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A free boundary gas dynamic model as a two-body field theory problem
Michael Thomas Heitzman

Professor Carmen Chicone, Dissertation Supervisor

ABSTRACT

Motivated by the two-body problem in the classical field theories of electrody-
namics and gravitation, in which finite propagation speeds lead to radiation reaction
and runaway solutions, we develop a free boundary problem in gas dynamics to ex-
plore the motion of sources in a medium whose dynamics are governed by hyperbolic,
wave-like equations arising from physical conservation laws. In our linearized acous-
tic model, the fields can be eliminated to yield functional differential equations for
the motion of the sources—delay equations with an infinite dimensional state space.
Expansion and truncation gives rise to runaway solutions, just as in the classical field
theories. We illustrate a scheme for eliminating runaway solutions by reducing to
a finite dimensional, globally attracting, invariant manifold on which effective equa-
tions of motion for the sources can be obtained. The effective equations of motion
approximate the asymptotic behavior of solutions in the full space as they approach
the manifold. We also treat the full nonlinear free boundary problem and show that
unique classical solutions exist locally, for initial fields close enough to their constant

steady state.



0.1 Introduction

A field theory consists of partial differential equations (PDEs) governing the evo-
lution of the field, with the field sources incorporated either as boundary data or
inhomogeneous source terms. The PDEs are hyperbolic, wave-like equations in which
disturbances in the fields propagate with finite speed. Additionally, the motion of the
sources is determined by ordinary differential equations (ODEs) coupled to the field
at the location of the source. Electrodynamics is a classical example of a field theory.

The PDEs governing the electromagnetic fields are Maxwell’s equations,

10B
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where F(z,t), B(xz,t) are the electric and magnetic fields, p(x,t) and j(x,t) are the
charge and current densities (the sources of the fields), and ¢ is the speed of light.
The ODE that determines the motion of the charged particle is given by the Lorentz

force law, combined with Newton’s 2nd law:

mi(t) = elBla(t), 1) + ~d(t) x Bla(t). 1),

where ¢(t) is the position of the particle and e is its charge.

Typically in electrodynamics, the PDEs and ODEs are treated separately. If the
source trajectories (and hence p and j) are given, then the fields can be computed
by solving the PDEs. Or, if the fields are given, then the motion of the sources may

be determined by solving the ODEs. But this separation is unsatisfactory. Rather

1



than prescribing either the fields or the source trajectories for all time, one might
wish to give only initial data for fields and sources and then determine how the entire
coupled system evolves. Unfortunately, for point charges in electrodynamics, such
an initial value problem is not well posed. The difficulty occurs because the field
strength due to a point source becomes infinite at the location of the point source.
(Solving Maxwell’s equations for the fields due to a point source gives the Lienard-
Wiechert fields, expressions for E(x,t) and B(z,t) containing a term that diverges as
1/(z — q(tyes))?, where the retarded time ¢, is delayed by the time it takes a signal
to travel with speed ¢ from the charge location ¢(t,.;) to the point z. But evaluation
at x = q(t) gives t..; = t, so that E(q(t),t) and B(q(t),t) are singular (cf. [6]).)

One method of attempting to overcome this difficulty is by neglecting the particle’s
own contribution to the field in the PDEs, and then compensating by adding a radia-
tion reaction term (determined indirectly by energy and momentum conservation) in
the ODE to account for the effect of the force that the particle exerts on itself. The
result is the Lorentz-Dirac-Abraham equation

26 ...

mq:Fext‘*‘@q, (1)

where F.,; is the net force due to the fields of all the other charges, and the last term
is the radiation reaction. This 3rd order ODE is non-Newtonian with unphysical,
runaway solutions. Additional constraints must be imposed to reduce this higher
order ODE to an effective 2nd order Newtonian equation of motion with no runaway
solutions (cf. [1]).

An alternate approach is to replace the point charges with extended charges. For

a charged spherical shell of radius r, charge e, and bare mass mg moving with low



velocity (v/c << 1) on a line, A. Sommerfeld’s exact representation of the electro-
magnetic fields do not diverge and may be used in the Lorentz force law to give the

equation of motion

d e? 2r

—(mov) = 2o (0(t = =) = v (b)), (2)

-~ 3r2c c
(See [1, 5].) This retarded functional differential equation (RFDE) is again non-
Newtonian. It does not have runaway solutions, but expanding in the small delay and
truncating again yields the 3rd order Abraham-Dirac-Lorentz equation (incorporating
an appropriate electromagnetic mass into the total mass), with runaway solutions
which must be eliminated by additional constraints. Unfortunately, singularities still
emerge when taking the point charge limit of the extended charge.

Similar issues arise in gravitational field theory. The difficulties encountered in
the classical field theories of electrodynamics and gravity for point sources provides
motivation to seek a simpler field theory model where the fields due to the point source
remain finite at the location of the source, yet the model still displays issues associated
with finite propagation speed and radiation reaction. Fluid dynamics provides the

setting for such a model (cf. [7]).

0.2 Nonlinear gas dynamic model

Consider a tube containing an isentropic ideal gas confined between two pistons at-
tached to springs at each end. The motion of each piston is determined by an ODE:
Newton’s 2nd law applied to the piston acted on by the spring force, spring damping,
and gas pressure (at the location of the piston). The pressure field in the gas be-

tween the pistons is determined by the PDEs of gas dynamics, with the motion of the



pistons included as boundary data. The pistons are analogous to charges in electro-
dynamics, with the force due to the gas pressure acting as the Lorentz force law. The
PDEs of gas dynamics are analogous to Maxwell’s equations for the electromagnetic
fields. But, the gas dynamics model has the advantage that even though a piston
behaves as a point charge, the pressure field it produces does not become singular at
the location of the piston. Hence, we may directly couple the motion of the piston to
its own pressure field, and thus immediately ascertain the radiation reaction, without
resorting to the indirect methods required in electrodynamics.

Let us assume the tube lies along the z-axis and the gas flow is one-dimensional
with velocity u(x,t) and positive density p(x,t). Assume the gas is isentropic and the

pressure P is only a function of p, given by the equation of state

P(p) = ap’, (3)
where a > 0 and v > 1 are constants characterizing the gas. Let the ith piston (for
i=1,2) have mass M;, area A, and be attached to a spring with spring constant K;
and spring damping coefficient p;. Let R; be the displacement of the first piston
from its vacuum equilibrium position of z = 0, and R, be the displacement from its
vacuum equilibrium position of x = I.

On the state-dependent domain Ry (t) < x < [ + Ra(t), the field equations arise
from conservation of mass and momentum of the gas, taking the form of the continuity

equation and Euler’s equation
pr = —(pu)a (4)
puy = —puty — P(p)s. (5)

In addition, matching the piston and gas velocity and applying Newton’s 2nd law to
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the pistons imposes the boundary conditions (BCs)

u(Ru(t),t) = Ri(t) (6)
u(l 4+ Ry, t) = Ry(t) (7)
MiRi(t) = —KiRi(t) = mBi(t) — P(p(Ri(t),1)A (8)
MyRo(t) = —KyRo(t) — paRo(t) + P(p(l + Ry(1),1))A. 9)

Initial data consists of values for R;(0), Ry(0), R1(0), R5(0), and the initial fields
p(e,0) = F(x), u(z,0)=G(x), e [Ri(0), 1+ Ra(0)], (10)
for some functions F' and G, where F' must satisfy the condition

I+R2(0)
/ F(x) dx = M, (11)
R1(0)

where M is the total mass of gas between the pistons, per cross sectional area, A.
Note that [ g(}f)z ®) p(x,t) dx remains constant in ¢ by the continuity equation (4) and
the BCs (6)—(7).

The usual compatibility conditions imposed by matching initial and boundary data

requires

Ri(0) = G(Ry(0)), R2(0) = G(I+ Ra(0)). (12)

In addition, if Euler’s equation (5) holds at the boundary, then it may be used with

BCs (6)—(7) (differentiated w.r.t. ¢) to determine the initial piston accelerations

.. 1 0
, Re(0)=— | =—==—P(F(x
=R, (0) ©) (F(x) Ox # )))
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The BCs (8)—(9) then give rise to the further compatibility conditions

M, 0 o )
_ (F(x)%P(F(x))) o = —K R (0) — 11G(R1(0))
M, 0 o )
. (F(@%P(F@))) z=Il+R2(0) B K>R5(0) — 412G (1 + B2 (0))

+P(F(1 + Ry(0))A. (14)

Thus the initial fields F' and G determine the initial piston velocities Ry(0), R(0)
and positions R;(0), R9(0). This implies that the state of the system (3)—(14) at any
time ¢ is completely determined by the field functions p(-,t) and u(-,t).

For every solution of (3)—(9), the energy

1+ Ra(t) .
E(t) = A/ (%p(z,t)uz(x,t)+M> dx

Rl(t) fy - 1

1 1 1 . 1.
+§K13’;’(t) + 5Kﬂzg(t) + 5MlRf(ze) + §M2R§(t)

satisfies

dFE . .
i —m R} — o R3.

The linearization of (3)—(14) about a steady state of constant fields, p = py and u = 0,
yields the acoustic problem on which we expound in chapter 1. In chapter 2, we show
the full nonlinear problem is locally well posed for initial data taken close enough to

that constant steady state (in C' norm).

0.3 Steady state solution

We now show that for a steady state solution (constant in time) of the system (3)-

(14), the field functions p and w must be constant in space as well, and these con-
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stants, along with the steady state piston positions, are uniquely determined by the
parameters a, v, A, M, |, K; and K.

By (3) and PDEs (4)—(5), steady state solutions p and u must satisfy

Pz + puy, = 0

put, +yap’ lp, = 0,

which together imply

(u? +vap” H)p, = 0.

Since (u? + yap?™!) > 0, we must have p, = 0. Thus p is constant, say p = po. Then

(4) further simplifies to become

Polly = 07

which implies that u is constant, say u = wuy.

Let Ry = Ry, and Ry = Ry, be the steady state piston displacements (which are
constant by the definition of steady state). Then the BCs (6)—(7) imply that in fact,
ug = 0.

The condition

I+Ra(t)
/ plx,t) de =M
R (t)

implies the steady state must satisfy
poll + oy — Riy) = M.

Furthermore the BCs (8)—(9) along with the equation of state (3) imply

Rlo - — RQO = . (15)



Therefore the steady state density pg is uniquely determined by the parameters a, A,

v, M, [, Ki and K5 through the relation
lpo + TaAng = M. (16)

This then uniquely determines R, and Rs, as well, by (15). Note that the values of
po, I11,, and Ry, are independent of the piston masses, M; and Ms, as well as initial
data (provided that condition (11) is satisfied).

It is easy to check that p = pp and u = 0 (with R;(0) and Ry(0) determined by the

compatibility conditions (13)—(14) to be Ry, and Ry, as given above) are solutions to

(3)-(14).



Chapter 1

A coustic model

1.1 Linearized acoustic model
The acoustic model is the linearization about the steady state solution of (3)—(14),
p=po, u=0, R =Ry, Ry= Ry, (1.1)

determined in section 0.3 by (15)—(16)
We linearize the system (3)—(14) about the steady state (1.1) by introducing the

change of variables, for i = 1, 2,
plx,t) = po + ep(x,t), ul(x,t)=ceu(x,t), Ri(t)= Ry + e}?i(t),

F(z) = po+eF(2), G(z) = eG(x). (1.2)

Keeping only terms to 1st order in € (i.e., differentiating all expressions with respect
to € and then letting € — 0), and denoting ¢2 = P'(py), we get the linearized system

on the fixed domain Ry, < x <1+ Ry,

potly = _C(Q)ﬁwa (1'4)



with boundary conditions

i(Ryy,t) = Ru(t) (1.5)
Al + Rog,t) = Ro(t) (1.6)
MiR\(t) = —K\Ri(t) — uRu(t) — 23(Ry, 1) A (1.7)
MoRo(t) = —KoRo(t) — piaRa(t) + 25(1 + Ray, t)A, (1.8)

initial conditions, for i = 1,2,

Ri(0), Ri(0) (1.9)
p(z,0) = F(x), (x,0) =G(x), = € [Ry,,]+ Ry, (1.10)
and compatibility conditions
Ri(0) = G(Ry,)), Re(0) = G(I+ Ry). (1.11)
—MIZ—EF'(RM) = —K1R(0) — 1nG(Ry,) — 2F(Ry,) A, (1.12)
—Mﬁﬁ’(z + Ry,) = —K3Ry(0) — p1oG(1 4 Ry,) + c2F(1 + Ry, ) A, (1.13)

Po

which again determine the initial piston displacements and velocities, R;(0), };%i(()),
in terms of the initial fields ' and G.

Formally, the new linearized fields given by the change of variables in (1.2) would
have the same (state dependent) domain as the original functions. However, in the
linearized boundary conditions (1.5)—(1.8), the linearized fields are only evaluated
at the fixed positions x = R;, and x = [ + Ry,, which may not even be located
within the original state dependent domain. Therefore we define the new linearized
field functions to have the fixed spatial domain [R;,,l + Ry,]. We emphasize that,

in the linearized system, all functions of = are on the fixed domain [Ry,,l + Ra,];
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we no longer have a free boundary. However, the functions Ry (t) and Ry(t) are still
unknown (hence the four B.C.s, rather than just the two that would be required if
the R’s where prescribed).

The linearization of condition (11) leads to the condition

/HRQO F(z) dx + po(R2(0) — R (0)) = 0. (1.14)

R10

On the fixed domain, the linearized continuity equation (1.3) no longer conserves

mass; combined with BCs (1.5)—(1.6) it yields

d I+ Ry, B X 2
7 plx,t) duv = —po(Ra(t) — R(1)),
R
so that the map ¢ — f}l;erQO px,t) dx+ po(Ry(t) — Ry(t)) is a constant of the motion.
0

The mass of the gas between the pistons would be conserved with the extra condition
Ry(t) — Fa(t) = 0, (1.15)

but we choose not to impose this extra condition. More will be said about this later,
as this issue comes back to haunt us when we seek a finite dimensional, globally
attracting, invariant manifold whose dynamics capture the asymptotic behavior of
solutions evolving in the full infinite dimensional state space of the linearized sys-
tem (1.3)—(1.14).

It can be seen from PDEs (1.3)—(1.4) that p and @ each satisfy the wave equation
with wave speed ¢, (by differentiating one equation in ¢, the other in z, and canceling
the mixed partials after multiplying by the appropriate constants). We may then
use d’Alembert’s solution to express p and u as a sum of functions of x + ¢t and

x — ct, respectively, where the functions can be determined by initial and boundary

11



conditions (yielding a finite series solution for each ¢, in which the number of terms
increases with ¢ due to successive reflections at the boundaries). Instead, we use the
more geometric method of characteristics, which is equivalent in this case but may
also be applied to more general hyperbolic systems, including the nonlinear system
of the previous section.

First, we note that if the fluid energy term of the previous section is modified by

defining the total energy of the linearized system to be

~ 1 L 1 X 1 ~ 1 ~
E = _-MR}+ -MR; + -K R} + ~KyR; + A/
2 2 2 2 R

1o

then PDEs and BCs (1.3)—(1.8) may be used to show

dFE * *
E = —#133 - MzRg- (1'17)

This will be used to show that, for positive spring damping coefficients p; and ps, the
displacements Ry and R, approach zero as ¢ grows toward +oo, and that the fields
p and u approach zero as well, uniformly for almost all = € [Ry,,l + Rs,]. Although
these results may be expected, they are not obvious. In the next section, we show

that if a steady state is approached, then it must be the trivial solution.
1.2 Linearized steady state solution

For a steady state solution of the linearized system (1.3)—(1.14), the PDEs (1.3)—(1.4)
immediately imply the field functions p and u must be constant in space as well, say
p = po and 4 = g (not to be confused with pg in (1.1)). By definition of a steady
state, each R; is constant, say R; = RZ-O, for i = 1,2 (not to be confused with R;, in

(1.1)). Then the BCs (1.5)—(1.6) imply @y = 0, and BCs (1.7)—(1.8) give

. & - i
Ry, = K, Ry, = 0" (1.18)



Suppose for now that any solution of the linearized system (1.3)—(1.14) approaches
a steady state (as will later be shown), i.e., assume that for all x € [Ry,,l + Ry,], we

have

lim p(x,t) = po, lim a(z,t) =0, lim Ri(t) =Ry, i=1,2.

t—+00 t——+00 t—-+00

Then by BCs (1.5)—(1.6), we also have

lim R(t)=0, i=1,2.

t——+o0

Define

() ;:/+ " () da. (1.19)

Ry,

and denote M (c0) := limy_, oo M(t). Then by our assumption, we have

M (00) = po(l + Ray — Ruy). (1.20)

Differentiating (1.19) with respect to ¢, and using PDE (1.3) and BCs (1.5)—(1.6), we

obtain

l+Ry,

M'(t) = / pi(x,t) dx

Ry,

l+R20
- _pO/ &x<x7t> dx
Ry,

= —po(a(l + Ry, t) — i(Riy, 1))

= —po(Ra(t) — Ry(1)).

Now, perhaps surprisingly, we integrate the last expression for M’(t) from ¢t = 0 to

t = o, and let 0 — 400, which yields

M (00) — M(0) = —po(Ra, — Ra,) + po(Ra(0) — R1(0)).

