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B.3.1 Möbius representation . . . . . . . . . . . . . . . . . . . . . . . . . . 131

B.4 Solution across the symmetric tree: the equi-length and width model . . . . 131

BIBLIOGRAPHY 135

VITA 138

v



List of Tables

Table page

2.1 Mathematically equivalent physical systems. ρ−1 = inverse electrolyte resistivity,

K = thermal diffusivity, D = diffusion coefficient, R−1 = inverse surface resistance,

H = surface conductance, and W = surface permeability. . . . . . . . . . . 17

7.1 Regimes of exercise as reported by Hou et al. [1]. . . . . . . . . . . . . . . . 89

7.2 Measured data relevant to the Cayley tree model, compiled and reported by

Hou et al. [1]. Gas exchanger volume, Vg, surface area, Sg, and longitudinal

path length, Lp, was estimated from experimental data reported within ref.

[2]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

7.3 Results for the width and length of the terminal branches from geometrical

constraints listed in Items (1) through (4), at rest. Vg, Sg, and Lp are the

volume, surface area, and longitudinal path length of a single gas exchanger

in the human lung, respectively. . . . . . . . . . . . . . . . . . . . . . . . . . 95

7.4 Tabulation of theoretical and experimental values for the geometry of the

equi-length and width Cayley tree model (Df → ∞). Experimental values

were inferred from data within reference [2]. . . . . . . . . . . . . . . . . . . 103

7.5 Tabulation of theoretical and experimental values for the geometry of an

equiscaled Cayley tree model with Df = 3. Experimental values were inferred

from data within reference [2]. . . . . . . . . . . . . . . . . . . . . . . . . . . 104

vi



7.6 Predictions for the oxygen current and pulmonary efficiency given by the

equi-length and width Cayley tree model in all regimes of exercise. Experi-

mental data used for comparison reported by Hou et al. [1]. . . . . . . . . . 105

7.7 Predictions for the oxygen current and pulmonary efficiency given by the

space-filling fractal Cayley tree model with Df = 3. Experimental data used

for comparison reported by Hou et al. [1]. . . . . . . . . . . . . . . . . . . . 106

8.1 Respiratory diseases modeled by the Cayley tree and their associated param-

eter responses, first suggested by Hou et al. for use in their renormalization

model of the airways.[1] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115

8.2 Parameters needed to predict the oxygen current crossing the surface of the

Cayley tree model, and its efficiency. . . . . . . . . . . . . . . . . . . . . . . 116

vii



List of Figures

Figure page

1.1 Flow chart describing a simple algorithm in the prediction of the oxygen

current and pulmonary efficiency. . . . . . . . . . . . . . . . . . . . . . . . . 4

2.1 Resin cast of the airways within the human lung [3]. . . . . . . . . . . . . . 8

2.2 Organizational structure of the airways in the human lung [3]. . . . . . . . . 9

2.3 (a) Resin cast of the human lung and (b) an electron micrograph of perfusion-

fixed rabbit lung [2]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2.4 Topological structure of several 1/8 subacini [4]. . . . . . . . . . . . . . . . 11

3.1 The intersections represent the roots of Equation 3.2.6. Here, R/Λ = 1.0. . 24

3.2 Model of a single acinar duct in the Helmholtz treatment of the cylinder. . 25

3.3 Concentration profiles with reflecting boundary conditions in the Laplace

treatment of the model branch, for several choices of the screening parameter

Λ. The series solution for the concentration in the Laplace treatment was

truncated such that the relative error is within 1% of the full solution. . . . 36

3.4 Concentration profiles with reflecting boundary conditions in the Laplace

treatment with several choices for both r and Λ, demonstrating the radial

dependence of the concentration under various screening regimes. The rela-

tive error in the truncation of the Laplace treatment solution for the concen-

tration is to within 1%. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

viii



3.5 Log-Log plot of the concentration in both treatments of the model branch.

Concentrations in the Laplace treatment were truncated such that they are

within 1% of the solution using the full series. . . . . . . . . . . . . . . . . . 38

3.6 Currents crossing the surface of a model branch with reflecting boundary

conditions on logarithmic and linear (inset) scale. Currents computed in the

Laplace treatment of the branch have relative error to within 1% of the full

solution. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

4.1 Fundamental unit of the 3-Cayley tree. . . . . . . . . . . . . . . . . . . . . . 41

4.2 A 3-Cayley tree with n = 3. . . . . . . . . . . . . . . . . . . . . . . . . . . 43

4.3 Branching within the intermediate tubes of the tree. . . . . . . . . . . . . . 44

4.4 Graph of Equation 4.3.19. The number of daughter branches extending from

each parent branch is fixed and taken to be m = 2, while the depth of the

tree is fixed by n = 2 (inset). . . . . . . . . . . . . . . . . . . . . . . . . . . 54

4.5 Oxygen current in the equi-length and width model, with D = 0.243 cm2 /

sec, m = 2, 2R = 0.01 cm, and L = 0.1 cm. . . . . . . . . . . . . . . . . . . 55

4.6 Oxygen current in the equi-length and width model, with D = 0.243 cm2 /

sec, m = 2, 2R = 0.1 cm, and L = 0.1 cm. . . . . . . . . . . . . . . . . . . . 56

4.7 Oxygen current in the equi-length and width model for several values of m,

with n = 2 and D = 0.243 cm2 / sec. . . . . . . . . . . . . . . . . . . . . . . 57

4.8 Contrast of oxygen current in two cases: m = 7 and n = 2, and n = 5 and

m = 2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

4.9 Suggested method to quantify the current plateau. . . . . . . . . . . . . . . 59

5.1 Longitudinal path length within the acinar airways of the human lung. Straight

lines mark the beginning of the transitionary bronchioles [2]. . . . . . . . . 64

5.2 Scaling exponents in a Cayley tree given by the dimension-generating func-

tion and the cumulative tree area, for which m = 2 and p = p(i) = q(i). . . . 71

ix



5.3 Scaling exponents in a Cayley tree given by the dimension-generating func-

tion (DGF) and the cumulative tree area, for which m = 2, p = p(1) = q(1),

and p(2) = q(2) = 2−1/3. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

5.4 Scaling exponents for the diameters of the terminal branches in the Cayley

tree given by the fractal canopy dimension and the dimension-generating

function, and demonstration of their equivalence (∆DGF=Df ) when daughter

branches are of equal width and length. . . . . . . . . . . . . . . . . . . . . 73

6.1 Dependence of the oxygen current upon the depth of a space-filling tree with

Df = 3, and associated efficiencies (inset). . . . . . . . . . . . . . . . . . . . 79

6.2 Illustration of the convergence in oxygen currents in the limit of large perme-

ability, for a tree in which only the lengths scale to fill space. The associated

efficiencies are inset. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

6.3 Sensitivity of the equiscaled (p = q) gas exchanger to its fractal canopy di-

mension, and comparison to the equi-length and width model (ELW model).

Inset are the associated efficiencies. . . . . . . . . . . . . . . . . . . . . . . . 81

6.4 Comparison of trees that contain a similar total number of branches, and

that contain both planar and space-filling canopies. . . . . . . . . . . . . . 82

7.1 Fractal models of a human lung acinus. . . . . . . . . . . . . . . . . . . . . 84

7.2 Barriers to oxygen diffusion from the acinar airways to the hemoglobin of the

red blood cells. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

7.3 Theoretical convection-diffusion transitions computed by (a) Weibel et al.

[2], and (b) Hou et al. [1]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

7.4 Outer diameters, inner diameters, and segment lengths of ducts within the

acinar airways reproduced from data within reference [4]. . . . . . . . . . . 107

7.5 Oxygen currents predicted by the Cayley tree model with 2Rn+1 = 0.0788

cm and Ln+1 = 0.076 cm, in the equi-length and width model. Data from

experiment are represented by circles for physiological Λ = 32.8 cm. . . . . 108

x



7.6 Predictions of the pulmonary efficiency in all regimes of exercise made by the

equi-length and width model for physiological values of 2Rn+1 = 0.0139 cm

and Ln+1 = 0.076 cm. Data from experiment are represented by circles for

physiological Λ = 32.8 cm. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

7.7 Oxygen currents in all regimes of exercise computed with Equation 7.5.13,

using the efficiency of the equi-length and width Cayley tree model and data

from Item (4). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110

7.8 Oxygen currents in all regimes of exercise computed with Equation 7.5.13,

using the efficiency of the fractal Cayley tree model with Df = 3, and data

from Item (4). Data from experiment are represented by circles for physio-

logical Λ = 32.8 cm. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

B.1 Labeling of nodes and branchs in the cayley tree. . . . . . . . . . . . . . . 126

xi



Abstract

The acinar airways lie at the periphery of the human lung and are responsible for the

transfer of oxygen from air to the blood during respiration. This transfer occurs by the

diffusion-reaction of oxygen over the irregular surface of the alveolar membranes lining the

acinar airways. We present an exactly solvable diffusion-reaction model on a hierarchically

branched tree, allowing a quantitative prediction of both the pulmonary efficiency of the

human lung and the oxygen current reaching the blood within the pulmonary arteries,

over the entire system of acinar airways responsible for the gas exchange. Our model

predicts that the oxygen current is insensitive to changes in the permeability of the alveolar

membranes, over a wide range of permeabilities. Such fault tolerance has been observed

in other treatments of the gas exchange in the human lung and is obtained here as a fully

analytical result.

1



Chapter 1

Introduction

Oxygen transport within the human lung has been studied extensively, both numerically

and experimentally [5, 6, 7, 8, 9, 2]. Though much is known about the general function

of the human lung, investigations relating its structure to its function have been sparse.

Few models exist, either numeric or analytic, that make accurate, quantitative predictions

of either the pulmonary efficiency of the lung or of the oxygen current transported to the

blood from the air–a process intimately coupled with the survival of an organism. The lack

of quantitative models is exacerbated by the fact that, until very recently, it was essentially

unknown that the transmembrane oxygen current could be inferred from experimental data

available for the lung. To the best of our knowledge, Hou and his collaborators recently

reported the first such estimates of the oxygen current from the available physiological

data.[1]

Particularly insightful are accurate analytic models of the non-equilibrium transport of

oxygen within the lung, as they hold the promise of allowing one to elucidate the connection

between the lung’s structure and its function as a gas exchanger. To the best of our

knowledge only one such analytic model currently exists[10, 1], in which physiological data

has been applied to make quantitative predictions of the oxygen current reaching the blood.

In this thesis we will develop a new model of the gas exchange system, and we will provide

independent evidence of several features observed in other treatments.

Previous studies of the gas exchange within the mammalian lung have focused mainly

2



on numerical simulations of oxygen transfer across several model geometries for the global

structure of its alveolar membranes.[5, 9] Recently, Hou et al.[10, 1] and Grebenkov et

al.[11] have proposed two very different analytic models of oxygen transfer within the lung;

however, only Hou and his collaborators make predictions with comparisons against exper-

imental data. Hou’s renormalization model allows one to study the alveolar membranes

as a space-filling structure, and this model performs remarkably well compared with the

available experimental data.

We consider the transport of oxygen from the air to the blood as a process which is

dependent upon several factors, and a central hypothesis in this thesis is that the surface

area of the alveolar membranes plays a critical role in its transport to the blood. From

previous studies of the gas exchange process, it is not entirely clear which properties of the

lung are evolutionary advantageous against environmental stressors. The global operating

principles that the respiratory structure utilizes in its delivery of oxygen to the blood also

remain unknown.

In this thesis we propose a new model for an acinar branch in which the diffusional

screening of oxygen from the alveolar membranes will play a critical role in regulating the

transmembrane oxygen current binding to the red blood cells within the pulmonary arteries.

We then develop an analytic model of the gas exchange within the acinar airways, and we

use this model to make quantitative predictions for the transmembrane oxygen current and

pulmonary efficiency of the human lung acinus.

Our model of gas exchange is motivated by the recent discovery of a new interpretation

for a transport parameter appearing within the diffusion-reaction equations of motion for

oxygen within the acinar airways, and is called the “exploration length.”[12, 10, 1] The

exploration length depends upon two transport parameters of the system and has units of

length. Until recently, its physical interpretation has largely remained a mystery.

To the best of our knowledge, two groups are essentially responsible for the development

of a physical interpretation for the exploration length. Pfeifer et al.[13, 12], and Sapoval

et al.[14, 15] suggested that the exploration length measures the effective length along the

alveolar membranes which a molecule explores before it usually crosses them, and for this

3



Input experimental data:
W, D, Cair - Cblood ( βair / βblood ), Ng, m, n, p, q

Choose width and
length of a terminal branches.

Input experimental data
For width and length.

Fix gas exchanger volume,
surface area, longitudinal path length

calculate width and length

Compute: oxygen current,
pulmonary efficiency

Directly from
experiment.

Infer from geometrical
constraints.

Figure 1.1: Flow chart describing a simple algorithm in the prediction of the oxygen current
and pulmonary efficiency.

reason they called it the “exploration length.” The existence of such a length scale implied

that only geometric considerations were needed to approximate oxygen transport to the

blood, and Hou et al. renormalized the alveolar membranes using the exploration length as

a measure of the alveolar membranes surface area used in transport.[10, 1]

Here we develop a new analytic model for the prediction of the oxygen current reach-

ing the hemoglobin of the red blood cells within the pulmonary arteries of the lung. Our

model reproduces behavior observed in other treatments of the airways[10, 1] and provides

independent evidence of the homeostatic regulation of oxygen delivered to the blood un-

der changing demands from the body. Few steps are needed to make predictions of the

transmembrane oxygen current and pulmonary efficiency of the lung, and we outline this

algorithm in Figure 1.1.

In chapter 2 of this thesis, we will review and discuss those aspects of the lung’s physi-

ology that we deem to be important in the transport of oxygen. We then proceed to review

the mathematical formulation of the boundary driven diffusion-reaction model frequently

4



used to describe the transport of oxygen to the blood within the acinar airways. Finally,

we will discuss recent developments in the treatment of the diffusion-reaction problem,

which includes the exploration length and its significance as a tool in the measurement of

diffusional screening.

In chapter 3 we will propose a new model of an acinar branch, report its development,

and conduct an analysis by comparing our model with an exact solution for for the particle

concentration in the model branch. We will describe two mathematical constructions of the

concentration within the model branch and identify conditions under which both treatments

describe equivalent dynamics across the model branch. We will also calculate the particle

current for the model branch, and compare the result against predictions for the convergence

of solutions within both mathematical treatments of the branch.

In chapter 4 we will extend our model of a single acinar branch to the entire branching

structure of the acinar airways. We will provide evidence suggesting that our branching

model reproduces an insensitivity to membrane permeability that has recently been reported

by other authors[10, 1]. Specifically, we will show that as the tree increases in size, its robust

behavior extends over several orders of magnitude of membrane permeability. Our results

suggests that the mammalian lung adopts a structure which optimally configured to balance

the efficient delivery of oxygen to the blood with an ability to mitigate damage to its tissues.

We then discuss geometric aspects of the Cayley tree within chapter 5. We will in-

vestigate the conditions under which the scaling exponent of the tree canopy, thus its

fractal dimension is equivalent to the scaling exponent described by its dimension generat-

ing functions–which approximate the Hausdorff dimension of the tree and its canopy. The

advantage of the dimension generating function is that it provides a simple, analytic, way

of expressing the scaling exponents for the tree. From our analysis we will quantify the

space-filling ability of the tree with its fractal dimension, and use this result to extend the

equi-length and width model of chapter 4 to a fractal representation of the model.

In chapter 6 we will study the space-filling ability of the tree and investigate several

advantages of such a configuration. These results will provide insight into the engineering

advantages of the lung’s architecture and may provide an explanation for this structure in
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terms of an optimization scheme designed to maximize delivery of oxygen to the blood.

In chapter 7 we apply experimental data to our model, and use the result to make

predictions of the oxygen current reaching the blood, and of the pulmonary efficiency of the

gas exchanger. Specifically, we outline two methods by which we will apply physiological

data to our model and discuss the predictions and significance of each.
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Chapter 2

Review

2.1 Introduction

In this chapter we will review the relevant background material necessary as a foundation

in the development of our model of the human lung. We begin with a brief discussion of the

biology and physiology of the lung and its structure and role as an acinar gas exchanger.

Within the context of this review, we consciously omit many topics, and several excellent

sources exist to supplement our presentation. See, for example, references [4, 3, 16].

We will continue with a brief overview of the standard mathematical formulation for a

diffusion-reaction system, and we report the diffusion equation for the oxygen concentration,

relevant within the context of our mathematical model. For an introduction to diffusion-

reaction systems within the context of the Fokker-Plank equation, see ref. [17].

We conclude our review with a discussion of several major recent developments within

the description of oxygen diffusion through the human lung acinus. We will emphasize those

developments that directly motivated the construction of our model branch, and we will

present a brief discussion of the exploration length, and its implications for the screening

of surface sites on the membranes.
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Figure 2.1: Resin cast of the airways within the human lung [3].

2.2 Human lung physiology in the context of oxygen trans-

port

Respiration may be characterized by two processes: inhalation and exhalation. During

inhalation, air passes to the trachea, where it propagates through the bronchial tree by

convection and is ultimately absorbed into the blood for distribution throughout the body.

Exhalation serves to remove carbon dioxide from the body–a by-product of ATP synthesis.

Transport of oxygen to the blood during inhalation is, arguably, the dominant role of

the human lung.[3] The ability of an organism to remove carbon dioxide from the body

is, however, equally necessary for the survival of an organism. In this thesis, we focus

exclusively on the transport of oxygen to the hemoglobin of the red blood cells and develop

a model to predict its current; however, the model of acinar gas exchange we present may

also be used to describe the transport of carbon dioxide from the blood to the air with an

appropriate choice of input parameters.

We will take the transport of oxygen from the air to the blood as a series of several
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Figure 2.2: Organizational structure
of the airways in the human lung [3].

intermediate processes. First, we will consider the convective transport of oxygen through

the bronchial tree, until a molecule’s diffusional speed falls below its convective speed.

Next, we will consider the transport of oxygen, under diffusion, to the distal regions of the

airways. Finally, we will consider the transport of oxygen across the alveolar membranes

and its subsequent uptake by the hemoglobin within the red blood cells.

We define the bronchial tree to be those portions of the lung airways that are “...purely

conducting structures whose main function is to move the air into the peripheral units.”[3]

Our definition includes the trachea, and continues to describe those dichotomously branch-

ing airways in which convection is exclusively the dominant transport process. An illustra-

tion of the branching airways of the bronchial tubes is shown in Figure 2.1.

