < t. If (s,7) € I¢ then x(j) = 0. If (s,j) € I, then y(j) # 0.
Note that by assumption, (1,7) € I for infinitely many j, and hence by Lemma 1.56,
we get that y(1) = 0. Thus, (1,7) ¢ I. Therefore (1,7) € I¢ and so z(j) = x(1) = 0.
This completes the proof that {e; + €;}( jcre span fs.

Now we will show that we cannot drop any vector of X and maintain phase re-
trieval.

Fix any (k,?),k < (. Consider Y ={e; +e; :1 < j,(i,j) # (k,£)}. Let
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xr = ep+ep, y=e,— e Clearly, x # +y. For any vector e; +¢; € )V, we compute:

<$,€i + €j> = <€k,€i> + <€k,€j> + <€g, €i> + <€g,€j>,

(y, i +ej) = (ex, €:) + (e, ej) — (er, &) — (e, ;).

If i =Fkthen j # ¢, i <{and k < j. Thus (z,e; +¢;) = (y,e; +e;) = 1. If j =k,
theni < j=k</l So (r,e;+e;) =(y,e;+e;) =1

Consider the case 7,j # k. If ¢ = £ then j # ¢. Hence
(r,e;+e€;) =1, and (y,e; +¢;) = —1. (1.28)

If i # ¢ and j = ¢ then (z,e; +¢e;) = 1, and (y,e; + ¢;) = —1. Finally, if ¢ # ¢ and

j # € then (z,e; + e;) = (y,e; + e;) = 0. Thus, in all cases, we always have that
(z,e;+e;)| = |(y,e; +¢;)], for all e; +¢e; € V. (1.29)

Since x # £y, ) cannot do phase retrieval.

Theorem 1.58. Let P, be the orthogonal projection of s onto E, = span{e;}! ;.

There is a set of vectors ¥ = {Y(m,}no1ie1 that does not do phase retrieval on (s,
but X = {Z(n) fot1ie1 = APnY(ni) tnoi o1 does phase retrieval in ly. Moreover, finite

subsets of X do phase retrieval on E, for every n.

Proof. For each n € N, let X, be a finite set of vectors {x(n,i)}ieln contained in E,
that does phase retrieval in F,,. For example consider a full spark set in F,, embedded
in /5 by adding zero to all other entries. We know that X' = {5 }72; ;¢ does phase
retrieval in /5. It is sufficient to show that for each n and i, there exists y, ), with
PoY(ni) = T(n,), such that the y, ;) is contained in a fixed hyperplane for all (n,).
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Let w be the vector with infinitely many non-zero coordinates. For each n, x(,; has

finite support contained in the first n coordinates, for all ¢ € I,,. Then there is j > n

(i), w)

—FFe€
w(j)

for i € I,. It follows that (y(,s,w) = 0, and hence y(, ;) C wt for all (n,7). This

such that the j*' coordinate of w is non-zero. Define Y(ni) = T(ni) — s

completes the proof. B
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Chapter 2

Quantum Detection Problem

In this chapter we will give a complete answer to the frame quantum detection problem
including the injectivity problem and state estimation problem. We will answer the
problem in both the real and complex cases and in both the finite dimensional and
infinite dimensional cases. To explain exactly what we will solve, we need to introduce
the basics of quantum detection. Let L>(H) be the space of bounded linear operators
on a finite or infinite dimenional (real or complex) Hilbert space H. For an operator
T € Lo(H), the finite rank operators on H, the trace of T is given by: tr(T) =
> ici(Te;, e;), which is finite and independent of the orthonormal basis. The trace
induces a scalar product by (T, S)gs = tr(7'S*). The closure of Lo(H) with respect
to this scalar product, denoted L*(H) is the space of the Hilbert-Schmidt operators
on H. For any T € L®(H) let |T| = v/TT*, the positive square root of TT*. We say
that T is a trace class operator if tr(|T|) < co. The set of all trace class operators is
denoted by L!(H) and forms a Banach space under the trace norm ||T|; = tr(|T)).

Let Sym(H) denote the real Banach space of self-adjoint operators on H, or

Sym(H) ={T :T € L*(H), T =T"},
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and let Sym™(H) denote the real cone of positive self-adjoint operators on H
SymT(H) = {T =T* >0}

The main objects to analyze these operators are the positive operator-valued mea-
sures. In quantum mechanics, the definition of a von Neumann measurement can
be generalized using positive operator-valued measures (POVMs) [23, 22, 28]. This
generalization allows one to distinguish more accurately among elements of a set of
non-orthogonal quantum states.

Let X denote a set of outcomes (e.g. this could be a finite or infinite subset of Z4

or R?) and 3 denote a sigma algebra of subsets of X.

Definition 2.1. A positive operator-valued measure (POVM) is a function

IT: 8 — Sym™(H) satisfying:
1. TI(@) = 0 (the zero operator).

2. For every at most countable disjoint family {U,;}ic; C 3, z,y € H we have

(I (UserUs) x,y) = Z(H(Ui)x,y).

el

3. II(X) = I (the identity operator).

A quantum system is defined as a von Neumann algebra A of operators acting on

H. The set of states on H is
SMH)={T € L'(H), T=T*>0, tr(T) = 1},

and represents the reservoir of quantum states for any quantum system.
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The set of quantum states S(A) associated to a quantum system A is obtained
by identifying states that differ by a null state with respect to A. Thus, the set of
quantum states are in one-to-one correspondance with the linear functionals on A of

the form:

p: A— C, for some S € S(H), p(T) = tr(T5), forevery T € A.

A quantum state p € S(A) is called a pure state if it is an extreme point in the
convex weak* compact set of quantum states S(A). We say a POVM 11 is associated
to a von Neumann algebra AifI1: § — AN Sym™(H).

Given a quantum state p, the quantum measurement performed by the POVM II
is the map p : 8 — R defined by p(U) = p(II(U)) = tr(II(U)T), where T € S(H) is

in the equivalence class associated to p.

2.0.1 The Quantum Detection Problem

Let L(S,R) denote the set of real-valued bounded functions defined on 8. Given a
POVM II associated to a von Neumann algebra A, the quantum detection problem
asks if there is a unique quantum state p € S(A) compatible with the set of quantum
measurements performed by the POVM 11?7

More specifically, the quantum detection problem asks two questions:

1. Injectivity, or state separability: Is the following map injective

M : S(A) = L(B,R), M(p)(U) = p(II(U))?

2. Range analysis, or state estimation: Assume M is injective. Then, given a

map p € L(S,R), determine if p is in the range of M, hence is of the form
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p = M(p) for some unique p € S(A). If not, find a quantum state p that best

approximates p in some sense (e.g. robustness to noise).

It should be mentioned that, in this context, a significant amount of work has been
put into computing the probability of detection error [9, 28, 27, 32, 30].

Shortly we will introduce the Hilbert space frame version of the quantum detection
problem, but first some prelimarinaries about frame POVMs. For some background
on frame POVMs see [7, 23, 26, 19].

If {x)}res is a Parseval frame for a Hilbert space H, it naturally induces a POVM
Il on X = I with 8 = 2! (the power set of I):

I(U) = Zxkx};, where x; : HH — C, x;(x) = (z, z),
keU

with strong convergence for any U C [.
Given a state T' € S(H) (i.e. a unit-trace, trace class, positive, self-adjoint operator
on H), the frame induced quantum measurement is given by the function

p:B—=R, plU)= Ztr(Ta:ka) = Z(ka,xk>.

keU keU

For the Von Neumann algebra A = L*>°(H), the quantum states coincide with the con-
vex set of states S(H). In this case, we may pose the injectivity and state estimation

problems as follows:

1. Injectivity, or state separability: Is there a Parseval frame X = {xy }res so that
the map M : S(H) — L(3,R) defined by M(T)(U) = >, ./ (T, vx) for U C I

is injective?

2. State Estimation Problem: Given an injective Parseval frame {zy}rer and a
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function p : § — R, is there any T' € S(H) so that M(T") = p? If not, find a

quantum state 1" that best approximates p.

We will first work on a more general problem and then investigate the added

conditions. In particular, we first consider
1. Self-adjoint operators which may not be positive.
2. Operators which are not trace one, but are Hilbert Schmidt.

3. Frames which are not Parseval.

It will be shown that the approach used here to solve this more general problem

will also solve the original problem. First, we need a definition.

Definition 2.2. A family of vectors X = {z}res in a Hilbert space H is said to be
injective if given a Hilbert Schmidt self-adjoint operator T satisfying (Txy, xx) = 0

for all k € I, then T' = 0.

First we notice that if a family of vectors gives injectivity in a Hilbert space H",

then it is a frame for H".

Proposition 2.3. Let {zy}}, be a family of vectors in H" which is injective. Then

span{z i, = H".

Proof. Suppose by contradiction that W := span{x;}*, # H". Let P be the orthog-
onal projection onto W+. Then (Pxy,x;) = 0 for all k, but P # 0, a contradiction.

Proposition 2.4. Let {zy}rer be a frame for H which gives injectivity. If F is a
bounded invertible operator on H, then {Fxy}rer also gives injectivity.
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Proof. Let T be a Hilbert Schmidt self-adjoint operator such that
(T'Fxy, Fay)y =0, for all k.

Then (F*TFxy,x) = 0, for all k. Note that F*TF is also a Hilbert Schmidt self-

adjoint operator. Therefore, F*T'F = 0 and hence T'=0. 1

The previous result shows that injectivity is preserved by bounded invertible op-
erators. That is, we do not need to find Parseval frames for the quantum detection
problem. If we have an injective frame, then its canonical Parseval frame is injective

and we have theh following corollary.

Corollary 2.5. Let {xy}rer be a frame with frame operator S. If {xy}rer gives

injectivity, then the canonical Parseval frame {S™Y2?x;}ver also gives injectivity.
2.1 The Finite Dimensional Case

In this section we will solve the finite dimensional injectivity problem and the state
estimation problem for both the real and complex cases. These problems were origi-
nally solved by Scott [35] (See also [8]) where the solutions are called informationally
complete quantum measurements. The approach presented here provides more infor-
mation about the solutions and easily generalizes to infinite dimensions. The following

theorem shows that we do not need to work with positive operators.

Theorem 2.6. Given a family of vectors X = {x}i, in H", the following are

equivalent:
1. Whenever T, S are positive and self-adjoint, and

<TfEk,[L‘k> = <S$k,$k>7 fO’]” all ka
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then T = S.
2. Whenever T, S are self-adjoint, and
(Trg, xg) = (Sxk, xg), for all k,
then T'=S.
3. X 1is injective.
Proof. (1) = (2): Let T, S be self-adjoint operators such that
(Trg, xp) = (Sxk, ), for all k.
Set

my = Hiﬂ£1<Tx’$>’ My 1= “iﬁ£1<51’,1‘>

then my, my € R. Set m = min{my, mo}.