13



Using (1.18) and (1.20) in the above equation, and then solving for py, we have

= M(0) + po(Ra(0) — R1(0))
[+ RZO - Rlo + POC(Q)%’

(1.21)

where

N(0) = / T B de

Ry,

Thus, combining (1.21) with condition (1.14) gives p = 0, so that (1.18) implies
Rlo = (0 and RQO = (0 as well.
Therefore any steady state that is approached by a solution of the linearized system

must be the trivial solution
p=0, 4=0, Ry =0, Ry=0.

Before showing that solutions of the linearized system (1.3)—(1.14) approach a con-

stant steady state, we must first introduce the method of characteristics.

1.3 Method of characteristics

The PDEs (1.3)—(1.4) can be written in the form

(8- % ](5).

where the matrix on the right hand side has eigen values +c¢; with corresponding left

£

eigen vectors (j:;—g, —1). Left multiplying the above system by each left eigen vector,

respectively, and collecting derivatives, yields the characteristic form of the system

(E_CO%X —%P) =0
8 8 - Co . .



which may be written in the form

wy — cow, = 0 (1.22)

Zt +coze = 0, (1.23)

where the Riemann invariant functions, defined by

w(z,t) = ﬂ(x,t)—;—(;ﬁ(x,t) (1.24)
Art) = ﬂ(x,t)—i—%ﬁ(:c,t), (1.25)

are constant along the integral curves of fl—f = Fcp, the characteristics, which in this
case are straight lines in the (z,t) plane with slopes F1/¢, respectively.

Of course, @ and p may be determined from w and z by adding and subtracting,
respectively. In the next section, we will use the Riemann invariants combined with
the boundary and initial conditions to eliminate the field functions p and @. Thus we
obtain equations of motion for just the pistons, but these become functional differ-
ential equations (FDEs) involving a time delay rather than ODEs after the pistons

begin to interact.
1.4 Functional differential equations of motion

Here we continue to work formally with the linearized system (1.3)—(1.14). Well-
posedness will be shown in section 1.5. Let [y = [ + Ry, — Rj, be the steady state
distance between the pistons, which is also the fixed distance between the boundaries
in the linearized system. Then for ¢ € [0,1y/co], the characteristic line of slope —1/c¢q
going through the boundary point (Ry,,?) will intersect the z-axis at the point (Ry, +

cot, 0), which lies in the fixed domain. Since the Riemann invariant w is constant along

15



this line, we have
- Co - ~ Co -
u(RlO, t) - p—p(RlO, t) = U(Rlo + Cot, 0) - p_p<R10 -+ Cot, 0)
0 0

Using the BCs (1.5) and (1.7) in the left hand side and the ICs (1.10) in the right

hand side of the above equation, we get the ODE
Mlﬁfl (t) = —(ul +p000A>R1(t) — Klﬁfl (t) — AF(RlO +Cot) +[)0€AG(R10 +Cot). (126)

Similarly, again for t € [0,ly/co], the characteristic line of slope 1/cy going through
the boundary point (I 4+ Rs,, t) will intersect the z-axis at the point (I + Rs, — ¢ot, 0),
which lies in the fixed domain. Since the Riemann invariant z is constant along this

line, we have
a(l + Ro,,t) + ;—Oﬁ(l + Ry, t) = a(l + Ray — cot,0) + ;—Op(l + Ry, — cot, 0).
0 0

Using the BCs (1.6) and (1.8) in the left hand side and the ICs (1.10) in the right

hand side of the above equation, we get the ODE

MaoRy(t) = —(pua + pocoA)Ra(t) — KaRo(t) + AF (I + Ry, — cot)

+poCoAé<l + R20 — Cot). (127)

From the ODEs (1.26)—(1.27) we see that for ¢ € [0,ly/co], the pistons behave as
decoupled damped harmonic oscillators with forcing terms given by the initial fields
F and G. They are decoupled because lo/co is the time required for a signal to
travel from one piston to the other (in the linearized approximation that the distance
between the pistons is their steady state separation of ly). Thus the pistons have not
had time to interact yet. Note that the damping proportional to the piston velocity

has two parts: spring damping with coefficient p; and fluid damping with coefficient

16



pocoA. The fluid damping may be associated with the radiation reaction—it arises
from the coupling of the piston’s motion to its own pressure field (the analogous
direct coupling could not be done for point charges in classical electrodynamics).
Some justification for associating the damping term pocoAéi with self-force can be
provided by noting that it is present even for zero initial fields F' and G, and the
only other field source, namely the other piston, is beyond the range of influence for
t <ly/co.

Starting at a point on the boundary for ¢ > ly/c (after the pistons have begun to
interact), tracing back in time along a characteristic line will hit the other boundary
before the z—axis. The characteristic line of slope —1/¢q going through the left
boundary point (Ry,,t) will intersect the right boundary at the point (I + Ry, t — (’;—g)
The characteristic line of slope 1/¢y going through the right boundary point (I+ Ry, t)

will intersect the left boundary at the point (Ry,,t — é—g) Making use of the Riemann

invariants w and z as before, we have

N Co - B l Co . [
@(Ryy,t) — —p(Riy,t) = a(l+ Roy,t — —) — —p(l + Ry, t — )
Lo Co Lo Co

ﬂ(l+R20,t)+%ﬁ(l+Rgo,t) = @Ryt — 9+ LRy, t — 2.

Applying the BCs (1.5)—(1.8) to eliminate the field functions p and @ yields the neutral

17



functional differential equations (NFDEs)

B = l X ~
MRy (t) + MyRy(t — C—O) = —(u1 + pocoA) Ry (t) — K1 Ry (t)
0
l
+(pocoA — pa) Ro(t — %)
. l
—KyRy(t — 2) (1.28)
Co
- - l - -
MoRy(t) + MyFa(t = ) = —(pa + pocoA) Ra(t) — Ko Ra(t)
0

—K\Ry(t — l—o). (1.29)

NFDEs are functional differential equations with a delay appearing in the highest
order derivatives (see [15]). By themselves, the NFDEs (1.28) and (1.29) are not
Newtonian: they require initial functions for Ry and Ry on the interval [0,1y/co]. On
the other hand, these initial functions are generated by the solutions of ODEs (1.26)—
(1.27), which are Newtonian: they only require the initial data Ry (0), Ry(0), Ry(0),
and ]L%Q(O) (assuming that the initial fields F' and G are given without the compat-
ibility conditions (1.11)—(1.13)). In this way, the ODE/NFDE system (1.26)—(1.29)
may be considered as a Newtonian system.

Unfortunately, viewed in this manner, these equations do not define a dynamical
system; the time t = 0 is special because the initial fields are specified at that time
only. To form a true dynamical system with a flow, the gas density and velocity fields,
p and @, must be included in the state space (making it infinite dimensional), and
the equations that determine their evolution must be incorporated into the solution
(and the compatibility conditions (1.11)—(1.13) must be included to ensure the fields

remain smooth). The mechanism for determining the evolution of the fields from the

ODE/NFDE system (1.26)-(1.29) may be seen as follows. Given the initial fields F
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and G and compatibility conditions (1.11)(1.13), the ODEs (1.26)(1.27) determine
Ry and R; on the time interval [0, lo/co], which are then used as initial functions for
the NFDEs (1.28)(1.29), which in turn determine R; and Ry for t > ly/co. Knowing
Z~%1 and Rg on any time interval of length ly/cy, the fields at the beginning of the time
interval may be obtained by solving for the initial fields in the ODEs (1.26)—(1.27),
translated in time appropriately. Of course, this translation assumes existence and
uniqueness of solutions of the ODE/NFDE system (1.26)—(1.29).

Alternatively, the fields p and @ may be constructed from Ri, Rs, F, and G using
Riemann invariants, as in the next section, where we show well-posedness of the
linearized PDE/ODE system (1.3)—(1.14). First, we state a proposition summarizing

the relationship between the two systems.

Proposition 1. The linearized PDE/ODE system (1.3)—(1.14) is well posed if and
only if the ODE/NFDE system (1.26)—(1.29) with conditions (1.11)—(1.14) is well

posed.

Proof. We have shown that for any solution of the system (1.3)—(1.14), the piston dis-
placements R; and R, must also satisfy the system (1.26)(1.29). Conversely, given
functions Ry and R, which satisfy the ODE/NFDE system (1.26)(1.29) with con-
ditions (1.11)—(1.14), the procedure that was used to eliminate the fields in deriving
(1.26)(1.29) can be reversed to construct the fields 5 and @ from Ry, R, and the
initial fields F' and G. This construction can be seen explicitly in the next section,
where in fact the functions Rl and Rg will be constructed as well, rather than being

assumed given. O
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1.5 Existence and uniqueness for the acoustic model

In this section we use characteristics and Riemann invariants to construct (unique)
solutions to the linearized system (1.3)—(1.14), rather than eliminating the fields. Let
F and G be C! functions with domain [Ry,,l + Ry,]. We begin by constructing the
solution on the boundary in terms of F and G.

For t € [0,1y/co], define Ry(t) and Ry(t) as the solution of the ODEs (1.26) and
(1.27), respectively, where the initial values Ry (0), él(()), R5(0), and ];%2(0) are de-
termined from F and G by conditions (1.11)~(1.13). Clearly R, (t) and R,(t) are well
defined by the standard existence, uniqueness, and extension theorems for ODEs. In
fact they are C® functions of ¢, and depend smoothly on their initial data. We can
then impose the boundary conditions by defining u(R,,t), u(l+ Ry, t), p(R1,, 1), and
p(l+ Ra,,t) by BCs (1.5)—(1.8), for t € [0, 1y/co).

We now divide the (x,t) plane into four regions on which we will construct the
field solutions separately. The characteristic lines * = Ry, + ¢ot and & = [ + Ry, — cot
emanating from the boundary points (R;,,0) and (I + Ry,,0), respectively, form the
following three regions:

Ri = {(z,t): Ry +cot <x <1+ Roy —cot, t>0}

—R [+ Ry, —
R R Rt LR R
Co Co

Ry = {(x,t):x < Ry, +cot, x<Il+ Ry —cot, x>0}

- R I+ Ry, —
= {(mjt);ugtgw’ t >0},
Co Co

Rs = {(z,t):x >Ry, +cot, ©>1+Ryy—cot, x<I+ Ry}

r—R
St< 0 2 <14 Ry}
Co Co

) l+R20—3§’

= {(z,1):
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The two additional characteristics x = Ry, — lp + cot and x = | + Ry, + ly — cot

emanating from the boundary points (R, i—g) and (I + Ry,, i—g), respectively, form the

upper boundary to the fourth region:

R4 = {(.Qﬁ,t)il—i‘Rzo —CotS.xSRlO—i‘Cot,

Rlo—lo+Cot§l’§l+R20+lo—Cgt}

l+ Ry, — —R l
) R Rk P il T )
Co Co
:L’—Rlo <t<l+R20+l0—l’}
Co - Co .

In region Ry, both families of characteristics with slopes F1/¢y (on which w and

z must be constant, respectively) can be traced backward in time to the segment

[R1,, [+ Ry,] x {t = 0}, where initial data is given. So we impose the initial conditions

by defining, for € [Ry,,l + Ry,), p(2,0) = F(z) and @(x,0) = G(x). Then for a

point (z,t) € Ry, to see how we must define p(x,t), we express it in terms of w and

z and trace back in time along the appropriate characteristics to ¢ = 0, as follows.

fo (z(x, t) —w(z, t))

2C0

&(z(a: — cot, 0) — w(z + cot, 0))
200

Po (-~ Co -
—(u(x — cot,0) + —p(z — cot, 0
260(( ot,0) pol)( ot, 0)

C
—a(z + cot, 0) + p—oﬁ(az + ¢ot, 0))
0

(F(z — cot) + F(z + cot)) + Q'OTO(G(:B — cot) — Gz + cot)).

DO | —
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Doing the same thing for u, we have

(w(m,t) + z(x,t))

(w(z + cot, 0) + z(x — cot, 0))

N~ N~ N~

(@(x + cot,0) — 20 5(x + cot, 0)
Po

~ Co .
+u(x — cot,0) + p—op(x + cot, 0))
0

= O (Fx—eot) — Fz+cot)) +

200 (G — cot) + G(x + cot)).

N —

From a point (x,t) in region Ro, characteristics of slope —1/cy (on which w is

constant) can be traced back to ¢ = 0 as before, but characteristics of slope +1/cg

z—R

(on which z is constant) will intersect the boundary at (Ry,,t— ) before reaching

the z-axis. This will incorporate the solution at the boundary, which we already have
defined above in terms of the function R, by BCs (1.5) and (1.7), and R, itself
has already been defined in terms of the given functions F' and G. For notational

x_jlo, which physically represents the time it takes for a

convenience, let t1(x) =
signal with speed ¢ to travel from the boundary at R;, to the point x. Then, for

(x,t) € Ry, we must have

plr,t) = Qp—coo(z(x,t) — w(z,t))
= gor ((Ragst = 1(@) = wl + cot,0))
_ %(a(Rlo,t —ty(2)) + %ﬁ(let 1)

—u(x + cot,0) + %ﬁ(w + cot, 0))
0

- 2/)_000 (_pﬁlAé(t — ty(x)) — (pO’Z;A 1) Ryt — ty(2))

Kl ~ ~ Co ~ >
Ri(t —ti(x)) — G(x + cot) + —F(x + cot) | .
LR h(w) = Ol ) + 0Pl o)
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Similarly, we see that @ must satisfy

w(z,t) = =(w(z,t)+ 2(x,t))

(w(m + cot, 0) + 2(Ry,, t — t1(1‘)))

N~ N~ N~

(ﬂ(m + ¢ot,0) — ;—Oﬁ(x + ¢ot, 0)
0

FlRag, = 0(2)) 2P Rag = 0(2)))

= 3 (a6 = (g = D= nte)

Kl ~ ~ Co ~ )
— Ri(t —ti(x)) + Glx + ¢cot) — —F(z + cot) | .
o 1(t = ti(x)) + G( ot) o ( ot)

From a point (z,t) in region R, characteristics of slope +1/cy (on which z is

constant) can be traced back to ¢ = 0, but characteristics of slope —1/¢y (on which w

is constant) will intersect the boundary at (I + Ra,,t — HP;%:’*I) before reaching the

l+Roy—z

x-axis. Letting to(z) = , we find by a computation similar to the one above,

that in region R3, p must satisfy

pz,t) = &( M, §2(t—t2(ac))+(p0'lézA—1)§2(t—t2(x))

KQ ~ ~ Co ~ )
+ Ro(t — to(z)) + G(x + cot) + —F(x + cot) |,
L Ralt = (@) + o+ ) + LF(w + )

and % must satisfy

- . 1 M, = 2
a(z,t) = 5 <—pOCOAR2(t—t2(a:)) — (,OOCOA

— 1) Rylt — ta(2))

KQ ~ ~ Co ~ )
— Ry(t —ta(x)) + G(x + cot) + — F(x + cot) | .
2 Ralt = () + G+ auf) + L F(w + )

From a point (x,t) in region R4, neither characteristic can be traced back to t =0

before intersecting the boundary: the characteristic of slope +1/¢y (on which z is

z—Ry

constant) will intersect the boundary at (Ry,,t— ) and the characteristic of slope

l+R20—Z‘)

—1/¢ (on which w is constant) will intersect the boundary at (I + Ry, ¢t — —
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Therefore treating z as in region Ry and w as in region Rg3, we see that in region Ry,

p and © must satisfy

pot) = o (=i o) - A - D)
—pf;ARl(t (@) + pé‘i?Aéz(t 1)
(L ) Ralt = ) + pjc(jAzizQ(t _ tg(x))) L (130)
o t) = -% (pj‘folAél(t—tl(x)>+(po’Z;A—1)1’%1@-751(9;))
+p0[§;AR1(t — (@) + pﬁzAéQ(t — ()
+(p0’“ézA — 1) Ryt — tlx)) + pjc(jARZ(t _ tg(x))) . (131

where we recall that the functions R; and R, on the interval [0,1p/co] have been
defined in terms of F' and G.

We have shown that it is necessary to define the field functions p and « in the
regions Uf‘lei as described, in order to both satisfy conditions (1.5)—(1.14) and
ensure that the functions w and z, given in terms of p and @ by (1.24)-(1.25), are
constant along the characteristics of slope F1/cq, respectively. The invariance of w
and z on their appropriate characteristics is required by any solution of PDEs (1.22)—
(1.23), and hence by any corresponding solution of PDEs (1.3)-(1.4). Therefore, if
system (1.3)-(1.14) has a solution on the domain |J;_, R;, it must be the one we
have constructed. On the other hand, our constructed solution candidate does satisfy
conditions (1.5)—(1.14), by construction. Also, the corresponding w and z are constant

on their appropriate characteristics, again by construction. If w and z corresponding
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to our constructed p and @ were C'' (which would be the case if our constructed p
and @ were C'), then they would in fact be C'! solutions of PDEs (1.22)—(1.23), and
hence our constructed p and @ would be C* solutions of PDEs (1.3)-(1.4). Thus it
remains to check that our constructed p and @ are C. Since F and G are C*, and
Ry and R, are C®, it is clear that our constructed p and @ are C' in each region
R; separately. Furthermore, it can be checked that our constructed p and u are
C' on the boundaries of each region by using the compatibility conditions (1.11)—
(1.13). Thus our constructed p and @ is the unique C' solution of the linearized
system (1.3)—(1.14) in the domain U}_;R;. In particular, the solution is defined on
[R1y, [+ Ra,] X [0,10/co]. We can now consider the fields, say, at time ¢ = ly/2¢ to be
the new initial data functions and repeat the entire process from that time forward,
thus yielding a unique C* solution on the time interval [ly/2cq, 3ly/2co]. Repeating
this process, and patching these unique solutions together, by induction we have a
unique global C'! solution of the linearized system (1.3)—(1.14). We state this result

in the following theorem.