An epithelial cell sheet lines the airways of the bronchial tree, such that the cells form

a tightly-packed, gapless surface. Therefore, as oxygen is moved by convection through the

bronchial tree it does not usually cross the junctions between cells in the epithelium. Below

the basement membranes of the epithelial layer in the bronchial tree is a layer of smooth

muscle cells, and below the smooth muscle cells is another layer of cartilage.

The branches in the bronchial airways split dichotomously into daughter branches at the
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(a) (b)

Figure 2.3: (a) Resin cast of the human lung and (b) an electron micrograph of perfusion-
fixed rabbit lung [2].

end of each of its parent branches. The total cross-section of the bronchial tree increases

exponentially as oxygen moves deeper toward its distral regions, and its convective speed

eventually falls below its diffusional speed. Those airways in which oxygen is transported

by both convection and diffusion are called the transitionary bronchioles. Figure 2.2 illus-

trates the organizational structure of the human lung and reports that the transitionary

bronchioles appear near the fifteenth branching generation.

In the transitionary bronchioles, the epithelial layer of the airway walls is much thinner

than those in the bronchial tree, and contains essentially no cartilage and very little smooth

muscle cells below the basement membranes. The permeability of the cell membranes is

related to the global permeability of the alveolar membranes because the junctions between

the cells within the epithelial layer form gaps which compose a tiny fraction of the total

surface area of the alveolar membranes.

The transition from convective to diffusive transport is not only characterized by a

thinning of the airway walls, but also by the appearance of alveolar sacs that begin to
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Figure 2.4: Topological structure of several 1/8 subacini [4].

populate the walls in the transitionary bronchioles. The membranes lining the alveoli are

the main workhorse of the gas exchange process within the human lung. These membranes

are very thin, and are composed of both an epithelial and endothelial layer of cells joined

by the fusion of their basement membranes. The alveoli themselves are typically tightly

packed, and their membranes appear to form a space-filling surface in contact with the

acinar gas.[10, 18]

We adopt a definition of the human lung acinus from Weibel[4], and define it to be

“...the largest parenchymal lung unit in which all airways are alveolated and participate to

some degree, in the gas exchange process.” Our adoption of this definition excludes the

transitionary bronchioles from consideration within the acinar airways, and we will assume

that diffusion is exclusively the mechanism by which oxygen is transported within a single

gas exchanger of the human lung.

The airways of the lung acinus are those that are exclusively alveolated, thus the walls

of the acinar ducts are completely populated by alveoli. The ends of the terminal branches

in the human lung acinus are also covered with alveolar sacs. Figure 2.3(b) presents a
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scanning electron micrograph of a perfusion-fixed rabbit lung, and one can clearly observe

the transition from the smooth-walled bronchioles into the alveolated ducts of the acinar

airways.

The alveolar epithelium is composed of two cell types: type I (EP1) and type II (EP2).

Type II cells play a fundamental role in the acinar gas exchange, as their principle function

is “...the synthesis, storage, and secretion of surfactant.”[3] The surfactant secreted by type

II alveolar epithelial cells is composed of proteins and phospholipids that spread homoge-

neously across the membranes to produce a thin barrier, which partitions the acinar gas

from the tissue of the alveolar membranes. The primary function of this thin film is to

attenuate the surface tension of the membranes, affecting their global mechanical stability.

The collection of alveolar sacs is not independently mechanically stable. Furthermore,

alveolar surfactant couples with the alveolar membranes to decrease their surface tension

under a decrease in alveolar volume, while increasing their surface tension under an increase

in alveolar volume. Therefore, surfactant plays a critical role in the mechanical equilibrium

of the alveoli within the pulmonary acinus of the human lung, working to prevent their

collapse.

Diseases of the lung which affect the secretion of alveolar surfactant from its type II cells

can impact oxygen transport in dramatic ways. For example, prematurely delivered infants

may lack the necessary development of their type II cells of the alveolar epithelium affecting

the lung’s ability to sufficiently generate alveolar surfactant to maintain the mechanical

equilibrium of their alveolar membranes. Therefore, the mechanical stability of the alveolar

membranes becomes compromised, and large portions of the airways collapse. Ventilation

of the alveolar membranes then decreases, and the partial pressure of oxygen decreases such

that the airways fail to provide enough oxygen to the blood to meet the body’s demand.

Several interesting aspects of the topological structure of the acinar airways exist, and

examples of the branching structure of several acini appear within Figure 2.4. The aci-

nar ducts conserve the branching symmetry of the bronchial tree and continue to split

dichotomously across each generation within the acinus. Interestingly, the mean length and

diameter of the acinar ducts, as reported by Weibel et al. [4], appear to be conserved across
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each branching generation within the airways of the lung acinus.

We conclude our review of the structure and physiology of the airways within the human

lung by summarizing several main points of interest. We found that the conducting airways

of the bronchial tree branch dichotomously, and the acinar ducts of the human lung acinus

conserve this structure. We adopted a working definition of the acinar airways, summarized

as those airways in the human lung that are exclusively alveolated. Finally, we saw that the

transport mechanism of oxygen propagation within the acinar airways is diffusion, and that

the alveolar membranes remain mechanically stable under normal operating conditions.

2.3 Mathematical description of diffusion

2.3.1 Fokker-Plank equation

We will represent the diffusion of oxygen through the acinar airways as a Markov process.

The probability of finding a molecule at coordinates (~x, t) is given by

p(~x, t|~x0, t0) =
∫
d3x′p(~x, t|~x′, t′)p(~x′, t′|~x0, t0). (2.3.1)

Without a loss of generality, we take the system to be one dimensional. Therefore,

we seek an equation of motion for the transition probability, p(x, t|x0, t0), which we can

find directly from Equation 2.3.1, through the application of the forward Kramers-Moyal

expansion [17]:

∂tp(x, t|x0, t0) = Lp(x, t|x0, t0) (2.3.2a)

L :=
∞∑
n=1

(
− ∂

∂x

)n
D(n)(x, t). (2.3.2b)

L is the Kramers-Moyal operator and

D(n)(x, t) = lim
τ→0

Mn(x, t, τ)
τn!

(2.3.3a)

Mn(x, t, τ) :=
∫
dy(y − x)np(y, t+ τ |x′, t′). (2.3.3b)
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Thus, the calculation of the transition probability is reduced to the study of the eigenfunc-

tions of an appropriate operator for the system of study.

We will connect the probability density to the concentration of a diffusing species by

noting that the concentration within the domain may be found from the initial concentration

through

C(x, t) =
∫
dx0p(x, t|x0, 0)C(x0, 0).

In the absence of an external potential, Equations 2.3.2 and 2.3.3 give, for n = 2,

∂tC(x, t) = D∂x
2C(x, t), (2.3.4)

where D(1)(x, t) = 0 and D(2)(x, t) = D are calculated through the associated Langevin

equation. The extension to three spacial dimensions is straightforward and gives

∂tC(~x, t) = D~∇2C(~x, t). (2.3.5)

2.3.2 Diffusion-reaction of oxygen

In Section 2.3.1 we reviewed a mathematical description of oxygen diffusion within an arbi-

trary domain, and in this section we apply these results to the physical restrictions within

the lung acinus. We assume that after averaging across many inhalation and exhalation

cycles the resulting oxygen concentration distribution is independent of time. Equation

2.3.5 will then reduce to

~∇2Cair(~x) = 0, (2.3.6)

where we have labeled Cair(~x) as the oxygen concentration in the acinar gas, measured at

a position ~x within an arbitrary coordinate system of the acinar airways.

The Diffusion Equation, Equation 2.3.5, satisfies an equation of continuity relating the

oxygen concentration to its flux, ∂tCair(~x, t) + ~∇ · ~J = 0. The oxygen flux on the diffusion

side of the alveolar membrane may be identified as

~J = −D~∇Cair(~x),
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and is commonly referred to as Fick’s Second Law. Oxygen flux crossing the membrane

is driven by the difference in oxygen concentration between its air and blood sides, i.e.,

J = W (Cair(~x)− Cblood). We assume the flux is continuous across the boundary, and as a

consequence have

~∇Cair(~x)· n̂(~x) =
W

D
(Cair(~x)− Cblood) , (2.3.7)

where ~x is evaluated at the membranes, Cblood is the constant concentration on the blood

side of the membrane, and D is the coefficient of diffusion of oxygen within the acinar gas.

The coefficient of diffusion has units [D] = L2/T , where L and T are arbitrary units of

length and time, respectively.

We take the mean permeability of the alveolar membranes to oxygen, W , with units

[W ] = L/T , to be constant. As suggested from the unit analysis, we would expect a

higher (lower) membrane permeability to lead to more (less) oxygen crossing the alveolar

membranes within a given unit of time.

Equation 2.3.7 is intermediate between absorbing (Dirichlet) and reflecting (von Neu-

mann) boundary conditions, hence the term “mixed.” We may recover these two descrip-

tions, either a perfectly reflecting membrane as in the von Neumann condition, or an ab-

sorbing membrane as in the Dirichlet condition, by considering the asymptotic limits of the

parameter W . In the case W → 0, we recover the perfectly reflecting membrane condition,

while in the limit W →∞, we recover a description of the membranes as an oxygen sink.

The analogy between the diffusion-reaction of oxygen across the alveolar membranes

and that of an electric potential field within an electrolytic solution is striking, and several

authors have made progress in Laplacian transport across comlex interfaces, through the

study of this connection.[19] Table 2.1 provides a comparison of other physical systems that

are mathematically equivalent to the diffusion-reaction problem of oxygen within the acinar

airways.

In the electrolytic cell, the current flux is driven by a difference in the electric potential

of the electrodes. Similarly, a difference in oxygen concentration will drive the current flux,

described by Fick’s Law[10]. We seek to write the mixed boundary condition entirely in

terms of the oxygen concentration difference. We must then investigate how the concen-
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tration difference, C(~x), is related to the concentration on the bulk side of the membrane,

Cair(~x).

Consider a source-receptor problem, in which oxygen molecules propagate from the

source impact, and possibly react with a membrane boundary with arbitrarily complicated

interfacial geometry. We will also take the oxygen concentration over the source to be

constant, such that Cair(~x) = Cent for ~x at its entrance. The receptor, represented by

the alveolar membranes, is also held at constant concentration on the blood side of the

membrane and is expressed as Cblood. Equations 2.3.6 and 2.3.7 will now take the following

form:

~∇2Cair(~x) = 0, for ~x in the bulk ,

Cair(~x) = Cent, for ~x at the source,

~∇Cair(~x) · n̂(~x) =
W

D
(Cair(~x)− Cblood) , for ~x at the membrane.

We will take the oxygen concentration to have the following dependence on the pa-

rameters of the system [10]: Cair(~x) = Cair(~x;Cent, Cblood, D/W ), and define the con-

centration difference between the bulk and blood sides of the membrane to be C(~x) :=

Cair(~x;Cent, Cblood, D/W )−Cblood. The resulting equation of motion and mixed boundary

condition is given by

~∇2C(~x) = 0, for ~x in the bulk ,

C(~x) = Cent − Cblood, for ~x at the source,

~∇C(~x) · n̂(~x) =
W

D
C(~x), for ~x at the membrane.

By inspection of C(~x) with Cair(~x), we have C(~x) = Cair(~x;Cent − Cblood, 0, D/W ).

Therefore, C(~x) is sufficient to describe the dynamics of the concentration distribution.
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System Flux Equation of motion Length scale

Electrochemical ~J = −ρ−1~∇V ~∇2V = 0 Λ = R/ρ

Heat conduction ~J = −K~∇T ~∇2T = 0 Λ = K/H

Diffusion-reaction ~J = −D~∇C ~∇2C = 0 Λ = D/W

Table 2.1: Mathematically equivalent physical systems. ρ−1 =
inverse electrolyte resistivity, K = thermal diffusivity, D = diffusion coefficient,
R−1 = inverse surface resistance, H = surface conductance, and W = surface permeability.

Accordingly, we have[10],

Cair(~x;Cent, Cblood, D/W ) = Cair(~x;Cent − Cblood, 0, D/W ) + Cblood

= C(~x) + Cblood. (2.3.10a)

In conclusion, we have found that we may describe the oxygen dynamics of the system

in terms of the concentration difference between the bulk and blood sides of the alveolar

membranes. Equation 2.3.10a is the result of such an analysis, and we found that the con-

centration depended upon the parameter D/W , appearing within the equations of motion.

Furthermore, we applied the results of Section 2.3.1 to the physical picture of oxygen dif-

fusion within the human lung acinus to arrive at the relevant equations of motion for the

system.

2.4 Recent advances in diffusion-reaction systems

2.4.1 Exploration length

The parameter D/W resides within the mathematical framework of the diffusion-reaction

of oxygen across the alveolar membranes of the acinar airways in the human lung. Until

recently its physical interpretation had largely remained a mystery. Pfeifer et al.[20, 13, 18]

and Sapoval et al.[21] have recently suggested a new interpretation for this parameter,

demonstrating its physical significance in the estimation of the effective surface area of

alveolar membranes used in the transport of oxygen from the air to the blood. We outline

their result as follows.

Consider a set with fractal dimension Df embedded within a space of topological dimen-
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sion two. Let Λ be the distance along the set that a diffusing particle travels in time τ , and

let there exist an inner cut-off l below which Df = 1 for Λ < l. Let
√
〈x2〉 =

√
Dτα be the

root mean square distance this particle travels in time τ , and let us assume the diffusion is

not anomalous; i.e. we take α = 1. We consider diffusion near the set such that it is locally

flat, and take the global permeability of the set to be W . If the particle concentration near

the curve is (Dτ)−1, and the particle flux across the curve is given by J = W∆C, then we

have[10]

W =
1

τΛ (Dτ)−1 ,

and it follows that

Λ =
D

W
. (2.4.11)

We identify Λ as the distance along the interfacial set in which a typical particle travels

before it crosses. Since the exploration length gives the length along a flat patch of the

interface used in transport, its description may be extended to lengths Λ > l by assuming

that Λ = Nl for some N > 1. In this way, the exploration length gives the length along the

prefractal interface used in transport.

Λ = D/W can be extended to cases of topological dimension three. Consider an inter-

facial surface with fractal dimension 2 ≤ Df ≤ 3, embedded within a space of topological

dimension three. If one intersects a plane with a fractal set of dimension Df embedded in

a space of topological dimension three, then the dimension of the intersection is given by

Df − 11.

2.4.2 Diffusional screening and active zones in oxygen transport

In Section 2.4.1 we reviewed the development of exploration length, Λ = D/W , as a quan-

tifiable measure of surface screening. We saw that if the permeability of the membranes is

taken to be small, then the length along the membranes that the oxygen molecules explore

before they usually cross becomes very large. Conversely, when W is taken to be very large,

the exploration length becomes very small, and the oxygen molecules typically cross the
1The extension of the exploration length to topological dimension three relies on intersection theorems

in measure theory. See, for example, ref. [22].
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membranes on their first impact with its surface.

Sapoval et al.[14, 15], and Pfeifer et al.[13, 12] were able to extend Makarov’s result

to cases in which the interface satisfied a mixed boundary condition, intermediate between

perfectly absorbing and reflecting. They identified this new length, Λ, as the exploration

length appearing within the equations of motion for particles diffusing toward a partially

absorbing boundary.

Since this discovery, numerical studies of surface screening have almost exclusively been

the primary investigative tool used in the study of diffusional transport across an inter-

face with mixed boundary condition. Fractal geometry has become a standard model of

interfacial comlpexity because of its simple generating algorithms and complicated surface

geometry. Surface sites participating in particle transport and measured by the exploration

length have been called active zones[10].

2.5 Summary and conclusions

We have presented a review of several aspects of the gas exchange process within the human

lung. We reviewed the structure and physiology of the acinar airways of the human lung

and introduced a picture in which we emphasized those properties of the airways which are

important in understanding oxygen transport from the air to the hemoglobin in the red

blood cells.

We also reviewed the development of a mathematical representation of oxygen diffusion

in terms of the Fokker-Plank equation. From this description we developed a mathematical

model representing the diffusion of oxygen through the acinar airways and its reaction on

the membrane surface to produce a blood side current.

We then reviewed several recent major developments in the mathematical treatment

of oxygen diffusion throughout the acinar airways. We first reviewed the discovery of a

new physical interpretation of the parameter Λ = D/W . We discussed the history of its

discovery, and its interpretation as the length along the surface which an oxygen molecule

explores before it usually crosses the surface. Its discovery suggested that only geometrical
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considerations were needed to estimate the transmembrane oxygen current, and showed

that diffusional screening is a critical mechanism regulating the transport of oxygen to the

blood.
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Chapter 3

Model of a single acinar branch

3.1 Introduction

In other treatments of the lung acinus[10, 1], the exploration length was considered to mea-

sure those portions of the alveolar membranes that exclusively participated in the transport

of oxygen to the blood. Here, we observe that the details of the interfacial geometry are

washed out by the exploration length in the measuremeant of the oxygen current trans-

ported across the alveolar membranes in the lung. Under the assumption that the details

of the interfacial geometry are irrelevant to the transport of oxygen across it, we propose

to model an acinar branch within the lung acinus as a cylinder with smooth walls.

The transport of oxygen across the alveolar membranes and the transport of oxygen

across the surface of our model branch will be connected through the exploration length.

In the model branch the exploration length, Λ, will be used to infer how much of its surface

area is used in transport. For the acinar airways, we will use experimental data for the

coefficient of diffusion for oxygen in the acinar gas D, and the permeability of the alveolar

membranes W . The connection takes the form Λ = D/W . A prediction of this connection,

is that our fully-branching model of the lung should reproduce behavior associated with

the human lung under the assumption that the exploration length is the only parameter

important to the screening of oxygen from the alveolar membranes.

In this chapter we begin the development of such a branching model of the human
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lung by first developing a model of a single acinar duct. We will develop and explore the

connection between two treatments of our proposed model branch, and we will identify the

conditions under which they generate equivalent predictions of the oxygen current crossing

its surface.

3.2 Laplace treatment of the single branch

The diffusion-reaction of oxygen through a cylinder with mixed boundary condition is ex-

actly solved by taking advantage of its geometrical symmetry. We call such a treatment

of the model branch the “Laplace treatment,” and its solutions will serve as the model

by which we compare other approximate methods we develop in the following sections.

The Laplace treatment generates exact solutions for the cylinder, therefore other numerical

approximations, such as the finite element method, will not be used for comparison.