Now let P =T —mlI, Q@ =S —ml. Then for any x € H, ||z|| = 1, we have
(Pr,x) = (T —ml)z,x) = (Tx,x) —m > 0.

Hence, P is positive. Similarly, @) is positive.
We have
(Pxy,xy) = (T — mI)xy, )
= (Ty, wy) — ml|a ]
= (Swg, xx) — mllz]?
= (Qzr, T1).

By (1) we get P = @ and therefore T'= 5.

(2) = (3) and (3) = (1) are clear since T'— S is also a self-adjoint operator. B
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If we further require that the operators are trace one, then to prove injectivity
we only need to show that if T is trace zero and (Txy,zx) = 0 for all k = 1,2,.. .,
then T" = 0. This is because the trace is linear. That is, if T',.S are trace one and

(Trg,xp) = (S, xg) for all k
(T — S)xy,zx) =0, for all k and tr(7T —S) = 0.
The real case

We start with a propositon which motivates the classification for injectivity presented

here.

Proposition 2.7. Given a self-adjoint operator T = (a;;);;—; on R™ and a vector

x = (r1,%2,...,%,) € R", we have
n n n
2
(Tz, x) E E ;x5 = E ai;x; + 2 E g ;T 5.
i=1 j=1 i=1 i=1 j=i+1

Proof. First we compute:

Txr = <Z aljxj,Zagja:j,...,Zanjxj> (21)
j=1 j=1 j=1

(Tz,z) = Z ar;x;ry + Z A9;TjTo + -+ + Z AT (2.2)
j=1

J=1 J=1

Using the fact that T is self-adjoint:

(Tz, ) Z Z ;T

Zl_]l

- Z CL“I +2 Z AigliLy-

1<i<j<n

This proposition inspired the following definition:
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Definition 2.8. Given a vector x = (z1,%2,...,2,) € R" we define the following

. ~ . n(n+1)
associated vector £ in R~z by:

T = (2101, 1%g, . . ., L1y} ToTo, LT3, - ., L2Tps - - -3 Ty 1 Tp—1, Tp—1Tn Tnn ).

To a self-adjoint operator T' = (a;;);';—; on R, we associate a vector T in R by:

T= (an, 2a19, . . ., 201p; 22, 2023, . . ., 202p; - . . 3 A(n—1)(n—1); 2a(n71)n; ann)~
Proposition 2.7 now becomes:

Corollary 2.9. Given a self-adjoint operator T = (a;;)i';—; on R™ and a vector

z = (x1,29,...,2,) € R", we have (Tx,z) = (T, ).

We are now able to give a classification of the frames y which give injectivity for

the quantum detection problem.
Theorem 2.10. Let X = {x}7, be a frame for R™. The following are equivalent:

1. X gives injectivity.

n(n+1)

2. We have that {Zy}7-, spans K =R~z

Proof. (1) = (2): Let a vector

a = (G117 12, - -+, A1p; A22, 23, « - -, A2p; - -« 5 A(n—1)(n—1)) A(n—1)n; ann) ek

be such that (a,Z;) = 0 for all k.

Define an operator T' = (b;)7,—, on R", where b;; = a; for i = 1,2,...,n and
bij = bj;i = %aij for i < j. Then T is a self-adjoint operator with 7" = a. Hence by
the previous Corollary 2.9 we have that (T'xz,x) = (a,Z) for any x € R". Therefore,
(Txg, xx) = (a,Tg) = 0 for all k. This implies 7' = 0 and hence a = 0.
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(2) = (1): This direction is immediate by Corollary 2.9. If (T, &) = (T, z1) = 0

for all k, then because {7}, spans IC, we have that T =0. Hence, T =0. B

The spanning condition in the previous theorem gives a lower limit on the number
of vectors needed to achieve injectivity.
o n(n +1)
Corollary 2.11. If a frame X = {xy}}, gives injectivity in R", then m > —
As a consequence (see [17]):
Corollary 2.12. Given a frame {zy}}, for R", the following are equivalent:
1. The family {zyx;} 7, spans the class of self-adjoint operators.

n(n+1)

2. The family of vectors {Zx}jr, spans R~z .

Proof. This is immediate since for every x € R™ and self-adjoint operator 7', we have

(T, zx*y = tr(Txx") = (Tx, x).

In the standard frame quantum detection problem, there is the added assumption
that the trace of the operators is one. As mentioned before, by linearity of the trace
we only need to consider trace zero operators. The following simple example shows

that with the added assumption tr(7') = 0 , we reduce the number of measurements.

Example 2.13. Let X = {(1,0),(1,1)} in R% Then X gives injectivity in R? for all
self-adjoint operators of trace one.

a

Let T = [b

i} be a self-adjoint matrix of trace zero such that

(T(1,0), (1,0)) = (T(1,1), (1,1)) = 0.
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Then a = (7'(1,0), (1,0)) = 0. Since a + ¢ = 0 and
(I'(1,1),(1,1)) =((a+bb+¢),(1,1)) =a+2b+c,

we find b = ¢ = 0. Therefore, T = 0.

From this example, one may expect that for trace 0 operators we only need

n(n+1) _ : : : .
2~ measurements. The following classification confirms this fact.

Theorem 2.14. Let X = {x}7, be a frame for R™. The following are equivalent:

1. X gqives injectivity for all self-adjoint operators of trace one.

n(n+1) 1

2. We have that {Zy}7, spans K =Rz

Proof. For this version of the theorem we must consider a new associated vector .

Let x = (21,29, ...,x,) € R". Define

~ 22 .2 2 2 2
T = (21X, ..., T1%p; T5 — X7, T2Xg, .., Lok} ey Th g — L]y Tpe1 T Ty — T7)-

As previously observed, it is sufficient to show that if T is a self-adjoint operator of
trace zero and (Tzg,xx) =0 for all k =1,2,..., then T'= 0.

(1) = (2): Let a vector

a= (a2, ...,010;022, ..., 02; . ; Gn-1)(n-1), A(n—1)n; Gnn) € K

be such that (a, Z) = 0 for all k.

Define an operator T’ = (b;;);';—y, where biy = — Y 1", ai, by = ag fori = 2,3,....n

1
and b;; = bj; = 5% for i < 7. Then T is self-adjoint and tr(7") = 0.

For any x = (x1, 2z, ...,x,) € R" we have
(Tz, ) Z Z bijrx; = Z b“x + 2 Z bijrix;
=1 j=1 1<i<j<n
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n n
2 2
= —E Gy | 1+ E a;T; + g ;T
=2 i=2

1<i<j<n

= (a, 7).

Therefore, (T'vg, x) = (a,Tx) = 0 for all k. This implies 7' = 0 and hence a = 0.

(2) = (1): Let T' = (ai;)7;=; be a self-adjoint operator with tr(7") = 0 and such

that (Tzg, zy) = 0 for all k. Then a3 = — 1", ;.

Define

T = (2a12,2a13, - - ., 2015} A2, 2003, - . -, 20205 - - -5 A(n—1)(n—1), 20(n—1)n} Cnn)-

Then T € K and
(T, i) = (Tag, x) =0, for all k.
Since {i)}7, spans K, then T = 0. Hence T'=0. &

The complex case

To show the analogous result in the complex case we need to adjust the & vector again

so that the conclusion of Corollary 2.9 holds.

Definition 2.15. Given = = (21, 29, ...,2,) € C", define

T = (|:v1\2, Re(z122), Im(Z122), . .., Re(Z12,), Im(Z12,,);
|:1c2|2, Re(Zax3), Im(Zox3), . . ., Re(Zaxy,), Im(Zaxy); . . - ;

122, Re(Zp_120), Im(Zp_120): |20]?) € R™.

Now we can give our classification theorem for injectivity in the quantum detection

problem for the complex case.

Theorem 2.16. Let X = {x}}, be a frame for C". The following are equivalent:

o1



1. X gives injectivity.
2. We have that {&, Yy, spans R .
Proof. Given © = (21, xs,...,2,) € C", define

@ = (|z1%, Re(Z122), Im(Z12), . . ., Re(Z1,), Im (T2, )5

|x2|2, Re(Zax3), Im(Zox3), . . ., Re(Zaxy,), Im(Zox,,); . . . ;

_ _ 2
22, Re(Tp_120), Im(Z_12,); |2,|*) € R™.
(1) = (2): Let a be any vector
a = (a11,u12,v12, <oy Uln,y Vin, @22, U23, V23, - -+, U2p, U2ns - -
2
A(n—1)(n—1)s U(n—1)n; Y(n—1)n; ann) c R"

such that (a,Z;) = 0 for all k.

Define an operator T' = (b;)7,—; with by; = a;; for i = 1,2,...,n and by

1
§(uij — ;) for i < j. Then T is a self-adjoint operator.

For any © = (x1,Zs,...,%,) € C" we have

(Tx,x) Z Z bijTix

=1 j=1

:an’|$i’2+ Z bijZirs + Z bij it
i=1

1<i<j<n 1<j<i<n

=D balwil+ Y bymw ) b
i=1

1<i<j<n 1<j<i<n

1<i<j<n 1<i<j<n

= me|$z|2 +2 Z Re(b;;z;x;)

1<i<j<n

:Zbﬁmyuz > (Re(by) Re(zx;) — Im(bi;) Im ()

1<i<j<n
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= Z aii]:ci|2 + Z (Uij Re(:f:i:vj) + Vij Im(flxj))
=1

1<i<j<n

= (a, 7).

Therefore, (T'vg, x) = (a, Zx) = 0 for all k. This implies 7' = 0 and hence a = 0.
(2) = (1): Let T'= (ai;)i';=1 be a self-adjoint operator such that

(Txy,x) = 0, for all k.

Define

T = (a11,2Re(a12), —2Im(az), ..., 2Re(a1n), —2Im(ayy,);
as, 2 Re(agz), —2Tm(ass), ..., 2Re(as,), —2Im(as,); . . .;
An-1)(n-1), 2 Re(a@m-1)n), —2Im(apn-1)n); Gnn) € R™.
Then we have
(T, i) = (Tzg, x) = 0, for all k.
Since {#}7-, spans K we have that 7' = 0 and so T = 0; i.e. {z}}7", gives injectivity.
|

Corollary 2.17. If a frame X = {x;,}7, gives injectivity in C", then m > n?.

Similar to the real case, we have a classification for injectivity for positive self-
adjoint operators of trace one in a complex Hilbert space. This requires another
definition of ¥ to fit this case and we will see that this requires one less measurement,

as in the real case.
Theorem 2.18. Let X = {x}}, be a frame for C". The following are equivalent:

1. X gives injectivity for all self-adjoint operators of trace one.
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2. We have that {i;}"_, spans R" 1.
Proof. Given z = (x1,xs,...,x,) € C", define
T = (Re(Z129), Im(Z129), . .., Re(Z12y,), Im(Z1 2, );

|:172|2 - |a:1|2, Re(zoxs), Im(zoxs3), . . ., Re(Taxy,), Im(Zoxy,); . . . ;

1Tn1]? = |71 )% Re(Tn120), IM(Tp_1); |20)? — |21]?) € RV L
(1) = (2): Let a vector
a = (U12,V12; - - ., Uln, VinjA22, U3, V23, - - -, Uzp, Vap - - - 5
A(n—1)(n—1)s U(n—1)n> V(n—1)n; ann) € anil

be such that (a,Zx) = 0 for all k.
Define an operator 1" = (b;;)};—; with b;; = — o iy by = a fori=2,...n
- 1
and b;; = bj; = §(u,] —w;;) for i < j. Then T is a self-adjoint operator and tr(7") = 0.