Theorem 2. Given F,G € C'[Ry,,l + Ry,], the linearized system (1.3)~(1.14) has a

unique global C solution.

Remark 3. Note that for r € N, if the initial fields F and G are in C" , then linearized

system (1.3)—(1.14) has a unique global C" solution, by a similar proof.

Remark 4. If the initial fields F and G merely C?, then the solution constructed in the
previous proof satisfies a weak formulation of the linearized system (1.3)—(1.11) and
(1.14), where (1.3)—(1.4) are replaced with the conditions that the Riemann invari-

ants must remain constant on the appropriate characteristics, and the compatibility
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conditions (1.12)-(1.13) have been dropped. We call such a solution a weak solution.

1.6 Globally attracting steady states

We are now finally prepared to show that, as ¢ — 400, solutions of the linearized
system (1.3)—(1.14) approach a steady state. As discussed in section 1.2, such a steady

steady state must be the trivial solution
p=0, =0, Ri =0, Ry=0.

We introduce some more precise notation for clarification. Denote the state space

of the linearized system (1.3)—(1.14) by
B = Cl([R10’ [+ R20]) X Cl([Rlov [+ R20])’

where the state at time ¢ is given by the pair of field functions (5(-,t), u(-,t)) € B.
Note that the piston displacements and velocities, Ry(t), Ra(t), él(t), and éQ(t),
are determined by the values of p(-,t) and (-,¢) and their spatial derivatives at the
boundaries, through the compatibility conditions (1.11)—(1.13) evolved to time ¢, i.e.,

the conditions

Ri(t) = @(Ruy, ), Rot) =l + Roy, t). (1.32)

—Mlp—Pw(Rloa t) = =Ky By (t) — pni(Ray, t) — cp(Rig, t) A, (1.33)
0

2 ~
—Mgg—m(l + Rog,t) = —KaRa(t) — poti(l + Ray, t) + cgp(l + Ry, t) A (1.34)
0

Suppose, for the moment, that p and @ were C2. Then we could differentiate the

PDEs (1.3)-(1.4) in « and differentiate the BCs (1.5)(1.8) in ¢, and find that if we
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define the new energy for the spatial derivatives,

= Loz 1o 2 1o sy 1 % o 1, @,
E1 = _MlRl + —M2R2 + _KlRl + —KQRQ + A (—poux + _px) d!E, (135)
2 2 2 2 R, 2 2p0
then the new PDEs and BCs may be used to show
dE
d_tl = _NIR% - MQR; (1.36)

Thus E, is bounded since it is positive and decreasing. This implies the fNil are
bounded as well. In fact, (1.35) is well defined even if p and @ are merely C'. Since
in this case, the R; will be C?, our only concern is whether we can differentiate the
integral in (1.35) with respect to ¢t. Using the standard procedure of approximating
the functions p and @ by their mollifications (C'*° functions which satisfy the same
linear PDEs as they do), we still obtain (1.36), with g and % merely assumed to be
Ct.

Note that F and F; provide bounds on both the L? norms of p and u, and their
derivatives p, and u,, so that as they evolve, the solutions p and @ remain bounded
in the Sobolev space H!. Thus by a standard Sobolev embedding theorem, we have
that p and @ remain bounded in the C° norm as well. This can also be seen from
equations (1.30)—(1.31), since (1.16)—(1.17) and (1.35)-(1.36) imply that R;, ]L%i, and
fii, for + = 1, 2, are all bounded functions.

By (1.16)-(1.17), we have that E is decreasing and bounded below, hence it con-
verges to a constant value as ¢ — +o00. It is tempting to then conclude that % — 0,
from which (1.17) would imply RZ — 0, for ¢ = 1,2. However, the fact that E is de-
creasing to a constant value is not enough to conclude that % — 0. It would be true,

d’E
dt?

d’E

L does remain bounded, by

however, if were bounded. In fact, we can see that
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differentiating (1.17) and recalling that R; and 1%,-, for i = 1,2, are bounded. Thus

we do indeed have % — 0, and hence R; — 0 for i = 1,2, as t — +oo. Even so,
this does not imply R; must converge to a steady state (for example, consider the
function sin v/¢). To show that requires more sophisticated analysis.

Let S(t) : B — B be the evolution operator for the linearized system (1.3)—(1.14),

which satisfies the usual group properties: for £ € B,

S(0)¢ =¢,
S(t)S(s)E = S(t+s)E, t,seR,

S(t)¢ is jointly continuous in ¢ and €.

Note that the energies £ and E; as defined by (1.16) and (1.35) provide alternative
norms on the space B. From these we may define yet another norm: E, := E + Ej.
By the Rellich-Kondrachov compactness theorem, H'([Ry,,l + Rs,]) is compactly
embedded in L?([Ry,,l + Rs,]), from which it can be seen that B equipped with the
F5 norm is compactly embedded in B equipped with the E norm (Rellich-Kondrachov
takes care of the integral terms, for the rest of the terms, going from E, to E just
involves projection from a finite dimensional space to one of lower dimension). Thus,
a sequence in B that is bounded in the E, norm will have a subsequence that converges
in the £ norm. Given & € B, for any ¢ > 0 , we have that 1S()El 5, < [I¢llz, (since

E, is decreasing along orbits by (1.17) and (1.36)). The aforementioned compact

embedding then implies that, for each s > 0, the set {S(t)§ : t > s} is compact in the
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E norm. Thus we have that the omega limit set of &, defined by

w(&) =SBt > s}, (1.37)

s>0

is nonempty and compact in the £ norm. We would like to show that w(¢) consists
of constant fields by applying the evolution operator S(t) to an arbitrary element of
w(§). Unfortunately, since the closure in (1.37) is only in the E norm, w(§) may not
be in the domain of S(t).

Now suppose, for the moment, that £ happens to consist of fields p and @ that are

C?, i.e. let & € By, where
BQ = 02[R10, l+ RQO] X 02[R10, l+ RQO].

Then by remark 3 following theorem 2, S(¢)¢ will be in By as well. Repeating the same
argument that yielded (1.35)—(1.36) for initial data in B; (including approximation

by mollifications), we now find that the new energy defined by

e e 2 T BN (NN R 1 @,
Eg = _MlRl + —MQRQ—f-—KlRl + —K2R2 +A (—poum—k—pm) dl’, (138)
2 2 2 2 Ri, 2 2p0
satisfies
dE3 ) 202
7 — Ry — po Ry, (1.39)

for the solution S(¢)¢ in Bs.

Let Ey := Ey + E5. We again use the Rellich-Kondrachov compactness theorem,
which implies H?[Ry,,l 4+ Rs,] is compactly embedded in H'[Ry,,l + Ry,]. Therefore
By equipped with the E, norm is compactly embedded in By equipped with the Fy
norm.

Again, the aforementioned compact embedding then implies that, for each s > 0,

the set {S(t)€ : t > s} (closure in E, norm) is compact in the £ norm. Thus we have
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that the omega limit set of £, in the Ey norm, defined by

wa (&) = ﬂ {S(t)é:t> s}, (closure in Ey norm), (1.40)

5>0
is nonempty and compact in the Ey norm. Due to the closure in E» norm, wo (&) may

no longer be contained in By, but rather is contained in the larger space
H = {C € Hl([Rloal + RQO]) X Hl([R107l+ RQOD : HCHEQ < +OO}'

We claim that the norm FEj is constant on the set wy(€). An alternate expression

for the set wy (&) is
wa(&) ={C e H: Htx}32, C R, such that ty — +00,S(tr)§ — ( as k — +o0},

where the convergence S(t;)¢ — ( is with respect to the E» norm.
Thus for any ¢ € w(§), there is an unbounded, increasing sequence {t;}22, C R

such that

lelle, = 11 Jim_S(ta)ell,
= lim IS¢,

= tim [IS()¢]lz,

where we have used the fact that the map & — [|.S(¢)€]|z, is continuous. (Since B, is
decreasing along orbits, we have |[S(t)& — S ()&l 5, < |61 — &z, for all §1,&, € Bs).
Furthermore, the limit in the last equality above exists (and hence is unique) because
the map ¢ +— |[S(t)¢]|z, is decreasing, continuous, and bounded below. Thus the

norm F, is indeed constant on w(&).
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Next we will show that every point in wy(€) is a steady state. Each element of
wo(€) resides in ‘H, and therefore each element is an equivalence class of functions
which has a unique continuous representative. This continuous representative may
be used as initial data for the weak formulation of the linearized system (1.3)—(1.14),
as described in remark 4. In this way, the (weak) evolution operator S(t) is well
defined on H, and in particular, wy(§) is invariant under S(t) by (1.40).

Let ¢ € wy(&) be represented by

C - (ﬁ(l’, 0)7 a(.ilﬁ, 0)7 R1(0)7 R2(0)7 R1(0)7 RZ(O))7

which can be considered as initial data for the (weak) solution

We will show that, in fact, S(¢)¢ is independent of ¢, i.e. that S(t)¢( = (. The
invariance of wo(§) implies that |[S(¢)(]||z, remains constant for all ¢ > 0, from which
we conclude that ];%1 =0 and ]%2 =0 by (1.17). Thus R, and R, are constant, say,
Ry =y and Ry = 5. For any point (x,t) for which both families of characteristics,
lines of slopes +1/¢g, can be traced back in time to the boundaries, which will always
be the case for t > ly/cy, the fields p(z,t) and a(x,t) can be expressed in terms of
the R; and their derivatives at retarded times (the retardation depending on ) by
(1.30)—(1.31). Thus we find that, at least for ¢ > ly/cy, the fields must be constant in

xr and t, with the values

~ 1 . 1
p:m(Kﬂg—Klm), u = —

oC A(Kﬂ”l + KQ?”Q).
0C0

Since we already have the f?l = 0, the BCs (1.5)—(1.6) imply that the only constant
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@ could be is zero. We thus obtain, for ¢ > ly/co,

.1 1
P= c2A A

Kory, u=0. (1.41)
But this implies the fields had to have these same constant values for all t > 0; in fact,
for all t € R, since the proof of theorem 2 is equally valid working backward in time,
giving global backward existence and uniqueness as well (of course, going backward
in time the energy norms are increasing rather than decreasing, but these were not
used in proving existence and uniqueness). Thus ( is in fact a constant steady state.
Therefore, wy(§) consists only of constant steady states of the form (1.41).

Actually, we can conclude more. Different constant values of the steady states
given by (1.41) would have different E, norms. But we have shown every point in
w (&) has the same Fy norm, namely lim,_, ||S(¢)¢]| 5, Therefore wy(§) consists of
only one point, a constant steady state. And we have that S(¢)§ converges in the Fy
norm to that steady state as t — 4o00. This implies that the fields p and @ converge
to some constant and zero, respectively, in the H' norm, él and ég converge to
zero (which we already knew), and }?1 and RQ converge to some constants r; and 7o,
related to p by (1.41).

What we haven’t quite shown yet is that this constant steady state must be the
trivial solution, as in section 1.2, where the fields were assumed to converge pointwise
to steady states. However, in that derivation, the only place the assumption that
limy oo @z, t) = 0 was used, was to show that lim; .« I%Z(t) = 0. But that is already
known from other arguments. Furthermore, the assumption that lim; ., . p(z,t) = po
was only used when letting ¢ — +o0 in (1.19) to conclude (1.20). In fact, even if

p — po merely in L' as t — +o00, we could still conclude that (1.20) holds. Therefore,
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knowing that S(t)¢ converges in the E, norm to the constant steady state in ws(€)
as t — o0, and thus the corresponding field solution p converges in H', and hence
L' as well, to its constant value, we can run through the derivation of (1.21) again
and conclude that the constant value of the steady state in wy(&) is indeed the trivial
solution.

Now, we remove the assumption that £ is C%. Let £ € B (whose fields are merely
C"Y). Let {&,} C By be a sequence (with C? fields), such that &, — & in E, norm as
n — +oo. Clearly such a sequence exists. As argued above, wy(&,) will consist of
a single point, the equivalence class of functions which has the trivial solution as its
continuous representative. We denote this point by ¢, (which is actually independent
of n), for which S(t)¢, — (, in the E» norm as t — +00. By the continuity of the
operator S(t), we have that lim,_. ., S(t)¢, = S(t)§. We would like to argue that

the following limit (in £ norm) exists:

lim S(#)¢ = lim ( lim S(t)§n>

t——+o0 t——+oo \ n——+oo

— lim ( lim S(t)§n>

n——+oo \ t—+o0

= lim (,.
n—-+o00 Cn

The above limit would exist, and the interchange of the limits in ¢t and n would be
justified, if we knew that S(t)&, — S(t)¢ in the Ey norm, as n — oo, uniformly in
t. But this follows from the fact that S(t) is linear and E, decreases along orbits,

which implies

1S()n — SW)Ellz, = [1SE)(En = Oz,
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Thus, as t — 400, S(t)¢ converges in the E, norm to a point in ws (&), which therefore
must consist of only one point—the equivalence class of functions which has the
trivial solution as its continuous representative. In particular, as t — +oco, the piston
displacements and velocities, Ry (t), Ra(t), él (t), and ég(t), converge to zero, and the
fields p and @ converge to zero in H' norm. We summarize this result in the following

theorem.

Theorem 5. Let F,G € C'[Ry,,l + Ry,]. Then the unique global C" solution of the
linearized system (1.3)—(1.14) with positive spring damping parameters pi and fio,

(p(-, 1), (-, ), Ri(t), Ra(t), fil(t), Ry(t)), converges to the trivial solution (0,0,0,0,0,0)

as t — +oo, where the convergence of p and i to zero is in the H* norm.

The trivial steady state, which we have just shown all solutions must approach,
clearly forms a finite dimensional, invariant manifold within the infinite dimensional
state space B. Of course, the dynamics on that manifold are not very interesting.
The next task that naturally arises is to explore how this steady state is approached.
Is there a larger, yet still finite dimensional, invariant manifold which attracts all so-
lutions and captures the effective dynamics of their asymptotic behavior? We explore
this idea in the equivalent ODE/NFDE system (1.26)—(1.29) with conditions (1.11)-
(1.13), although those conditions will be dropped along with the initial fields alto-

gether as we focus our attention on just the NFDEs.

1.7 Identical pistons in dimensionless form

We now return to the ODE/NFDE system (1.26)—(1.29) from section 1.4, without

the compatibility conditions (1.11)-(1.13). For simplicity, we consider the case of
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identical pistons; that is,
M =M =M, K=K =K p=p = .
Introducing the dimensionless parameters and variables

| K 1~ pPocA 1
— o = t R’L = _RZ t 5 — 9 - 9

. poCOA ~ . leO
= KZO G(Cot), 0= c

cHA ~

@ )= Kl (cot), G(7)

and decoupling the system by introducing the new state variables X = R; + R, and

Y =R, — R,, we obtain

X'(r) = —(a+p)X' (1) =X(1)=F(@+71)+F(6+v—1)
+G(04+7)+G0+~y—71), T<~x (1.42)
X'+ X"(1—v) = —(a+0)X'(r)—X(1)
+Ha=-0)X'"(t—7)—X(t—7), 7>~ (1.43)
and
Y'(1) = —(a+B)Y'(r)=Y()—F@+71)—F(@+v—71)
+G(04+T1)—G0+~v—71), T<~x (1.44)
Y1) =Y"(r—7) = —(a+B)Y'(r)-Y()
—(a=PB)Y (r—9)+Y(r—7), T>7 (1.45)

which may be considered as two separate Newtonian systems. Indeed, an initial posi-

tion and velocity (X (0), X’(0)) (respectively, (Y(0),Y’(0))) given for the ODE (1.42)
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(respectively, (1.44)) produces a solution on the interval [0, ] that provides the initial
function required for a unique solution of the NFDE (1.43) (respectively, (1.45)). This
viewpoint assumes that specific initial fields F and G are given. On the other hand,
we may consider the NFDEs (1.43) and (1.45) more abstractly with initial data from
the space of all solutions of the ODEs (1.42) and (1.44) given all possible C' initial
fields F and G. This viewpoint is perhaps more aligned with the electrodynamic ana-
logue. There, the corresponding FDEs do not usually come together with an ODE
whose solution provides the required initial function. Instead, the initial electromag-
netic fields are most often prescribed in the infinite past with a stipulation of fast
enough spatial decay. In a similar manner, if we specify our initial acoustic fields
at t = —oo instead of ¢t = 0, then we will have only the NFDEs (1.43) and (1.45).
In this case there are no ODEs to determine initial functions, and the initial fields
don’t appear (nor do the compatibility conditions (1.11)—(1.13)). These NFDEs are
non-Newtonian: initial trajectory functions are required to determine their solutions
just as in electrodynamics (for example, (2)). The question then becomes: Can we
approximate the non-Newtonian infinite-dimensional NFDEs with finite-dimensional

Newtonian ODEs? In other words, are there effective equations of motion?

1.8 Expansion in the small delay and runaway so-
lutions

We examine the NFDE (1.43)

X'(r)+ X1 =) = =(a+ H)X'(1) = X(7) + (a = )X (T —7) = X(7 =),
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under the assumption that the delay « is small. Expanding to zeroth order in v gives

X"(r)=—-pX'(1) — X(7), (1.46)

a damped harmonic oscillator where 3 is the dimensionless spring damping coefficient.
The characteristic polynomial,

N+ BA+1, (1.47)

of this linear system has, for § > 0, two imaginary roots with negative real parts and,
for § = 0, two purely imaginary roots; hence, there are no runaway solutions. In case
the NFDE (1.43) has a two-dimensional invariant submanifold on which the effective
dynamics takes place, we claim that (1.46) gives the zeroth-order approximation of
the dynamics restricted to this manifold.