Consider a cylinder with open ends x = 0 and x = L, where x is the axial coordinate

of the cylinder. Let R and L be the radius and length of the cylinder, respectively. The

steady state diffusion equation for the oxygen concentration is given by

~∇2C(~x) = 0. (3.2.1)

Flux conservation at the interfacial boundary of the cylindrical surface gives

~∇C(~x)· n̂(~x) =
C(~x)

Λ
, (3.2.2)

where Λ = D/W ; we take the surface normal to be directed radially inward toward the

central axis. The following boundary conditions are imposed across the entrance and exit

cross-sections of the cylinder:

C(r, θ, 0) = Cent(r), (3.2.3a)

C(r, θ, L) = Cext(r). (3.2.3b)

We assume these two expressions are well-behaved functions of r and allow for the con-

22



centration distributions within the branch to radially vary. Such expressions serve as test

functions for the response of the oxygen current to radial density distributions in oxygen

concentration.

Equations 3.2.1, and 3.2.2, along with their associated boundary conditions, form a

closed system and can be solved1 to give

C(r, x) =
∞∑
i=1

2
(
δi
R

)2 J0

(
δi
r
R

) (
fi(R) sinh

(
δi
L−x
R

)
+ gi(R) sinh

(
δi
x
R

))
sinh

(
δi
L
R

)
(J0(δi))

2
(
δ2
i +

(
R
Λ

)2) , (3.2.4a)

fi(R) :=
∫ R

0
rCent(r)J0

(
δi
r

R

)
dr, (3.2.4b)

gi(R) :=
∫ R

0
rCext(r)J0

(
δi
r

R

)
dr, (3.2.4c)

where boundary conditions are given by Equation 3.2.3.

A notable case of Equation 3.2.4a arises when the boundary conditions are constant:

C(r, 0) = Cent and C(r, L) = Cext. These may be used with the equation of motion,

Equation 3.2.1, and its auxiliary equation, Equation 3.2.2, to give

C(r, x) =
∞∑
i=1

(
2R
Λ

)
J0

(
δi
r
R

) (
Cent sinh(δi L−xR ) + Cext sinh(δi xR)

)
J0(δi) sinh(δi LR)

(
δ2
i +

(
R
Λ

)2) , (3.2.5)

where δi are the ascending positive roots of

δiJ1(δi)−
R

Λ
J0(δi) = 0. (3.2.6)

The intersections in Figure 3.1 give the roots of Equation 3.2.6. Since R/Λ multiplies J0(δi)

in Equation 3.2.6, the intersection of the functions depend upon R/Λ.

Two limits arise naturally from Equation 3.2.6: either R/Λ→ 0, in which case Equation

3.2.5 needs the roots of J1(δi) = 0, or R/Λ → ∞, in which case Equation 3.2.5 needs the

roots of J0(δi). For large terms in the series the difference in these roots approaches π/2.[23]

Another natural choice of boundary conditions is given by the reflection of oxygen
1See appendix A for details.
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Figure 3.1: The intersections represent the roots of Equation 3.2.6. Here, R/Λ = 1.0.

molecules from the entrance and exit cross-sections of the cylinder. In this picture, oxygen

molecules must leave the branch exclusively through its cylindrical surface. We take the

reflecting boundary conditions to be

∂xC(x)|x=0 = 0, , (3.2.7a)

∂xC(x)|x=L = 0, (3.2.7b)

C(r, x)|x=0 = Cent(r). (3.2.7c)

The solution for the oxygen concentration is given by

C(r, x) =
∞∑
i=1

2
(
δi
R

)2 fi(R)J0(δi rR) cosh
(
δi
L−x
R

)
(J0(δi))

2 cosh
(
δi
L
R

) (
δ2
i +

(
R
Λ

)2) , (3.2.8)

where the fi(R) are computed from Equation 3.2.4b. A special case of Equation 3.2.8 exists

when Cent(r) is independent of r, and fi(R) may be integrated to give

C(r, x) =
∞∑
i=1

2Cent

(
R

Λ

)
J0(δi rR) cosh

(
δi
L−x
R

)
J0(δi) cosh

(
δi
L
R

) (
δ2
i +

(
R
Λ

)2) . (3.2.9)

3.3 Helmholtz treatment of the single branch

In the previous section, the diffusion-reaction problem was solved exactly on the cylinder

under several choices of boundary conditions. In this section we develop a new approxi-

mation of the diffusion-reaction problem from first principles, and we study its behavior in
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Figure 3.2: Model of a single acinar duct in the Helmholtz treatment of the cylinder.

relation to solutions computed from the Laplace treatment of the model branch.

If the oxygen flux is conserved across the cross-sections shown in Figure 3.2, we find

(J(x+ ∆x)− J(x))πR2 = −WC(x)2πR∆x, (3.3.10)

where the negative sign is an artifact of the assumption that the oxygen flux crosses the

branch surface from the interior to its exterior. Under the assumption that J is a smooth,

well-behaved function, we may apply Taylor’s Theorem and find J(x + ∆x) = J(x) +

J ′(x)∆x+O(∆x2). Upon application to Equation 3.3.10, we find

J ′(x) +O(∆x) = −2W
R
C(x).

We take the limit ∆x→ 0 and apply Fick’s Law, ~J = −D~∇C, to find

d2

dx2C(x)− λ2C(x) = 0, (3.3.11a)

λ2 =
2
RΛ

. (3.3.11b)

We note that diffusion entered the physical picture through the application of Fick’s law.

We will now consider a branch where the boundary conditions on the entrance and exit
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surfaces are fixed,

C(0) = Cent,

C(L) = Cext.

The solution to Equation 3.2.1 under these boundary conditions is given by

C(x) =
Cent sinh (λ(L− x)) + Cext sinh (λx)

sinh (λL)
. (3.3.13)

The Laplace and Helmholtz treatments of the single branch are connected, in the sense

that one is a limiting case of the other. We expect solutions for the current in the Laplace

treatment of the branch to asymptotically converge on those solutions given in the Helmholtz

treatment under equivalent boundary conditions. This is because we expect the radial

dependence of the concentration to become less important as the branch radius vanishes.

A relevant question to ask is, “how small must this radius be?”

We investigated this question by observing how the oxygen concentration in the Laplace

treatment behaves as the quantity R/Λ vanishes. By starting with Equation 3.3.13, we

found that

C(r, x) =
∞∑
i=1

(
2R
Λ

)
J0

(
δi
r
R

) (
Cent sinh(δi L−xR ) + Cext sinh(δi xR)

)
J0(δi) sinh(δi LR)

(
δ2
i +

(
R
Λ

)2)
=
(

2R
Λ

)
J0

(
δ1

r
R

) (
Cent sinh(δ1

L−x
R ) + Cext sinh(δ1

x
R)
)

J0(δ1) sinh(δ1
L
R)
(
δ2

1 +
(
R
Λ

)2)
+
∞∑
i=2

(
2R
Λ

)
J0

(
δi
r
R

) (
Cent sinh(δi L−xR ) + Cext sinh(δi xR)

)
J0(δi) sinh(δi LR)

(
δ2
i +

(
R
Λ

)2)
∼ Cent (sinh (λ(L− x))) + Cext sinh (λx)

sinh (λL)
,

(3.3.14)
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where

δ1 =

√
2R
Λ

(
1− R

8Λ
+

3
64

(
R

Λ

)2

+ . . .

)

≈
√

2R
Λ
. (3.3.15a)

We identify the radius of convergence for Equation 3.3.15a as

R/Λ < 1. (3.3.16)

This expression provides a quantitative measure of the validity of solutions within the

Helmholtz treatment of the model branch.

The concentration in the Helmholtz treatment for reflecting boundary conditions, Equa-

tions 3.2.7a and 3.2.7b, is given by

C(x) = Cent
cosh (λ(L− x))

cosh (λL)
. (3.3.17)

Reflecting boundary conditions play a powerful role in the study of surface screening in the

single branch because the oxygen molecules leave exclusively through the surface.

3.4 Oxygen current across the branch surface

In this section we compute the current crossing the surface of the branch, given that we

have the solution for its concentration. We focus on two regimes of interaction between

the diffusing molecules and the cylindrical boundary they are driven to cross. Given the

observation that the mixed boundary condition contains both a property of the boundary

surface, W , and the diffusion space, D, we expect that the oxygen current will be limited

by these parameters.

We will investigate the diffusion-limited and reaction-limited oxygen currents, and give

expressions for their calculation from the oxygen concentrations. We will demonstrate that

the current follows a simple relationship linear in the concentration difference across the
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surface of the branch, analogous to Ohm’s Law from electrodynamics.

3.4.1 Diffusion-limited oxygen current

In the diffusion-limited case, the permeability of the cylindrical surface is taken to be

very large, such that the exploration length nearly vanishes, Λ = D/W → 0. Since the

exploration length is very small, molecules interact with those subsets of the membranes

that they first impact. Therefore, we define the diffusion-limited current to be that current

produced by the cylindrical boundary in the limit Λ → 0. More loosely, we may refer to

any case of the oxygen current in which the exploration length is sufficiently small, to be

the diffusion-limited current.

The oxygen current on the airway side of the branch surface may be computed directly

through integration of its oxygen flux,

I =
∫

~J · n̂dS. (3.4.18)

The diffusional flux is given by Fick’s Law, ~J = −D~∇C, and we have

I = D

∫
∂Ω

~∇C(~x) · n̂(~x)dS. (3.4.19)

3.4.2 Reaction-limited oxygen current

Current is reaction-limited when molecules do not immediately cross the cylindrical bound-

ary representing the alveolar membranes, but instead reflect and explore a distance along

the surface equivalent to the exploration length. The probability that any single impact of

a diffusing molecule resulting in the molecule crossing the membrane is related to the mem-

brane permeability, in the sense that a lower (higher) permeability will decrease (increase)

the probability of crossing the surface. This suggests that we define the reaction-limited

current to be that current which is produced in the limit Λ→∞.

According to an argument proposed by Hou [10], we note that the mixed boundary

condition will transition asymptotically to a Neumann-type boundary condition, ~∇C(~x)·n̂ =
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0, in the limit Λ → ∞. Therefore C(~x) = Cent − Cblood will solve the equation of motion,

and the molecules almost always reflect from the surface, such that the concentration within

the cylinder will become essentially uniform. Therefore, the concentration at every point

on the surface of the membrane becomes a constant Cent − Cblood.

To compute the current in the reaction-limited regime (W → 0), we use Equation 3.4.18

with the concentration difference given by Cent − Cblood:

I = W

∫
∂Ω

dSC(~x) (3.4.20a)

= WSbranch(Cent − Cblood),

where Sbranch is the total surface area of the model branch. In the more general case where

the equation of motion is satisfied by C(~x) = Cair(~x) − Cblood, Equation 3.4.20a may be

used to compute the current generated by the surface, and we will write the concentration

C(~x), as [10]:

C(~x) = Cair(~x,Cent − Cblood, 0, D/W )− Cblood

= Cent − Cblood
Cair(~x,Cent − Cblood, 0, D/W )− Cblood

Cent − Cblood

= (Cent − Cblood)C̃(~x;D/W ),

with

C̃(~x;D/W ) :=
Cair(~x,Cent − Cblood, 0, D/W )− Cblood

Cent − Cblood
.

We will use this to compute the reaction-controlled current (W → 0) by means of Equation

3.4.20a:

I(D/W ) = W

∫
∂Ω

dSC̃(~x;D/W )

︸ ︷︷ ︸
Seff (D/W )

(Cent − Cblood), (3.4.22)

where the effective surface area has functional dependence, Seff (D/W ). The current may
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then be expressed as

I(D/W ) = WSeff (D/W )(Cent − Cblood), (3.4.23)

where W is the permeability and

Seff (D/W ) :=
∫
∂Ω

dSC̃(~x;D/W ) (3.4.24)

is the effective surface area of the branch surface used in transport. Remarkably, the

functional form of Equation 3.4.23 holds for all values of Λ = D/W [10], and it implies that

the concentration difference across the surface drives the oxygen current. In other words,

the concentration difference is to be taken directly across the surface for any solution of

the oxygen current that can be expressed as linear in the concentration difference. Due to

this interpretation for the concentration difference, we interpret the function Seff as the

amount of surface area used directly for transport.[10, 1]

In the electrodynamic picture, such a linear dependence upon the oxygen concentration

is analogous to the electric potential difference across an interface drives the electron current.

To take further advantage of this analogy, we note taht the conductance alveolar membranes

is given by WSeff (D/W ).

To explore how surface screening affects the transport properties of the current generated

by the model branch, we computed the current using Equation 3.4.19. An advantage in

the study of a branch with reflecting boundary conditions is that the current is globally

restricted to leave only through its surface, and not through the end cross sections.

The current given by the Laplace treatment may be calculated through an application

of Equation 3.2.9 to Equation 3.4.19:

I(Λ) =
4πR3DCent

Λ2

∞∑
i=1

tanh
(
δi
L
R

)
δi

(
δ2
i +

(
R
Λ

)2) . (3.4.25)

Alternatively, the oxygen current produced within the Helmholtz treatment of the model
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branch may be found though an application of Equation 3.3.17 to Equation 3.4.19:

I(Λ) = πDCent

(
2R3

Λ

)1/2

tanh (λL). (3.4.26)

Through a side-by-side inspection of Equations 3.4.25 and 3.4.26, we can see clear func-

tional similarities. In the same way Equation 3.3.13 was shown to coincide with Equation

3.2.5 when R/Λ < 1, Equation 3.4.26 will also coincide with Equation 3.4.25. Thus, we find

that

I =
4πR3DCent

Λ2

∞∑
i=1

tanh
(
δi
L
R

)
δi

(
δ2
i +

(
R
Λ

)2)
=

4πR3DCent
Λ2

tanh
(
δ1

L
R

)
δ1

(
δ2

1 +
(
R
Λ

)2) +O(R2)

∼ πDCent
(

2R3

Λ

)1/2

tanh (λL),

where δ1 ≈
√

2R
Λ when R/Λ < 1.

3.5 Results

Interestingly, Equation 3.3.16 is not dependent upon the length of the cylinder. This is sur-

prising because cylinders of several different aspect ratios may satisfy the same convergence

radius and may define an equivalence class of branch structures. Such a result may lead

to counter-intuitive situations such as the existence of a solution in which a disc may yield

good approximation to those of the Laplace treatment. Therefore, the width of a branch

alone may not provide a unique measure of validity for the model, and we need to also

determine the transport parameters of the system. In this way, the transport and struc-

tural parameters of the tree are strongly coupled. This connection may be deeply rooted

in the operation of biological structures, such as the acinar airways, and may emerge from

restrictions generated by evolutionary pressures on an organism.

Another important result of our analysis is that one may write the oxygen current

crossing the surface of the model branch as a linear function of the oxygen concentration
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difference across its surface. As suggested through our analysis, if the oxygen current may

be put into a form linear in the concentration difference, then that concentration difference

may be interpreted as being taken across the interface itself. It is somewhat of a miracle

that Ohm’s Law holds at all, because a charged particle within a potential difference will

be accelerated. Ohm’s Law loosely states that the speed of the particle is proportional to

the potential difference, and it is equally remarkable that the oxygen current depends only

linearly on the concentration difference across the alveolar membranes.

Figures 3.3 through 3.6 show several concentration and current profiles computed with

solutions from the Laplace treatment of the model branch. These solutions were computed

such that the truncated contributions to the current were less than 1% with respect to that

of the nontruncated solution. The identification of the truncation term was made by first

decomposing the series into negligable and non-neglibable portions, and then defining the

relative error for the those contributions. The contributions were then approximated using

the Euler-Maclaurin approximation of a series in terms of an integral, and the relevant

integration was performed. The result gave a bound on the appropriate term in the series

for a given relative error:

i >
2
π2ε
· R

Λ
, (3.5.27)

where ε is the fixed relative error of the truncated terms (for example, ε = 0.01), R is the

radius of the branch, and Λ = D/W is the exploration length for the oxygen molecules in

the branch.

Equation 3.5.27 reflects the expectation that the demand for a smaller relative error in

the series will imply taking a larger value for the truncation term i. Remarkably, the radius

and transport parameters enter into the choice of truncation term by virtue of the term

R/Λ. A result of Equation 3.5.27 is that for fixed ε, one must choose R/Λ = π2ε/2 so that

i = 1. In such a case, the leading order term will completely describe the concentration

computed within the Laplace treatment.

Approaching Equation 3.5.27 with the goal of choosing ε, we find that in order to have

i = 1, ε must satisfy ε ≥ 0.203R/Λ. This implies that in order to gain better approximation

of solutions from the Laplace treatment, R/Λ must become increasingly smaller and further
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from 1. Similar conclusions were also reached in the analysis leading to Equation 3.3.16.

Figure 3.3 depicts several concentration profiles with differing choices for the exploration

length Λ. As expected, we find that a larger choice for exploration length decreases the

concentration difference across the branch surface (reflected in the fact that we have chosen

to evaluate the concentration at r = R = 0.1).

In Figure 3.4 we study the radial sensitivity of the concentration within the branch,

and we find that the sensitivity is greatest for small values of the transport parameters

(Λ = D/W = 0.1). We conclude that the radial variation in the concentration is essentially

uniform for large values (in this example, Λ = 10) of the exploration length.

In Figure 3.5 we study the relationship between concentrations derived from the Laplace

and Helmholtz treatments of the branch. Here we studied how the concentration in the

Helmholtz treatment compares with the radial variations of those computed from the

Laplace treatment. As expected, the concentration from the Helmholtz treatment is al-

ways smaller than that of the Laplace treatment for concentration, evaluated at the axis.

Interestingly, the Helmholtz treatment concentration is larger than the Laplace treatment

concentration evaluated at the radius, near the entrance of the branch, but then becomes

smaller than this concentration near the end of the branch. This transition occurs very

quickly, with the concentration in the Helmholtz treatment yielding an overestimate near

the entrance and an underestimate near the end of the branch.

In Figure 3.6 we present current profiles for reflecting boundary conditions computed

in both the Laplace and Helmholtz treatments of the branch. We find good agreement

between the treatments from the entrance of the branch until approximately Λ ≈ 0.1 = R.

From this observation, we conclude that a significant deviation from that of the Laplace

treatment occurs when R/Λ ≈ 1. This is in good agreement with the predictions of both

Equation 3.3.16 and Equation 3.5.27.
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3.6 Summary and Conclusions

In this chapter we have proposed a model of an acinar branch motivated by a new inter-

pretation of the transport parameter, Λ, appearing within the mathematical description of

the diffusion-reaction process within the acinar airways of the human lung. Solutions for

the oxygen current and concentration within the model branch are exactly solvable in the

standard formulation of the diffusion-reaction problem, leading to a treatment that we call

the “Laplace treatment” of the branch. A reformulation of the diffusion-reaction equations

of motion was proposed within the context of our model geometry, resulting in a Helmholtz-

style equation of motion. We described the resulting treatment of the model in this picture

as the “Helmholtz treatment” of the branch.