For any © = (x1,Zs,...,%,) € C" we have

(Tx,x>:Zbii]a:i]2+2 > (Re(byy) Re(zx;) — Im(bi;) Im(;2;))

1<i<j<n
n n
= <_Za“) |Z'1‘2 + ZCL“|QEZ|2 + Z (uij Re(:i“i:z:j) +Uij Im(iﬂﬂlﬁ))
i=2 i=2 1<i<j<n

= (a, T).

Therefore, (T'xg, x) = (a,Tx) = 0 for all k. This implies 7' = 0 and hence a = 0.
(2) = (1): Let T' = (a;);;—; be a self-adjoint operator such that tr(7") = 0 and

(Twy, ) =0 for all k. Then ay; = — Y 1, i

Define

T =(2Re(a12), —2Im(ai2),...,2Re(ar,), —2 Im(ay,);
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as, 2 Re(ags), —2Im(ass), ..., 2Re(as,), —2Im(as,);. . .;

A(n—1)(n—1), 2 Re(a(n—l)n)a —2 Im<a(n—1)n)7 ann) € RnZ_l-

Then we have that
(T, i) = (Tag, xp) = 0, for all k.

Since {ij}7, spans R”~! then T = 0. Hence T = 0. B

Next we give second classification of injectivity for the quantum detection problem.
This classification has the disadvantage that the requirements are not easily verified in

practice. However, the advantage is that injective frames must satisfy the following:

Theorem 2.19. Let X = {z}}7, be a frame for a real or complex Hilbert space H".

The following are equivalent:
1. X gives injectivity.
2. For every orthonormal basis & = {e;}7_, for H" we have:

H(E) =: span{(|(zy, 1) [, [{zh, e2) [P, - [zw ea)[P) 1 k= 1,2, m} = R™

Proof. (1) = (2): We prove the contrapositive. Suppose that (2) fails. Then there

is an orthonormal basis & = {e;}]_; so that H(£) # R". Hence there is a non-zero
vector A = (A1, Ag,..., A,) € R™ such that A L H(E).

Define an operator on H" by
T@j = )\j@j,j = 1,2,...,n.

Then T is a non-zero self-adjoint operator and satisfies (Txy,x,) = 0, for all k =

1,2,...,m, which is a contradiction.
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(2) = (1): Let T be a self-adjoint operator such that (T'zy, zx) = 0, for all k. Let
& = {e;}7_; be an eigenbasis for T' with respective eigenvalues {);}7_;. Then for

every k=1,2,...,m we have

(Txy, ) Z)\ |(zk, €;)]
That is,
(A1, Agy ..y ) L H(E) = R™ by assumption (2).

Therefore, \; =0 forall j =1,2,...,nandso T =0.

2.1.1 Constructing the Solutions to the Injectivity Problem

Using the classifications given we will construct large classes of frames which give

injectivity for the quantum detection problem (in both R and C).

Theorem 2.20. Let {zx}}_; be a linearly independent set in R™ such that the first

coordinates of these vectors are non-zero. Now choose (n — 1) linearly independent

vectors {xk}ﬁ;frl in R™ such that each vector is zero in the first coordinate and is

n(n+1)
non-zero in the second coordinate. Continuing this procedure we get a frame {xy},_3

which gives injectivity.

n(n+1) (n+1) n(n+1)

Proof. We will show that {Z},_7 isa basis for R . Suppose that >, 7 ;% =

n n+1)

0 for some scalars {ay}. Since forn+1 <k < , T, are zero in the first coordi-

nate, we get

E AL T = 0.

k=1
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Since {xy}}_, are linearly independent, gz = 0 for all k£ and since xy; # 0, ag = 0
for k=1,2,...,n.
Now do this argument for the next (n — 1) vectors and continue we get a = 0 for

all k=1,2,..., 20 g

The following example satisfies the previous construction.

Example 2.21. The frame
gives injectivity.

For the complex case, we have the following construction. The proof is as in the

real case.

Theorem 2.22. Let {}}:";! be a basis for R* 1, where
Tk = (Uk1; Uk2, Vk2, - - Ukns Vkn )

and upy #0, k=1,...,2n — 1.
Define (2n — 1) vectors {z,}3"" in C" by
2k = (Uk1, Uk + LUk, - -« Uy, + LUn).

Now let {xy}3 58 be a basis for R2"3 where

T = (Um, U3, Vg3, -« - 5 Ukn, Uim)

and ugs # 0, k =2n,...,4n — 4.

Define (2n — 3) vectors {z;,}"5r in C* by

2k = (0, uge, Ugs + LVk3, - . ., Uky, + LK)
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Continwing this procedure we get n* vectors {Zk}z221 in C" and they give injectivity.

As we have seen, we can get Parseval frames giving injectivity by taking {S™1/2z, }7
where {z}7", gives injectivity and has frame operator S. However, the construction

above can be adjusted to directly construct Parseval frames giving injectivity.

Theorem 2.23. Let {\;;},2 ;2; be non-negative numbers satisfying:

1. Nij = 0 if and only if j <.

2. For each j =1,2,...,n we have > A\;; = L.

n(n+1)

Let £ = {e;}}_, be the canonical basis of R™. Let {xy},_7  be vectors in R™ which

satisfy:

1. {zg}y_y is a linearly independent set with xp; # 0 for all k = 1,...,n and it

has frame operator S with eigenvectors £ and respective eigenvalues {)\1]-};?:1

(See [15].)

2. {mk}ﬁ;lﬂ is a linearly independent set with xyy = 0, for all k, xo # 0 for all

k, and it has frame operator Sy with eigenvectors £ and respective eigenvalues

{2 }i=1

3. continue.

n(n+1)
Then the vectors {zy},_;  form a Parseval frame for R™ which is injective.

Proof. This is injective by Theorem 2.20. To see that it is Parseval, observe that the
frame operator of this frame is ) ., 5;. Now, let y € R" and compute:

S | S I e

j=1 i=1 j=1
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n

= ZZ Y, €j )\’L]e] Z<y,€j>ej Z)\U

i=1 j=1 j=1 =1

= (.e5)e; =y.

=1

3

Similarly, we have the following theorem for the complex case.

Theorem 2.24. Fiz {\;}7 be non-negative numbers satisfying:

= 1] i
1. Nij =0 if and only if j < 1.
2. For each j =1,2,...,n we have > A\ = L.

Let & = {e;}}_, be the canonical basis of C". Let {z1}12, be vectors in C™ which

satisfy:
1. For each k=1,...,2n —1, z; has the form
2e = (Uk1, Uz + LUk2, - - -, Uy + LUkn),

where ugy # 0 and the set {(ug1, Ura, Vg2, - - - 5 Uk, vkn)}z’gl 15 linearly indepen-
dent in R*"~1. Moreover {zk}izl has frame operator S, with eigenvectors £

and respective eigenvalues {i;}7_
2. For each k =2n,...,4n — 4, z, has the form

2k = (0, uge, Ugs + LVk3, - ., Uky, + LK),

where uge # 0 and the set {(ug2, Uk3, Vg3, - - -, Ukn, Vkn) k” 24 is linearly indepen-

dent in R* 3. Moreover {z,}" 5+ has frame operator Sy with eigenvectors €
and respective eigenvalues {Ay;}7_,
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3. continue.
Then the vectors {zk}z; form a Parseval frame for C* which is injective.

By varying the above construction we can find frames which give injectivity and
have prescribed eigenvalues for their frame operators. Another class of examples arise
in the form of mutually unbiased bases. Recall the definition of mutually unbiased

bases:

Definition 2.25. Two orthonormal bases {z;}}_; and {yx}}_; are mutually unbi-

ased if

1
(zk,y;)| = —=, foralli,j=1,2,... n

v
A family of orthonormal bases is mutually unbiased if each pair is mutually unbi-

ased.

It is known that the maximal number of mutually unbiased bases in H" is n+1
and this is rarely achieved. It holds if n = p™ for a prime p. It is observed in [35]
and [7] that a maximal family of mutually unbiased bases will give injectivity in the

quantum detection problem.

2.1.2 The Solutions are Open and Dense

In this section we will show that the family of m-element frames which solve the
quantum detection injectivity problem is open and dense in the family of all m-
element frames. For this, we need to measure the distance between m-element frames

using the standard metric.
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Definition 2.26. Given frames X = {z;}}7; and Y = {y; }7-, for a real or complex

Hilbert space H", the distance between them is

d(X, V) =" |z — yil*
k=1
Note this metric is the finite version of Definition 1.42.

Theorem 2.27. The set of all m-element frames on H" that give injectivity in the
frame quantum detection problem is open and dense in the space of all m-element

frames on H™.

n(n+1)

Proof. Let a frame {z;},_;7 C R give injectivity. By Theorem 2.10, this is equiv-

n(n+1)

alent to the determinant of the matrix whose rows are Iy, for k = 1,2,..., =5,

being non-zero.

n?(nt1)
2

The determinant of this matrix is a polynomial of variables x;; for 1 <

k< w and 1 <1 < n. Since the complement of the zero set of this polynomial is

. n?(n+1) n(nt1) . T,
dense in R™2 ", the set of all =5 —-element frames which give injectivity is dense

in the space of all n("TJrl)—element frames on R".

Now let any m-element frame {x}7, in R” with m > ”(”TH) and 0 > 0. Then

there exists a subframe containing @ vectors. We can assume that this subframe

n(n+1) n(n+1)
is {zx},_7 . By denseness above, there is an injective frame {y;},_7 such that

n(n+1)/2
Z llzr — yil|* < 0.
k=1
Now define a new frame {¢y}}",, where ¢ =y for k=1,..., @ and ¢y, =
for k > w Then the frame {¢x}7, is injective and
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>l — oxl® < 6.
)

This completes the proof for the real case. In the real case it is known that the
complement of the zero set of a nontrivial polynomial of n variables is dense in R".
In the complex case, we see that given a polynomial P(z1, ..., z,) on C", we may write

P as

P'(21,y1, s Ty Yn) + P (1,91, ooy Ty Un)

where z; = x;4+wy;. Hence P" and P” are polynomials on R*". P has a zero if and only
if P’ and P” have a common zero. We see that the complement of the intersection
of the zero sets of P’ and P” is dense in R?" and hence is dense in C" after natural

identification of R?" with C". The complex case follows similarly. W

Theorem 2.28. The family of all m-element frames on H" that give injectivity in
the frame quantum detection problem is open in the space of all m-element frames on

H"™.