Expanding (1.43) to first-order in «y gives the third-order ODE

1X"(7) = [(a = B)y + 2] X"(7) + (26 — 1) X'(7) + 2X(7), (1.48)

whose characteristic polynomial is

N = [y(a = B) +2]A% = (28 = )A - 2.

It can be shown that two of the roots of this polynomial have non-positive real parts
(which continue from the two roots of polynomial (1.47)); but, the new third root
(coming from A = oo in the perturbation) has positive real part. This third root
thus corresponds to a one-dimensional family of runaway solutions— an artifact of
expansion and truncation, similar to the runaway solutions of the Lorentz-Dirac-
Abraham equation (1). The removal of these unphysical solutions is the goal of the

next section.
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1.9 Singular perturbation theory

(1.48) is equivalent to the first-order ODE system

X'(t) = V()
Vi(r) = Q(7)
V(1) = 2X(7)+ (28 — V(1) + [v(a = B) + 2]Q(7). (1.49)

This system has a three-dimensional state space and a one-dimensional subspace of
unphysical solutions, which we will eliminate by using geometric singular perturbation
theory. We will restrict the dynamics to a two-dimensional (slow) submanifold that
we claim approximates the effective dynamics of NFDE (1.43).
Introducing a fast time s by the singular change of variables 7 = s, and the new
functions
X(s)=X(1), V(s)=V(7), Q(s)=0Q(r), (1.50)
the ODE system (1.49) becomes
X'(s) = V(s)
Vi(s) = 2Q(s)
Q'(s) = 2X(s)+ (28 =NV (s) + 2+ v(a - B)]Q(5). (1.51)
The unperturbed system (v = 0) has a two-dimensional manifold of rest points given
by {(X,V,Q) : X + 3V +Q = 0}. This manifold is normally hyperbolic. Indeed, the
characteristic polynomial for system (1.51) with v = 0 is A>(\ — 2). The eigenspace
corresponding to its two zero roots is tangent to the invariant manifold of rest points;

the (one-dimensional) eigenspace corresponding to the nonzero eigenvalue is trans-

verse to the invariant manifold. Since the nonzero eigenvalue has positive real part,
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solutions not on the manifold move away from it exponentially fast. According to a
theorem of Fenichel (see [2, 3, 4]), this two-dimensional normally hyperbolic invariant
manifold persists when ~ is perturbed from zero and the perturbed invariant manifold

is the graph of a function

Q="h(X,V)=—-X -V 4+ (X,V)+ 0(?), (1.52)

where the perturbed function h; may be determined by equating the tangent vector
(X', V',@Q') as given by the right hand side of system (1.51) with a linear combination
of the basis vectors (1,0,h¢) and (0,1, hy). By carrying out this procedure, we find
that

MX,V)==-X+ O‘—ff/. (1.53)

| Q

The fast system (1.51), restricted to the perturbed manifold given by (1.52), is

X'(s) = V(s)
Vi) = Al = DX + 605~ V)

(1.54)

It follows that the slow system (1.49), restricted to the corresponding slow manifold,

18

X'(t) = V()
Vir) = (G =X+ 85 - )V(7), (1.55)

which may be rewritten as the single second-order ODE

X"(7) = (% —1DX(r) + 6(% )X (7). (1.56)
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This equation, which we will show in the next section agrees to first-order with the
effective dynamics, has no runaway solutions; in fact all of its solutions decay to zero
exponentially fast.
The NFDE (1.45) contains a degeneracy that complicates its analysis. We will
outline the main features of its reduction to an effective equation of motion.
Expanding to zeroth-order in -, both second derivative terms and the terms with-

out derivatives cancel. This procedure leads to the one-dimensional equation
Y'(r) =0 (1.57)

with no runaways—the solutions are all constant.

After expansion to first-order in 7, the NFDE (1.45) becomes the third-order ODE
W(r) =7(a = B)Y"(r) = 2o+ 7)Y'(7), (1.58)

whose characteristic polynomial has one zero root (persisting in the perturbation
from v = 0) and two roots with positive real parts (which come from oo in the
perturbation). Thus (1.58) has a two-dimensional subspace of runaway solutions,
which we may try to eliminate as before. (1.58) is equivalent to the first-order ODE

system
Yi(r) = W(r)
VIW!(r) = Z(7)
VIZI(1) = —Qa+)W(r)+ 7 (a—B)Z(7). (1.59)

Introducing a new fast time s by the change of variables 7 = /7 s and the new

functions

Y/(s) =Y(r), Wi(s)=WI(r), Z(s)=Z(r), (1.60)



we transform the the slow system (1.59) to the fast system

Yi(s) = ViW(s)

W'(s) = Z(s)

Z'(s) = —Qa+y)V(s)+ 7 (a—B)Z(s). (1.61)

Setting v = 0 yields a system with a one-dimensional invariant manifold of rest points,
given by {(}7, W,Z ): W=27-= 0}. This manifold is not normally hyperbolic because
the nonzero roots of the characteristic polynomial A(A\?> — 2a) of the unperturbed
system (v = 0) are pure imaginary. For 7 > 0, the characteristic polynomial becomes
AN — /7 (= B)A+2a+~]. Tts nonzero roots have positive real part for § < o (small
spring damping). In this case, nonconstant solutions must spiral out exponentially
fast. Proceeding formally to find the perturbed slow manifold as before, we find that
it remains unchanged (to first-order in ). We conjecture that the NFDE (1.45) has
a one-dimensional invariant manifold attracting all solutions and equation (1.57) is
(to first order) the corresponding effective equation of motion. Unfortunately, the
existence of the desired manifold does not follow easily from known methods.

In view of the degeneracy of the Y-system, we will restrict our attention to the
nondegenerate X-system. As a physical motivation, note that we may view our model
as a single extended body problem rather than a two-body problem. Thus, we may
wish to analyze the motion of the body as a whole, which X measures, and not
concern ourselves with the body’s internal relative vibrations, which Y measures.

Note that if we had chosen to adopt the condition (1.15), then equation (1.57)
would be an immediate consequence. In that case, (1.57) would not just be an

effective equation of motion, but rather the exact equation of motion (for Y in the
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linearized system).

1.10 Quasi-inertial manifolds

It has been shown (see [10]) that RFDEs of the form

#(t) = f2(t), 2(t = 7)), (1.62)

where v is a fixed delay and z is an n-dimensional vector, has an n-dimensional
inertial manifold. Similarly, we conjecture that the NFDE (1.43) extended to all
7 has a two-dimensional invariant manifold, determined by a flow 7 for sufficiently
small v, which contains the constant steady states that all solutions must approach
exponentially fast. Although, strictly speaking, it may not be an inertial manifold—
there may not be a uniform lower bound on that exponential rate. We will refer to this
conjectured manifold as quasi-inertial, as it does have the main desired properties of
being finite dimensional and globally attracting. If the quasi-inertial manifold exists,
then the formal calculations that produce the effective equation of motion are justified
because the effective equation of motion is exactly the equation that produces the
dynamics on the quasi-inertial manifold. In turn, the equation of motion, obtained
by expansion and truncation in the retarded time and reduction to a slow manifold
of a singular perturbation problem, would be justified because we will show that the
slow vector field agrees with the quasi-inertial vector field. We rewrite the NFDE

(1.43) extended to all 7 as the first order system

w'(r) = Cw'(t —7) = flw(r),w(r—7)),

= Aw(r) + Bw(r — ), (1.63)



where

w:<)‘§),V2X@A:[_01 —(041+5>}
B=[_01 agﬁ]’cz[g —01]‘

For £ = (&1,&) € R?, we suppose that there exists a smooth flow 7(7, &, ), which
depends smoothly on the parameter v and the initial state £, that is a global solution

of the NFDE (1.63) and satisfies the usual flow properties

n0,§,v) = ¢
n(m,n(s,€7),7) = n(t+s,§7).

Although solutions of NFDEs do not generally have continuous derivatives, the special
solutions given by the smooth flow 1 do have continuous derivatives.

The quasi-inertial vector field X is defined to be

X (&) =n-(0,€,7).

We will show that the slow vector field agrees with the quasi-inertial vector field up
to first-order in . For simplicity, the continuation of this process to higher order is
not considered here.

The vector field X expanded in powers of v has the form
X(€,7) = X(£,0) +7,(£,0) + O(12), (1.64)
Since 7 is a solution of (1.63), we have
1-(1.6,7) = Cne (7 = 7,.§,7) = F(n(7,€,7),n(7 = 7, €,7))-
Setting 7 = 0 gives

X (&) = CX((=7,&7),7) = f(&n(=7,€7)), (1.65)
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where we have used the identity n,(—v,&,7) = X(n(—7,&,7),7), obtained from the
definition of X and the flow property. Setting v = 0 in (1.65) gives the zeroth order

quasi-inertial vector field approximation

X(£0) = (I-0)'f(&¢€)

_ [_01 —16}(2) (1.66)
which corresponds to the ODE system
(v)=15 5]
Vv’ -1 -p V)’
or equivalently the single ODE
X"=-pX' - X, (1.67)

in agreement with the zeroth order slow manifold result (1.46).
To determine X (&,~) to first order in 7, we differentiate (1.65) with respect to =y

and evaluate at 7 = 0 to obtain the partial derivative

X,(6,0) = —(I=C)'CX(8,0) + Daf (€, €)]X(€,0)

:%[g &;](Z)‘ (1.68)

(1.64), (1.67), and (1.68) give the quasi-inertial vector field, to first order in ~y

v€n=[ oy 0 ] (&)

where



or equivalently the single ODE

X" = (% — DX+ 6(? —1)X, (1.69)

in agreement with the first-order slow manifold ODEs (1.55) and (1.56).

1.11 Effective dynamics

The ODE (1.69) gives the effective dynamics to first-order in v of the full system (1.42)
and (1.43), or equivalently the hybrid PDE/ODE system (1.3)—(1.14) (restricted to
looking at the sum R; + Ry for identical pistons). To be useful, the effective dynamics
must correctly predict long-term behavior. This is indeed the case for our model: the
globally attracting steady state X = 0 predicted by inspection of the ODE (1.69) is
exactly the globally attracting steady state of the full system (a fact that is implied
by (1.18) for identical pistons).

The effective dynamical equation can also be used to predict transient behavior.
The zeroth-order effective dynamics given by ODE (1.46), which is the equation of
a damped harmonic oscillator, is the exact equation of motion for the sum X =
R1 4+ R, in case the pistons are completely decoupled and there is no fluid between
them. On the other hand, in case there is fluid between the pistons, the zeroth-order
effective dynamics approximates the motions of the sum. The first-order correction,
i.e. the ODE (1.69), reveals that the effect of the fluid is to decrease both the
natural oscillation frequency and the damping by a factor of 1 —ay/2, where ay/2 =
poAl/(2M) is the ratio of the total fluid mass to the total mass of the pistons. This
effect is not obvious from inspection of the exact system (1.42)—(1.43), but it can be

confirmed there by numerical calculation.
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1.12 Summary

We have derived a two-body acoustic field theory model with the aim of elucidat-
ing some of the issues that occur in electrodynamic and gravitational field theories,
such as self-force, radiation damping, and runaway solutions— with a focus on dis-
cussing a scheme for elimination of these runaway solutions. Our model is a hybrid
of field equations (PDEs for fluid density and velocity) coupled to mechanical equa-
tions of motion (ODEs for pistons on springs responding to fluid pressure determined
by density). Even though a piston behaves as a point charge, this coupling involves
the action of the field produced by that piston on itself (as well as the other pis-
ton); this is not possible in electrodynamics due to the singularity of the field at
the point charge. Thus our model automatically incorporates the self-force, and the
corresponding radiation reaction is manifested as fluid damping.

The full model combines the nonlinear field equations of gas dynamics (a system
of hyperbolic conservation laws) with state dependent boundary conditions (ODEs
determining the motion of the pistons)— a free boundary value problem. Linearizing
both the PDEs and the ODE boundary conditions about the steady state essentially
yields the wave equation on a fixed domain, but the boundary conditions are still
ODEs for the piston motion which must be determined. This linearization is the
acoustic model.

Our system is infinite-dimensional with a state space consisting of C* fluid den-
sity and velocity field functions (which determine piston positions and velocities by
compatibility conditions). We have shown global existence and uniqueness of C*

field solutions of the linearized system. Using the solution of the field equations to
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eliminate the field functions from the PDE/ODE system, we arrive at an equivalent
system that starts with ODEs (involving initial fields and fluid damping) before the
pistons interact, and then changes to NFDEs (with no initial fields) after the pistons
begin interacting. This system is also infinite-dimensional because the initial fields
in the initial ODEs must be specified. Alternatively, we may presume the pistons
have always been interacting by prescribing the initial fields in the distant past (as
customary in electrodynamics). In this case, the initial fields and the initial ODEs
play no role, and we are left with only the NFDEs. These NFDEs are still infinite-
dimensional because they require, as initial data, piston trajectories on a time interval
of nonzero length.

In case spring damping is included, we have used several different energy norms
(which decrease along orbits) and Sobolev embeddings to show that all field solutions
of the acoustic PDE/ODE model (and hence the equivalent ODE/NFDE system)
converge to zero (in the H! norm), and that the piston displacements and velocities
converge to zero as well. This suggests the possibility of an invariant, finite dimen-
sional manifold within the full infinite dimensional state space which contains the
globally attracting steady states, and whose dynamics approximate the behavior of
solutions in the full space as the steady states are approached. The dynamics on this
manifold would be the finite dimensional effective equations of motion.

Taking the case of identical pistons in the linearized system, we convert to dimen-
sionless units and decouple the NFDEs by looking at the sum, X, and difference,
Y, of the piston displacements. To determine finite-dimensional effective equations

of motion, we expand each NFDE in the small delay and truncate. This process re-
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sults in high-order ODEs with extraneous runaway solutions whose presence is due to
the expansion and truncation, similar to those found in the Lorentz-Dirac-Abraham
equation from electrodynamics.

In previous work, a scheme has been developed for the systematic elimination
of the corresponding runaway solutions obtained from expanding and truncating the
class of RFDEs in the form of (1.62). We have applied the scheme (in part) here to our
NFDE and found it to be successful, at least for the sum of the piston displacements,
X. There is a degeneracy in the relative piston displacement Y-system that seems
to be related to the particular way one chooses to linearize the original system. The
scheme consists of three main steps: (1) using singular perturbation theory to reduce
to an appropriate slow manifold of lower dimension where there are no runaways, (2)
a proof of the existence of an inertial manifold in the unreduced equations of motion,
and (3) a computation showing that the reduced dynamics on the slow manifold agree
with the dynamics on the inertial manifold. Without a formal proof of the inertial
manifold, we have carried out steps (1) and (3) of this program (to first-order in the
delay) for our acoustic model. In addition, we have obtained the corresponding first-
order effective dynamics, (1.69). The globally attracting steady state that is predicted
by analyzing the effective equation of motion is exactly the same as that of the hybrid
system, namely the sum of the piston displacements approaches zero. Moreover, the
behavior of the solution of the effective equation agrees with the (numerical) solution
of the exact system as the steady state is approached. In fact, the first-order effective
equation produces the correct amplitude and frequency over time of the sum of the

displacements of the oscillating pistons. Furthermore, the effective equation reveals
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phenomena not obvious in the original model; namely, the interaction with the fluid
has the effect of decreasing the natural frequency and the spring damping (for the
sum of the displacements, X).

The results obtained here suggest further research on the interaction of fluids cou-
pled to vibrating sources. We also emphasize that our acoustic field theory model
provides some evidence that the two-body problems of the more complicated elec-
trodynamic and gravitational field theories might yield effective dynamics by similar
methods. Furthermore, we note that the appearance of NFDEs in our model, rather
than RFDEs, seems to stem from the direct coupling of the body to its own field,
and that NFDEs would arise in other field theory two-body settings were such direct
coupling possible.

In our linearized model, the NFDEs have fixed delays (due to the fixed boundaries).
In the full nonlinear problem, the NFDEs have state dependent delays (due to the
free boundaries). However, even showing existence and uniqueness of solutions to
the full nonlinear PDE/ODE system is not trivial. That is the topic of the next
(somewhat technical) chapter, where we show short time existence and uniqueness of

C* solutions to the full nonlinear PDE/ODE system.
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Chapter 2

Full nonlinear model

It is well known that the system of hyperbolic conservation laws (4)—(5), when im-
posed on the whole real line, does not in general have global classical solutions due
to the development of shocks (discontinuous generalized solutions whose derivatives
blow up in finite time) (cf. [16]). However, we conjecture that when equations (4)—(5)
are restricted to the finite (state-dependent) spatial interval Ri(t) < x < | + Ra(t)
coupled with the boundary conditions (6)—(9), which incorporate spring damping,
then shocks may be avoided if the initial data (satisfying appropriate compatibility
conditions) are close enough to the steady state p = py, v = 0, Ry = R;,, and
Ry = Ry, determined in section 0.3. (The linearization about this steady state gave
the acoustic approximation that was analyzed in chapter 1.)