Interestingly, the diffusion and reaction equations are separate expressions in the Laplace

treatment, while the diffusion-reaction of oxygen molecules in the Helmholtz treatment

is naturally described through one equation. Clearly such a union of the diffusion and

reaction terms in the Helmholtz treatment is a result of the loss in radial variation in

oxygen concentration; however, it is far from clear how the equations of motion dynamically

transform between these treatments as R→ 0.

We conclude that solutions derived from the Laplace treatment for the model branch,

are sufficiently approximated by those from the Helmholtz treatment under the restriction

R/Λ < 1. This is a remarkable result for two reasons. First, it connects, in a quantitative

and surprisingly way, the structure of the model branch and the transport parameters as-

sociated with the diffusion of oxygen in the acinus of the human lung. Second, it provides

bounds on the validity of the Helmholtz treatment as an approximation for the diffusion-

reaction dynamics of oxygen within the model branch. We conclude that knowledge of only

the width of the branch is insufficient to predict whether approximations for the concentra-

tion and current made by the Helmholtz treatment are valid.

We presented an analysis first conducted by Hou in his PhD thesis[10] resulting in the

description of the current crossing the surface of the branch as a function of Λ = D/W .

We also found the current to be linear in the concentration difference across the surface

of the branch, I = WSeff (Cent − Cblood), and noted its analogy with Ohm’s Law from
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electrodynamics. Seff (D/W ) was interpreted as the effective surface area used in transport

of oxygen molecules from the interior of the branch to its exterior, and it represents those

portions of the surface that are accessed by diffusing oxygen molecules. We concluded that

surface screening may be quantified through the calculation of Seff (D/W ), and due to its

appearance in the oxygen current, it plays a critical role in the transport of that current to

the exterior of the branch.
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Figure 3.3: Concentration profiles with reflecting boundary conditions in the Laplace treat-
ment of the model branch, for several choices of the screening parameter Λ. The series
solution for the concentration in the Laplace treatment was truncated such that the rela-
tive error is within 1% of the full solution.
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Figure 3.4: Concentration profiles with reflecting boundary conditions in the Laplace treat-
ment with several choices for both r and Λ, demonstrating the radial dependence of the
concentration under various screening regimes. The relative error in the truncation of the
Laplace treatment solution for the concentration is to within 1%.
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Figure 3.5: Log-Log plot of the concentration in both treatments of the model branch.
Concentrations in the Laplace treatment were truncated such that they are within 1% of
the solution using the full series.
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Figure 3.6: Currents crossing the surface of a model branch with reflecting boundary condi-
tions on logarithmic and linear (inset) scale. Currents computed in the Laplace treatment
of the branch have relative error to within 1% of the full solution.
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Chapter 4

Hierarchical model of gas exchange

4.1 Introduction

We will quantify oxygen transport through the acinar airways by representing the airways

as a branching graph. The edges of the graph will represent acinar branches, and will be

associated with a model of an acinar branch we presented in chapter 3. We consider the

(m + 1)-Cayley tree to be a graph, with m daughter edges extending from each terminal

vertex of a parent edge, as outlined in Figure 4.1. Figure 4.2 was constructed by appending

a generator to each daughter edge, and this process can be repeated, in order to produce

a tree of arbitrary depth, n. The entrance and terminal nodes of the tree are the only

exceptions, as these nodes connect to only one edge within the tree.

The branching generation will be defined as the class of nodes equidistant from the k = 0

node along any path in the graph. We will label the nodes by k = 1, 2, . . . , n, where n is

the depth of the tree. The length and width of the branches will be labled by k + 1, with

the single exception of the entrace branch described by k = 1.

4.2 Tree model of lung architecture

We will develop a branch by branch model of the acinar airways in which oxygen molecules

propagate by diffusion and where branches are coupled with each other through the nodes

of the graph. We use the (m+ 1)-Cayley tree as the skeletal structure of the model, and in
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Figure 4.1: Fundamental unit of the 3-Cayley tree.

this chapter, we will assume that each branch in the tree is equivalent to every other branch

in width and length. In other words, if 2Rk+1 and Lk+1 are the width and length of the

k + 1 branch respectively, then we take Li = L and Ri = R for all i = 1, 2, . . . , n+ 1.

We will construct the model by using the cylinder geometry of the model branch which

we developed within chapter 3, and as such, we will consider ~∇2C(~x) = 0 as the equation of

motion for oxygen within each individual branch. On the boundary of the tubes, we have

~∇C(~x) · n̂ = C(~x)/Λ. Instead of using these expressions to model a single branch within

the tree, we will model each branch using the Helmholtz treatment of the branch (Equation

3.3.11a):
d2

dx2
C(x)− λ2C(x) = 0,

where λ2 = 2/RΛ.

4.2.1 Structure of the tree

The Cayley tree of our model is composed of three classes of branches, and each class is

defined through its respective boundary conditions. We will outline these classes as follows:

1. Entrance branch. There is only one such tube which serves as the entrance to the

tree. (a), gives the constant concentration over the entrance cross-section, and (b)

describes the current leaving the end of the tube:

(a) C(x)|x=0 = Cent,
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(b) ∂xC(x)|x=L = −Iext/DS0.

These boundary conditions together with Equation 3.3.11a give:

C(x) =
λDS0 cosh (λ(L− x))Cent − sinh (λx)Iext

λDS0 cosh (λL)
. (4.2.1)

2. Intermediate branches. The intermediate branches of the Cayley tree are classified

by (a), the current entering the branch and (b), the current leaving the branch. We

have:

(a) ∂xC(x)|x=0 = −Ient/DS0,

(b) ∂xC(x)|x=L = −Iext/DS0.

These boundary conditions give the solution as:

C(x) =
cosh (λ(L− x))Ient − cosh (λx)Iext

λDS0 sinh (λL)
. (4.2.2)

3. Terminal branches. In the terminal branches, we will assume that: (a) the current

entering the branch is known, and (b) alveoli populate the terminal cross-sections:

(a) ∂xC(x)|x=0 = −Ient/DS0,

(b) C(x)|x=L = Iext/WS0.

The solution is given by:

C(x) =
sinh (λ(L− x))Ient + λΛ cosh (λx)Iext

λDS0 cosh (λL)
. (4.2.3)

In all of the above expressions the cross-sectional area of the branches is S0 = πR2.

4.2.2 Solution for the oxygen current

To obtain an expression for the current crossing the surface of the branches, we will follow

the following procedure:
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Figure 4.2: A 3-Cayley tree with n = 3.

1. We begin at a terminal node and solve for the entrance current Ient(Cent). This brings

us to the k = n node.

2. Using conservation laws1 at the k = n node, we find Iext(Cext) for the nth intermediate

tube.

3. Using the equation of motion for the intermediate tubes, Equation 4.2.2, we solve for

Ient(Cent).

4. We continue this iterative process until we arrive at Iext for the entrance tube. There,

we use Equation 4.2.1 to solve for Ient(Cent), which provide the oxygen current that

enters the tree. It is not immediately obvious that the oxygen current leaving the

Cayley tree through the surface area of the branches, is equivalent to the oxygen

current that enters the tree through its entrance branch. To address this, we suggest

that the current entering the tree is equal to the current, leaving the tree in the steady

state approximation:

Imembrane = Itreeent − Itreeext︸ ︷︷ ︸
cylindrical side-walls

+ Itreeext︸︷︷︸
tree end-caps

. (4.2.4)

1See Equation 2.2.6
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Figure 4.3: Branching within the intermediate tubes of the tree.

The current attenuated by the surface of the tree is given by2:

I(Λ) =
DπR2Cent

mf̃n+1(Λ)
(4.2.5a)

f̃(Λ) :=
λΛ + tanh (λL)

mλ2 tanh (λL)Λ +mλ
, (4.2.5b)

where λ =
√

2/RΛ. f̃n+1(Λ) = f̃ ◦ f̃ ◦ · · · ◦ f̃︸ ︷︷ ︸
n+1 times

(Λ), and ◦ denotes function composition.

We should note that the function composition of f̃ operates only on the Λ explicit within

Equation 4.2.5b, and not on the one implicit within λ.

Remark 4.2.1. We conducted a calculation for a tree with n = 2 and m = 2 in which

the oxygen current leaving a branch was calculated by integrating the oxygen concentration

along the branch’s surface. We found the total current crossing the surface of the tree by

summing the individual currents crossing the surface of each branch. We then compared

this result to that predicted by Equation 4.2.5, and found exact agreement. We conjecture
2See appendix B.
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that such a result will hold for a tree of arbitrary n, and conclude that Equation 4.2.4

provides the total current crossing the surface of a Cayley tree of depth n.

4.2.3 Möbius representation of the oxygen current

We may apply a class of transformations to f̃ that vastly simplify the evaluation of Equation

4.2.5. These are the Möbius transforms, and we apply such a transform in this section.

The remarkable idea behind the Möbius transform is to define a map under which the

composition of f̃ is equivalent to the multiplication of 2 by 2 matrices. We will call such

matrices “Möbius matrices.” A Möbius matrix is a rotation of the Riemann sphere under

stereographic projection of its surface onto the complex plane. Thus, we may relate orbits of

f̃ , that live in the complex plane, to rotations of the Riemann sphere, of which the Möbius

matrices describe.

To begin, we write f̃ as:

f̃(Λ) =
f11Λ + f12

f21Λ + f22
, (4.2.6)

and we note that its elements are given by Equation 4.2.5b: f11 = λ, f12 = tanh (λL),

f21 = mλ2 tanh (λL), and f22 = mλ. Composing f̃ with itself, we find:

f̃ ◦ f̃(Λ) =

(
f2

11 + f12f21

)
Λ + f11f12 + f12f22

(f21f11 + f22f21) Λ + f21f12 + f2
22

. (4.2.7)

We now define the following matrix:

Fij :=

 λ tanh (λL)

mλ2 tanh (λL) mλ

 =

 f11 f12

f21 f22

 , (4.2.8)

where i, j = 1, 2. Multiplying this matrix by itself gives

F 2
ij = FikFkj =

 f2
11 + f12f21 f11f12 + f12f22

f21f11 + f22f21 f21f12 + f2
22

 . (4.2.9)

Notice that we may almost reproduce Equation 4.2.7 from the elements of Equation
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4.2.9:

FikFkj ·

 D

W

 = W

 (
f2

11 + f12f21

)
Λ + f11f12 + f12f22

(f21f11 + f22f21) Λ + f21f12 + f2
22


= W

(
(f21f11 + f22f21) Λ + f21f12 + f2

22

) f̃ ◦ f̃(Λ)

1

 . (4.2.10a)

All we need to do is divide the elements of the column vector resulting from Equation

4.2.10a to recover Equation 4.2.7. We have demonstrated that we may use a matrix, the

Möbius matrix, as a calculational tool to compute f̃2(Λ). This approach can be generalized

to

f̃n+1 (Λ) =
Deff

Weff
, (4.2.11)

where Deff and Weff can be computed by:

Fn+1 ·

 D

W

 =

 Deff

Weff

 . (4.2.12)

The oxygen current can then be written in a compact form for arbitrary n ≥ 0:

I =
πR2DCent

m
·
Weff

Deff
. (4.2.13)

Remark 4.2.2. An analysis of the units for Equation 4.2.8 reveals that all elements within

the matrix do not possess the same units. This appears to be a manifestation of the

separation of Λ from within f̃(Λ). The Möbius description of f̃(Λ) is mathematically

self-consistent, and therefore we consider the Möbius matrix technique as an intermediate

calculational tool in the evaluation of f̃(Λ).

4.2.4 Analytic form for the oxygen current

Equation 4.2.11 represents a powerful technique for reducing the effort of evaluating f̃n+1(Λ).

Because we have a well-defined mapping between the composition of f̃ and the multipli-
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cation of Möbius matrices, we can write the result of f̃n+1(Λ) in a remarkably analytic

form.

Given that

I(Λ) =
πR2D

mf̃n+1(Λ)
Cent, (4.2.14)

a tedious calculation3 reduces Equation 4.2.11 to:

f̃n+1(Λ) =
Deff

Weff

sinh (λL)
λ + Λ

2

(
(−m+ 1) cosh (λL) +

√
·
)

+ Λ
√
·(

1
4m((m+1) cosh (λL)+

√
·)2
)n+1

−1

mλΛ sinh (λL) + 1
2

(
(m− 1) cosh (λL) +

√
·
)

+
√
·(

1
4m((m+1) cosh (λL)+

√
·)2
)n+1

−1

, (4.2.15a)

where
√
· :=

√
(m+ 1)2 cosh2 (λL)− 4m, (4.2.16)

and λ =
√

2/RΛ.

4.3 Effective surface area and pulmonary efficiency

The surface area of the tree participating in transport may be identified through the in-

spection of Equation 4.2.5 with Equation 3.4.24:

I =
πR2DCent

mf̃n+1(Λ)

= WSeffCent,

which gives the effective surface area of the tree, Seff,tree, as

Seff,tree(Λ) =
πR2

m

(
Λ

f̃n+1(Λ)

)
. (4.3.18)

In the Cayley tree model, the current is the quantity we directly computed and motivates
3For details, see appendix B.4.
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a definition for its efficiency[19, 10, 1]:

η :=
current crossing surface area of tree
total current available for transport

. (4.3.19)

As a result of this definition, we may write the efficiency of the tree as:

ηtree =
Seff,tree
Stree

,

where Stree is the total surface area of the Cayley tree. An application of Equation 4.3.19

gives this as

ηtree =
πR2

Stree
· Λ
mf̃n+1(Λ)

. (4.3.20)

4.4 Asymptotic analysis of the oxygen current

A striking feature of the current profiles derived from Equations 4.2.14, 4.2.15a, and 4.2.16

is that plateaus in the current profile naturally emerge. We define the plateau as a region

of the current profile in which ∂I/∂W = 0[10, 1]. We will conduct an asymptotic analysis

of Equation 4.2.14 in an attempt to understand the origin and parametric dependence of

these plateaus upon the parameters of the system.

From Equation 4.2.15a, we find that the asymptotic current in the no screening regime

(Λ→∞) is

IΛ→∞ ∼
πR2DCent

m
·
mn+1 +

m(mn+1−1)
m−1 · 2L

R

Λ + m(mn+1−1)
(m−1)2

· 2L2

R

, (4.4.21)

and it is easy to see that IΛ→∞ ∝ Λ−1, which implies that the current is proportional to W .

We may also compute the asymptotic current in the complete screening regime (Λ → 0),

where the current is completely diffusion-limited:

IΛ→0 ∼ πDCent

√
2R3

Λ
, (4.4.22)

and here it is clear that IΛ→0 ∝ Λ−1/2.

48



If we take m >> 1, Equation 4.4.21 may be rewritten in the following form:

IΛ→∞ ∼
πR2DCent

L
·

1 + 2L
R

Λ
mnL + 2L

R

,

where we have assumed mn+1 >> 1, and m ≈ m − 1. This expression suggests that if

Λ < 2mnL2/R, then

IΛ→∞ ∼
πR2DCent

L
·
(

1 +
R

2L

)
(4.4.23)

as long as Λ is large enough for Equation 4.4.21 to hold.

Figure 4.9 depicts a program we have proposed, which is designed to quantify the

plateau. The current is not well described by two power laws; however, we may find the

appropriate intersections of the asymptotic currents (which themselves do satisfy simple

power laws) with the constant current described by Equation 4.4.23, and infer its length

∆Λ. According to Equation 4.4.23, if we input the data from Figure 4.9, we predict the

plateau height as IΛ→∞/DCent ∼ 1.99 × 10−3–very close to the apparent value for the

plateau within this figure.

Using Equations 4.4.21 and 4.4.22 as guides, we can conclude that the length of the

plateau is related to the depth, n, and the number of daughter branches at each node,

m, associated to the tree. As these quantities increase, the plateau width, as described in

Figure 4.9, increases but is bounded from above and below by the currents which follow

power law relationships.

4.5 Results

In this chapter we analyzed the performance of our model as in Figures 4.5 to4.8. The

human lung transports and binds oxygen to the hemoglobin of the red blood cells within

the pulmonary arteries and is subject to restrictions in both its structural and transport

parameters. Nevertheless, the lung successfully performs under a wide range of varying

conditions, and these regulating mechanisms of fault tolerance are not well understood.

In this context, our model may be used to study the origin of these mechanisms and to
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determine how they couple to the lung’s performance as a gas exchanger.

In Figures 4.5 and 4.6, we indicate the dependence of both the oxygen current and the

efficiency of the acinar gas exchanger on the permeability of the alveolar membranes, W .

We have chosen two cases to exhibit: 2R = 0.01 cm and 2R = 0.1 cm. In both cases, the

oxygen current displays a tolerance to error in membrane permeability, and we found that

as the diameter of the branch increases, the current also increases. This feature is due to

the increase in oxygen available for transport as the entrance diameter increases.

Another feature associated with the branch diameter is the length of the current plateau,

which describes its tolerance to changes in membrane permeability. Previous treatments of

the airways have predicted such an effect[10, 1], and these authors attribute its emergence

as a consequence of diffusional screening. More specifically, if we take the current as I =

DCentSeff (Λ)/Λ, then for I = constant we have Seff (Λ) ≈ Λ. We saw that this occurs,

in the diffusion-limited case, when Λ ∝ R. For the reaction-limited current, we found a

screening transition to occur at Λ ≈ m22L2/R (when m >> 1).

In our treatment of the airways, we take the exploration length as a measure of its active

zones. As a consequence, the emergence of the plateaus in our treatment may be related

to that in other models. The plateaus emerge as the surface area of the tree increases, and

in turn, the surface area of the tree depends on the structural parameters R, L, m, and n.

Therefore, adjustment in these parameters will lead to the presentation of plateaus in the

current.

In support of this hypothesis, Figure 4.4 provides a contrast between the emergence of

plateaus with fixed m = 2, and a tree with n = 2 fixed (inset). We find that both trees

produce plateaus; however, the tree with n variable provides an efficient way to quickly fill

the available space while maintaining its ability to tolerate fluctuations in membrane perme-

ability. This suggests that the lung’s simple dichotomous branching scheme automatically

maximizes the total membrane surface area, while simultaneously improving its ability to

supply oxygen to the blood over a wide range of operating conditions.