Proof. As above we will prove the real case and the complex case follows similarly.

Denote by F the space of all W—elemen‘c frames for R™. Consider the map:

f:F—R

n(n+1)

X = {xk}k:i — f(.)() = det{i’l,ig, c. ,j‘n(n;r?) }

Then f is a continuous function. Since f~!(0) is a closed set, by Theorem 2.10, the

set of all W—elemem frames is open in F.

Now let X = {zx}ir; in R*, (m > @) be an m-element frame which gives

n(n+1)
2

injectivity. Then there is a subframe )’ containing vectors, which is also injec-

62



tive. Therefore, there exists € > 0 such that every @—element frame in the ball
B(Y,€) is injective. This implies that every m-element frame in the ball B(X¢€) is

also injective. W

To show that the Parseval frames giving injectivity in the quantum detection
problem are dense in the Parseval frames, we will first prove a very general problem

about frames.
Theorem 2.29. Let P be a property of Hilbert space frames and assume:

1. The set of all m-element frames in H" having property P is dense in the set of

all m-element frames.

1/2

2. If a frame {xy}7, with frame operator S has property P, then {S™"*x;} 7",

has property P.

Then the set of all m-element Parseval frames with property P is dense in the set of

all m-element Parseval frames.
Proof. Fix € > 0 and let 0 > 0 so that
2md* + 8(md)*m(1+6)* <€, 2md < 1.

Let {zx}i-; be any Parseval frame for H". By denseness, we can choose a frame
{yr }7; having property P and satisfying ||zx —yi|| < 6, forall k =1,2,...,m. Since

|lzx|| < 1, we have that ||yx|| < 146. Let Sy be the frame operator of {y};-;. Then,

1/2
(=, yk>l2>

1/2 m 1/2
|<xaxkz>|2) + (Z [(z, zp, — ykz>|2>

k=1

(Slx,x>1/2 = (

|

M= T

b
Il

1
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m 1/2
<l + 1zl (Z e — yk|l2>

k=1
< [|2[|(1 + md).

Therefore

[, yi) | < l2]*(1 + md)*.

NE

B
Il

1

Similarly,

[, y)|* = [|2[*(1 = md)®.

T

Le. (1—m&)% < S < (14 md)2I. Hence, (1 —mé)I < Si/* < (14 md)I and so

(1+md)~ ' < 51_1/2 < (1 —md) 1. Finally,
I—(1=mé) ' T<I—8"*<T—(1+md ',

and so

—md mo

—2mdl < ol <1~ S <

—-m 14+m

5] <2mdl.

Now, {S; Y ka}znzl is a Parseval frame with property P and

Z |z — 51—1/2%”2 <2 Z 2 — yill® + 2 Z 1L — Sfl/Q)yk\F
k=1

k=1 k=1

< 2md® +2) " (2m8)’||il”
k=1

< 2md® + 8(md)*m(1 +6)* < e.

Corollary 2.30. The set of all m-element Parseval frames which give injectivity is

dense in the set of all m-element Parseval frames.
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2.1.3 Solution to the State Estimation Problem

In this section we will give a classification of injective Parseval frames for which
the state estimation problem is solvable. Recall that for an injective Parseval frame
{1 }rer and B = 2!, the map M (which maps a quantum state 7' € S(H) to a
function p € L(5,R)) is injective. Given a function p € L(B,R), if p = M(T) for
some T € S(H), then for any U € 3, we must have
p(U) = M(T)(U) = > (Txg,x) = > p({k}).
keU keU
Thus, p must be additive and is determined by its value at the singleton sets {k} for

all k € I. Therefore, for the state estimation problem in the finite case, we will ask:

The State Estimation Problem: Given an injective Parseval frames {z;}}7", on
H" and a measurement vector a = (ay,as,...,a,) € R™ can we find a positive

self-adjoint trace one operator T so that
(Try, xk) = a, for all k7

As before, we will not require the operator T' of the problem to be positive and
trace one. This will be considered as a special case of the problem. Hence, we will
say that the state estimation problem is solvable if there exists a self-adjoint operator

T so that
<T.CEk, Q}k> = Qag, for all k.

We will give a complete classification of injective Parseval frames for which the

state estimation problem is solvable.
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Theorem 2.31. Let X = {x}], be an injective Parseval frame for R™, and a =

(ay,a9,...,a,) € R™, the following are equivalent:
1. The state estimation problem is solvable.

2. rank(A) = rank(B), where A is a matriz whose the k™-row is %), and B =

(A, a).

Proof. For a vector x € R”, the vector 7 is defined as in the Definition 2.8. Note that
a self-adjoint operator 1" is determined by the values (T'e;, e;) for all i < j. Then the
state estimation problem is solvable if and only if there exists a self-adjoint operator

T so that for every k

ar = (Txg, xp) = <T(Z(xk,ei>ei), (a:'k,ej>ej> = ZZ(wk,ei><xk,ej)(Tei,ej>.

i=1 j=1 i=1 j=1

This is equivalent to the linear system with unknowns (Te;, e;):

szi<Tei, e;) + QZxkika(Tei, e;) =ag, k=1,2,...,m
i=1

i<j

having a solution, and hence is equivalent to rank(A) = rank(B).

1 .
In the case where the number of frame vectors equals @, we have a unique

solution to the state estimation problem.

n(n+1)

Corollary 2.32. Let X = {x},_7 C R" be an injective Parseval frame. Then

the state estimation problem has a unique solution for all choices of vectors a =

(ay,aq, ... s At ).

n(n+1)
Proof. By Theorem 2.10, X is injective is equivalent to {Z},_] is linearly indepen-

dent. Hence

n(n+1)
—

rank A = rank B =
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The conclusion then follows by Theorem 2.31. B

For the completeness of the state estimation problem, we will state the classifica-
tion in the case that the operator T' is required to be positive, self-adjoint operator

of trace one. First, we need to recall Sylvester’s Criterion [29)].

Theorem 2.33. A self-adjoint matriz T is positive if and only if all of its principal

minors are nonnegative.
Now we have the following classification:

Theorem 2.34. Let X = {x}}", be an injective Parseval frame for R", and a =

(a1, as,...,a,) € R™, the following are equivalent:

1. The state estimation problem is solvable for a positive, self-adjoint operator of

trace one.

2. The linear system
ini(Tei, e;) + 2 Z%i%;‘(TGu ej) =ag, k=1,2,....m
i=1 i<j
has a solution {(Te;, e;) :i < j}, which determines a self-adjoint matriz T such

that all of its principal minors are nonnegative, and Y . (Te;, e;) = 1.

It should be noted that all of the theorems above still hold for the complex case
with the corresponding Zj, defined as in Definition 2.15. We state one of them here,

the other are similar to the real case.

Theorem 2.35. Let X = {x}}", be an injective Parseval frame for C", and a =
(a1, as,...,a,) € R™, the following are equivalent:
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1. The state estimation problem is solvable.

2. rank(A) = rank(B), where A is a matriz whose the k-row is Ty, and B = [A, a].

Proof. In the complex case, a self-adjoint operator T is determined by the values of
the real part and imaginary part of (Te;, e;) for all i < j. Then the state estimation
problem is solvable if and only if there exists a self-adjoint operator T' so that

ap = <Tl'k, l’k>

n n

= <T(Z<$ka ei)e:), Z(xk,€j>6j>
= ZZ T, e) (xr, e;) (Te;, e;)

= Jowl(Tes, ) + 2 [Re(Zxizn;) Re(Tej, ) — Im(Zgiwyy) Im(Tey, e5)]

i=1 i<j
for all k.
This is equivalent to the following linear system:
D laril(Tes, ) + 2 [Re(Zxizn;) Re(Tey, €) — Im(Zgiwny) Im(Tey, e5)] = ay,
i=1 i<j
k=1,2,...,m with unknowns Re(Te;, e;),Im(Te;, e;),7 < j having a solution, and

hence is equivalent to rank(A) = rank(B). B

”("H) in the real case (or m > n? in the complex case)

If a frame {z;}}*, has m >
it is unlikely the state estimation is solvable because of redundancy. This is because
if two of the x; are equal while the corresponding aj are not, then the problem is
not solvable. More generally, if some of the z; are linearly dependent then at least

one of the corresponding ay is uniquely determined. However, in this case there is a

natural way to find the best estimate for the problem. We consider the real case. Note
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n(n+1)
2

that there always exists a subset I C {1,2,...,m} of size , and a self-adjoint
operator T so that (Txy,zy) = ay, for all k € I. Therefore, if the state estimation
problem is not solvable, it is natural to find a 7" that best approximates the solution.
That is, we minimize the distance to the measurement vector a using the following:
m
Z| (Txy, v) — agl?

k=1

To do this, let S be the set of all bases of

This set is obviously finite. Since each element {Zj }rer in S determines a unique self-
adjoint operator T satisfying (T'xy, xr) = ay, for all k € I, we can find the quantum
state T" that gives the best approximation to the measurement vector a by choosing

the set which minimizes the distance above.

2.2 The Infinite Dimensional Case

In infinite dimensions we will work with both the trace class operators and Hilbert-
Schmidt operators (i.e. operators T' = (a;)55_; with 7, a;;|* < 00). This class
contains the trace class operators. As in the finite case, we will solve the following

frame injectitivity problem:

Injectivity Problem: For what frames {z;}7°, in real or complex infinite dimen-
sional Hilbert space H do we have the property: Whenever T, S are Hilbert Schmidt
positive self-adjoint operators on H and (Tzy,xx) = (Sxg, xy), for all k = 1,2,.. .,

then T'=S.

We will not require our operators to be trace class and trace one. These require-

ments will be considered as a special case of our problem.
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2.2.1 The Solution to the Injectivity Problem

In this subsection we will solve the injectivity problem for infinite dimensional Hilbert
spaces. Similar to the finite case, we first show that we only need to work with self
adjoint operators. In Theorem 2.6, the “(1) implies (2)” direction does not hold for
the infinite case. So we provide another proof here, but the other implications are as

in the finite case.

Theorem 2.36. Given a family of vectors X = {x}32, in a real or complex Hilbert

space H, the following are equivalent:

1. Whenever T, S are Hilbert Schmidt, positive and self-adjoint, and
(Trg, xp) = (Sxk, xK), for all k,
then T = S.
2. Whenever T, S are Hilbert Schmidt self-adjoint, and
(Txy,xr) = (Szk, x8), for all k,
then T = S.

3. X 1is injective.

Proof. We will show that (1) implies (2). Let T, S be Hilbert Schmidt self-adjoint

operators such that
(Trg, xp) = (Sxk, ), for all k.