A first step in showing this is to convert the free boundary value problem to one
with a fixed boundary. Rather than linearizing as in chapter 1, this may be done
for the full nonlinear system by changing from Eulerian coordinates to a form of
Lagrangian coordinates (transforming the spatial coordinate to a mass coordinate
by integrating the gas density). Having fixed the boundary through this coordinate
transformation, the new problem is still nontrivial due to the nonlinearity. As in

chapter 1, there are again Riemann invariant functions, although the characteristics
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on which they are constant are no longer straight lines—they are now curves whose
slopes are state dependent. That is the crux of the problem. If the characteristics
were known, the solutions could be found trivially with the Riemann invariants. Or,
if the solutions were known, then the characteristics could be ascertained. Obtaining
both at once is the challenge.

We overcome this by first solving a linear version of the problem, not by lineariza-
tion as in chapter 1, but by replacing nonlinear parts of the PDEs and BCs with a
known function. This determines the characteristics, so that the solution of this new
linear problem may be found. Now this solution can be used to form a new known
function that is substituted into the nonlinear parts of the original PDEs and ODEs,
which generates a new solution, and so on. Iteration of this procedure produces a
sequence of differentiable functions which converges. Actually, we form the operator
which acts on the known function and produces the solution of the linear problem,
and we show that this operator has a fixed point by contraction mapping, but that
amounts to the same thing. Finding a complete space that the operator maps back
to itself, and on which it is a contraction, leads to requirements of small time and
initial data close enough to a steady state.

If the limit of this sequence of functions (or the fixed point of the operator) were
(', than it would be a classical solution of the original nonlinear PDEs and BCs.
Otherwise, it is only a solution in some weak sense. To show this limit function is
C*, we use estimates on the modulus of continuity of the sequence of derivatives to
show that sequence can be made to be equicontinuous, and other estimates show

they are uniformly bounded, so that the Arzela-Ascoli theorem can be applied to

o1



obtain a subsequence of the derivatives which converges uniformly, so that what they
converge to is the derivative of the limit of the original sequence. Thus, the original
limit function was indeed differentiable and therefore a classical solution of the full
nonlinear problem.

But first, we have to fix the free boundary.
2.1 Lagrangian coordinates

In order to fix the boundary, we change from Eulerian coordinates (x,t) to a form of

Lagrangian coordinates (m,t), where the transformation is given by

m(z,t) = /x p(y,t) dy.

Ri(t)
(A similar transformation is used in [18].) Physically, m(z,t) is the mass of gas, per
cross sectional area, A, contained between piston 1 and the point z at time ¢. Under
this change of coordinates, the state dependent domain Ri(t) < = < | + Ry(t) is
transformed to the fixed domain 0 < m < M, where M is the total mass of gas
per cross sectional area between the pistons. If p > 0, then m(x,t) is an increasing

function of x and the transformation can be inverted to give x(m,t), which satisfies

z(m,t)

m = p(y,t) dy. (2.1)
Ry (t)

The Jacobian of the transformation and its inverse are then
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F(m) = F(z(m,0)), G(m)=G(z(m,0)).

Note that the fluid velocity in Lagrangian coordinates is given by

%(m, t) = a(m,t),

ot

which can be verified by differentiating (2.1) w.r.t. ¢ and applying the continuity

equation (4) and the BC (6).

Under this transformation, the free boundary value problem (3)—(11) is equivalent

to the system with fixed domain 0 < m < M,

P(@) = av™”
0y(m,t) = Ump(m,t)
ay(m,t) = —P(0(m,t))m,

with boundary conditions
w(0,t) = Ri(t)
a(M,t) = Ry(t)
MRy(t) = —KiRi(t) — pRi(t) — P((0,1))A

MyRy(t) = —KyRy(t) — paRo(t) + P(0(M,1))A,

and initial fields

where I satisfies

/M F(m) dm =1+ Ra(0) — Ry (0).

(2.5)
(2.6)
(2.7)

(2.8)

(2.9)

(2.10)

Note that fOM o(m,t) dm = 1+ Ry(t) — R1(t), as can be verified by change of variables,

from Lagrangian coordinates back to Eulerian coordinates.
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The new compatibility conditions become

R (0) = G(0) (2.11)
Ry(0) = G(M) (2.12)
— (Ml%f’(ﬁ(m))) = — K R (0) — inG(0) — P(F(0)A  (2.13)
- (MQ%P(F(m))) - — Ky Ry(0) — poG(M) + P(E(M))A. (2.14)

Again the initial fields £ and G determine the initial piston velocities R (0), Ra(0)
and positions R;(0), Rs(0).

The energy in Lagrangian coordinates becomes

E(t) = A/O (%p(m,t)uQ(x,t)—{—P@(m’t))@(m’t)) dm

v—1

1 1 1 1.
+§KIR§(15) + 5KQRQ( )+ 2M1R2( )+ 2M2R§(t),

which again, for a solution of (2.2)-(2.8), satisfies

dE

= — i R? — R,
dt —H — Mol

2.2 Riemann invariants

The field equations (2.3)-(2.4) may be expressed in the conservation law form

( )ﬁ[—cg@ o ](3),-(0); 219

where ¢(0) =1/ — = ~va0 7', Let B denote the matrix in (2.15), whose eigen-

= <
Sy <

values +¢(0) are real and distinct for © > 0. Thus the conservation law is strictly

hyperbolic (c.f. [16]). The corresponding right eigenvectors are

=T < chl@) )
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where Bry = +cry. Similarly, denote the left eigenvectors [4, where LB = +cly.
The Riemann invariants may be determined by finding functions w(?,u) and z(v, @)
such that Vw - ry = 0 and Vz-r_ = 0 (where V is w.r.t. © and @). Note that the
left and right eigenvectors are biorthogonal, i.e. 1 - r+ = 0. Reaping the benefits of
having only two dimensions, we have that Vw is parallel to [_, and Vz is parallel to
ry,i.e. Vw-B = —cVw and Vz - B = ¢Vz. Then left multiplying (2.15) by Vw and

Vz, respectively, and making use of the chain rule yields

o . _ . o _
Ew(v(m,t),u(m,t))—c(v(m,t))%w(v(m,t),u(m,t)) =0
o . _ . o . N
gz(v(m,t),u(m,t))—I—C(U(m,t))gmz(v(m,t),u(m,t)) = 0.

Abusing notation and dropping the composition of w and z with © and @, we hence-
forth treat w and z as functions of m and ¢ directly, denoted by w(m,t) and z(m, ).

The field equations then take the characteristic form

wy — c(D)w,, = 0
z+c(0)z, = 0,
from which it can be seen that w and z are constant along the characteristics—the

integral curves of 4% = —c(t(m,t)) and L% = ¢(0(m, t)), respectively.

With the choice of functions

w=1i— Y%, gy W% a—e (2.16)
v—1 v—1
Y a+1




the initial boundary value problem (2.2)-(2.10) is equivalent to the system of field

equations with domain 0 < m < M,

wy — ¢z —w)w, = 0 (2.17)
2+ é(z—w)z, = 0, (2.18)

with boundary conditions
R = %(Z(O,t) +w(0,1) (2.19)
Rolt) = 5 (=(M,1) +w(M, 1)) (2.20)
MR\(t) = —K\Ri(t) — mBi(t) — P(2(0,t) — w(0,1))A (2.21)
MyRy(t) = —KyRy(t) — paRy(t) + P(2(M,t) — w(M,t))A, (2.22)

and initial fields

w(m7 O) = f(m)7 Z(m7 0) = g<m>7 (223>

where f and g satisfy

My —1 = B
/0 (4\/%(9(m)—f(m))) dm =1+ R5(0) — R1(0). (2.24)

The new compatibility conditions become

Ri(0) = 5(7(0) + 9(0)) (225)
Bo0) = S (FOM) +g(M) (2.26)
~5Mé(g(0) = F0)(g0) = F(0) = ~KRi(0) ~ L (£(0) + 9(0)
~P(g(0) ~ £(0))4 (2.27)
— 5 Mae{g(M) = FD) (g (M) — F(M)) = ~FoRo(0) ~ Z2(£(01) + (1))
+P(g(M) — f(M))A. (2.28)
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Again the initial fields f and g determine the initial piston velocities Ry (0), Ry(0)
and positions R;(0), Re(0).

The energy in terms of Riemann invariants becomes

B = A /O (é(z(m,t)—i—w(m,t)f—i—%(z(m,t) —w<m,t))2) dm
+%K1Rf(t) + % 2R3 (1) + %MlRf(t) + %MgRg(t),

which again, for a solution of (2.17)—(2.22), satisfies

dE

ar = —MlRf - M2R§'

The field equations (2.17)-(2.18) may be expressed as

d
Ew(a(T;m,t),T) =0
Ez(ﬁ(T;mvt)vT) = 07

where a(7;m,t) and 3(7;m,t) denote the characteristic curves (parameterized by 7)

through the point (m,t), defined by

da .
o= —c(2(a, 7) —w(a, 7)), alt;m,t) =m
%:é(z(ﬂ”)_w(ﬁﬁ)), B(t;m,t) = m.

Unfortunately, the function z — w must be known to determine the characteristics «

and f3.
2.3 Linear problem

Let g(m, t) be a positive function that is Lipshitz in m and continuous in ¢. Replacing
z(m,t) —w(m,t) with g(m,t) for the argument of ¢ and P in (2.17)(2.22) results in
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the new linear system

wy — ¢(Qw,, = 0 (2.29)
z+é(q)zm = 0, (2.30)
with boundary conditions
R = %(Z(O, 1) + w(0,1)) (2.31)
Rolt) = 5 (=(M,1) + w(M, 1)) (2.32)
MyRy(t) = —KiRa(t) — Ry (t) — P(q(0,1)) A (2.33)
MyRy(t) = —KaRs(t) — pala(t) + P(q(M, 1)) A, (2.34)
and the same initial fields
w(m, O) = f(m)a Z(mv O) = g(m)7 (235)

where f and g satisfy

2

M Y — 1 1—y B B
/0 <4\/%(9(m) - f(m))) dm =1+ Ry(0) — Ry(0). (2.36)

If g(m,t) is consistent with initial conditions on z(m,t) — w(m,t), i.e. ¢(m,0) =

g(m) — f(m), then the compatibility conditions remain the same,

Ri(0) = 5(7(0) + 9(0)) (237)
Bo0) = S (FOM) +g(M) (2.35)
~5Mé(g(0) = F0)(g0) = F(0) = ~KRi(0) ~ L (£(0) + 9(0)
—P(g(0) - £(0))A (2:39)
— 5 Mae{g(M) = FD) (g (M) — F(M)) = ~FoRo(0) ~ Z2(£(01) + (1))
+P(g(M) — f(M))A. (2.40)
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Again the initial fields f and g determine the initial piston velocities Ry (0), Ry(0)

and positions R;(0), Ry(0). Again, the field equations may be expressed as

d
Ew(&q(T;m,t),T) =0

iz(ﬁq(T; m,t), 7) = 0.
dr

where o, and (3, are now explicitly determined by the characteristic ODEs

Do tlgfap ). agltzm,t)=m 1)
B eg(Bm). Bultim.t) =m, 2.42)

and the subscript ¢ indicates the dependence of « and /3 on the function ¢. If ¢(-,¢) €
C*([0, M]) for each t > 0, and g(m,-) € C°([0,+00)) for each m € [0, M], then

ay(T;m,t) and B,(1;m,t) are C' with respect to 7, m, and ¢.
2.4 Constructing a solution of the linear problem

We will use the method of characteristics to construct a solution to the linear system
(2.29)—(2.40), for q(-,t) € C'([0, M]) for each t > 0, and g(m,-) € C°(]0, +00)) for
each m € [0, M|, with certain hypotheses on the initial data f and g. We first assume
g — f > 0. (Note that this assumption is consistent with the notion of taking initial
data close enough to the constant steady state, since by (2.16), w < 0 and z > 0 for
|| and |0 — ¥p| small enough, where 7y > 0 is constant). We further assume that f
and g are differentiable and satisfy (2.24), in which R;(0) and Ry(0) are eliminated
by using (2.39)—(2.40). (Physically, this ensures that integrating the initial density
distribution gives M, the total mass of gas between the pistons, per area).

We begin by constructing the solution on the boundary. Define R (t) and R(t) as

solutions to the ODEs (2.33) and (2.34), respectively, where the initial values R (0),

29



R(0), RY(0) and R%(0) are determined from f and g through the compatibility con-
ditions (2.37)—(2.40), and the superscript ¢ indicates the dependence of the solutions

on the function ¢. The solutions R{(¢) and R3(t) may be written explicitly as

vy 1 .
Ri(t) = e 2'((coswit + 21/—1 sinwit)RY(0) + — (sinw;t) R(0))

w1 w1
—i/te—?<t—s>isinw (t —s)P(q(0,t — s)) ds (2.43)
M1 o w1 1 q\y, :
vo 1 .
Ri(t) = e 2'((coswat + 2 in wit)R3(0) + — (sinwat) R1(0))
2w9 w2
A [ ze-o L g :
+— [ e 2V —sinws(t — s)P(q(M,t — s)) ds, (2.44)
M; Jo W2

with their derivatives

2

() = e F(=( +w)(sinwt)RI(0) + (—5 - sinwit + coswit) 7(0))
1 1
b [ HIL snen(t— 5) — cosin(t = ) Pla(0.1 — )
— [ e —sinw; (t — s) — coswy (t — s —s)) ds
M, 2 1 1 q\y, )
(2.45)
. w12 " .
Ri(t) = e 2'(—(-= + wa)(sinwyt)RY(0) + (—=— sinwat + coswyt) R4(0))
4(4}2 2&)2
o[ st — ) = coseat — ) PlalM. £~ 5) d
—— [ e —— sinwsy(t — 5) — coswy(t — s —s)) ds
M2 o 2&)2 2 2 q ) )
(2.46)
where
i 1 K, :
l/i:’u— =—\/— —v? i=1,2

My TN
Since ¢(q) > 0, the characteristics a,(7;m,t) and §,(7;m,t) defined by (2.41)-

(2.42) have inverses o' (& m, t) and 8;'(£;m, t) where

aq_l(f;m,t):T = au(T;m,t)

§

ﬁq_l(ﬁ;m,t) =7 <= [y(r;m,t)

13 (2.47)

60



For ¢ € C! with respect to m and ¢ € C° with respect to ¢, the nonautona-
mous vector fields for the characteristic ODEs (2.41)—(2.42) are C', with C° time
dependence. Thus the characteristics depend smoothly on initial data. In particular,
ay(T;m,t) and B,(7;m,t) are C* with respect to m and ¢ as well as 7. The implicit
function theorem then implies that the inverses of the characteristics, aq_l (&;m,t) and
B, (&;m,t), are also C' with respect to &, m, and t.

The two characteristics ay(7; M,0) and (,(7;0,0), emanating from the points
(M, 0) and (0, 0), respectively, partition the domain [0, M] x [0, 00) into the following

three regions:

Ri = {(m,t):5,(t;0,0) <m < a,t; M,0), t>0}

= {(m,t) : ¢t < B, (m;0,0), t <oy '(m;M,0), t>0}, (2.48)

Ry = {(m,t):m < (,(¢0,0), m < a,(t; M,0), m>0}

= {(m,t): ﬁq_l(m; 0,0)<t< oz(;l(m; M,0), m >0}, (2.49)

Rz = {(m,t):m > [(,(t;0,0), m > a,(t; M,0), m < M}

= {(m,t): a;l(m; M,0) <t< ﬁ;l(m;0,0), m < M}. (2.50)

The two additional characteristics, oy (7; M, 3, (M;0,0)) and 3,(7,0, o, (0; M, 0)),

provide an upper bound to the fourth region:

Ry = {(m,t):aq(t; M,0) <m < B,(¢;0,0),
By(t,0, 0,1 (0, M, 0)) < m < ay(t; M, 3, (M;0,0))}
= {(m,t):t > B;1(m;0,0), t>a;'(m;M,0)
t < 8,1 (m;0,0,1(0; M,0)), t<a; (m;M,57"(M;0,0)}. (2.51)
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In region R4, both the «, and the [, characteristics (on which w and z must be
constant, respectively) can be traced backwards in time to the segment [0, M| x {t =
0}, where initial data is given. So we impose the initial conditions w?(m,0) = f(m)

and z9(m,0) = g(m), and define, for (m,t) € Ry,

wi(m, 1) = w(ag(0;m, 1), 0) = (o (0;m, 1))

21(m, 1) := 29(8,(0;m, 1),0) = g(Be(0;m, 1),

where again the superscript ¢ indicates the dependence of the solutions on the func-
tion ¢q. By construction, w? and z¢ thus defined are classical solutions of the field
equations (2.29)-(2.30) which satisfy the initial conditions (2.35), and the boundary
conditions (2.31)-(2.34) (namely at the points (0,0) and (M, 0), due to the compati-
bility conditions (2.37)-(2.40)).

In region Ry, the «, characteristics (on which w must be constant) can be traced
backwards in time to the segment [0, M] x {t = 0}, just as in region R;. So for

(m,t) € Ra, we again define

wi(m,t) := w(ay,(0;m,t),0) = f(ay(0;m,t)).

However, the (3, characteristics (on which z must be constant) will intersect the
boundary m = 0 before reaching ¢ = 0. The 3, characteristic through the point
(m,t) € Ry will intersect the boundary m = 0 at time §,'(0;m,t). To ensure the

boundary condition (2.31) holds, we define, for 0 < ¢ < 04;1(0; M,0),

29(0,1) := 2RI(t) — w9(0,1).
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We then define for any point (m,t) € Ry,

29 (m,t) = zq(O,ﬁq’l(O;m,t))
= 2R{(6;"(0;m, 1)) — w(0, 5, (0;m, 1))

= QR‘II(B(I_I(O; m,t)) — f(g(0;0, 8,1 (0;m, 1))).