The efficiency of the gas exchanger is illustrated within Figures 4.5, 4.6, and 4.7. We

found that for trees with fixed m = 2, the efficiency of the Cayley tree decreases with
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increasing n. We conclude that a “larger” tree is less efficient, but is also less sensitive

to changes in membrane permeability. This feature has several advantages, as the gas ex-

changer requires no external mechanism to regulate its performance, and it relies completely

on its fixed structure to maintain the homeostatic regulation in the current. A further ad-

vantage is in the tree’s increased ability to quickly fill the available space left open by the

terminal branches of the bronchial tree. This allows a maximum surface area over which to

distribute the alveolar membranes.

In Figure 4.7 we varied the number of daughter branches extending from each node in

the Cayley tree. As in the case of Figure 4.6, we found that the most efficient structural

configuration is the tree containing the fewest number of total branches. These observations

support predictions made through the expression for the efficiency, η = Seff/Stree. If Stree

increases faster than Seff , then we would expect the efficiency of the gas exchanger to

decrease.

To isolate the global dependence of the current on the structural parameter m, we

compared two trees similar in the total number of branches they contain. One choice

presented to a growing tree is how many daughter branches it should form at each branch

point. We see from Figure 4.8 that a more efficient tree is the one in which its growth is

dominated by daughter branching over generational depth, (m > n), however, such efficiency

comes at a cost to its ability to regulate oxygen current under a loss of permeability. This

suggests that a tree minimizing its daughter branchings while simultaneously maximizing its

depth, results in a system that quickly fills the available space, maximizes alveolar surface

area, and produces a gas exchanger in which homeostasis emerges as a regulating mechanism

of the oxygen current.

We found that the tree works to simultaneously optimize its tolerance to error and to

maximize its overall efficiency. In our model, diffusional screening of the Cayley tree’s sur-

face from diffusing particles is of critical importantance to its operation as a gas exchanger.

We find that the tree “opens up” more of its surface to generate an increase in oxygen

current, while simultaneously increasing its efficiency at a cost of reducing its tolerance to

error. We conclude that to reach these goals, a growing tree should minimize its daughter
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branchings, m, while simultaneously maximizing its depth–a mechanism that maximizes

the total surface area of the membranes, while quickly filling the space left empty by the

termination of the bronchial tree.

4.6 Summary and Conclusions

Equations 4.2.14 and 4.2.15a report a remarkably analytic solution for the oxygen current

crossing the alveolar membranes of the tree. Modeling the acinar airways is an especially

difficult task because the alveoli form a space filling surface, and an exact analytic solution

of the full boundary-valued equation of motion is beyond current methods. We introduced

a simplified model of the airways that relied upon the fact that the exploration length

appears within the equations of motion, and we hypothesized that the active zones of the

alveolar membranes are represented through this tunable parameter. We found a remarkably

analytic solution for the oxygen current crossing the alveolar membranes of the tree, which

relies on very few structural and transport parameters.

From the study of our model we found that the the tree automatically regulates oxygen

current through its structure, in part, by the optimization of the parameters n and m.

We calculated the efficiency of our model, and found that as the structural parameters are

tuned to represent a “larger” tree, the efficiency of the gas exchanger decreases. From these

results, we concluded that a smaller tree is more efficient but is less robust against changes

in membrane permeability. Similar conclusions have previously been reported in numerical

studies of other model geometries[9].

We studied the current plateaus and designed a method to quantify their width. We

found, as a rule of thumb, that if the depth of the tree increases then so does the width

of the plateau. Bounds for ∆Λ describing the width of the current plateau can be found

numerically, and will depend upon both the number of daughter branches across a node,

as well as upon the depth of the tree. The width increases much more rapidly with an

increase in n, rather than with an increase in m. This follows from the fact that an

exponential growth in the number of branches within a dichotomously branching tree, N ∝
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2n, increases the number of branches within the tree (thus its surface area) far more rapidly

than polynomial growth in its number of branches N ∝ m2.

In conclusion, we found that the current generated by the Cayley tree model exhibits

screening transitions that do not exist in the current generated by a single branch, studied

within chapter 3. We investigated the current plateaus and found asymptotic relationships

in the analytic formula which supports the scaling relationships observed in their graphical

representations. We interpreted these plateaus as representing the homeostatic regulation

of oxygen current by the tree. Through this analysis we showed, as a general result, that a

smaller tree is more sensitive to changes in its surface permeability. Though a larger tree

uses less of its surface area in the transport of particles across it, and hence possesses a lower

efficiency, we found that such a tree is more robust to error in its transport parameters. In

general, we concluded that such a tree operates by competing to maximize its generated

current, and thus its surface area accessed by particles, while simultaneously maximizing its

tolerance to error. We showed that such a competition results in a choice of m = 2, which

demonstrates a natural choice for biological structures that work as a distribution network

in the transport of mass by diffusion.
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n = 2 (inset).
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Chapter 5

Geometric aspects of the Cayley

tree

5.1 Introduction

In this chapter we study the geometry of the Cayley tree and investigate its ability to fill

the embedding space. Our goal is to identify the circumstances under which the scaling

exponents of the Cayley tree converge to those generated through approximations of its

Hausdorff dimension. A thorough understanding of such scaling behavior will allow us to

quantitatively study the effects of different structural configurations of the Cayley tree on

the particle current its surface generates.

5.2 Dimension-generating function

Fractal objects are often produced from generators with unequal parts. The scaling expo-

nents of such objects are quantified through the dimension-generating functions (DGF)[24].

In this section we define the scaling ratio across branches within the Cayley tree, and also

define the appropriate dimension-generating functions which will provide scaling ratios for

both the length and width of the branches.

Let k label nodes within the Cayley tree, such that k = 0, 2, . . . , n. The branches

themselves are labeled with the subscript k+1, such that Lk+1 gives the length of the k + 1
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branch.

In the construction of the graph, the kth node is connected to the entrance of the k + 1th

branch. We label the daughter branches, connected at their entrance to node generation k,

by a superscript (i), where i = 1, 2, . . . ,m. We will now define p(i)
k+1 to be the ratio between

the lengths of the ith daughter branch, across the kth node generation, and its associated

parent branch:

p
(i)
k+1 :=

L
(i)
k+1

Lk
. (5.2.1)

Similarly, we define q(i)
k+1 to be

q
(i)
k+1 :=

R
(i)
k+1

Rk
. (5.2.2)

Note that the scaling ratios are labeled in terms of their respective daughter branches. For

a parent branch connected to the entrance of m-many daughter branches, the following

expression holds across each node in the tree:[24]

(R(1)
k+1)∆DGF + (R(2)

k+1)∆DGF + · · ·+ (R(m)
k+1)∆DGF = (Rk)∆DGF ,

where k = 0, 2, . . . , n. It follows that

m∑
i=1

(q(i)
k+1)∆DGF = 1.

Following Mandelbrot[24], we define the dimension-generating function to be

DGF (∆DGF ; q(i)
k+1) :=

m∑
i=1

(q(i)
k+1)∆DGF , (5.2.3)

where the intersection DGF (∆DGF ; q(i)
k+1) = 1 defines the scaling exponent ∆DGF . We may

similarly define a function relating the lengths of the branches across generations:

DGF (DDGF ; p(i)
k+1) :=

m∑
i=1

(p(i)
k+1)DDGF . (5.2.4)

A powerful advantage of the dimension-generating function is that it coincides with the
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Hausdorff dimension of the set[24]1. We will use this feature to investigate the geometric

scaling laws of the Cayley tree in the next section.

5.3 Scaling exponents

In this section we will develop expressions for the geometry of the tree which will be used

to determine its scaling exponents. We will cover the tree with balls of diameter 2Rn+1.

As an approximation of the Hausdorff dimension, the box counting dimension satisfies

N(Rn+1) ∝ Rn+1
−Df , where N(Rn+1) is the number of balls of radius Rn+1 needed to

cover the surface, and Df is its fractal dimension.

Let 2R1 and L1 be the width and length, respectively, of the entrance branch of a

(m + 1)-Cayley tree. We consider 2R1 and L1 to be fixed, and use them as the primary

parameters. Other choices, such as the width and length of the terminal branches, will not

be used because, for example, the width and length of the terminal branches of the tree

depend upon its depth.

5.3.1 Geometry of the Cayley tree model

Here will consider a (m + 1)-Cayley tree of depth n, associated to each of its edges are

cylinders of width 2R(i)
k+1, and length L(i)

k+1 for each node k = 1, 2, . . . , n. Scaling

between its branches are given by Equation 5.2.1, and Equation 5.2.2. We also define∏0
j=1 (·) := 1. We give the following propositions without proof.

Proposition 5.3.1. The total volume of an (m+ 1)-Cayley tree is given by

Vtree = πR1
2L1

n∑
k=0

k∏
j=1

(
m∑
i=1

(q(i)
j+1)2p

(i)
j+1

)
. (5.3.5)

Proposition 5.3.2. For an (m + 1)-Cayley tree of depth n its cumulative surface area is

given by

Scumulative = 2πR1L1

n∑
k=0

k∏
j=1

(
m∑
i=1

q
(i)
j+1p

(i)
j+1

)
. (5.3.6)

1At the time of this writing, we are unaware of any counterexamples.
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Proposition 5.3.3. Consider an (m + 1)-Cayley tree of depth n. Then the total cross

sectional area of its terminal branches is given by

Send caps = πR1
2

n∏
j=1

(
m∑
i=1

(
q

(i)
j+1

)2
)
. (5.3.7)

From Proposition 5.3.2 and Proposition 5.3.3, the total area of the tree may be written

as

Stree = Scumulative + Send caps

= 2πR1L1

n∑
k=0

k∏
j=1

(
m∑
i=1

q
(i)
j+1p

(i)
j+1

)
+ πR1

2
n∏
j=1

(
m∑
i=1

(
q

(i)
j+1

)2
)
. (5.3.8a)

We will define the longitudinal path length of the tree, Lp, as the cumulative axial length

along any path from the entrance node to a terminal node on the tree, as shown in Figure

5.1.

Proposition 5.3.4. Consider an (m + 1)-Cayley tree of depth n. Then its longitudinal

path length is given by

Lp = L1

n∑
k=0

k∏
j=1

p
(ik)
j+1. (5.3.9)

Here, ik ∈ {1, 2, . . . ,m} (with i0 := 0) is chosen at each branch point and defines the

path that one takes from the entrance branch to the terminal sites. Accordingly, a tree

may have several different longitudinal path lengths if daughter branches are not equal to

each other in length or width. Conversely, if the daughter branches are all equivalent, then

p
(1)
k+1 = p

(2)
k+1 = · · · = p

(m)
k+1 = pk+1 and the index (ik) may be dropped. Furthermore, if the

scaling ratios satisfy p = pk+1 = q = qk+1 for all k = 0, 1, . . . , n, then Equation 5.3.9 may

be written as

Lp = L1

n∑
k=0

(p)k . (5.3.10)
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Figure 5.1: Longitudinal path length within the acinar airways of the human lung. Straight
lines mark the beginning of the transitionary bronchioles [2].

5.3.2 Fractal dimension of the tree and its canopy

From Equations 5.2.1 and 5.2.2, we have qn = Rn+1/R1 and pn = Ln+1/L1, respectively.

In these expressions, q and p satisfy q ≤ q(1) ≤ · · · ≤ q(m) and p ≤ p(1) ≤ · · · ≤ p(m),

respectively. We are now in a position to make the following operational definitions:

Definition 5.3.1. Let 2Rn+1 be the smallest branch diameter, of the set of terminal

branches in a (m + 1)-Cayley tree of depth n, such that it serves as its inner cut-off.

We define the canopy dimension, Df , to be the scaling exponent of the set covering the

canopy of the tree, and satisfying Send caps ∝ Rn+1
2−Df .

Definition 5.3.2. We define the tree dimension, Dtree, to be the scaling exponent of the

set covering the cumulative surface area of a (m+ 1)-Cayley tree of depth n, in which the

following expression is satisfied: Stree ∝ Rn+1
2−Dtree .

5.4 Results

When q(1)
k+1 = q(2)

k+1 = q for all k = 1, 2, . . . , n with m = 2, we found that the scaling

exponent of the dimension-generating function is equivalent to the fractal canopy dimension
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of the Cayley tree for all choices of q ∈ [0, 2−1/3]. This result is reflected in Figure 5.4. This

is particularly interesting, as the dimension-generating function provides a more straight-

forward way to compute the scaling exponent, and thus the fractal canopy dimension.

More generally, we analyzed several different choices of p(i) and q(i) in order to determine

the scaling exponents of Equations 5.2.3, 5.2.4, and 5.3.6 and to determine their relationship

with those exponents defined by the associated dimension-generating functions. To preface

this discussion we suggest the following definition:

Definition 5.4.1. Scaling within the Cayley tree is called equiscaling if, across a node

k ∈ {1, 2, . . . , n}, the following relations hold between its branches: p(1) = q(1), p(2) =

q(2), . . . , p(m) = q(m).

We have chosen to define the equiscaling of the tree, instead of its self similarity, because

self similar structures scale equally in each of their spacial coordinates.

In Figure 5.2 we have depicted a tree in which each daughter branch has the same

structural properties as the others, i.e., R(1)
k+1 = R

(2)
k+1 = · · · = R

(m)
k+1 and L

(1)
k+1 = L

(2)
k+1 =

· · · = L
(m)
k+1. It follows from Equation 5.2.1, Equation 5.2.1, and the definition of the

dimension-generating function, that p = q = m−1/DDGF . Its exponent, DDGF , can be

solved for analytically and is given by

DDGF = − lnm
ln p

.

From Figure 5.2 it is clear that convergence of the tree dimension and that of the dimension-

generating function exists for values between two and three. This is not entirely surprising,

as the tree dimension originates from the cumulative surface area of the tree, which is

bounded from below by 2. A major conclusion of this analysis is that the dimension-

generating function describes a scaling exponent equivalent to the tree dimension for Dtree ∈

[2, 3].

In contrast to the scaling shown within Figure 5.2, Figure 5.3 depicts the scaling

exponents of a dichotomously branching Cayley tree in which p = p(1) = q(1), where

p(2) = q(2) = 2−1/3 is fixed. Generally, the exponents given by the cumulative surface
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area of the tree and the dimension-generating function are not equivalent; however, it is

interesting to note that there are two unique intersections in the curves of Figure 5.3. We

expect that these two exponents converge for p = 2−1/3, however, it is somewhat unex-

pected that another intersection exists for p ≈ 0.613, which is apparently a consequence of

the tree dimension underestimating the scaling exponent given by the dimension-generating

function.

In Figure 5.4 we contrast the canopy dimension with the scaling dimension of the DGF

under two conditions: (1) q = q(1) ∈
(
0, 2−1/3

]
with q(2) = 2−1/3 fixed, and (2) q = q(1) =

q(2) ∈
(
0, 2−1/3

]
. Clearly the canopy dimension coincides with the scaling exponent of the

dimension-generating function, described above in case (2), over its entire domain. From

this we conclude that the canopy dimension is well-described by the dimension-generating

function, in the case where the terminal branches are scaled to the same ratio q.

We also analyzed the total surface area of an equiscaled Cayley tree, and we found that

convergence of its scaling exponent on that defined by the dimension-generating function

exists between topological dimensions two and three.

5.5 Methods

5.5.1 Computation of scaling exponents

We conducted this study using the expressions given by Equation 5.3.8a and Equation 5.3.7,

the results were given in Figure 5.2, Figure 5.3, and Figure 5.4. The computations were

conducted by treating the scaling exponent as the slope in a log-log plot of the appropriate

Cayley tree geometry, and n was chosen to be sufficiently large in order to generate a

constant slope within the plot.

For example, we calculated the fractal dimension for the cumulative surface area of the

Cayley tree by computing a set of coordinates (qnR1, Scumulative), where the inner cut-off

of the tree is connected to the width of the entrance branch by Rn+1 = qnR1, under the

assumption that q ≤ p. For the purposes of computing the scaling exponents, we took R1

and L1 to be of unit length. We took n sufficiently large such that the asymptotic slope was
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constant, ln (Scumulative)/ ln (qnR1) = 2−Dtree. In most cases we chose n = 102, otherwise

we chose n = 104.

5.5.2 Useful theorems

For a Cayley tree in which p = p(1) = p(2) = · · · = p(m) and q = q(1) = q(2) = · · · =

q(m), the scaling ratios connect the tree and canopy and dimension through p = m−1/Dtree

and q = m−1/Df , respectively. We have taken p and q to be the same across all node

generations within the tree. In such an equiscaled tree, the daughter branches within the

same generation have equivalent widths and lengths.

In several cases, we used the following theorems to study the scaling behavior of the

Cayley tree geometry.

Theorem 5.5.1. Let the volume of an (m + 1)-Cayley tree be given by Equation 5.5.19.

Let Rn+1 be the inner cut-off and satisfy Rn+1 < Ln+1. For each k = 1, 2, . . . , n, take

p
(1)
k+1 = p

(2)
k+1 = · · · = p

(m)
k+1 = p and q(1)

k+1 = q
(2)
k+1 = · · · = q

(m)
k+1 = q. Then we have

Vtree = πR1
2L1

m1−2/Df−1/Dtree

(
Rn+1

R1

)2−Df (1−1/Dtree)
− 1

m1−2/Df−1/Dtree − 1
. (5.5.11)

Proof of Theorem 5.5.1. The volume of an (m+ 1)-Cayley tree, in which cylinders are

associated with the graph edges, is given by Equation 5.5.19:

Vtree = πR1
2L1

n∑
k=0

k∏
j=1

(
m∑
i=1

(q(i)
j+1)2p

(i)
j+1

)
. (5.5.12)

For each k ∈ {1, 2, . . . , n}, we take p(1)
k+1 = p

(2)
k+1 = · · · = p

(m)
k+1 = p and q

(1)
k+1 = q

(2)
k+1 = · · · =

q
(m)
k+1 = q. From Equation 5.5.12, these relations imply

Vtree = πR1
2L1

n∑
k=0

(
mq2p

)k
. (5.5.13)
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Equation 5.5.13 is a geometric series, and can be summed analytically:

Vtree = πR1
2L1

1−
(
mq2p

)n+1

1−mq2p
,

= πR1
2L1

1−mnq2npn
(
mq2p

)
1−mq2p

. (5.5.14a)

Since qn = Rn+1/R1 and pn = Ln+1/L1, we have, from Equation 5.5.14a,

Vtree = πR1
2L1

1−mn
(
Rn+1

R1

)2
Ln+1

L1
mq2p

1−mq2p
. (5.5.15)

We take the smallest length scale within the (m+ 1)-Cayley tree to be the inner cut-off of

the tree, which is the radius of the terminal branch, Rn+1. Therefore n determines Rn+1,

so we take mn = (Rn+1/R1)−Df . We apply this to Equation 5.5.15 and obtain

Vtree = πR1
2L1

1−m1−2/Df−1/Dtree
(
Rn+1

R1

)2−Df Ln+1

L1

1−m1−2/Df−1/Dtree
, (5.5.16)

where we used q = m−1/Df and p = m−1/Dtree . We need to write Ln+1/L1 in terms of

Rn+1/R1, and we take their product to obtain

Ln+1

L1
=
(
Rn+1

R1

)−Df/Dtree

.