Set R =T — 5. Then R is also a Hilbert Schmidt self-adjoint operator. Let {e;}22,

be an orthonormal basis for H and let {u;}32, be an eigenbasis for R with respective
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eigenvalues {);}52,. Define operators U and D on H by Ue; = u; and De; = Aje;,
for 5 = 1,2,.... Then U is a unitary operator, D is Hilbert Schmidt self-adjoint
operator, and

R=UDU".

Now let r; = ||, s; = |[A\j| — Aj,4 = 1,2,... be non-negative numbers. Then \; =

r; — s;. Let Dy, Dy be operators defined by
Dlej =Tj€j, Dg@j = 5;€; for ] = 1, 2, e

Note that since R is Hilbert Schmidt, Zj’;l )\? converges. Hence Dy, D, are Hilbert-

Schmidt positive self-adjoint and we have
R=UDU*=U(Dy — Dy)U* =UDU* —UDyU".

Moreover, UD,U*, UD,U* are Hilbert Schmidt positive self-adjoint operators. Since
0 = (Rag, xx) = (UD U zy, x) — (UDyU™ g, xy),

we have that UDU* = UD,U*. Thus, R =0 and hence T'= 5. &

If our operators are trace class, then we will have the following theorem. The proof
of Theorem 2.36 is still valid here by noticing that ) 7%, |\;| < oo for the trace class

operator R.

Theorem 2.37. Given a family of vectors X = {x}32, in a infinite dimensional

Hilbert space H, the following are equivalent:
1. Whenever T, S are trace class positive and self-adjoint, and
<T.Tk,l'k> = <Sxk)xk>7 fOT all k7

then T = S.
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2. Whenever T, S are trace class self-adjoint, and
(Trg, xg) = (Sxk, xK), for all k,
then T = S.
3. Whenever T 1is trace class self-adjoint, and
(Txy,xr) =0, for all k,
then T'= 0.

Similar to the finite case, we will first give the following classification of injectivity

for Hilbert Schmidt operators.

Theorem 2.38. Let X = {xx}72, be a frame for an infinite dimensional real or

complex Hilbert space H. The following are equivalent:
1. X 1is injective.
2. For every orthonormal basis & = {e;}32, for H we have:

H(E) = span{(|(ze, e) |2 (e e) % .. ) k=1,2,...} = bo.

Proof. (1) = (2): We prove the result by way of contradiction. Suppose that (2) is
false. Then there is an orthonormal basis & = {e;}52, so that H() # f,. Hence
there is a non-zero vector A = (A1, Ag,...) € 5 such that A L H(E).

Define an operator on H by
T@j = /\jeja for all ] = ].,2,. ce

Then T is a non-zero Hilbert Schmidt operator. We also have: (Txy,z;) = 0, for all

k=1,2,.... This is a contradiction.
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(2) = (1): Let T be a Hilbert Schmidt self-adjoint operator such that
(Trg, x) =0, for all k.

Since T' is Hilbert Schmidt and hence compact, there is an eigenbasis £ = {e;}52, for

T with respective eigenvalues {A;}322,. Then for every k = 1,2,..., we have
(T, zi) =Y Al e5)]” = 0.
j=1
Since T is Hilbert Schmidt then
SIP =Y 76 < oo
j=1 j=1
That is, (A1, Ag,...) € 5. Since
(A1, A2, ...) L H(E) = ¢y by assumption (2).
Therefore, \; =0 forall j =1,2,...,andso T =0. &

If we consider operators which are trace class, then we have the following classifi-

cation for the infinite dimensions.

Theorem 2.39. Let X = {xx};2, be a frame for an infinite dimensional real or

complex Hilbert space H. The following are equivalent:

1. X satisfies the following property: The only trace class self-adjoint operator T
such that

(Txy,x) =0, for all k,
s T =0.
2. For every A = (A1, A, ...) € {1 and for every orthonormal basis {ej};";l for H,
if 3200 Al (@, )2 = 0 for all k then A = 0.
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Proof. (1) = (2): We prove the result by way of contradiction. Suppose that (2) is
false. Then there is an A = (Ay, Ay, ...) € £; and an orthonormal basis {e;}52, so that
> o021 Ak, e5)]? = 0 for all k but A # 0.

Define an operator on H by
Te; = Njej, forall j =1,2,....
Then T is a non-zero self-adjoint operator. Moreover,
IT|e; = VTT*e; = |\le;, for all j.

Therefore,
D AITlej e ZIA | < oo
j=1

Thus, T is a non-zero trace class self-adjoint operator. Moreover, we have that
(Tag,xr) = D72 Ajl{zn, €5)? = 0, for all k = 1,2,.... This is a contradiction.

(2) = (1): Let T be a trace class self-adjoint operator such that
(Txy,x) =0, for all k.

Since T is trace class and hence compact, there is an eigenbasis {e;}32, for T with

respective eigenvalues {A;}22,. Then for every k = 1,2,..., we have

Z)‘j|<xk7€j>|2 = (Txy, z) = 0, for all k.

Jj=1

Since T is trace class then

DO INI=D [(Teje5)| < oo
j=1 j=1
That is, A = (A1, Ag,...) € ¢1. By assumption (2) we get A = 0 and hence 7"= 0. 1
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Finally, by normalizing the trace, we can give a classification for the injectivity
problem if we require further that our operators are trace one. First, we need to

justisfy Theorem 2.36 so that we can use it for this case.

Theorem 2.40. Given a family of vectors X = {xy}32, in the real or complex Hilbert

space H, the following are equivalent:
1. Whenever T, S are trace class positive and self-adjoint of trace one, and
(Trg, xg) = (Szk, xK), for all k,
then T'=S.
2. Whenever T, S are trace class self-adjoint of trace one, and
(Try,xg) = (Szk, T8), for all k,
then T'=S.
3. Whenever T 1is trace class self-adjoint of trace zero, and
(Txg,xr) =0, for all k,
then T = 0.
Proof. (1) = (2): Let T, S be trace class self-adjoint operators of trace one such that
(Trg, xg) = (Szk, ), for all k.

Set R =T — S then R is a trace class self-adjoint operator of trace zero. Let {e;}32,
be an orthonormal basis for H and let {u;}32, be an eigenbasis for R with respective
eigenvalues {\;}%2,. Then > °*, A; = 0. Define operators U and D on H by Ue; = u;
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and De; = Aje;, for j = 1,2,.... Then U is an unitary operator and D is a trace

class self-adjoint operator of trace zero, and
R=UDU".

Now define non-negative numbers

LAY S s o VAV IV U ] I 1AV] PV R

1= —

A 5 91 A s g A ) 9F A )
where
A=14) [N =1+) [N =D XA >0
=1 j=1 j=1

then \; = r; — s; for all j. Let Dy, Dy be operators defined by
Dlej =Tj;€j, Dgej = 5;€; for j = 1, 2, e
Then Dy, D, are trace class positive self-adjoint of trace one and we have

R=UDU* =U(Dy — Dy)U* =UD,U* —UDyU".

=0T =23 ...

Moreover, UD,U*, U D,U* are trace class positive self-adjoint operators of trace one.

Since

0 = (Ray, xy) = (UD U xy, xx) — (UD U™y, 1),
then UDU* = UD,U*. Thus, R =0 and hence T'=S.
(2) = (3): Let T be any trace class operator of trace zero such that
(T'rg, k) = 0 for all k.
Define an operator S on H by

Sey =e1,5¢; =0, for j =2,3,....
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Then S and T + S are trace class self-adjoint operators of trace one.

Since ((T'+ S)xg, xx) = (Swg, xy) for all k, T+ S = S and hence T' = 0.

(3) = (1): Let T, S are trace class positive self-adjoint operators of trace one such
that

(Txyg, xr) = (Swg, x1) for all k.

Then ((T' — S)xg, xr) = 0 for all k. Since T'— S is a trace class seft-adjoint operator

of trace zero, T'= S by (3). B

Now we are ready to give a classification for the Injectivity problem for operators

of trace one. First, we need a definition.
Definition 2.41. We define a subspace of the real space ¢; as follows:
W= {(A Ao ) €41 Y N =0},
j=1

Theorem 2.42. Let X = {x;};2, be a frame for an infinite dimensional real or

complex Hilbert space H. The following are equivalent:
1. If T is a trace class self-adjoint operator of trace zero such that
(Trg, xk) =0, for all k,

then T = 0.

2. For every A = (A1, Ay, ...) € W and for every orthonormal basis {e;}32, for H,
if 22021 Ail{we, e)]* = 0 for all k then A = 0.
Proof. (1) = (2): We prove the contrapositive. Suppose that (2) is false. Then there
isan A = (A1, Ay, ...) € W and an orthonormal basis {e;}52, so that >3°, Aj|(zx, ¢;)|* =
0 for all k£ but A # 0.
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Define an operator on H by
Tej = /\jeja for all j = ]_,2,. ce

Then T is a non-zero trace class self-adjoint operator of trace zero. Moreover, we have

that (Tay, xr) = D72 Aj|(zk, ¢5)[* = 0, for all k = 1,2,.... This is a contradiction.
(2) = (1): Let T be a trace class self-adjoint operator of trace zero such that
(Txy, zx) =0, for all k.

Let {e;}32, be an eigenbasis for T" with respective eigenvalues {A;}32,. Then for every

k=1,2,..., we have
S Nl (ww, ) = (Tay,ax) = 0, for all k.
j=1

Since T is trace class,

o0

D Nl=) [Tej e < oo

j=1 j=1
Moreover, 337%, A; = 0. Thus, A = (A1, Ay, ...) € W. By assumption (2) we get A = 0

and hence "= 0. 1
From now on, we will also work in the direct sum of infinitely many copies of /.
Definition 2.43. Denote by H the direct sum of the real Hilbert spaces (s:

H = (Z@€2> = {{Zz o ¢z € by, ZH%H2<OO}
i=1 L2 i

To avoid confusion with earlier notation, a vector in this sum will be written in the

form:

X = (X1,X2, .+, Xpy - - ),
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and we have

[e.9]

(x,y) = Z(Xi7Yi>‘

=1

We also need the following lemma for both the real and complex cases.

Lemma 2.44. Let A = (a;;){5-, be a real or complex infinite matriz such that

ij‘:l |az-j|2 < 0. Then the operator Ty defined in ly by

TA(xlax% . ) = (yl>y27 . ')7

where

[e.9]

yi:Zaijxj,i: 1,2,...,

j=1

is a bounded operator. Moreover, T is self-adjoint if and only if a;; = a;; for alli,j.
Proof. Let x = {z;}2, € {y. For each i = 1,2..., we have
[o¢] 2 (o] o0 o
= (St ) < (St ) (S 1m8) = (St ) e
j=1 j=1 j=1 j=1
Hence,
[Taz|? = Z lyil” < <ZZ |%‘|2> ]|,
i=1 i=1 j=1

This shows that T4 is a bounded operator on /5.

Suppose that T is self-adjoint. Then
aj; = (Tae;, e5) = (e;, Taej) = (Taej, ;) = @j,

for all 1, 5.