By construction, w? and 27 are solutions of (2.29)-(2.40) in region R..
Similarly, in region Rs, the (3, characteristics (on which z must be constant) can
be traced backwards in time to the segment [0, M] x {¢t = 0}, just as in region R;.

So for (m,t) € R3, we again define
21(m,t) = 2%(B,(0;m,1),0) = g(B,(0;m,1)).

However, the «, characteristics (on which w must be constant) will intersect the
boundary m = M before reaching ¢ = 0. The «, characteristic through the point
(m,t) € Ry will intersect the boundary m = M at time o' (M;m,t). To ensure the

boundary condition (2.32) holds, we define, for 0 < ¢ < 5;1(M; 0,0),
wI(M,t) = 2R(t) — 29(M, ).
We then define for any point (m,t) € Rs,

wi(m,t) = wi(M, oy (M;m,t))

= 2R!(« (M;m,t)) — 24(M,a; ' (M;m,1))

;1
= 2R4(ay (M;m, 1)) — g(B4(0; M, o (M;m, t))).
Finally, in region R4, neither «, nor (3, characteristics can be traced back to
[0, M] x {t = 0} before intersecting the boundaries m = M and m = 0, respectively.
So here we define w? as in region R3 and z? as in region Ro.
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We then have that

q £ — f(ag(0,m, 1)) (m,t) € R1 UR;
wilm,t) = { 2RY(a; (Mim, 1)) — g(By(0; Moz (M;m, 1)) (m.t) € RgURy
(2.52)
q 1) = (ﬁ (0 m7t)) (m,t) € Ry URg
#m.1) = { 2R1(8;1(0;m, ) — f(ag(0;0, 8;1(0;m, 1)) (m,t) € Ry UR,.
(2.53)

are classical solutions to the linear initial boundary value problem (2.29)-(2.40) in
UL Ry

The solutions w? and z9 may be constructed beyond region R4 in a similar manner,
yielding a solution akin to that of a boundary value problem for the wave equation,
which for each t may be expressed as a finite series where the number of terms in the
series increases with ¢ due to successive reflections at the boundary.

Alternatively, the solution has been defined at least until the time that the char-
acteristics a,(7; M,0) and (,(7;0,0) intersect, say at time 7 = t, > 0. Then we
can regard w9(m,ty) and 2%(m, ty) as new initial conditions and repeat the previous
construction of the solution to extend from time ¢y to 2ty (notice the time ¢y is inde-
pendent of initial data and depends only on the fixed function ¢). By induction we
have a global solution of (2.29)—(2.40).

We summarize this result in the following theorem.
Theorem 6. Let g : [0, M] x [0,00) — R*, such that q(-,t) € C'([0, M]) for each

€ [0,00), q(m,-) € C°([0,00)) for each m € [0, M], and q(m,0) = g(m) — f(m),

where f,g € CY([0, M],R) such that g — f > 0 and

M ’}/—1 1E
/0 (4\/%(9(m)_f(m)>> dm =1+ ¢s(f,9) — (/. 9), (2.54)
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where

01(1:9) = 320(9(0) = FO)'(0) = J'(0)) = HE(F0) +9(0)) — 2 Pg(0) — £(0)
(2.55)
and
Ga(f.g) = rele(M) = SO D) — £O) = (a0 + g(an)
4 PLg(M) = J(01) (2:56)

Then the linear IBVP (2.29)—(2.40) has a unique, C*, global solution.

In particular, for (m,t) € U, R;, a formula for the solution is given by (2.52)-
(2.53), where the regions R; are given by (2.48)-(2.51), o, and B, are determined
by the ODEs (2.41)—(2.42), R{(t) and Ri(t) are given by (2.43)—~(2.44), in which
R;(0), Ri(0) fori=1,2 are determined from f and g by the compatibility conditions

(2.37)~(2.40).

In case ¢ ¢ C' | if oy, g, o', or B, are not all C* with respect to m and ¢, then

we call w and z given by (2.52)(2.53) a weak solution of the IBVP (2.29)-(2.40).
2.5 Steady state in transformed coordinates

The unique steady state solution of the full nonlinear system (3)—(14) in Eulerian
coordinates was found in section 0.3 to be p = pg, u = 0, Ry = Ry,, and Ry = Ry,
where pg, Ry, and Ry, are determined by (15)—(16).

Similarly, the steady states v = ¥y and u = 0 are solutions to the full nonlin-
ear problem in Lagrangian coordinates, (2.2)—(2.14), where 9 is determined by the
condition

KK,

|+ ————aAv," = M.
+K1—|—K2a ON Vg
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The Riemann invariant formulation of the full nonlinear problem, (2.17)-(2.28),

has the steady state solution w = —%qg and z = %qo where ¢y satisfies
KK 1 2y 1 2
"}/ — 1—v f}/ — 1—~
|+ — QaA( ) :M( ) . 2.57
K, + K, 1 T@Qo 4 /7a do ( )

Next we will show short time existence and uniqueness of solutions for initial data

taken close enough to this steady state.

2.6 Short time existence and uniqueness of weak
solutions

From now on, we will use the notation ||-|| (without subscripts) to represent sup norm.
Let €1, 01, and &} be fixed positive constants. Let T, ¢, L, J, §, and ¢’ be positive
constants, to be determined, such that ¢ < e, § < 0y, and § < §]. Let go be the
positive constant determined by (2.57) (i.e., qo is the steady state value of z —w from
the previous section). Let a1, and fy,1¢ be solutions of the characteristic ODEs
(2.41)—(2.42) for ¢ = qo + €1. Suppose T' < t;, where oy i, (t1; M, 0) = Byote, (1150, 0)
(so that, in particular, [0, M] x [0,T] C U}, R; where the regions R; are given by
(2.48)—(2.50)).

Let f,g € C*(]0, M]) satisfy (2.54)-(2.56). In addition, suppose

1 1 1 1
sup |f(m)+ §qo| < 55, sup |g(m) — §q0| < 55, (2.58)
melo,M] mel0,M]
and
! 1 ! / 1 !
sup |f'(m)] < 0", sup |g'(m)| < 50 (2.59)
me[0,M] me[0,M] 2

(i.e. g and f are close to the constant steady state values of z and w, which are %qo

and —%qo, respectively).
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Let X = [0, M] x [0,T], and define

B={qeC"X,[q—eq+¢): Lipn(q) < L, Lip:(q) < J, g(m,0) = g(m) — f(m)},

a closed subset of the Banach space C°(X,R), with the CY norm.
We use the solution of the linear problem given by Theorem 6 to define the non-

linear operator S on B as

- 9(Be(05m, 1)) — flag(0;m, 1)), (m,t) € Ry
2R1(8, 1 (05m, 1)) — f(0g(0; 0, B (0;m, 1))
S(Q)(m7 t) = . _f(QQ(O; m, t))a (m7 t) € RQ
—2R5 (g (Mym, 1)) + g(B,(0; M, ag (M;m, 1))
+g(ﬂQ<Oa m7t)) (mat) € Rg.
(2.60)

We will show that S : B — B is a contraction (in the CY norm), for appropriate choice
of T, €, 9, and ¢§'. This will require use of the fact that the characteristics defined
by (2.41)-(2.42), and their inverses, are Lipshitz with respect to m, ¢, and ¢, with
bounds on the Lipshitz constants given by the following lemma.

First, we define a new norm.

Definition 7. Let 2 be a continuous, real valued function on an interval containing

qo- For ¢ > 0, we define

1h]l, = sup |h(q)].

lg—qo|<o

Lemma 8. Let ¢ € B and suppose oy and (3, are solutions of (2.41)-(2.42). Then
for (m,t) € X, 7 € [0,T], ay(1;m,t) and B,(1;m,t) are Lipshitz with respect to m,
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t, and q, with their respective Lipshitz constants satisfying the following bounds:
Lipm(ag), Lipm(B,) < e"POLT
Lip(ag), Lipi(By) < []él]e" PO

Lip,(ag), Lipy(8,) < TLip(é)eLip(é)LT.

Furthermore, for & € [0, M], a;*(&;m,t) and 571 (&;m,t) are Lipshitz with respect to
m, t, and q, with respective Lipshitz constants satisfying
Lipm(a;), Lipm(571) < |[1/]|elnt/o01
Lip(a, Y, Lip,(8; 1y < elw(i/e)IM
Lipg(a, "), Lipg(8;') < MLip(1/é)e™r0/a7M,

Proof. We will prove the results for the oy characteristics. The proof for the f,
characteristics is similar.

For g € B, (m,t) € X and 7 € [0, 7], integrating (2.41) from ¢ to 7 yields

ag(Tsm,t) =m — / q(ag(s;m,t),s)) ds. (2.61)

For my,my € [0, M], t1,t2 € [0,T], q1,q2 € B, (2.61) yields, respectively,

log(T5ma, 1) — ag(T5ma, 1) < Imy — my

+Lip(¢) / lag(s;my,t) — ay(s,mo,t)| ds
g (T5m, 1) = ag(T5m, b)) < [[E]]efty — 2o
+Lip(c) / lag(s;m,t1) — ay(s,m,ta)| ds
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g (T5m, 1) = ag,(Tsm, )] < Lip(&)[ =] - |lg1 — g

+Lip(¢)L / lag(s;ma,t) — ay(s,me, t)] ds|.
¢

In case 7 > t, or T > to, the absolute values outside of the integrals in the above
inequalities may be removed, allowing for the application of Gronwall’s inequality
(see [12], for example), which gives, respectively,

lag(T5ma,t) — ag(Tsma, t)] < |my — g |eLP@OLIT=t

g (T5m, 1) — g (T3, b)| < [|6]]c]ty — to]e™P@OUT—tI

g (T5m, 1) = agy(Tym, )] < Lip(@)|7 — 1] - [|lqn — go[e"POHT.

(2.62)

In case 7 < t or 7 < ty, we must reverse the flow before we can apply Gronwall’s
inequality. Define ¢,(7;m,t) := ay,(—7;m,t) for 7 € [-T,0]. Then by (2.41) we have

% = &q(dg: =), dg(—t;m,t) = m.

Integration from 7 = —t to 7 = o, for o € [T, 0], yields

dglosm,t) =m+ /U ¢(q(pq(s;m,t), —s) ds. (2.63)

—t

This implies the corresponding inequalities,

|pg(a3ma,t) — dg(o;ma, t)] < |my — ma|

+Lip(¢)L ‘/ff |pg(s;m1,1) — Pg(s;ma,t)| ds

|0g(a5m, 11) = dg(osm, o) < ||¢]|e]tr — 2o

Lip(d)L ‘ [ outsimotn) = oyt o) ds
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|¢Q1(O—;mat)_¢lh(a;mat)| < Llp( )’U_‘_t’ HQ1_q2H

+Lip(¢) '/ |0g, (83m, ) — Gy, (53m,t)] ds| .

In case 0 > —t or 0 > —t,, the absolute values outside of the integrals may be
removed and Gronwall’s inequality yields
|0g(03ma, 1) — Gg(osma,t)] < fmy — my|ePEOLH

0g(m, 1) — dg(osmi )| < ||¢]|efty — to] X @t

|G, (3m, 1) — Ggy(a:m 1) < Lip(é)|o +t| - || — gof|eFPEOFIH,

We can now reverse the flow back again by setting 7 = —o, so that for 7 < t or 7 < #s,
we again obtain the inequalities in (2.62). Taking the supremum over all 7 € [0, 7]
and m € [0, M], t € [0,T], and ¢ € B, in the inequalities in (2.62), yields the desired
bounds for Lip,, (), Lip:(a,), and Lip,(cy). The proof for Lip,(3,), Lip:(5,), and
Lip,(5,) is similar.

The inverse characteristics aq’l and ! defined by (2.47) satisfy the inverse char-

acteristic ODEs

d?;é = —(1/8)((€ ;")) o (mim, ) =t (264)
dﬁq_l R _1 -1
o = /A5, 8 mim,t) =1, (265)

Integrating (2.64) from £ = m to £ = A, for A € [0, M], yields

o (i t) =t — / (1)) (ql€, a7 (€ m, 1)) de, (2.66)
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from which we obtain the inequalities

|a;1()\;m1,t)—ozq_l(/\;mg,t)| < ||11/é||e|m1 — mao

+Lip(1/¢)J

A
[ o €m0 = € ) dé‘

ma2

o (sm,ty) — ot (Aymuta)| < Jty — 1

+Lip(1/é)J

A
[ g €mn) - a; €.t dg\

m

g (Aym,t) — o (Aim, )| < Lip(1/&)|A —ml - |lg1 — gl

+Lip(1/é)J

A
[ lag €m0 - 0 € mant) d&'.

In case A > my or A > m, the absolute value outside the integrals may be removed

and Gronwall’s inequality yields

\a;l()\; my, t) . a;l(}\; mo, i)| Lip(1/¢&)J|A—mg2]

IN

[[1/¢l]e[m1 — mole
o (sm, 1) — o (Aymu o) < [ty — tolet /AT
g (Asm,t) —a (Asm, )] < Lip(1/é)|x —m] - |lgn — o | P A/DIN=m|

(2.67)

In case A < msy or A < m, we must again reverse the flow in order to apply
Gronwall’s inequality. Define ¢y (&;m,t) == o' (=& m,t) for £ € [-M,0]. Then by
(2.64), we have

di,

dé = (1/6)(Q(_€7¢Q(§§mat))> ¢Q(_m’m>t) =t
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Integration from £ = —m to £ = ~, for v € [—M, 0], yields

v

Balrimat) =t + / (1/8) (q(—€, thg(€:m, 1)) dE. (2.68)

—m

from which we obtain the inequalities

|thg(y3ma,t) = Yg(vima, t)| < |[1/€][elmy — mo

Y
+Lz’p<1/é>J\ [ a@mit) = vyt ma. ) df]

g (ysms ) — ¢;1(7;m,t2)| <t — 1|

W
Lip(1/8)] ] [ gm0~ vl6,m. 1) d&‘

Vg (vim, 1) — g, (v;m, )] < Lip(1/é)ly +m]| - |lg1 — o]

:
+Lin(1/e)3 | [ 1o (6im ) = a6 m. o) |-

In case v > —mgy or v > —m, the absolute values outside of the integrals may be

removed and Gronwall’s inequality gives

Wy (vima, ) — V(yima, )] < ||1/¢]]cmy — maeF /e rtmal
[V (vim,t1) — g (ysm,ta)] < |t — t2|eLz‘p(1/é)Jh+m|

g (Vim,t) — g, (yim, 1) < Lip(1/e)|y +ml - ||q1 — gof|e" P/ rtml,

Reversing the flow back again by letting v = —\, for A < mg or A < m, respectively,

we again obtain the inequalities in (2.67). Taking the supremum over all A € [0, M|
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and m € [0,M], t € [0,7], and ¢ € B, in the inequalities in (2.67), yields the
desired bounds for Lip, ("), Lips(a, "), and Lipg(coy; ). The proof for Lipn,(6;"),

Lip(8,"), and Lipy(3; ") is similar. O

We will also need bounds for the Lipshitz constants of the piston velocities Rf(t),
both with respect to ¢ and ¢, where the displacements R (t) are as in Theorem 6.
The former is straightforward; the latter requires more work. To this end, we first

give a bound for RY(t).

Lemma 9. Let ¢ € B and R!(t) fori = 1,2 be as in Theorem 6. Then fort € [0,T],
|RU(t)] < C1,6 + Cy, T, i=1,2,

where Cy, = 1 <”—11 + 1) and

v? M; 1L A . A [ v R
Cy, = | = +wi ) | ===lells,0] + =01 + —||P — ==+ 1) ||P|]e-
w= (5 +et) (g lelndt + oot 1Pl ) + 57 (5 +1) 1A

Proof. The result follows directly from (2.45)-(2.46), in which R;(0) and E;(0) are

expressed in terms of f, g, f' and ¢’ through the compatibility conditions (2.37)—
(2.40).
We show the case ¢ = 1. The case i = 2 is similar. From (2.45), we have

151 V1

o)< (4 +a) IR+ (2 ) 1RO1+ 2 (2 +1) [Pt 269)

20)1 2(-‘)1

From the compatibility conditions (2.37) and (2.39) and the bounds on f, g, f’, and

g given by (2.58)—(2.59), we have

M,

A : 1
RIO)| < o [lellsd” + 264 - ||P RI(0)] < =6. 2.70
RO < - lllsd + Ao+ 2P, IRO) <35 (210
Combining the inequalities (2.69)(2.70) yields the desired bound on |R%(t)|. O
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We can use this estimate to give a bound for the piston accelerations.