We apply this expression to Equation 5.5.16 and arrive at

Vtree = πR1
2L1

m1−2/Df−1/Dtree

(
Rn+1

R1

)2−Df (1−1/Dtree)
− 1

m1−2/Df−1/Dtree − 1
.

Corollary 5.5.2. Let the (m+1)-Cayley tree be equiscaled, such that pk+1 = qk+1 = m−1/Df

for all k ∈ {1, 2, . . . , n}. Then its volume given by

Vtree = πR1
2L1

m1−3/Df

(
Rn+1

R1

)3−Df

− 1

m1−3/Df − 1
. (5.5.17)
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Theorem 5.5.3. Let the cumulative surface area of an (m + 1)-Cayley tree be given by

Equation 5.3.6. Also, let Rn+1 be the inner cut-off and satisfy Rn+1 < Ln+1. For each

k ∈ {1, 2, . . . , n}, take p(1)
k+1 = p

(2)
k+1 = · · · = p

(m)
k+1 = p and q

(1)
k+1 = q

(2)
k+1 = · · · = q

(m)
k+1 = q.

Then the cumulative surface area is given by

Scumulative = 2πR1L1

m1−1/Df−1/Dtree

(
Rn+1

R1

)1−Df (1−1/Dtree)
− 1

m1−1/Df−1/Dtree − 1
. (5.5.18)

The proof of the remaining theorems is sufficiently similar to that of Theorem 5.5.1, so

that we do not include them here.

Corollary 5.5.4. Let the (m+1)-Cayley tree be equiscaled, such that pk+1 = qk+1 = m−1/Df

for all k ∈ {1, 2, . . . , n}. Then its cumulative surface area is given by

Scumulative = 2πR1L1

m1−2/Df

(
Rn+1

R1

)2−Df

− 1

m1−2/Df − 1
. (5.5.19)

Theorem 5.5.5. Let the total cross-sectional area of the terminal branches in an (m+ 1)-

Cayley tree be given by Equation 5.3.7. Let Rn+1 be the inner cut-off and satisfy Rn+1 <

Ln+1. For each k ∈ {1, 2, . . . , n}, take p(1)
k+1 = p

(2)
k+1 = · · · = p

(m)
k+1 = p and q

(1)
k+1 = q

(2)
k+1 =

· · · = q
(m)
k+1 = q. The cross-sectional area of the terminal branches is then given by

Send caps = πR1
2

(
Rn+1

R1

)2−Df

. (5.5.20)
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5.6 Summary and conclusions

In this chapter we have defined scaling exponents for the Cayley tree and derived expres-

sions for the scaling properties of the tree. Specifically, we defined the tree and canopy

dimensions, and we demonstrated their equivalence with the scaling exponents of the

dimension-generating function for fractal dimensions between two and three. We found

that Df = ∆DGF .

In this way, we were able to identify the parameter values under which we may use the

dimension-generating function to produce the tree or canopy dimensions. We applied these

relations to the area of the tree and its canopy, generating analytical expressions for the

global scaling structure of the tree.

A major accomplishment of this analysis is our ability to quantify the canopy dimension

of the tree, using a simple analytic expression. Under these circumstances, the main scaling

parameters may be transformed from the scaling ratios, p and q, to the fractal dimension of

the canopy, Df . Our analysis demonstrated the equivalence between the scaling ratios and

the canopy dimension of the Cayley tree. The equiscaled tree is therefore equivalently de-

scribed by either its scaling ratio or canopy dimension, which provides a powerful connection

between the local and global structure of the Cayley tree.
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Figure 5.2: Scaling exponents in a Cayley tree given by the dimension-generating function
and the cumulative tree area, for which m = 2 and p = p(i) = q(i).
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Chapter 6

Fractal model of oxygen transport

6.1 Introduction

In chapter 4 we developed a model of oxygen transport within the lung, under the assump-

tion that each branch in the tree had the same length and width. In what follows, we will

refer to this model as the equi-length and width model.

The introduction of branch scaling generates a nontrivial extension of the equi-length

and width model, and in this chapter we develop such a model and study its scaling be-

havior. Specifically, we investigate the space-filling ability of the tree through its tunable

structural parameters and we show that such a space-filling configuration reproduces the

robust behavior observed in the equi-length and width model, which is described within

chapter 4.

6.2 Methods

In this section we will describe an extension of the equi-length and width model to cases

in which the tree fills, or partially fills, its embedding space. To accomplish this we will

apply the scaling relations p and q to our model (see chapter 5), resulting in a tree that

possesses a parametric dependence on the fractal dimension of the canopy, Df . We will use

this parametric dependence to investigate the relationship between the oxygen current and

the structural composition of the tree.
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Consider the equi-length and width model of oxygen transport, which we described in

chapter 4. Recall that we began by propagating the current back through the tree, beginning

with the terminal branches. We then identified the current leaving the alveolar membranes

of the model tree with the current entering the tree. A similar procedure can be used to

compute the Möbius matrix for the oxygen current in the fractal tree. In particular, we will

write the oxygen concentration within the terminal branches in terms of the scaling ratios p

and q. We will then propagate this current back through the tree under the assumption that

each daughter branch is equal to all others in its generation, regarding width and length.

The Möbius matrix associated with the map f̃k (see Equation 2.2.7 and 2.2.5) is given

by1

F
(k)
ij =

 q−2
√

2
R1Λ q

k−5
2 tanh

(√
2L1

2

R1Λ ( p√
q )k−1

)
q

1−k
2

2m
R1Λ tanh

(√
2L1

2

R1Λ ( p√
q )k−1

)
m
√

2
R1Λ

 , (6.2.1)

where R1 and L1 are the respective radius and length of the entrance branch, and p and

q define the scaling ratios across the length and width of the branches within the tree,

respectively. In an equiscaled tree, the width and length of the terminal branches are

connected to those of the entrance branch through the relations Rn+1 = qnR1 and Ln+1 =

pnL1. We then compute the products of F (k)
ij :

n+1∏
k=1

F
(k)
ij ·

 D

W

 =

 Deff

Weff

 , (6.2.2)

The transmembrane oxygen current for the fractal Calyey tree model may be expressed as2:

I =
DπR1

2Cent
mq2

·
Weff

Deff
, (6.2.3)

with Deff and Weff computed from Equation 6.2.2.

1Please see Appendix B.
2Please see Appendix B.3 for details.
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6.3 Results

In many respects, the extension of the equi-length and width model to the fractal repre-

sentation reveals structure in the oxygen current which is similar to that of the equi-length

and width model. For example, we found striking plateaus in the oxygen current using the

equi-length and width model, and this feature is reproduced in the fractal representation,

which we observe from Figure 6.1. Specifically, we can see that as n increases, the gas

exchanger becomes slightly more robust to fluctuations in oxygen current. This behavior

was also observed in the equi-length and width model.

Another feature reproduced through the fractal extension of the equi-length and width

model is demonstrated through the efficiency of the gas exchanger. Inset within Figure

6.1, we find that the most efficient gas exchanger is one in which the depth of the tree is

minimized. Such a tree possesses a minimum of membrane surface area; therefore, the gas

exchanger uses a greater fraction of its surface to generate a current. In this way, most

surface sites are unscreened and the effective surface area approaches the total surface area

of the gas exchanger.

Entirely new features are also observed in the fractal extension of the equi-length and

width model. In contrast to the equi-length and width model, Figure 6.1 indicates that as

the depth of the tree increases, the magnitude of the current also increases. This feature

was observed within the equi-length and width model of the tree in chapter 4; however,

the current became independent of n in the large W limit; i.e. in the complete screening

regime. In contrast with this behavior, we find that the fractal tree exhibits a current in

the complete screening regime that depends upon the depth of the tree.

The mechanism by which the oxgyen molecules retain information about the tree’s

generational depth can be explained through the scaling of branch diameters within the

tree. Consider the oxygen current depicted in Figure 6.2. In this case we have taken

p = 2−1/3 and q = 1. In other words, the length of the branches scale to fill the embedding

space, while the diameters scale to overfill the available space. In comparing Figure 6.2

with Figure 6.1, we find that in the complete screening regime, the current depends upon

the depth of the tree for q < 1.
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To explain this n-dependence of the oxygen current, we first recall how the the tree

is constructed. We define the geometry of the terminal branches through the parameters

2Rn+1 and Ln+1. Through the scaling parameters, p and q, the lengths and diameters of the

branches increase as we move from the terminal branches of the tree to its entrance branch.

We know from the equi-length and width model that if the branch diameter increases, then

the oxygen current will correspondingly increase–a result of the increase in oxygen molecules

availabe for transport across the entrance of the tree. Since q regulates the diameter of the

entrance branch, it follows that as the depth of the tree increases, the diameter of its

entrance branch will correspondingly increase and therefore, the current will increase.

A triumph of our extension of the equi-length and width model to a fractal representation

is that we may now study how the structure of the tree affects its performance as a gas

exchanger. As we can see from Figure 6.3, the current plateaus are sensitive to the fractal

dimension of the tree canopy. If the tree canopy is planar, then the current is sensitive

to the membrane permeability. In comparison with the fractal representation, the equi-

length and width model provides the best stability; however, this is to be expected as the

equi-length and width model quickly overfills space and maximizes the surface area of the

alveolar membranes.

Given two trees with similar homeostatic performance, one in the equi-length and width

model and one in the fractal representation, an advantage of the equi-length and width

model over the fractal representation is that homeostasis emerges in a tree of smaller depth.

We may see that this is indeed the case by analyzing Figure 6.3. Here, the equi-length and

width model provides the most robust current in any of the trees with n = 5.

Figure 6.4 gives the currents and efficiencies for several tree configurations, and we find

that the least efficient configuration is n = 5, m = 2. This result suggests that between

a tree with a canopy in the plane, and a tree with a space-filling canopy, the tree with

space-filling canopy will be the preferred architecture due to its increased ability to tolerate

fluctuations in permeability.
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6.4 Summary and Conclusions

In this chapter we extended the equi-length and width model of the Cayley tree to a fractal

representation, where the structural orientation of the tree can be described through the

dimension of its canopy, Df . Using this extended representation of the equi-length and

width model, we were able to analyze the effects of several different choices of canopy

dimensions on the current leaving the tree. Generally, we found that the most efficient

configuration of the tree is one in which the tree canopy fills a plane. The reason for this

result is that the tree wastes a minimum of its surface area for oxygen transport. In contrast

to this, a tree with a space filling canopy will be less efficient in utilizing its surface area for

transport; however, such a configuration allows the tree to adapt to changing demands by

“opening up” more surface area for transport.

We compared trees in the fractal representation with those of the equi-length and width

model. Our results showed that trees in the fractal representation reproduced key features

found within the equi-length and width model. One such result is that of oxygen regulation

by homeostasis. We found that a tree with a canopy dimension of two exhibits no current

plateau when n ≤ 5. Under these conditions, we saw that a tree with a canopy dimension of

three performed better, but only weakly displayed an ability to tolerate error in membrane

permeability.

We compared these trees in the fractal representation, with one in the equi-length and

width model. Our results showed that the efficiency of the equi-length and width model

is lower than those in the fractal representation; furthermore, its current plateaus are far

more pronounced than those in the fractal representation. We conclude that a gas exchanger

which maximizes its alveolar surface area, while simultaneously minimizing its efficiency, is

the one which maximizes its canopy dimension to fill, or overfill, the available embedding

space, given a target generational depth. Indeed, there is a danger of branch overlap in

trees with Df ≥ 3 and large enough n.
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Figure 6.1: Dependence of the oxygen current upon the depth of a space-filling tree with
Df = 3, and associated efficiencies (inset).
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Chapter 7

Application of physiological data

7.1 Introduction

Several models of the acinar airways have recently been proposed to describe the gas ex-

change process within the human lung acinus [6, 9, 10, 1, 11]. In particular, such models

have often been used to elucidate bio-inspired engineering strategies, with the assumption

that evolutionary development has produced a transport network optimized for the delivery

of oxygen to the hemoglobin of the red blood cells within the pulmonary arteries. Such a

process is complicated by both fluctuating oxygen demands from the body under widely

varying operating conditions, and by the potential for damage to the soft tissues involved

in its function.

To study the lung as a gas exchanging mechanism, several authors have proposed model

geometries from which to study the connection between the structure of the lung and its

function. One of the first studies was a numerical investigation conducted by Sapoval et al.

[9], in which they used a finite element method to directly solve the equations of motion

for the diffusion-reaction system (see chapter 2) in a model called the “Hilbert acinus.”

Figure 7.1 provides an illustration of the planar Hilbert acinus. The observation that a

“smaller” Hilbert acinus gave a higher transport efficiency was one accomplishment of their

numerical study on the Hilbert acinus. They used this result as evidence in support of their

hypothesis that the human lung acinus operates under an oxygen screening mechanism
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(a) Hilbert acinus.[9] (b) Kitoaka fractal model.[6]

Figure 7.1: Fractal models of a human lung acinus.

known as “diffusional screening.”

Shortly thereafter Felici et al.[6] extended this result to space-filling architectures through

another numerical study using a fractal model of the lung acinus called the Kitoaka fractal,

shown in Figure 7.1. Their motivation for the use of the Kitoaka fractal lay in its remark-

able reproduction of the branching structure of the acinar ducts in the lung acinus. They

calculated efficiencies from their model, but stopped short of reporting the oxygen currents

predicted by their model for the human lung.

To the best of our knowledge, the first analytical model of gas exchange in the hu-

man lung was recently proposed by Hou and his collaborators [10, 1]. They developed an

algorithm, called the Rope-Walk Algorithm (RWA), which renormalized the alveolar mem-

branes of the lung using a recently discovered interpretation for the transport parameter Λ

called the “exploration length” (see chapter 2 for a detailed discussion). They recognized

that the exploration length suggested that the equations of motion for oxygen within the

airways could be approximated from purely geometrical considerations. Remarkably, their

simplified model of gas exchange predicted oxygen currents that very closely matched the

best available experimental measurements[1]. Unfortunately, their renormalization treat-

ment neglects such anatomical aspects as acinar branching, and its influence on oxygen

transport is presently not well understood. Nevertheless, their success strongly suggests
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that the effective surface area of alveolar membranes is a critical aspect of the gas exchange

mechanism.

Since the work of Hou et al. one other analytical model of transport has been recently

suggested by Grebenkov and his collaborators.[11] Their model discretized an acinar duct,

and considers the probability of oxygen absorption at discrete sites along a one-dimensional

branching lattice. A triumph of this model has been the analytical description of a branching

structure, in which its efficiency depends directly upon structural parameters such as the

number of branching generations and daughter branches in the tree. Grebenkov et al.

computed the efficiency of their model, yet neglected to apply physiological data from the

human lung to their model.

In this chapter we will reproduce and extend several features of the human lung reported

by these authors through the application of physiological data to the fractal model of gas

exchange developed and reported within chapter 6, from which the equi-length and width

model is a special case (p = q = 1, or Df →∞).

7.2 Exercise and the gas exchange unit

To describe the gas exchange process we adopt a compartmentalized picture of oxygen

transport from the acinar gas to the blood, as described by Hou in his PhD thesis [10],

and we treat the transport of oxygen as a three-step process: (1) oxygen propagation by

diffusion, from the entrance of the acinar gas exchange unit to the surface of the alveolar

membranes; (2) oxygen enters the membranes and diffuses through its various layers to

emerge within the blood plasma; and (3) oxygen diffuses through the blood plasma and

binds exclusively to the hemoglobin of the red blood cells within the pulmonary arteries. A

detailed picture of parts (2) and (3) of this transport scheme is outlined in Figure 7.2.

An important aspect of this scheme is that one may extract several pieces of information

crucial to our model of gas exchange, without full consideration of the details associated

with the transmembrane interactions of oxygen with its environment. As shown in Figure

7.2, we consider the alveolar membranes to be a tissue barrier separating the acinar gas from
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(a) Electron micro graph of alveolar membranes cross section, from [3]. Scale marker is
0.2µm.

(b) Barriers to oxygen diffusion, from [10]

Figure 7.2: Barriers to oxygen diffusion from the acinar airways to the hemoglobin of the
red blood cells.
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the blood plasma. We then model the alveolar membranes as two fluid filled compartments:

the epithelium (EP) and endothelium (EN), partitioned by the basement membranes (BM).

The key hypothesis proposed by Hou, was that these fluid filled cells may effectively be

represented as resistors connected in series.

This hypothesis predicts that the transmembrane current is equivalent to the current

of oxygen diffusing and binding to the hemoglobin of the red blood cells. As a result, we

need only calculate the current resulting from the considerations in (2) above to predict

the oxygen generated by the lung and distributed throughout the body. In particular,

we make the assumption that the transmembrane flux is proportional to the difference

in oxygen concentration between the acinar gas and the blood side of the membranes,

J ∝ ∆C. We thus consider the details regarding oxygen’s interaction and passage across

the alveolar membranes to be contained within the constant of proportionality W , called

the permeability of the alveolar membranes. The transmembrane oxygen current for the

lung may then be written as [1]

I = Dm (pair − pblood)

= NgWSeff,gβair (pair − pblood)

= NgWSeff,g

(
Cair − Cblood

βair
βblood

)
, (7.2.1a)

where Ng is the number of equivalent gas exchangers, W is the global permeability of

the alveolar membranes, βair (βblood) is the solubility of oxygen in air (blood), Cair −

Cbloodβair/βblood is the concentration difference between the air and blood sides of the mem-

branes, pair−pblood is the partial pressure difference of oxygen across the membranes, Seff,g

is the effective surface area of a single gas exchanger within the lung, and Dm is the diffu-

sional capacity of the alveolar membranes. These parameters are summarized in Table 7.1.