Conversely, if a;; = a;; for all 4, j, then
(Thei, e5) = (ei, Taej) = (Taej, €5) = ij = aj; = (Taei, €5),

for all 7, j. Hence T} =T4. 1
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The real case

Now we will solve the infinite dimensional injectivity problem in the real case. To

avoid confusion between coordinates of a vector in ¢ and vectors in H we define:

Definition 2.45. For x = {z;}°, € {5, we define

T = (x1,X2,...,Xp,...) € H,

where

X1 = (2121, X129, .. .); Xo = (T2Z2, ToT3,...); . ; Xp = (TnTn, TnTptt, - - -);

We first observe that these vectors are actually in H.
Lemma 2.46. If v = {;}2°, € {,, then & € H.

Proof. We have that

o oo
Z |25 = !xi\zz |2 < a2 1%,
j=i j=i

for i =1,2,.... Hence x; € /5 for all 4.

Moreover, since

oo oo
Dol < Y faP el = 2],
i=1 i=1

then 7 ¢ H. n

Now we are ready for the classification of the solutions to the injectivity problem

in the infinite dimensional case.

Theorem 2.47. Let X = {xx}32, be a frame in the real Hilbert space (5. The

following are equivalent:
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1. X 1is injective.
2. span{i e, = H.

Proof. (1) = (2): Let any a = (ay,a,,...) € H be such that a L 5pan{#;};>,. Then

(a,Z) = 0 for all k.

We denote
a; = (a117 aig, .. )7 Ao = <a227 ass, . . )7 R (ann7 an(n+1)7 .. )7 R
. . . . 1
Define an infinite matrix B = (bz‘j)fj':p where b;; = a;; for all 7 and b;; = bj; = §aij

for all ©+ < j.
Then by Lemma 2.44, the operator T defined by B is a Hilbert Schmidt self-
adjoint operator.

For any = = {z;}$°, € {, we have

<TB$, .CE) = Z Z bij.CEi.ij

i=1 j=1

)

§ 2 E :
i=1 1<j

I
,Mg

-
I
_.

2 E :
Qi; T -+ aijxixj

1<j

[
WE

<ai7 Xi>
1

—~ .

a,T).

Hence, (Tgxy, xr) = (a, &) = 0 for all k. This implies 75 = 0 by (1) and therefore
a = 0.

(2) = (1): Let T be a Hilbert Schmidt self-adjoint operator on ¢ such that
(Txy, xg) = 0 for all k, and recall that {e;}$2, is the canonical orthonormal basis for
ls.
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Denote

Q5 = <T€j,€i>,i,j = 1,2...,

and

T = (aj,ag,...,a,,...),

where

a; = ((111, 2@12, 2&13, .. ), Ay — (agg, 2@23, 2(124, .. ), ceey
ap = (anny 2an(n+1)a 2an(n+2)a .. )a s
Since T is a Hilbert Schmidt operator, 7' € H. Moreover, we have

(T, &) = (Txy, x) = 0, for all k.

Since span{i;}3>, = H, we get T =0. So T = 0.

Remark 2.48. We have that (2) = (1) in the theorem holds for trace class operators.

But in general (1) = (2) since the operators we construct may not be trace class.

The complex case

For the complex case of the injectivity problem, we need a new variation of the tilde

vectors.

Definition 2.49. For x = {z;}3°, € {5, we define
T=(X1,X2, ..., Xp,..),
where

X1 = (|IL‘1|2, Re(jle)y Im(jllQ), Re(jflxg), Im(i’ll‘g), .. ),
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X = (|72|%, Re(Zaoxs), Im(Zows), Re(Zoxy), Im(Toxy), .. .); .. .
Xp = (|2n]?, Re(ZnZns1), IM(Zp2pi1), Re(ZnZny2), IM(Zp2pnio), .. .); - . ..
We first need to verify that our vectors are in H.
Lemma 2.50. If x = {2;}°, € {, then ¥ € H.

Proof. For each 1 =1,2,..., we have

il = fil* + Y [Re(@ay)P + Y | Im(za;)[

j=i+1 J=i+1

o0
= |a;|* + Z |z

j=i+1

= || (|96’i|2 + Z |ij2)

j=i+1
< fail |1,

It follows that:
S olbll? <> Pl = ).
=1 =1

This implies & € H. B

Now we give the classification theorem for injectivity in the infinite dimensional

case.

Theorem 2.51. Let X = {x}2, be a frame in the complex Hilbert space ly. The

following are equivalent:
1. X gives injectivity.

2. span{i}e, = H.
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Proof. (1) = (2): Let any a = (ay,a,,...) € H be such that a L 5pan{#;};>,. Then
(a,Z) = 0 for all k.

Denote
a; = (&11, U12, V12, U13, V13, - - -)5 Ay = (a22, U23, V23, U24, V24, - - -); cee

ap = (anna Un(n+1)s Un(n+1)s Un(n+2)s Un(n+2) - - )7 cee
Define an infinite matrix B = (b;)75-,, where b; = a;; for all i and by; = bji =

1
§(uij — L’Uij) for all i < 7.

We have
oo oo o0 1
Dbyl =D el +23 1bil =D laal* + 5 Y (Juyl® + Jogl?) < oo
i,5=1 i=1 i<j i=1 i<j

Then by Lemma 2.44, the operator Ty defined by B is Hilbert Schmidt and self-
adjoint.

For any x = {z,;}3°, € {5, we have

<TB.I', I) = Z Z biji‘in

i=1 j=1
i=1 1<j
i=1 i<j
= Z aii|xi|2 + Z (Uz’j Re(iixj) + (%] Im(fzxj))
i=1 1<J

[
WE

<ai7 Xi>
1

~ .

a,T).
Hence, (Tsx, xx) = (a,%x) = 0 for all k. This implies T = 0 by (1) and therefore
a=0.
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(2) = (1): Let T be a Hilbert Schmidt self-adjoint operator such that (T'xy, zx) = 0
for all k.

Denote a;; = (T'ej,e;) for i,5 =1,2,... and T = (aj,as,...,a,,...), where
a; = (a11,2Re(a12), —2Im(az), 2 Re(as), —2Im(aq3), . . .);
as = (ag2,2Re(azs), —2Im(ass), 2 Re(azs), —2Im(agy),...);. . .;
a, = (ann, 2Re(an(n1)); =2 Im(ann11)), 2 Re(an(ni2)); =2 Im(anmi2)), - -)i- -

Since T is Hilbert Schmids, 7' € H.

For any x = 3> | x;e; we have

7j=1

Hence

(T, &) = (Txy, xx) =0, for all k.
Since span{i;}3°, = H, T'=0. So T' = 0. This completes the proof. W
As a consequence we have:
Corollary 2.52. For a frame {x}32, in ly the following are equivalent:

1. The family {xyx;}32, spans the family of real self-adjoint Hilbert Schmidt op-
erators on 5.
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2. The family {;}32, spans H.

As we have seen in the proof of Theorem 2.47 for the real case and Theorem 2.51
for the complex case, for a vector a € H, there is a Hilbert Schmidt self-adjoint
operator T' so that

(Tx,z) = (a,z), for all z € (5.

Conversely, for a Hilbert Schmidt self-adjoint operator 7', there is a vector T € H
satisfying

(T, &) = (Tx,z), for all z € (.

Is is easy to see that the canonical orthonormal basis is not injective. Actually,
the family {¢;}2°, forms an orthonormal set in H. In finite dimensions, the definition
of a frame is synonymous with a spanning set. However, in infinite dimensions this
does not hold. The following theorem shows that for a given Bessel sequence, the
associated tilde vectors will not produce a frame in H. In particular, injective frames

do not produce frames in H.

Theorem 2.53. For any Bessel sequence {xy}32, for the real or complex space (s,
the family {,}32, is a Bessel sequence in H. However, {;}32, is not a frame for

H.

Proof. We may assume that ||| < 1 for all k. Let B be the Bessel bound of {z}32 ;.
Given any finite real scalar sequence {ax}32; we will compute the real case and

the complex case separately.

The real case: Using Definition 2.45 for the tilde vector Zy, we have

o0 o0 o0 o0 2
DTS (z )
k=1

i=1 j=i \k=1
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i=1 j5=1

oo 0o
= 2112 awal
=1 k=1

Using the fact that {zj}2, is Bessel with bound B, we get

| ZakwkH < BZZ (anri)®

=1 k=1

- By
k=1 =1
oo

=B apl|zxl
k=1
oo

< BZai.
k=1

The complex case: Now we need to use Definition 2.49 for the tilde vectors Z.

We have that

||gak§:k|]2 Z <Zak\x,ﬂ ) +Z Z (ZakRe Trihy) )2

i=1 =1 j=i+1 =
o0 o o0 2
+> Z (Zak Im(fkiﬂfkj))
=1 j=i+1 =
2
= Z <Z ak\xki\2> + Z Z (Re (Z akxklxk]))
i=1 \k=1 =1 j=i+1
2
+Z Z (Im (Z akxkzxk]>>
=1 j=i+1
2
22(Zak|$m ) +22 Z Zakx’“m]
i=1 — i=1 j=i+1 [ k=1
2
2Z<Zak|$m ) +22 Z Zakxm%
i=1 — i= 1] 1]752 =
_ 22 I Zakxkzka2 < QBZZ%|95M2
i=1 — i=1 k=1

= QBZaiz zw|? = zBZaznka? < 2B§:ag.
k=1 =1 k=1 k=1
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Hence, {7} }72, is a Bessel sequence for the both cases.

Now we will show that {Z;}72, fails to have a lower frame bound. We will prove

the real case, the complex case is similar. By our assumption, we have that

[e.9]

Z |z1i|* < o0, for all k.

=1

Also,
o0 o0
Z |2ni|* = Z |{ei, z)|* < oo, for all i.
k=1 k=1
) n—1
Fix € > 0 and choose n so that Z |z11|? < €. Now choose m so that Z |Zrm|? < €.
k=n k=1
Let

€1m = (€,;0;0,...) € H.
Then we have
o oo
S e @) = 3 foa Pl
k= k=1

1
n—1 ]
= Z | |*pm] + Z | [
k=1 k=n

n—1 0o
< Z | |* + Z | |?
k=1 k=n
< 2e.
It follows that {Zx}32; does not have a lower frame bound. B

2.2.2 Constructing the Solutions to the Injectivity Problem

For the construction of solutions to the injectivity problem, we will follow the outline
for the finite dimensional case. But this construction is much more complicated be-

cause of problems with convergence, problems with keeping the upper frame bound
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finite, and the fact that we cannot show spanning in ¢y by just checking linear inde-
pendence. Also, we proved in the finite dimensional case that the Z; span by showing
they are independent and have enough vectors to span H. This does not work in the
infinite dimensional case. Note that the following construction works for trace class

operators and for Hilbert Schmidt operators.

Theorem 2.54. Let {e;}2, be the canonial basis for the real Hilbert space ly and let

a; #0 fori=1,2,... be such that > °, a? < oo. Define

=1 z
xp = ap(er +exs1), fork=1,2,....