Lemma 10. Let g € B and R!(t) fori = 1,2 be as in Theorem 6. Then fort € [0,T],
|RI(1)| < Cy,6 + Cs,6' + Co, T + Cre, i=1,2,

where

. 1 2A -
04‘ = M_ (Cl + _) 5 C5i = §||CH§17 C7i = MLZP(P)’

G N (L s
Co = (vt 50) (hellsdt + et + 2 11Pl,
K; AK; 1bi
1P|, 4+ 2O,
2M 2M2 1H Hl MZ 2;

Proof. We show the case i = 1. The case i = 2 is similar. From the BC (2.33), we

have
B0 = |- - 1) - 5 Pla0.0)
< LI+ RO - RO+ |3HR0) + 5 Plal0.0)
- IPa(0.1) = Pla(0.0))] 271)

We already have a bound for |R?(t)| from Lemma 9. Using the fact that sinz < z,

we note that

t » 1 R N t
/621@ 9L Gt — ) P(g(0.t — 5)) ds| < ||P||51/(t—s) ds
0 w1 0
1 -
= SlIPlf
1 .
< §HPHeltlt-

Thus by (2.43), we have

[RI() = RIO)| < |e~# coswnt — 1] [RI(0))

Y1 pa ol i P 279
+ (SO RO+ 3Pl ) (272
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Note that

e_%ltcoswlt— 1) < ‘e_%t — 1‘ + | coswit — 1|

2
< —t+ =t 2.73
= 5 + 5 U ( )

where the last inequality comes from estimating the error in approximating e~ 2 and
coswit with the first term in their Maclaurin series expansion (using the alternating

series error estimate). Combining the inequalities (2.70) and (2.72), we have
|Ri(t) — Ri(0)] < Csyt, (2.74)

where

A

Pl t,. (2.
2Mi|| l[et1. (2.75)

w? M L A= 1
Cy, = (v, + =t —|é]|5,0] + =61 + —||P -0
= (o ) (et + 2+ 2Pl ) + 500+

Recalling that ¢(0,0) = ¢g(0) — f(0), the compatibility condition (2.39) combined with

the estimates (2.58)—(2.59) gives

SERO)+ 5 PaO.0)| < [5e0.0)0) - 70) - S0 +9(0)
< %||@||515’ + 2’]‘\}1 s. (2.76)
We also have
[P((0,1)) = P(g(0,0))| < 2Lip(P)e. (2.77)

Finally, combining the result of Lemma 9 and the estimates (2.74), (2.76), and (2.77)

with the estimate (2.71) yields the required estimate of |RY(t)|. O
Now we can give bounds for the Lipshitz constants of the piston velocities.

Lemma 11. Let g € B and R!(t) fori = 1,2 be as in Theorem 6. Then fort € [0,T],

Rg(t) 1s Lipshitz both with respect to q and t, and the respective Lipshitz constants
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satisfy the following bounds:

. : Vi A4 .
Lipg(12) < (2% " 1) SLipPIT, i 1,2

Lipy(RY) < 4.6 4 C5,0' + Cs, T + Crye, i=1,2.

Proof. The first estimate uses (2.45)—(2.46). The second estimate follows directly

from Lemma 10. O

We are now prepared to show S : B — B is a contraction for §, §’, € and 1" small
enough. We first provide (in the next three propositions) sufficient conditions for S

to map B to itself.

Proposition 12. Let ¢ € B and S the operator on B defined by (2.60). Suppose

0 < %(2011. +1)teand T < 40121_6. Then

sup |S(q)(m,t) — qo| <.
(mt)eX

Proof. For (m,t) € R4, (2.60), with the condition (2.58) and the hypothesis on J,

yields

1S(q)(m,t) —qol = 19(8,(0;m,1)) — f(ag(0;m,t)) — qol
< sw L@~ al + s [7©+ Ja
£€fo,M] £€(0,M]
< 4
< €

For (m,t) € Ry, (2.60), with the condition (2.58), Lemma 9 (noting that 3, '(0;m,t) €
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[0,77), and the hypotheses on 6 and T', yields

S(a)(m,t) — o] = [2R{(8;(0;m, 1)) — f(ag(0;0,37(0;m, 1))

—f(aq(0;m, 1)) = qo

IN

2| RI(B, 1 (0;m. )] + 6

IN

2(C, 6+ CoyT)+ 6

= (2Cy, +1)6 +2Cy,, T

The case (m,t) € Ry is similar to the case (m,t) € Ry. Since X C U3 R;, we thus

have

sup |S(q)(m,t) — qo| <e.
(mt)eX

Proposition 13. Let ¢ € B and S be the operator on B defined by (2.60). Suppose

1 1 1 1 »
e < 12_082.[” d< 360 < 12091_1/ and T < WmiL7 fori=1,2, where

Cgi = <C47, + 207i)||1/6H616Lip(1/é)JM

. . 1 o ) N |
Cgi _ 205i’|1/é||61eLlp(1/C)JM + §||6H61||1/é|‘eleLZp(C)Lt1+LZp(1/C)JM + 56sz(c)Ltl

0101' = 2061"‘1/6H61€Lip(1/é)JM'

Then Lip,,(S(q)) < L.

Proof. For (mq,t), (mse,t) € Ry, (2.60) with the condition (2.59), Lemma 8, and the
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hypothesis on ¢’ yields

15(q)(ma, t) = S(q)(ma, 1) = |g(B(0;ma, 1)) — f (g (0;ma, 1))
=9(B4(0;ma, 1)) + f(0g(0;m2, 1))
< (911 Lipm(B) + |f || Lipm(ag)) ma — my

< 5/6Lip(é)LT|m1 _ m2|

1
S —L|m1 — m2|.

4

For (mq,t), (me,t) € Ra, (2.60) with the condition (2.59), Lemma 8, Lemma 9,

t e
mi,ma °

and the hypotheses on €, 6, §', and T give the following estimate on A

S(q)(ma, ) — S(q)(ma, 1),

Ay mel < 12RI(8,1(0s 1) — 2RI(B, 1 (0;m, 1))

+Hf(0g(050, 8,7 (031, 1)) — f(0g(050, 8,7 (0 1m0, 1))

+[f(ag(0;ma, 1)) — fag(0;me, 1))

< 2Lz’pt(R?)Lipm(ﬁq’1)\m1 — Mg
(| Lipe(aq) Lipm (8, 1) + 1| 1| Lipm(cg)) [ma — ma|
< 2(Cy, 04 C5,8' + C, T + Cr,6)|[1/2]|e, €PN [my — my

1 . e . ip(1/é ip(é
20 (e O[] DIy IO |

< (Cg e+ Co, 0" + Cio, T)my — my|

1
< -L — .
= 7 [my — my|
Similarly, we have [Al | < $L|my —my| for (mq,t), (ms,t) € Ra.

Recalling that X C U2 R;, we have that any two points (my,t), (mg,t) € X
are separated at most by one region, so by the triangle inequality it is clear that
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|At ‘ § L]ml — MmMa]. ]

mi,ma2

Proposition 14. Let ¢ € B and S be the operator on B defined by (2.60). Suppose

1 1 1 1 -
e < mJ, d< 360 < WJ, and T < mJ, fori=1,2, where

Clli _ (2071 + C4i>€Lip(l/é)JM
) A 1 o ) R
0121- _ 2051€sz(1/c)JM + §||é||616L2p(c)LT(6sz(l/c)JM + 1)

Clg. = 206.6Lip(1/é)JM.

Then Lip(S(q)) < J.

Proof. For (m,t1),(m,t2) € Ry, (2.60) with the condition (2.59), Lemma 8, and the

hypothesis on ¢’ yields

[S(q)(m, 1) = S(g)(m, t2)] = [9(B4(0;m, 11)) = f(g(0;m, 1))

—9(Fq(0;1m,15)) + f (g (0;m2, 1))

< (Ilg1Lipe(8,) + 1 | i) 2 — to
< Olellae" ™t 1]
1
< —Jlti —ta.
< SJt—t

For (m,ty), (m,t3) € Ra, (2.60) with the condition (2.59), Lemma 8, Lemma 11,

and the hypotheses on €, d, ¢', and T give the following estimate on A}, =
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S(q)(m, tr) = S(g)(m, ta),

AT | < [2RUBH05m, 1)) — 2RE(BH(0;m, 1))
+|f (g (050, 8,1 (031, £1))) — f(ag(0;0, 8, (0;m, t2)))]

[ (aq(05m, 1)) = fag(0;m, 12))]

< 2Lip(RY)Lipi(8,")[t1 — ta
(I I Lipy(aq) Lipe(8, 1) + (11| Lipe(eg) )t — 1o
S 2(0415 + 0515, -+ 061T + 0716)6Lip(1/é)JM|t1 - t2|

1., - o
+§6/||C|‘EleLZp(C)LT(esz(I/C)JM + 1)|t1 . t2|
S (01116 -+ 01215/ —+ Clng)‘tl — tz’

1
< —Jlti — 1y
< SJt—t

Recalling that X C U?_;R;, we have that any two points (m, t;), (m, ;) € X must
either be in the same region or adjacent regions. So by the triangle inequality it is

clear that |[A7 | < J|my —myl. O

Propositions 12-14 show that the operator S maps B to itself (for the appropri-
ate choice of €, §, ¢, and T'). We next provide sufficient conditions for S to be a

contraction mapping.

‘s 1 1 1 1 ,
Proposition 15. Suppose € < FTom d <356 6 < P and T < e fori=1,2,
where

Cua, = (Cy, + 2C7, )M Lip(1/¢)elr(/0IM

1 o NP
0151- — (205i + 5||é||€16sz(c)Ltl)ijip(l/é)esz(l/c)JM

Vi
2(4}1‘

A -
+ 1) Lip(P) + & Lip(¢)e" PO,

Che, = 2Cs, + 2( 7
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Then for every qi,qs € B,

3
[S(q1) = S(@)|| < ~llar — @],

where S is the operator on B defined by (2.60).

Proof. Let q1,q2 € B.
For (m,t) € Ry, (2.60) with the condition (2.59), Lemma 8, and the hypotheses

on 0" and T yields

[S(q)(m, 1) = S(g2)(m, 1)] = [9(Bq, (0;m, 1)) — f(erg, (0;m, 1))

—9(Bg,(0;m, 1)) + f(ag, (0;m,1))]

< (1|1 Lipg(B) + 1| f'|| Lipg(a))|qr (m, t) — ga(m, t)|
1 .

S EélTLip(é>eL2p(C)LT|q1 <m7t) - QQ(mv t)l

S 20161T’q1 (m7 t) - Q2<m7 t)|
1

< 5’Q1(mat) — q2(m, t)]

< g-al

= 5 q1 — q2]|-

For (m,t) € Ry, (2.60) with the condition (2.59), Lemma 8, Lemma 11, and the

hypotheses on €, §, ¢, and T give the following estimate on A™! := S(q;)(m,t) —
yp q1,92
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S(g2)(m, ),
Al < 12RE(8,1(0;m, 1) — 2RE (B, (0;m, 1))

+[f(ag, (0;0, 8,1 (0;m, 1)) — f(ag,(0;0, 8, (0;m,1)))|

+[f (g, (0;m, 1)) = f(ag, (0;m, 1))]

IN

2|RY (8,1 (0;m, ) — R{ (6,1 (0;m, )|

+2|RP (8,1 (0;m, 1)) = RP(8,,'(0;m,1))]

| (g, (050, 8,1 (05m,8))) — flrg, (050, 6,1 (03 m, 1))
+[f (g, (050, 8,1 (0;m, 1)) — f(0g, (050, 8, (0;m, 1))

+f(ag (0;m, 1)) = f (g, (0;m, 1))

IN

2(Lipy (R ) Lipy(5; ") + Lipg(R])llar — aol|

/| (Lipe (g, ) Lipg (8, 1) + 2Lipg(ag))l|ar — @l|

IA

2(041(5 + 051(5/ + CﬁlT + C71E)MLip(l/é)eLip(l/é)JM‘|q1 — QQH

v A
— + 1)—Lip(P)T|lg — ||

2
+2( 7

20)1

0" Lip(e R
5 PO (M Lip(1/2)]|el oy /O 42T Lip(@)) s — g

IA

(Crgy e+ Ci5,8" + Ci6, 1)1 — @2l|

IN

3 — all
4611 q21|-

Similarly, for (m,t) € R, we have

1S(an)(m ) — S(@)m, )] < 2 las — o]l

Since X C U?_|R;, we therefore have

3
[S(q1) = S(@)|| < ~llar — 2l
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Propositions 12-15 show that S is a contraction which maps B to itself (for small
enough time and initial data f and g close enough to a constant steady state). Thus
S has a unique fixed point in B, say ¢;. By construction, the solution to the linear
IBVP (2.29)-(2.40) given by theorem 6, for ¢ = gy, is in fact a solution of the full
nonlinear IBVP (2.17)-(2.28). If ¢; € C*, then the solution, w and z given by (2.52)-
(2.53), is classical. In case gy ¢ C', if w or z is not C', then we call the solution a

weak solution. We summarize this result in the following theorem.

Theorem 16. Let ey, 61, 8}, L, and J be fized positive constants. Let gy be the positive
constant determined by (2.57), and let cigyte, and By +e, be solutions of the characteris-

tic ODEs (2.41)—(2.42) for ¢ = qo+€1. Let ty satisfy ogyte, (t1; M, 0) = Byote, (1130, 0).

Suppose € < min{ 12?)8. J L1 6 <

! : L J 1
) 60131‘ ? 4cl4i 6 S mln{ IQCgi’ 6 }’ and

€
2(2011.—&-1) ’ Cig,; 7 4C5,

T < ﬁ Let f,g € CY([0, M],R) such that g — f > 0, and suppose f and g satisfy
(2.54)—(2.56) and (2.58)~(2.59). Then the nonlinear IBVP (2.17)—(2.28) has a unique
solution, w and z, defined on [0, M] x [0,T] by (2.52)—(2.53), where q is taken to be

qr, the unique fizved point of the operator S defined by (2.60).

If g; € C*, then the solution w and z is classical. In case ¢y ¢ C*, if w or z is not

C', then we call the solution a weak solution of the IBVP (2.17)-(2.28) .

2.7 Short time existence and uniqueness of classi-
cal solutions

We next show that, for initial conditions f and g close enough to the constant steady
state and satisfying appropriate compatibility conditions (as in the hypotheses for
theorem 16), the nonlinear IBVP (2.17)—(2.28) has a unique classical solution for small

enough time. Through iteration of the operator S defined by (2.60), we construct
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a sequence of C! functions {¢,}>2, C B which converges uniformly to the function
qs, the fixed point of S. To ensure that g; itself is C, it is enough to show that
the sequence of derivatives of ¢, (or at least a subsequence) converges uniformly. In
fact, it is sufficient to do this for the derivatives with respect to m only, for each
fixed ¢, since it can be seen that, as a fixed point of S, if ¢; is C' with respect to
m, then it must also be C* with respect to t. We will show that for each fixed ¢, the
sequence {g%}gozl has a uniformly (in m) convergent subsequence by showing that
it is equicontinuous (in m) and uniformly bounded, and invoking the Arzela-Ascoli
theorem. As in [17], we employ the notion of modulus of continuity as a device to

show equicontinuity.

Definition 17. For a bounded subset D € R and a map ¢ : D — R, define the

modulus of continuity of ¢ to be the map w(:|¢) : [0,00) — [0, 00) defined by

w(nl¢) = sup{|p(x1) — ¢(w2)| : 71,29 € D, |71 — 22| < 1}

We will make use of some of the properties of the modulus of continuity given in

the following lemmas (see [17]).

Lemma 18. Suppose f is a real valued function on a bounded domain. Then

~

. f is continuous if and only if nli)r(r)1+w(77|f) =0,

2. if [ is Lipshitz with Lipshitz constant L, then w(n|f) < Ln,
3. if [ is differentiable, then w(n|f) < ||f'|In,

4. w(mlf) Sw(melf) for 0 <m <,

5. wim +nelf) Swmlf) +wnalf),
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6. for any natural number n, w(nn|f) < nw(n|f),

7. for any positive constant C, w(Cn|f) < [Clw(n|f), where [C] is the smallest

integer greater than or equal to C.
Lemma 19. Suppose f and g are real valued functions on a bounded domain. Then
1ownlf £9) Swhlf) +wnlg),
2. w(nlfg) < lIfllwnlg) + llgllw(nlf),
3. if lgl = a >0, then w(n|f/g) < Bl(nlg) + L (nlf).

4. w(nlf og) <w(wnlg)lf)-

The following lemma conveys the utility of the notion of modulus of continuity in

showing equicontinuity of a family of functions.

Lemma 20. Suppose F is a family of real valued functions on a bounded domain. If
w(n|f) < Qn) for each f € F, where ) is a nonnegative function (independent of f)

such that lim, o4 Q(n) = 0, then the family of functions F is equicontinuous.

We construct the sequence {g,}°; inductively by defining

q(m,t) = g(m)—f(m)

Gni1(m,t) = S(gn)(m,t), neN, (2.78)

where the initial data functions f and g, and the operator S, are as in Theorem 16.
Clearly ¢, € BN CY([0,M] x [0,T]). Now suppose ¢, € BN C[0,M] x [0,T])
for some fixed n € N. Then ¢,,1 € B, since S maps B onto itself. Furthermore,

the characteristics «y,,, (3,,, and their inverses are C'' with respect to m and ¢, as a
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consequence of the smoothness of g, with respect to m (and hence that of the vector
fields in the characteristic ODEs (2.41)-(2.42)). Therefore by the definition of S, ¢, +1
is C'! with respect to m and t. Thus, by induction, {¢,}>, € BNC([0, M] x [0,T]).
Because S is a contraction, the sequence {g,}°; converges uniformly to ¢; € B, the
unique fixed point of S. As an element of B, we already know ¢ is Lipshitz with
respect to both m and ¢. The task at hand is to show that ¢, is C* with respect to
m.

We will show that for each fixed ¢, the sequence {gim"}?:l has a subsequence which
converges uniformly in m. We already know that {g%}zozl is uniformly bounded,

< L. In order to extract

since ¢, € B implies that Lip,,(¢,) < L, and hence H%
a uniformly convergent subsequence by applying the theorem of Arzela-Ascoli, it
remains to show that, for fixed ¢, {gim"}fle is equicontinuous in m.