To apply Equation 7.2.1 to the lung, we must clearly define a gas exchanger in the Cayley

tree model, and how it couples with the gas exchange units within the human lung. We

have taken the definition of the human lung acinus to be those airways that are exclusively
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(a) (b)

Figure 7.3: Theoretical convection-diffusion transitions computed by (a) Weibel et al. [2],
and (b) Hou et al. [1].

alveolated; however, the extent to which those airways are used in gas exchange is defined by

the convection-diffusion transition of oxygen. Weibel and his collaborators have introduced

a measure of the convection-diffusion transition zcd, called the “acinus Peclet number” [9, 2],

and we adopt its definition as

Pa :=
convective speed of oxygen
diffusional speed of oxygen

; (7.2.2)

its intersection, Pa = 1, gives the branching generation of the convection-diffusion transition

within the lung acinus. Hou and his collaborators have used this definition to predict the

branching generation of the convection-diffusion transition for several levels of exercise [1],

as shown in Figure 7.3.

We adopt the more recent predictions of Hou et al. for the convection-diffusion transition

and we consider the following four regimes of exercise: rest (zcd = 18), moderate exercise

(zcd = 19), heavy exercise (zcd = 20), and maximum exercise (zcd = 21). The mean value

for the total number of branching generations in the lung, from the trachea to the terminal

branches of the acinar airways, has been measured to be 23 [4]. Therefore, we define a gas

exchanger in the context of the Cayley tree model to be a tree with depth corresponding
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Exercise regimes zcd Gas exchanger Depth of Cayley tree
Rest 18 1/8 subacinus n = 5
Moderate exercise 19 1/16 subacinus n = 4
Heavy exercise 20 1/32 subacinus n = 3
Maximum exercise 21 1/64 subacinus n = 2

Table 7.1: Regimes of exercise as reported by Hou et al. [1].

to the appropriate regime of exercise, the results of which are provided in Table 7.1. We

will define a gas exchanger in the Cayley tree to be a tree of depth n, where the depth is

restricted by the size of the acinus in the appropriate regime of exercise.

7.3 Methods

In chapter 6 we developed a fractal model of oxygen transport in the lung. We found that

the total current crossing the surface for a Cayley tree model of depth n was given by

Equation 6.2.3:

I =
πR1

2DCent
mq2

·
Weff

Deff
. (7.3.3)

We calculated Deff/Weff using the the Möbius representation of the iterative map f̃k(Λ)

(see Equations 2.2.7 and 2.2.5), where the matrix is given by

F
(k)
ij =

 q−2
√

2
R1Λ q

k−5
2 tanh

(√
2L1

2

R1Λ ( p√
q )k−1

)
q

1−k
2

2m
R1Λ tanh

(√
2L1

2

R1Λ ( p√
q )k−1

)
m
√

2
R1Λ

 , (7.3.4)

for a Cayley tree in which p = p(i)
k and q = q(i)

k ∀ i = 1, 2, . . . ,m and k = 1, 2, . . . , n. In

other words, the daughter branches extending from a parent branch, across a given branch

generation k, are all equivalent in width and length.

The products of this matrix are then computed and applied to a column vector within

the vector space C×C, and the result yields a rotated vector whose entries may be used to
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compute an effective exploration length Deff/Weff , for the tree:

n+1∏
k=1

F
(k)
ij ·

 D

W

 =

 Deff

Weff

 . (7.3.5)

7.3.1 Geometry of the Cayley tree

To apply restrictions on input data, we will need to quantify several geometrical aspects of

the Cayley tree. Here we report several of the results obtained in chapter 5 of this thesis.

Consider a Cayley tree for which p = p(i)
k+1 and q = q(i)

k+1 for all i = 1, 2, . . . ,m and k =

1, 2, . . . , n, and let the tree be equiscaled such that the scaling ratios satisfy p = q (equiva-

lently, Dtree = Df ). Then we have

Vtree = πR1
2L1

n∑
k=0

(
mq2p

)k
, (7.3.6a)

Stree = 2πR1L1

n∑
k=0

(mpq)k + πR1
2
(
mq2

)n
, (7.3.6b)

Lp = L1

n∑
k=0

(p)k . (7.3.6c)

For these trees, one may express these results in terms of properties of the terminal branches

of the tree through the relations Rn+1/R1 = qn, and Ln+1/L1 = pn.

7.3.2 Oxygen current

Here we describe the oxygen current crossing the surface of the Cayley tree model, by

rewriting Equation 7.3.3 in the form of Equation 7.2.1:

NgI = NgWCent ·
πR1

2Λ
mq2

·
Weff

Deff

= NgW

(
Cair − Cblood

βair
βblood

)
· Cent(
Cair − Cblood βair

βblood

) · D

Deff
·
Weff

W
· πR1

2

mq2︸ ︷︷ ︸
Seff,g

, (7.3.7a)
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where we have taken the current given by the tree (Equation 7.3.3) to be that from a single

gas exchanger for the lung.

In the reaction-controlled limit (W → 0), Equation 7.3.3 gives I = WStreeCent, where

Cent is the concentration difference between the entrance of the tree (source) and the ex-

terior side of the tree surface (receptor). For the reaction-controlled current, Cent is also

the concentration difference across the tree surface, because the concentration gradient is

uniform throughout the tree.

In Equation 3.4.23 we have shown that the general solution of the equations of motion

has the functional form I = WSeffCent, from which we identified Seff as the effective

surface area of the tree surface used in particle transport. In this form, the reaction-

controlled limit gives limW→0 Seff (D/W ) = Stree. Since Cent is independent of W , we

may take Cent to be the concentration difference across the tree surface. Therefore Cent =

concentration difference between the tree entrance and the exterior side of the surface =

concentration across the tree surface, for all W . This picture holds for the physiological

data and we make the identification: Cent = Cair−Cblood (βair/βblood). The final expression

for the transmembrane oxygen current is given by

Ilung = NgWSeff,g

(
Cair − Cblood

βair
βblood

)
, (7.3.8)

where

Seff,g =
D

Deff
·
Weff

W
· πR1

2

mq2
. (7.3.9)

7.3.3 Pulmonary efficiency

An important effort in respiratory physiology is the prediction of the pulmonary efficiency

of the human lung, η. We will therefore compute the efficiency of the gas exchanger in our

model tree from the definition given in Equation 4.3.19. From this expression, it follows

that the model efficiency may be computed by use of its effective surface area:

ηtree =
Seff,g
Stree

, (7.3.10)
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where Seff,g is obtained from Equation 7.3.9, and Stree is given by Equation 7.3.6.

7.4 Physiological data

7.4.1 Estimation of geometric data from the resting value

Table 7.2 reports empirical data for several of the parameters needed to compute predictions

of the oxygen current reaching the red blood cells of the pulmonary arteries of the lung.

We inferred these physiological values from ref. [2] in the following way. As an example, we

illustrate how we inferred the volume of the gas exchanger Vg, and our relevant assumptions.

We took the volume of an acinus, as reported in ref. [2], to be Vacinus = 0.187 cm3. We have

assumed a gas exchange unit at rest (n = 5) to be a “1/8 subacinus” and took Vg = 0.187/8

cm3. This procedure neglects the surface area in the first two generations of the acinus,

however we note that these first generations are composed of the respiratory bronchioles

in the acinus and are therefore not exclusively alveolated–minimizing their participation in

gas exchange.

Let Vg,regime be the volume of a gas exchanger in the associated regime of exercise

(rest, moderate, heavy, or maximum). To infer the data for Vg,regime, we began by taking

Vg,moderate = Vg,rest/2 under the assumption that the vast majority of acinar volume is given

by the last generation of branching within the tree. A single acinar branch is neglected in the

estimate Vg,rest/2, and is assumed to make a trivial contribution to Vg,moderate. We estimated

the values for the remaining regimes of exercise as follows: Vg,heavy = Vg,moderate/2, Vg,max =

Vg,heavy/2.

How good are these estimates? Using the Cayley tree as a model of the acinar airways,

we can estimate the contribution of the neglected branches to the volume (or surface area)

of the gas exchanger in the associated exercise regime. The hypothesis we wish to test is:

Vg,moderate = 0.5 ·Vg,rest. From Equation 7.3.6, we find for the equi-length and width Cayley

tree model (p = q = 1):

Vtree,moderate
Vtree,rest

=

(
mq2p

)5 − 1

(mq2p)6 − 1
≈ 0.492, (7.4.11)
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and is very close to the value of 0.5 predicted from our hypothesis. We computed these

volumes for the remaining regimes of exercise and found: Vg,heavy = 0.484 · Vg,moderate, and

Vg,maximum = 0.467 · Vg,heavy. We conclude, to very good approximation, that the volume

of successive lung subacini is given by half the value of the previous one. In the equi-length

and width model, these results extend to the surface area of successive gas exchangers

within the Cayley tree model of the lung acinus. Therefore, in the equi-length and width

Cayley tree model of the human lung acinus, we may reasonably consider the lung acinus

to be a hierarchical composition of gas exchangers while safely neglecting the geometric

contributions from the complement of the intersection between a parent and daughter gas

exchanger.

For a fractal tree the situation is quite different. For an equiscaled Cayley tree (p = q)

with canopy dimension Df = 3, one can show by using Equation 7.3.6, that Vtree,moderate ≈

0.417 · Vtree,rest, Vtree,heavy = 0.400 · Vtree,moderate, and Vtree,maximum ≈ 0.375 · Vtree,heavy.

We can conclude from this analysis that the volume of successive gas exchangers is not well

approximated as one half the volume of the parent gas exchanger.

Similar results may be computed connecting the surface area of successive gas exchangers

within an equiscaled tree with Df = 3, and in such a tree we conclude that the surface area

of successive gas exchangers is not well approximated as one half of the parent one.

7.4.2 Width and length of the terminal branches

To choose the width and length of the terminal branches we need two equations that place

restrictions on 2Rn+1 and Ln+1 (or equivalently, R1 and L1 in an equiscaled tree). These

equations are given by geometrical restrictions on a gas exchanger, in that we restrict its

volume Vg, surface area Sg, and longitudinal path length Lp to be the physiological values

reported in Table 7.2 at rest. We make the following restrictions on Equations 7.3.6 so that

we may identify appropriate choices for 2Rn+1 and Ln+1:

Item (1): Sg = 6.75 cm2, Vg = 0.0234 cm3,

Item (2): Sg = 6.75 cm2, Lp = 0.456 cm,
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p = q = 1, Df →∞
Item Restrictions Result

Vg (cm3) Sg (cm2) Lp (cm) 2Rn+1 (cm) Ln+1 (cm)

(1) 0.0234 6.75 –
0.0139 2.46
0.511 0.00181

(2) – 6.75 0.456 0.299 0.076
(3) 0.0234 – 0.456 0.0788 0.076
(4) – – 0.456 0.0139 0.076

p = q = 2−1/3, Df = 3

(1) 0.0234 6.75 –
0.00840 2.20
0.514 0.000587

(2) – 6.75 0.456 0.305 0.0395
(3) 0.0234 – 0.456 0.0626 0.0395
(4) – – 0.456 0.0139 0.0395

Table 7.3: Results for the width and length of the terminal branches from geometrical
constraints listed in Items (1) through (4), at rest. Vg, Sg, and Lp are the volume, surface
area, and longitudinal path length of a single gas exchanger in the human lung, respectively.

Item (3): Vg = 0.0234 cm3, Lp = 0.456 cm.

We will then use these widths and lengths to predict both the transmembrane oxygen

current and the pulmonary efficiency of the human lung, under the assumption that the

size of the terminal branches remains constant across all regimes of exercise.

Aside from the purely geometrical restrictions represented by Items (1) through (3)

above, one may take another path in the identification of the width and length of the ter-

minal branches for the tree. In this item, called Item (4), we make choices for physiological

data based upon the best known estimates of an alveolar diameter and we use the longi-

tudinal path length to restrict the length of a terminal duct. Using the longitudinal path

length is advantageous because it is independent of the width 2Rn+1. We take the width of

an alveolus to be that given by Hou and his collaborators [1], as 2Rn+1 = 0.0139 cm.

The choice of Ln+1 depends upon the geometry of the tree; however, in any geometry

we take the longitudinal path length to be Lp = 0.456 cm. Together, we have

Item (4): 2Rn+1 = 0.0139 cm, Lp = 0.456 cm.

The results of the restrictions outlined in Items (1), (2), (3) and (4) are tabulated in Table

7.3.
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7.4.3 Preference for the equi-length and width model

Figure 7.4 reports experimental data for the widths and lengths of the acinar ducts as

reported by Haefeli-Bleuer and Weibel[4]. In this figure, the generations of ducts are counted

along the horizontal axis. Haefeli-Bleuer and Weibel reported that the mean number of these

generations in the lung was 23[4], suggesting that a gas exchanger with a size corresponding

to 1/8 of an acinus would begin at generation 6 along the horizontal axis of Figure 7.4.

The mean duct lengths, mean outer diameters, and mean inner diameters appear to be

well approximated by a linear function with slope near zero. Figure 7.4 also shows that the

scaling ratios across generations are very close to 1 (within approximately 5%) for both the

diameters and length of the ducts, which strongly suggests that these may be considered

constant across all branch generations within the acinar airways. We will therefore give

preference to the equi-length and width model, in which the acinar branches are modeled

by the scaling ratios p = q = 1.

From Figure 7.4, we may also compute the approximate mean values of the widths and

lengths of the ducts from the data within ref. [4]. The mean of the duct lengths was found

to be 698 µm, while that of the outer diameters was 686 µm, while we found the mean of

the inner diameters to be 311 µm. Hou et al. [1] estimated the diameter of an alveolus

to be approximately 139 µm, which is approximately half of the mean inner diameter as

measured by Haefeli-Bleuer and Weibel in ref. [4]. Weibel et al.[2] has since reported that

Haefeli-Bleuer and Weibel provided overestimates of at least one structural parameter in

their data; however, it is unclear whether other structural data for the airway ducts were

also overestimated, as Hou’s estimate for an alveolar diameter would seem to suggest.

7.5 Results

We conducted a study of the Cayley tree model under various levels of exercise and under

several physiological choices for the scaling across branch generations in the tree. Specifi-

cally, we chose an equiscaled tree with fractal canopy dimensions Df →∞, and Df = 3; the

use of the equi-length and width model was justified through experimental data provided in
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reference [4]. We applied an algorithm given by the flow chart within Figure 1.1, to make

predictions for both the oxygen current reaching the blood and the pulmonary efficiency of

the gas exchanger.

A surprising result, reflected in Table 7.3, is the existence of non-unique solutions for

the width and length of the terminal branches associated with the restriction of the model

surface area and volume, described by Item (1) in our geometrical restrictions. Both choices

for width and length give Cayley trees that give equivalent geometry and are self consistent

(see Table 7.4); however, they correspond to trees that are qualitatively very different.

Analyzing these two different choices for the widths and lengths of the terminal branches

shows that the tree with smaller width (2Rn+1 = 0.0139 cm) vastly underestimates both

the oxygen current and the pulmonary efficiency of the lung; whereas, the tree with much

larger width (2Rn+1 = 0.511 cm) overestimates these quantities. This is expected, as the

current is directly proportional to the width of the entrance branch in the tree. Surprisingly,

these two trees give very different efficiencies, even though they are restricted to have the

same total surface area.

In Table 7.6 we have tabulated results from the equi-length and width model, given the

experimental data presented within Table 7.2 and the choices for the width and length of the

terminal branches derived from the geometrical restrictions presented within Table 7.3. In

all cases, we find that the choice of width and length that is derived from strictly geometrical

restrictions on the Cayley tree gave predictions that were different from those quantities

given by the experimental data. Surprisingly, the predictions of the oxygen current from

Item (3), in which the volume and longitudinal path length of the model are restricted to

those of the 1/8 acinus, are much closer to the experimental data than those predictions

made from Items (1) and (2).

We note that alveolar surfactant plays a critical role in the global mechanical stability

of the alveolar network, and errors in its production can lead to serious complications,

including respiratory distress in infants[3]. The volume of the acinar airways is regulated

by alveolar surfactant, and it is interesting that restricting the volume of the airways in

Item (3) to be the physiological value, leads to a much closer prediction of the current and
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efficiency would than other choices. This is surprising because we expect the surface area

of the gas exchanger to be the geometrical property that is the most important for oxygen

transport.

We find the model with width and length that are given by Item (4) greatly un-

derestimates the oxygen current in all regimes of exercise. At rest, this model predicts

Ilung = 8.81 × 10−6 moles/sec, while the experimental data reported by Hou et al. is

Ilung = 2.01 × 10−4 moles/sec[1]. Such a significant underestimate by the model is ex-

pected, because the current is proportional to the surface area used in transport. Here the

model underestimates surface area of the gas exchanger by a factor of approximately 31,

and we thus expect the current to be similarly underestimated.

In contrast, we find that the pulmonary efficiency of the model Item (4) makes predic-

tions very close to those given by the experimental data for the pulmonary efficiency (see

Table 7.6). In Figure 7.6 we show the pulmonary efficiencies for this model over a wide

range of permeability, overlayed with the experimental data. It is clear that even though

the model produces a current that is very close to the experimental value at rest, it diverges

from the experimental values in exercise.

Figure 7.6 shows the efficiencies, in all regimes of exercise, for the model with the

physiological parameters of Item (4). It is clear from this figure that all regimes of exercise

give good agreement with the experimental data for Λ = 32.8 cm. We conclude that

maximum exercise yields the most efficient gas exchanger for the human lung. Interestingly

enough, even though the currents from Item (4) are not close to the experimental ones, the

factor by which they scale up through exercise regimes are very similar to the experimental

data.

Even more striking, is that the ratio between the currents in Item (4) is approxi-

mately constant across the following three exercise regimes: Irest,exp/Irest,theory = 22.8,

Imoderate,experiment/Imoderate,theory = 29.2, and Iheavy,experiment/Iheavy,theory = 27.4. In max-

imum exercise we find Imax,experiment/Imax,theory = 49.9. The arithmetic mean for all
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regimes of exercise is given by

<
Iexperiment
Ilung

>= 32.3. (7.5.12)

These results hint that there may be an unknown proportionality factor connecting these

two quantities.