Let L be the right shift operator on {y. Then the family

{ei}; 1U{ ka}z 0kt
1 a frame for Uy which gives injectivity.

Proof. First we need to see that our family of vectors forms a frame for /. Since
our family contains an orthonormal basis for ¢5, we automatically have a lower frame
bound. So we need to check that our family is Bessel, and since {e;}32; is already
Bessel, we only need to check that {5; L'z }i2 = is Bessel.

For any x € /5, we have

SNl )P < D03 el
=0 k=1 =0 k=1

Z

So our family is a Bessel sequence.

Z%) [Edle
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To see our frame is injective, let T be a Hilbert Schmidt self-adjoint operator such

that
(Tey,er) =0 and (T(L'zy), L'z) =0, fori =0,1...; k=1,2,....
Note that
L'y, = ag(e14; + e14irr) for all i, k.
Hence

(T(L'zy), L'zx) = aj(Terti, e14) + 2a;(Terti, e1pirn) + aj(Teitith, €14ith)

= 2a2<T€1+i, €1+z‘+l~c>a

for all 7, k.

This implies (Te;, e,) = 0 for all j,k=1,2,..., and hence T'=0.
The complex version of this construction looks like:

Theorem 2.55. Let {e;}32, be the canonical orthonormal basis for complex ls, and let

{a;}221,{b:}532, € o, |as|, |bi] # 0 for alli. Then the following frame gives injectivity:

{ei}i2, U {EL (ar(er + ext1))}iZo 51 U {EL (br(er + ters1)) }iZ0 pm1-

The above frames are unbounded. The following theorem shows that we can easily

adjust unbounded injective frames to produce bounded injective frames.

Theorem 2.56. Every injective frame X = {e;}32, U {xx}32, of finitely supported

vectors, induces a bounded injective frame.

Proof. Recall that for each k, we denote

T = (xklyxkﬂa cees Lhiy - - )
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Choose integers ny < ng < --- so that max{i : zy; # 0} < ny. For k=1,2,... let
Yok = Tk + €, and Yokt1 = Tk — €n,, fOr k=1,2,....

It is clear that Y = {e;}3°, U{yx}32, is still a frame and ||yx| > 1 for all k =1,2,.. ..
Since Pox + Yort+1 = 2T + 26,,, and {é,, }32, are vectors in our set, it follows that

{Zx}32, is in our set of vectors and so Y is injective. B
2.2.3 The Solutions are Neither Open nor Dense

In this section we will show that the solutions to the injectivity problem in infinite
dimensions are neither open nor dense in the class of frames. First we need a defini-

tion:

Definition 2.57. Given frames X = {z;}72, and YV = {yx}2, for {5, we define the

distance between them by

P(XY) =Y llow —well®
k=1

Note that this distance may be infinity. The following theorem shows that the

frames which give injectivity are not open in the family of frames for /5.

Theorem 2.58. Let X = {e;}7°, U{5Liw}2 1 be the injective frame for the real
space Uy as in Theorem 2.54. Then for any ¢ > 0, there is a frame ) such that

d(X,Y) < e, and Y is not injective.

Proof. Let any ¢ > 0. Since the series > = > "7 |

1 74 2
5 L'zy||* converges, for any e,
there exists ng such that

Sy H%Limy? <e

i=ng+1 k=1
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Let yir, = %L"mk forv. =0,1,...,n9 and &k = 1,2,..., and y;; = 0 otherwise. It is

clear that

Y={e}i=, U {?Jik}?io,k:l

cannot give injectivity by Theorem 2.47 while

Y = 3 g lnlt <

i=no+1 k=1

This completes the proof.

Remark 2.59. There is a perturbation theory for frames which looks like it should
apply here. The problem is that although our vectors form a frame for /5, their tilde

vectors do not form a frame to H and so the theory does not apply.

To show the solutions are not dense, we need the definition of a Riesz sequence in

ls.

Definition 2.60. A family of vectors {z;}7°, in the real or complex Hilbert space (5
is called a Riesz sequence if there are constants 0 < A < B < oo so that for all

{a;}2, C {5 we have:

o (o] (o)
AN ail <1 aw|* < B ail.
=1 =1 =1

The constants A, B are called the lower and upper Riesz bounds. If the vectors

span /s, this is called a Riesz basis.

It is known [16, 18] that a Riesz basis is a frame and the Riesz bounds are the
frame bounds. Also, {z;}3°, is a Riesz sequence if and only if the operator T" : f5 — (5
given by Te; = x; is a bounded, linear, invertible operator (on its range).
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To show the desired result we first need a few known results from frame theory.

The first is a perturbation result.

Proposition 2.61. Assume x = {x;}2, are vectors in the real or complex space ls

satisfying:

D ller = @il* < €
i=1
Then x is a Riesz sequence in ly with lower Riesz bound (1 — €)*.

Proof. We compute for scalars {a;}52,,

o oo (o]
1 Zamﬂ > | Zaz‘@z‘H — | Zaz‘(ez‘ — ;)|

=1 i=1 =1
> el ] =D lallles — il

i=1 i=1

o0 1/2 00 12 /& 1/2

S]] (St -a)
=1

i=1 =1

v

1/2

> (X lal ] (1-¢)
i=1

The upper Riesz bound is done similarly. B

Theorem 2.62 ([14]). Let Y, Z be subspaces of a Banach space X. If T :Y — Z is

a surjective linear operator with | I — T < 1, then codimxY = codimxZ.

The next theorem shows that the solution set of the infinite dimensional injectivity

problem is not dense in the class of all frames for /.

Theorem 2.63. Let {e;}72, be the canonical basis for the real space ly and X =

{zr}32, C Ly be such that

. 1
D llew =@l < <,
k=1 8

Then X is not injective.
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Proof. Will will show that X does not satisfy Theorem 2.47. Note that codimg{éx}3>,

is infinite. Also, {€,}2, is an orthonormal sequence in H. We have that

Z lex — 2| Z ((1 — )+ inl> < é

k=1 ik

In particular, ||zx||* < 2. Let
X =span{é,}ro,, and Y = Span{iy}re,-

For each k =1,2,... we have

l6x — 2ell* = (1= 22)" + Y (wrwang) + > > (Tring)

k41 itk j>i

< (1= )@l +2) + ol Y- 2y + ol 2,

J>k+1 itk
S 6 ((1 - Jfkk)g + ZI%) .
i#k
Hence,
[e.o] B B o0 3
Z ||€k - $k||2 S 62 ((1 — xkk)Q + Zl’iz> S Z
k=1 k=1 i#k

It follows that {Zj}2, is a Riesz sequence.

Now we define T': X — Y by: for z = > (z,é)é, € X,
To = (v,é)ix.

k=1

Since T is mapping a Riesz sequence to a Riesz sequence, it follows that 7" is bounded

and surjective. Now,

oo
erk (éx — )

k=1

(e.)
<> x elllén — el
k=1
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Hence, ||I —T'|| < 1 and by Theorem 2.62, codimgY = codimgX = oo.

2.2.4 The Solution to the State Estimation Problem

For the infinite dimensional case, the state estimation problem asks:

State Estimation Problem: Given an injective Parseval frame {x;}7, for {5, and a
sequence of real numbers a = {ay}2,, does there exist a Hilbert Schmidt self-adjoint

operator T' so that
(Trg, xk) = ag, for all k7
In fact, this problem is rarely solvable.

1. If 2y = x12], but ay # a; for some k£, [, then the problem has no solution.

2. Recall a set of vectors {z;}:2, is w-independent if Y~ °, ¢;z; = 0 implies ¢; = 0
forall i = 1,2,.... If {&p2}}32, is not w-independent and Y, | cpzpzy = 0 but

not all ¢ are zero, then for (T'xy, ) = a we need

oo oo

*
E cpay = (T, E cxrpay) = 0.
k=1 k=1

For the solution of the state estimation problem we will need the notion of a

separated sequence in /5.
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Definition 2.64. A family of vectors {z;}$°, in /5 is separated if for every j € N,
x; & Span{w; biz;.

It is 0-separated if the projection P; onto Span{z;};; satisfies
I = Py)a | = .

A Riesz basic sequence {xy}rer is d-separated since it is clear from the definition

that
dist(xy, span{x; }izx) > 0.

In general, a Bessel sequence which is d-separated may not be a Riesz sequence. To
see this let

n=1 lo
where H" is an n-dimensional Hilbert space with orthonormal basis {e;,} ;. Let P
be the orthogonal projection onto the one dimensional subspace spanned by > 7 €.
Then {({ — P)em}?;f,;bfl as a family of vectors in H is J-separated, 1-Bessel, but not
a Riesz sequence. (Careful: We have thrown away the vectors (I — P)e,,, above.)

Note also that a d-separated sequence may not be Bessel.

Example 2.65. Let z; = e;+¢;41,7 = 1,2,.... Then {x;}3°, is not a Bessel sequence.

However, it is d-separated.
Indeed, let P; be the projection onto span{x;}i.;. Then
l2; — Pyaj||* = ller +¢j — Piler +e) | = [lej + er = Pyea||* = 1+ [les — Pyea||* > 1,

for all j. So {z;}$°, is d-separated, where § = 1.
The next proposition presents a fundamental property of separated sequences.
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Proposition 2.66. If a family of vectors {x;}2, is separated, then there are vectors

{y:}32, satisfying:
(Yi, xj) = 0i5, for all ij.
If it is 0-separated then, sup||y;|| < oo.

Proof. Fix j and let P; be the orthogonal projection onto span{z;};z;. Note that
Pjxj # x; and so (I — Pj)x; # 0.

Clearly,
(L — Bj)x,

11 = Py)a;)|*
we have that ||(I — P;)z;|| > 0 and the result follows. B

So let y; = and we get the desired sequence. For the d-separated case,

For the next result, we will need:

Proposition 2.67. Let {x;}2, be a bounded sequence in a Hilbert space H. The

following are equivalent:

1. For some § > 0, {x;}2, is §-separated.

2. {x;}32, is separated and {x;}2,, is 61-separated for some 6y > 0, for somen > 1.

Proof. We just need to show that (2) = (1). So assume {x;}2, is separated and
{x;}2,, is 01-separated. Let P; be the projection onto Span{z;},;, for j =1,2,...,

and let ); be the projection onto span{z;}n<iz;, for j =n,n+1,.... So

(I = Qj)x;]| > &1, for all j > n.
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We need to show that there exists a § > 0 so that
11 = Py > 6, forall j > 1.
We will do this in steps.

Step 1: There exists a d > 0 so that

|(I = Pj)z;|| > 02, for all j > n.

We will do this by way of contradiction. So assume there are natural numbers

n <n; <ng < --- satisfying:

1
||xn]’ - Pn](an)H < ;

It follows that there are vectors y; € span{z; nand 2j € SPan{Z; }n<itn;<oo SO that

lzn; = (35 + 2)]l < 3
Claim 1: There are an € > 0 and ng € N so that ||y,|| > e, for all j > n,.