Applying the notion of modulus of continuity to functions of two independent
variables by treating each variable separately, and restricting the domain to the var-
ious regions R; defined in (2.48)—(2.50) in order to facilitate the estimates that are

required to make use of lemma 20, we make the following definition.

Definition 21. Let X = [0, M] x [0,T]. For a function ¢ : X — R, let the modulus
of continuity of 1 with respect to m, restricted to region R; (for i = 1,2, 3), be given
by
Wﬁ’(ﬂW) = Sup{W(ml»t) - ¢(m2>t)| : (mht)? (va t) €ERiNX, |m1 - m2| < 77}'
Similarly, let the modulus of continuity of 1) with respect to t, restricted to region
R;, i =1,2,3, be given by
Wl (| = sup{|(m, t1) — W(m, ts)| : (m,t1), (m, ts) € Ri N X, |t — to| < 0}
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We will show equicontinuity (in m) of the sequence {g%};’f:l in each region sepa-

rately by estimating w’ (17|‘3%) and applying Lemma 20. But first, it will be useful

dag ) 9Bq )

to have estimates of w;¥ (7|%3=) and w;X (n|3.2) in terms of wyy (n|%), provided by the

next lemma.

Lemma 22. Assume the hypotheses of Theorem 16, and let ¢ € B be C' with respect

to m. Then

9P,

Oa
) WSl ) < BT (o)

0
_q) + 33777

(77| oy

where By = ell@llalt - By = ||¢/||, By(By + 1), and By = L*B?t,||¢"|]., .

Proof. We will show the result for %. The proof for % is similar. For ¢ € B
and C' in m, the characteristic ODE (2.41) has a nonautonomous C' vector field
which is continuous in time. Hence the characteristic a,(7;m,t) is C* in 7, m, and ¢.
Differentiating (2.41) with respect to m and interchanging the order of the m and 7

derivatives yields the following ODE initial value problem for %

ddog 9q 0oy Doy B
aram = e DG G G M =L &)
the solution of which is
day ) _ ! N . dq .
%(T,m,t) = exp (/T & (q(ag(s;m, 1), s))a—m(aq(s,m,t), s) ds) . (2.80)

Noting that Lemma 8 implies Lip,,(a,), and hence %, is bounded by B;, we use
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Lemmas 18-19 with (2.80) to obtain the following estimate.

¢ 1 N 8q
2 < T 0l 0 go ) (2L o)

. 0
< B (HC/Hqum(?ﬂ—q 0 ag) —|—TLw (n|¢ o qoay) >
< 51 (1T Bl 52 + 021 Liv g )
~ aq 21| Al
< B ||C||61T(Bl+1)wm(77|a )+t L7||¢"]|e, Bin
0
< Bszii(rﬂ—q) + Bsn. O

om

We can now show equicontinuity of {3—,,2};”:1 with respect to m in region R;.

Proposition 23. Assume the hypotheses of Theorem 16, and let the sequence {q,}5°

be as defined by (2.78). Suppose T < where By = et and By = ||¢/||, B1(B1+

2(5’B ’

1). Then for each fized t € [0,T], the sequence {g%}le, restricted to the domain

R1N X, is equicontinuous in m.
Proof. For (m,t) € Ry N X, by (2.60) and (2.78), we have
(M, t) = 9(Bg,-,(0;m, 1)) = flag, ., (0;m, 1)).

Differentiating with respect to m gives

gy ,
B (m.t) = g (B, (0:m. 1))

O, t) — farg, (0, 8)) 22921 (0, 1),

8/8‘1717 1
om om

By Lemma 8, whenever they exist, aaq and 8&3 are uniformly bounded by B; for all

q € B. Using Lemmas 8, 18-19, the bounds on f” and ¢’ assumed in Theorem 16, and

Rl( |6q) X dq

finally, Lemma 22 (combined with the obvious fact that w <wn(nlgk)), we
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have the following estimate.

W,

(7]

On

om

)

IN

IA

IN

IA

IN

8/8'1n—1

Oay,
n—1 )

wiH(n|(g" o 6%‘1)W) + Wl (n|(f o Oéqn_l)W

195 1) + ||| o,
HI B 1) + || 25 | o )
SR (0] 2 4 BB 0l )l

a0 01 2200 1 B (rl, )1
LR |2ty 4 BLo(Bulg)

%ng (n\%) + Biw(Binlf)

%5@;31 (n\%) + Bi(B1 + L)w(nlg")

o () 220 4 By (B, + )

§' BaTwR (n |ag:nl) + &' Bsn

+B1(By + 1) (w(nlf) +w(nlg)). (2.81)

We will next use induction on n. Let

() :=20"Bsn + 2B, (B + ) (w(nlf) +w(nlg')).

Since B; > 1, we have, using Lemma 19,

o) = wn(ald £

win (1

< Wn(nlf") + wm(nlg')

IN

Q1(n).
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Suppose wm(77|gi7fl) < Q4(n) for some k € N. Then by the estimate in (2.81), we have

8 ! a 14 ! /
WR (| LY < 6By TWR (g S 4 6' By + By(By + D)(w(nlf) + w(nlg'))
om om
1
< GBI () + 5 (n)
< W(n),

for T < ﬁ. Thus, by induction, we have wm(n@%) < Qy(n) for all n € N.

Since f’ and ¢’ are continuous, Lemma 18 implies lim, o4 ©4(n) = 0. Therefore
by Lemma 20, the sequence of functions {gim"}zozl restricted to the domain Ry N X is

equicontinuous in m, for each fixed t € [0, T7. ]

Before extending this result to regions Ry and Rj3, we present some preliminary

estimates in the following lemmas.

Lemma 24. Assume the hypotheses of Theorem 16. Then for all ¢ € B,
Lip(R!) < By, i=1,2,
where R} are given by (2.43)—(2.44) and
By, = ﬁ(cl.él + Coty) + Y(Cu0y + Cs.8) + Coty + Crer) + £||ﬁ'||q.
CT g O T g e T R O T

Proof. Since R satisfy the BCs (2.33)—(2.34), we have

(0] < TR+ L1 0) + 3P0, 0)]

=0
Therefore
. K. i A .
Li N < ||R; R, —J||P|l.,.
ip() < IR+ Sl + 5 1P
The result then follows from Lemmas 9-10. O
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Lemma 25. Assume the hypotheses of Theorem 16. Then for all ¢ € B,

da-1 841 dq
wiy (7] ) win (7] ) < B6Tw5§(77la—m) + B,

where

B5 = Hl/é||€1e|l(1/é)l”€1JM7 B6 = Hl/éHélB?v

Br = |[1/élle,(Bs + ||¢'l|e, LB1Bs) + BiLip(1/¢).J Bs.

—~1 —1
Proof. We prove the result for %. The proof for Bg;; is similar. Let (m,t) € X.

Then for any £ € [0, M], (2.47) implies

Bo(By (& m,t),m,t) = €. (2.82)

Differentiating both sides of (2.82) with respect to m gives

B,
dr

95,

(5mt)+am

(8, 1(&m,t);m,t)

aﬁ (5;1(f;m,t),m,t) = 0.

Recalling from (2.42) that £3(r;m,t) = é(q(B(r;m,t),7)), solving for 857‘?;1, and

making use of (2.82) yields

o5 B Emtm )
o &) = R BT Em D)

(2.83)

Let ¢(m, t) = %(ﬁ;l(g;m,t),m,t) and for n > 0 and |m; — ma| <7, denote

0B,
om

96,

A= om

(B (& mast)yma, t) — S=2(B, 1 (€§5ma, t), ma, 1),
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Then using Lemmas 18-19 and 8 yields

’%(6;1(§;m1,t);ml,t) -

%(ﬁq_l(f;mht);mz,t) -

om
9B, 95,

wm(n!a—m)+wm(n(9 (8,1 ma, 1))

85(1
om om)

%(ﬂ;%&;ml,t),m%t)'

96,
om

|Ay] <

+

<5;1<§;m2,t),mg,t)‘

IN
<

0
XD S (55 )

IN

0
wﬁ(mﬂ) +wT(B5n|8—nf’L)

9B, d 00,
8m) + ‘ dT Om

) 4 1€l LBy B

IN

IN

wie (7] Bsn

IN

wiy (1

dq
BoTw™ (n|—
2 wm(n|am

IN

) + (Bs + ||&']]e, LBy Bs ),

where we have used the equation

d 8ﬁq B 5’(1 aﬁq
T om = ¢ @By T)) 5o

whose derivation is similar to that of (2.79). Taking the supremum over all [m;—ms| <

n, £ €10, M], and t € [0,7T] in the expression At then yields
X X aq ~
win (M) < BeTwr, (- + (Bs + (€'l LB1 Bs ).
We can now use Lemmas 18-19 with (2.83) and the above estimate to obtain

a 1
) < /el o) + || 5

1 _
win (1) fi(mgoqoﬁql)

< 1/ (B2Tw§(77|a—m) (Bt |1l LB B )

+B1 Lip(1/¢) Lip,(q) Lipm (8, )n

IN

0
1/l BT (nl 5 )
1/l (Ba +11€ LB B3) + B Lip(1/¢) T Bs)

9q
3_m) + B77]. O

IA

BsTw (]
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Lemma 26. Assume the hypotheses of Theorem 16 and let ¢ € B be C* in m. Then

Oa ap, dq
wf{(nla—;), w;' (n TR ByTw (n|=—) + Bun,

om

where
By = |[¢][e, """ By = [|&'||, [ Bs] Bs,
Bio = ||&|le, + t1L*Lip(¢)Bs, By = BsBio + Lip(@JeHéIHGILtl.
Proof. We prove the result for %. The proof for % is similar. For ¢ € B and

C' in m, the characteristic ODE (2.41) has a nonautonomous C" vector field which
is continuous in time. Hence the characteristic a,(7;m,t) is C' in 7, m, and t.
Differentiating (2.41) with respect to t and interchanging the order of the t and 7

derivatives yields the following ODE initial value problem for %,

d Oa . dq da, O« .
%a_tq = _CI(Q(OQ]?T))a_ma_;a a_tq(t;ma t) = C(Q(m> t))? (284)
the solution of which is
Doy - LE & (glag(simit),)) 2L (g (s5mit),8) ds
W(T;m,t) = ¢(q(m, t))elr @\ Qalsmb)8) g {aq(sim.b),s) ds, (2.85)



and for n > 0, [t; — t2| <1, denote A¢ := ¢(m,t1) — ¢p(m,t2). Then

t1 . a
|Ag| < / c’(q(aq(s;m,tl),s))a—q(aq(s;m,tl,s) ds
to m
2 0 . 0
+ / (¢ o q)%(aq(s;m,tl),s) — (¢ oq)a—;(aq(s;m,tz),s) ds
< |E]e LIty — to]
t2
+L| [ @ oa)antsim,t).s) = (@ o a)ay(sim. ). ) ds
. 29 0
0| [ G alsim, 1)) = 5 g lsim. 1), 5) ds
< ||Ee, LIty — tof + [to — T[L2Lip(&) Lipi ()t — to
dq dq
¢ erlt2 — a ; 7t ’ - ) 7t )
e =71 s | 2. 1).5) = 52512,
< ([€le L+t L*Lip(¢') Bs) [t — o

0 g (s5m,11). ) — oL g (s:7m. 1), )|

+[|¢[|e, T sup B I

s€[0,7

Taking the supremum over |t; — t3] < 7 and using Lemmas 18-19 and 8 then gives

R dq
wy () < Bion + [|¢]]e, Twi (n] 5= o o)

- om
N X/7- aq
< Bin+]|lé ||61Twm(L%pt(Oéq)77!a—m)
Jq

< B+ ||@,||51T[381W£(77|%)-

Using (2.85), Lemmas 18-19, and the above inequality, we obtain

9oy

< [elle N1 wX (] @) + Lip(e) Jellatig

A

wy' (n) el (]e?) + el“lathwX (mle o g)

0
S BgTWﬁ(n|a—:1) + B1177.

The proof for w;* (n|%) is similar.
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In the next proposition we use the preceding lemmas to show that, for T" small

9g Voo - . . . . .
enough, {7} | is equicontinuous in m, in regions Ry and Rs.

Proposition 27. Assume the hypotheses of Theorem 16, and let the sequence {q,}5°,

be as defined by (2.78). Suppose T < minizl’g{ﬁ}, where
B12i = C’41-51 + 05153 + 061-751 + O7i€1,

1
Bis, = 2B13,Bs + 553(3638 + B5[B5| By + B),

Then for each fized t € [0,T], the sequence {29212 | restricted to the domains RoNX,

om

and R3 N X, respectively, is equicontinuous in m.

Proof. We prove the result for region Rs. The proof for region Rj is similar. For

(m,t) € RaN X, by (2.60) and (2.78), we have

Gu(m,t) = 2RI (8, (0;m,1) — fag, ,(0;0,8," (0;m,1))

_f(&qn—l (Oa m, t))

Differentiating with respect to m and denoting 6 := (0;m, t), gives

-1

% = pdn—1(3—1 0 qn—1
S (mit) = 2R3, (0) (D)
/ _ o 1 B 85;171
o 0205, OB 005, 0) 0
Oday,

(O () S0,

(2.86)

Recall that for all ¢ € B, Lemma 10 implies ||R‘f|\ < Bjs,, and Lemma 8 implies

< B57

—1
HE)‘% < % % < B; (whenever they exist). Using these

‘ < B, and‘
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bounds and Lemmas 18-19 with (2.86) , we then have

12 < 2Bl ) 4 2B 0 5,0 )
I B (] 21 0 g1 )
+BsBsw*(n| f o g, 0 8, )

B 12y 4 2

+Blw;’§2 (n’f/ © OCQ'rLfl)
—1

, 8ﬁ . N
(2B12+ || f ||BS)W§2(77|#) + 2B5[Bs |w(n|R{" ™)

IN

/ aa n—1 !
+[|f ||B5(B51w32(n|#) + BsBg| Bs Bs |w(n| )

0
1 1R (1] =52 + By Bilw(nl ).

Then Lemmas 22 and 24-26 yield

oqn

0qp—
W%(?ﬂ%) < By, Twl¥* ()| -

om

) + Biy,n + Bisw(n|f), (2.87)
where
1 .
Biy, = 2B15,B7 4+ 2B5| B5 | By, + 551(3738 + Bs[Bs|B11 + Bs), i=1,2,

and

Bis = BsBs[BsBs| + Bi[Bi].
We will again use induction on n. Let

Qa(n) := 2Bya,n + 2Bysw(n| f) + w(nlg').

Note that since By; > 1, we clearly have w%(m%) < Q5(n). Suppose wk2 (n|%) <
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Qs(n) for some k € N. Then by the inequality in (2.87), we have

an 1 1
Re(p| LY < B, TQ -Q
Wy (1] om ) < B3, TQ(n) + 5 2(n)

< QZ(U)?

for T < ﬁ Thus by induction, wZﬁQ(n\g%) < Qq(n) for all n € N. Since f" and ¢’

are continuous, we have lim, o4 ©Q(n) = 0. Therefore by Lemma 20, the sequence of

functions {gim” o0, restricted to the domain Ry N X is equicontinuous in m, for each
fixed ¢t € [0, T]. The proof for the domain Rz N X is similar. O

We combine Propositions 23 and 27 in the following corollary.

Corollary 28. Assume the hypotheses of Theorem 16. Then for

1

S B B
—mm{%'lBQ’QBlgi’l

1,2},

the sequence of functions {g%}%o:l on the entire domain X = [0, M]x [0, T is equicon-

tinuous in m, for each fized t € [0,T].

Proof. This follows from Propositions 23 and 27 combined with a simple application

of the triangle inequality. O]

This provides sufficient conditions for the solution in Theorem 16 to be C*, which

we state in the next theorem.

Theorem 29. Assume the hypotheses of Theorem 16 and suppose T < min{ﬁ, 23113 }.
1 7

Then the solution in Theorem 16 is C*.

Proof. Let the sequence of functions {g,}>2; be as defined by (2.78), and let t €
[0,7]. Then {gim”(-,t)}ff:l is equicontinuous in m (by Corollary 28) and uniformly
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bounded, since HBB%H < L by the definition of B. Thus, by Arzela-Ascoli’s Theorem,

Oqn,;
om

for each ¢ € [0,T7], there exists a subsequence, say {5 2(-,1)}52,, which converges
uniformly (in m) to some function Q(-,t) as 7 — oo. Note that the original sequence
{gn}>, converges uniformly (in both m and t) to gf, the unique fixed point of the
operator S. In particular, for fixed ¢, the subsequence {gy, (-,*)}32, converges to s (-, )
as j — oo. Therefore, gs(-,t) is continuously differentiable (in m) and ginﬁ(-,t) =
Q(-,t). Thus ¢ is C* in m. We also have that ¢; is continuous in ¢, since ¢; € B.
Thus, as we have argued before, the nonautonamous vector fields in the characteristic
ODEs (2.41)-(2.42) for ¢ = ¢; are C'! and continuous in time, which implies that the
characteristics ay,, f;,, and their inverses are C' in both m and ¢ (the “initial data”
for the characteristics). But then, by the definition of the operator S in (2.60), S(gy)
must be C'' in both m and ¢. Since S(qf) = ¢y, this implies that ¢y is C* in both m

and t as well. As stated in Theorem 16, this is sufficient for the solution given there

to be C. O
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