We prove the claim by way of contradiction. If the claim fails, there are integers

j1 < jo <--- sothat [|ly; || <  for all k =1,2,.... It follows that
2
s, = 23l < 2wy, = (i + 451+ gl < 5, for all &,
which contradicts the fact that {x;}$°, is d-separated.

Claim 2: There is a constant K > 0 so that ||y;|| < K, for all j > ny.

Define

") v € spam{ai} 2, |Jull = 1}.

i=n"

v = inf{|lu — v : u € span{x;
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We will show that v > 0. Indeed, if v = 0 then there are sequences {u;}52, C

span{z; }7), [luy]] = 1, for all j, and {v;}52, C span{z;}32,, so that

lu; —vi]] = 0 as j — oo.

. . . -1
By switching to a subsequence if necessary, we may assume u; — u € span{x;};—;

and u # 0. Since

v —ull < flv; — gl + [Juy — ul],

we conclude that v; — u € span{z;}32,,. Thus,
u € span{z;}' ' N span{x; )2, .

Since u € span{z;}7=!, u # 0, we can write u = 3.~ a;x; for some scalars o/s not
all zero. Without loss of generality, we can assume a; # 0. Then
1 n—1
rp=—|u-— Zaixi € span{z;};°,,
N i=2
which contradicts the fact that {x;}:2, is separated. So, v > 0.

Now we have

|4

|| Z s for au] Z no,
Iy

and supl|z;|| is finte. Therefore, there is some K > 0 such that
j=1
1 1 ‘
il < Zllys + 2l < Sy + 25 = 2o, [ 4 llz, 1) < K for all j 2 no.

The Claim 2 is proven.
Now since € < ||y;|| < K for all j > ny, it has a convergent subsequence y;, — y €
span{z;}"~ ', and y # 0.

99



From the fact that
1
@n,;, = 2 = yll < ll#ny, — 25 — Yl + Yy — yll < W 1y — vl
we conclude x,,; — z;, — y € sSpan{z;};2, as k — oo. Thus,
y € span{x; }7=! Nspan{wr;}2,

By the same argument as in the proof of Claim 2, this leads to a contradiction with

the fact that {x;}$2, is separated.
Step 2: There exists a § > 0 so that
I = P)ayl| > 6, for all j > 1.

Since {z;}5°, is separated, for each i = 1,2,...,n — 1, there exists ¢; > 0 so that
|(I — P;)z;|| > €;. Combined with Step 1, we have that {z;}°, is d-separated, where

0= min {€,d2}. The proof of the Proposition is completed. B

i=1,..n—1
Now we give a complete classification of when the state estimation problem is
solvable for all measurement vectors in ¢;. Note that we have done it in complete

generality and not assumed that {x)}72, is injective.

Theorem 2.68. Let X = {x4}32, be a frame for the real or complex space ly. The

following are equivalent:

1. For every real vector a = (a1, as, . ..) € {q, there is a Hilbert Schmidt self-adjoint

operator T" so that

<T1'k:,xk:> = ag, fOT all k = 1,2, cee

2. The sequence {Ty}72, is d-separated.
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Proof. (1) = (2): By (1), for each k = 1,2, ..., there is a Hibert Schmidt self-adjoint
operator Ry, and hence a vector Ry, € H so that

g 1 ifk=1
Ry, z;) = (Ryxy, x;) =
e ) = (R, ) {o if £ L.
It follows that #; ¢ Span{Zy }r and hence {7}, is separated. We now proceed by
way of contradiction. Suppose that {Z;}72, is not d-separated. Then {Z;}32,, is not

On-separated for all n. Then for n = 1, there is k1 > 1 such that

- N 1
Hmkl - Pkl(xkl)H < 5

Since Py, (T,) € Span{a }32; ., there are some scalars ay, k € I, where I is a finite

subset of {k : k > 1,k # k;} such that

- . 1
1Py (ry) = Y o] < 5

kel

Let Yy = Zke[ Ozki’k. Then
1 Ze, — vl < 1.
Now let ny > max{ki, k}rer. Since {Ty}32,,, is not d,,-separated, similar to the above,
there are numbers ny < kg < n3 and a vector
Yo € span{Ty : ng < k # ko < ng}
- 1 o :
such that ||Zr, — y2|| < =. Continuing this procedure we can choose 1 =n; < ky <

23"

ng < ky < ng < --- and vectors

Ym € span{Zy : Ny < k # kp < Ny by

such that ||Zy, — ym|l < =5, for all m. Now let a = {a};2, € 1, where

# itk =k,
Qp =
0 otherwise .
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Then by assumption, there exists a Hilbert Schmidt self-adjoint operator 7" and a
vector T € H so that (T, %) = (T'zg, ;) = ay, for all k. But then

1 ~ ~ < -1
—5 = L Tkn) = (1 Tk = Yon) S NT N = vl < T,

which implies ||T'|| > m for all m, a contradiction.

(2) = (1): Since {Zj}2, is d-separated, by Proposition 2.66, there are vectors

{T}.}52, in H satisfying

- 1 ifk=1
<Tk7xl>: .
0 ifk£I

for all k,1 > 1, and sup||T;|| < co. Now, fix a = (a;,as,...) € £1 and let
k>1

T = Z aka.

k=1

This series converges since a € ¢, and sup||Tx|| < oo. Now, let T' be the Hilbert
k>1

Schmidt self-adjoint operator that corresponds with T. Then we have
<T[Ek,$k> = <T, i’k> = Qg, for all k = 1, 2, e
This completes the proof. B

Next we show that there is no injective frame for which the state estimation prob-
lem is solvable for all measurements taken from ¢5. Recall that for a Hilbert Schmidt
self-adjoint operator 1" on the Hilbert space /5, the corresponding vector T is defined
as in the proof of Theorem 2.47 for the real case and Theorem 2.51 for the complex

case.

Theorem 2.69. There is no injective frame X = {xx}72, in the real or complex

space Uy so that for every a = {ay}32, € {2, there is a self-adjoint Hilbert Schmidt
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operator T so that
(Trg,xg) = ag, forallk=1,2,....

Proof. We will proceed by way of contradiction. The proof is divided into steps.
Suppose that there is an injective frame X = {4 }7° ; for which the state estimation

problem is solvable for all choices {ax}52, € lo.
Step I: There are vectors R, € H, k =1,2,... so that (Ry, &) = 0.

This is immediate because by assumption, for each k = 1,2, ..., there is a Hilbert

Schmidt self-adjoint operator Ry so that

1 iftk=1

(Ri, 1) = (R, 1) = {0 if kb # 1.

Denote E,, = span{Z;}}_; and let P, be the projection onto E,,.

Step II: If there is a real vector {a}52, € fo satisfying sup|| S-¢_, arRy|| = oo, then

there is a real vector {b;}32, € o and ny; < ny < --- so that
nj
Py, (Z kak) > ]
k=1
Indeed, since sup|| > 7 _, axRy|| = oo, we can choose a sequence my < my < --- S0
n

that szﬁzl ak}?k) Z 2]

For any 5 > 1, we have

mi mj mj mi
Z akRk — Z akRk Z Z akf%k, -2 Z akRk
k=1 k=mi+1 k=1 k=1

k=1
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Combining this with the fact that By, C Fy C ... and U | E,, is dense in H, we

can choose j large enough so that

my ~ 1 my ~
P, (Z akRk> > S 11D ax|
k=1 k=1
and
mi mj
Z akék — Z akék 2 4.
k=1 k=m1+1
Since
mi mj mi mj
1P, Y anBe) + Py (Y arBR)|” + 1P, O arRe) = Py (Y aile)|?
k=1 k=mi1+1 k=1 k=mi1+1
=2 <||ij(z apR)|” + || Py () akék)HQ)
k=1 k=mi1+1
mi
> 2P, (O anlty)||?,
k=1
we can choose b; = a; for i = 1,...,my and b; € {a;, —a;} for i =my +1,...,m; so
that

mj ~ my ~ 1 mi ~ mj ~
Hij(; brRy)|| > ||ij(; brRy)| > §|| ;kakH > 1 and || ;kakH > 4.

Setting n; = m;,
ni ni
1P, (O beRe)|| > 1and || > bRyl > 4.
k=1 k=1

Now for m; above, by the same argument, there is m; > m; and b; € {a;, —a;} for

t=m;+1,...,my so that
my _ mj » 1 m; _
P (Z kak> > || Py (Z kak> > 5|2 br || > 2
k=1 k=1 k=1
my
and Z bk]:?k > 6. Set ny = my we get
k=1
> 2.

Py, (Z kak>
k=1
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Continuing this process inductively, the result follows.
Step III: For all vectors {a,}52, € £y, sup|| 31, ax Ry || is finite.

Suppose by way of contradiction that there is a vector {ax}32,; € ¢ so that
sup|| 27, arRy|| = oco. Let {bp}32, be the vector in Step II, then there exists a

vector T € H so that (T, &) = by, for all k =1,2,.... It follows that

P, T =P, <Z bk}?k>
k=1

for all j =1,2,.... Hence,

nj

P, (> biRy)

k=1

00 = sup = sup [|P,, T < || T,
J J

which is a contradiction.
Step IV: {R;}2, is a Bessel sequence in H.
For each n € N, define an operator

7% 162-——>Eﬂ
x = (ay,as,...)— Ty(z) = ZakRk
k=1
Then T, is a bounded linear operator for all n.

By Step IT1, sup|| -7, aiRy|| is finite for all z = {a}$2,. By the Uniform Bound-

edness Principle, sup||T,,|| < B, for some B > 0. For any n,m € N,;m > n, we have
n

k=n+1

2

2 m
= < B? Z az.

k=n+1

EE: ‘ij%k

k=n+1

It follows that 5°, aj Ry, converges, and hence { R, }32, is Bessel.

Step V: We show {Z;}72, is a frame, a contradiction.
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We have shown that under our assumption, {Rk}zozl is B%-Bessel for some B. Now

choose any a = {a;}72, € ¢5. We have that

() 2 (3]
Z akRk S 32 Z aﬁ.
k=1 k=1

By Theorem 2.53, >/, a;Zj converges. Now, we have

(e, ] o
g arZr|| = sup |{ =, E AT
1 =[<1 —1

1 o0 5 o0
> ap Ry, ax;
Bl <Z 2 >

1
= aray(Ry, )
Bllall Z

1
= —lal.

It follows that {Z;};>, has a positive lower Riesz bound and since this family is
injective, it is a Riesz basis. Hence, it is a frame sequence. This contradicts Theorem

2.53, completing the proof. B

As in the finite dimensional case, often times the state estimation problem is not
solvable. As before there is a natural way to get a good estimation to the solution.
Given a frame {z}}2, and {ax}32, € 3, choose m so that > 7 . aj < e. Then

apply the argument in the finite case to get the best solution for {a}}" ;.
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