Some authors[5, 6, 2] claim that the computed efficiency from a model may be coupled

with the oxygen current binding to the blood within the pulmonary arteries through the

following expression: I = WηSlung (Cair − Cbloodβair/βblood), where η should be computed

in whatever model geometry is being considered, and Slung = 122 m2.[2, 1] If we compute

η from the Cayley tree model, we have

I = W ηtreeSlung︸ ︷︷ ︸
Seff,lung

(Cair − Cbloodβair/βblood) . (7.5.13)

The Cayley tree model computes the current crossing its surface; thus we have, from Equa-

tion 7.3.8, Ilung = WNgSeff,g (Cair − Cbloodβair/βblood). Dividing Equation 7.5.13 by this

expression, we find a relationship between the two under physiolgical conditions (Λ = 32.8

cm):
I

Ilung
=

Sg
Stree

, (7.5.14)

where Sg is obtained from Table 7.2, for the appropriate regime of exercise. Here ηStree =

Seff,g, and Stree is given by Equation 7.3.6. Computing these ratios from Equation 7.5.14

and the data given within Table 7.4, we find the arithmetic mean throughout all regimes of

exercise to be

<
I

Ilung
>= 32.7 (7.5.15)

for the equi-length and width model. In comparison with Equation 7.5.12, we find good

agreement and conjecture that the use of the model’s pulmonary efficiency ηtree, may be the

source of the proportionality discrepency between the experimental and theoretical currents

given by Equation 7.5.12.
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In Figure 7.7 we used Equation 7.5.13 to compute the oxygen current by using the

efficiency predicted by the Cayley tree with width and length given by Item (4). Remarkably,

the use of Equation 7.5.13 to infer the oxygen currents gives very good agreement with the

experimental data. Equation 7.5.14 gives a relationship between the current generated by

the Cayley tree model using experimental input, Ilung, and a current generated using its

efficiency, I.

If the Cayley tree model were to give currents equivalent to that of Equation 7.5.13,

then I = Ilung implies that Stree = Sg. In other words, the surface area of the Cayley tree

must be set to the experimental value of a single gas exchanger in the lung. We have done

exactly this for Items (1) and (2); however, we found poor agreement with the experimental

data. This is due to the fact that one must vary the width and/or length of the branches

in the model to achieve a change in surface area, and a change in these parameters directly

affects the current predicted by the model.

In Figure 7.8, we used the treatment given by Equation 7.5.13 to generate predictions

for the oxygen current in a lung with space-filling canopy. We found that the currents are

reasonably close to the experimental ones, however, homeostasis of the oxygen current is

lost as a consequence of reduced surface area associated with such scaling across branches.

As a final remark, we computed the ratio between oxygen currents at rest with frac-

tal canopy Df = 2, and Df = 3. We called these currents Ilung,Df =2, and Ilung,Df =3,

respectively. Using the experimental data given in Table 7.2 for a gas exchanger at rest,

and a width and length of 2Rn+1 = 0.0139 cm and Ln+1 = 0.076 cm, we found that

Ilung,Df =3/Ilung,Df =2 = 0.498.

Hou et al. conducted a similar calculation[1]; however, they computed the oxygen

current in a planar Sierpinski fractal model and compared this result to a fully space-

filling Sierpinski model using their analytical renormalization approach. They found that

I3D/I2D = 1.38× 104.[1] Our approach is different, as the diffusion of oxygen always occurs

in a space with dimension three and is not restricted to a plane, even with a planar canopy

of Df = 2.
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7.6 Summary and conclusions

We applied the best available estimates for the transport and structural parameters to the

Cayley tree model for both space-filling (Df = 3) and and overfilling (Df →∞) cases. We

applied the experimental data to our model, and we made choices for the width and length

of a terminal branch under several geometrical restrictions provided in Items (1) through

(4).

We computed both the oxygen current binding to the hemoglobin of the red blood cells,

and the pulmonary efficiency of a gas exchanger at various levels of respiratory exercise.

From a comparison between our theoretical predictions and the experimental data, we

found that none of our models produced predictions close to the experimental currents

throughout all four regimes of exercise. We found, however, that several of the models

provided estimates close to experimental data for only one or two regimes of exercise; this

data was presented in Tables 7.6, and 7.7.

We concentrated our analysis on the predictions made using restrictions on the width

and length of the terminal branches, outlined in Items (3) and (4). We noticed that Item (3)

gave good agreement for the oxygen current at rest, while its predictions for the pulmonary

efficiency were poor. Conversely, Item (4) gave a poor prediction for the oxygen current;

however, its prediction for the pulmonary efficiency was very good.

We analyzed the efficiency of the model predicted by Item (4) in further detail by com-

puting oxygen currents using the model as outlined in a method presented by other authors.

Under this treatment, the efficiency of the model tree is hypothesized to be equivalent to

the efficiency of the human lung. For example, if the model uses 10% of its surface area in

transport, then this treatment would make the assumption that the human lung does so as

well. Such a treatment washes away the differences between models, and one would seem

to prefer models that make accurate predictions for the pulmonary efficiencies, regardless

of their structure or origin.

Remarkably, we found that this treatment produced predictions of the oxygen current

that were very close to the experimental ones–a fact reflected in its close agreement with the

experimental pulmonary efficiencies. Since the Cayley tree model generates oxygen current
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directly, without needing to resort to using its efficiency and an auxiliary hypothesis to infer

the currents, we should naturally question the validity of such a treatment. Nevertheless,

its close agreement with the experimental data suggests that the efficiency of the model, as

a measure of the surface area which is active in oxygen transport, should be preferred as a

calculational and predictive tool. For this reason, we elevate the model given by Item (4)

to a preferred status.

Indeed, respiratory physiologists often wish to obtain the diffusional capacity of the

alveolar membranes Dm, from which the total oxygen current can be inferred from the

partial pressure across them by I = Dm (pair − pblood). Thus, by computing the oxygen

current in the Cayley tree model we make predictions for the pulmonary efficiency and the

diffusional capacity of the alveolar membranes.

102



Equi-length and width model (p = q = 1, Df →∞)
REST

Item Parameters (cm) Vg (cm3) Sg (cm2) Lp (cm)
2Rn+1 Ln+1 Th. Exp. Th. Exp. Th. Exp.

(1)
0.0139 2.46 0.0235

0.0234
6.77

6.75
14.8

0.456
0.511 0.00181 0.0234 6.75 0.011

(2) 0.299 0.076 0.336 0.234 6.74 6.75 0.456 0.456
(3) 0.0788 0.076 0.0234 0.234 1.34 6.75 0.456 0.456
(4) 0.0139 0.076 0.000727 0.234 0.214 6.75 0.456 0.456

MODERATE EXERCISE

(1)
0.0139 2.46 0.0116

0.0117
3.33

3.38
12.3

0.363
0.511 0.00181 0.0115 3.37 0.0091

(2) 0.299 0.076 0.165 0.0117 3.34 3.38 0.38 0.363
(3) 0.0788 0.076 0.0115 0.0117 0.661 3.38 0.38 0.363
(4) 0.0139 0.076 0.000358 0.0117 0.105 3.38 0.38 0.363

HEAVY EXERCISE

(1)
0.0139 2.46 0.0056

0.00584
1.61

1.69
9.84

0.28
0.511 0.00181 0.00557 1.68 0.00724

(2) 0.299 0.076 0.0800 0.00584 1.64 1.69 0.304 0.28
(3) 0.0788 0.076 0.00556 0.00584 0.321 1.69 0.304 0.28
(4) 0.0139 0.076 0.000173 0.00584 0.0510 1.69 0.304 0.28

MAXIMUM EXERCISE

(1)
0.0139 2.46 0.00261

0.00292
0.753

0.844
7.38

0.21
0.511 0.00181 0.00260 0.841 0.00543

(2) 0.299 0.076 0.0374 0.00292 0.781 0.844 0.228 0.21
(3) 0.0788 0.076 0.00260 0.00292 0.151 0.844 0.228 0.21
(4) 0.0139 0.076 0.0000807 0.00292 0.0238 0.844 0.228 0.21

Table 7.4: Tabulation of theoretical and experimental values for the geometry of the equi-
length and width Cayley tree model (Df → ∞). Experimental values were inferred from
data within reference [2].
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Fractal model (p = q = 2−1/3, Df = 3)
REST

Item Parameters (cm) Vg (cm3) Sg (cm2) Lp (cm)
2Rn+1 Ln+1 Th. Exp. Th. Exp. Th. Exp.

(1)
0.00840 2.20 0.0234

0.0234
6.76

6.75
25.4

0.456
0.514 0.000587 0.0234 6.75 0.00678

(2) 0.305 0.0395 0.554 0.234 6.74 6.75 0.456 0.456
(3) 0.0626 0.0395 0.0233 0.234 1.00 6.75 0.456 0.456
(4) 0.0139 0.0395 0.00115 0.234 0.206 6.75 0.456 0.456

MODERATE EXERCISE

(1)
0.00840 2.20 0.00975

0.0117
3.09

3.38
18.4

0.363
0.514 0.000587 0.00974 3.38 0.00491

(2) 0.305 0.0395 0.231 0.0117 3.18 3.38 0.331 0.363
(3) 0.0626 0.0395 0.00973 0.0117 0.462 3.38 0.331 0.363
(4) 0.0139 0.0395 0.000480 0.0117 0.0940 3.38 0.331 0.363

HEAVY EXERCISE

(1)
0.00840 2.20 0.00390

0.00584
1.34

1.69
12.9

0.28
0.514 0.000587 0.00390 1.68 0.00343

(2) 0.305 0.0395 0.0923 0.00584 1.47 1.69 0.231 0.28
(3) 0.0626 0.0395 0.00389 0.00584 0.206 1.69 0.231 0.28
(4) 0.0139 0.0395 0.000192 0.00584 0.0416 1.69 0.231 0.28

MAXIMUM EXERCISE

(1)
0.00840 2.20 0.00146

0.00292
0.563

0.844
8.46

0.21
0.514 0.000587 0.00146 0.839 0.00226

(2) 0.305 0.0395 0.0346 0.00292 0.659 0.844 0.152 0.21
(3) 0.0626 0.0395 0.00146 0.00292 0.876 0.844 0.152 0.21
(4) 0.0139 0.0395 0.0000719 0.00292 0.0173 0.844 0.152 0.21

Table 7.5: Tabulation of theoretical and experimental values for the geometry of an equis-
caled Cayley tree model with Df = 3. Experimental values were inferred from data within
reference [2].
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Equi-length and width model (p = q = 1, Df →∞)
REST

Parameters Ilung (10−4 moles/sec) η (%)
Item 2Rn+1 (cm) Ln+1 (cm) Theory Experiment Theory Experiment

(1)
0.0139 2.46 0.0389

2.01
0.217

11
0.511 0.00181 17.8 99.6

(2) 0.299 0.076 12.7 2.01 71.1 11
(3) 0.0788 0.076 1.66 2.01 46.9 11
(4) 0.0139 0.076 0.0881 2.01 15.6 11

MODERATE EXERCISE

(1)
0.0139 2.46 0.163

9.68
0.442

26
0.511 0.00181 37.1 99.8

(2) 0.299 0.076 30.9 9.68 84.1 26
(3) 0.0788 0.076 4.80 9.68 65.9 26
(4) 0.0139 0.076 0.332 9.68 28.6 26

HEAVY EXERCISE

(1)
0.0139 2.46 0.394

18.0
0.914

40
0.511 0.00181 45.0 99.9

(2) 0.299 0.076 40.2 18.0 92.3 40
(3) 0.0788 0.076 7.02 18.0 81.7 40
(4) 0.0139 0.076 0.657 18.0 48.2 40

MAXIMUM EXERCISE

(1)
0.0139 2.46 0.714

40.9
1.96

100
0.511 0.00181 40.7 100

(2) 0.299 0.076 36.6 40.9 96.7 100
(3) 0.0788 0.076 6.74 40.9 92.1 100
(4) 0.0139 0.076 0.819 40.9 70.9 100

Table 7.6: Predictions for the oxygen current and pulmonary efficiency given by the equi-
length and width Cayley tree model in all regimes of exercise. Experimental data used for
comparison reported by Hou et al. [1].
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Fractal model (p = q = 2−1/3, Df = 3)
REST

Parameters Ilung (10−4 moles/sec) η (%)
Item 2Rn+1 (cm) Ln+1 (cm) Theory Experiment Theory Experiment

(1)
0.00840 2.20 0.103

2.01
0.580

11
0.514 0.000587 17.8 100.0

(2) 0.305 0.0395 16.7 2.01 93.7 11
(3) 0.0626 0.0395 2.18 2.01 82.3 11
(4) 0.0139 0.0395 0.296 2.01 54.5 11

MODERATE EXERCISE

(1)
0.00840 2.20 0.305

9.68
0.898

26
0.514 0.000587 37.2 100.0

(2) 0.305 0.0395 33.8 9.68 96.4 26
(3) 0.0626 0.0395 4.58 9.68 89.9 26
(4) 0.0139 0.0395 0.723 9.68 69.7 26

HEAVY EXERCISE

(1)
0.00840 2.20 0.524

18.0
1.44

40
0.514 0.000587 45.0 100.0

(2) 0.305 0.0395 38.5 18.0 98.1 40
(3) 0.0626 0.0395 5.23 18.0 94.8 40
(4) 0.0139 0.0395 0.919 18.0 82.8 40

MAXIMUM EXERCISE

(1)
0.00840 2.20 0.671

40.9
2.46

100
0.514 0.00587 40.7 100.0

(2) 0.305 0.0395 31.6 40.9 99.1 100
(3) 0.0626 0.0395 4.15 40.9 97.7 100
(4) 0.0139 0.0395 0.772 40.9 91.9 100

Table 7.7: Predictions for the oxygen current and pulmonary efficiency given by the space-
filling fractal Cayley tree model with Df = 3. Experimental data used for comparison
reported by Hou et al. [1].
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(a) Experimental data for width and length of branches within the acinus.
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(b) Scaling ratios qk+1 = Rk+1/Rk and pk+1 = Lk+1/Lk within the acinar airways.

Figure 7.4: Outer diameters, inner diameters, and segment lengths of ducts within the
acinar airways reproduced from data within reference [4].
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Figure 7.5: Oxygen currents predicted by the Cayley tree model with 2Rn+1 = 0.0788 cm
and Ln+1 = 0.076 cm, in the equi-length and width model. Data from experiment are
represented by circles for physiological Λ = 32.8 cm.
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Figure 7.6: Predictions of the pulmonary efficiency in all regimes of exercise made by the
equi-length and width model for physiological values of 2Rn+1 = 0.0139 cm and Ln+1 =
0.076 cm. Data from experiment are represented by circles for physiological Λ = 32.8 cm.
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Figure 7.7: Oxygen currents in all regimes of exercise computed with Equation 7.5.13, using
the efficiency of the equi-length and width Cayley tree model and data from Item (4).
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Figure 7.8: Oxygen currents in all regimes of exercise computed with Equation 7.5.13, using
the efficiency of the fractal Cayley tree model with Df = 3, and data from Item (4). Data
from experiment are represented by circles for physiological Λ = 32.8 cm.
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Chapter 8

Summary and concluding remarks

In this thesis we have developed, from the ground up, a model predicting both the oxygen

current reaching the hemoglobin of the red blood cells and the pulmonary efficiency of

the lung. We first developed a new model for a single acinar branch and then we derived

restrictions for an approximation to the Laplacian equation of motion typically used to

describe the diffusion of, and subsequent reaction of, oxygen with the alveolar membranes

of the lung. This restriction is given by R/Λ < 1, which connects the structure of the

branch with the transport parameters of the system.

Using our model of a single acinar branch, we developed a new anatomically branching

model of the human lung acinus, and studied its properties. Specifically, we found that

“smaller” trees, in a model where all branches are of equal width and length, are more

efficient in transporting particles to its exterior. We also observed that “large” trees exhibit

regions of permeability, in which the particle current plateaus, which demonstrates that

these trees regulate the current delivered to their exterior, without the need for dynamic

response of their system parameters. Specifically, we found that larger trees possessed

regions insensitive to changes in permeability which were not observed in the more efficient

trees. We concluded that smaller trees are more efficient, but this increase in efficiency

comes at a loss of system stability against changes in its transport parameters.

We extended our model to include a fractal representation of the Cayley tree in order

to study its space filling ability, and to study how such geometric configurations affect the
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oxygen current reaching the blood. We found that space-filling trees (Df = 3) are more

efficient; however, similar to the ”small” trees in the equi-length and width model, these

space filling trees lose their ability to tolerate error in membrane permeability. Because there

exists a finite volume between the end of the bronchial tree and the wall of the pleural cavities

in the lung, we concluded that an equi-length and width model will maximally overfill the

available space thus maximizing its surface area across a finite number of bifurcations. For

this reason, we concluded that the human lung chooses branches that are of equal width

and length to maximize its surface area, while simultaneously maximizing the homeostatic

regulation of its oxygen current.

We also showed, through the equi-length and width model, that the human lung chooses

m = 2, due to its preference for the exponential growth in the total number of its branches,

N ∝ 2n, over a choice of polynomial growth N ∝ m2. An exponential growth in the number

of branches across each generation not only creates a simple way to construct the tree, but

also generates a tree of minimum depth, in which homeostasis emerges as a regulating

mechanism of the oxygen current.

Finally, we applied physiological data to the Cayley tree model and were able to make

quantitative predictions for its oxygen current, as well as make predictions for the pulmonary

efficiency of the human lung. Following a simple algorithm outlined in Figure 1.1, we

conducted a thorough study of the Cayley tree model under several suggested geometrical

restrictions, from which we inferred the width and length of its terminal branches. Using

a given width and length of the terminal branches, we predicted the oxygen current and

pulmonary efficiency from the Cayley tree model with fractal dimensions Df → ∞ and

Df = 3.

Though we analyzed these models with several choices for the width and length of

the terminal branches, we found that the model with Df = 3 made predictions for the

efficiencies that were generally higher than the equi-length and width model; neither the

oxygen currents nor the efficiencies predicted by this model were particularly close to the

experimental ones.

For the equi-length and width model we found only good agreement between the ex-
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perimental values and theoretical predictions, for the pulmonary efficiency of the tree. We

note that the pulmonary efficiencies computed with these physiological values of the width

and length of the terminal branches, 2Rn+1 = 0.0139 cm and Ln+1 = 0.076 cm, performed

very well under all four regimes of exercise.

Independent of the model we analyzed, we found that diffusional screening plays a critical

role in the regulation of the current generated by the Cayley tree. We note that perhaps the

most important quantity to derive from our model is not the oxygen current, but rather the

pulmonary efficiency. This is because the surface area of the alveolar membranes is crucial

to the computation of the current, and the oxygen current is sensitive to poor estimates

of its value. In contrast, the pulmonary efficiency may be correctly computed using unon-

physical values for the surface area of the membranes, and it provides a measure of the

zones active in transport. By extension, it serves as an excellent measure of those portions

of the human lung relevant for transport.

Our model makes possible the quantitative study of many respiratory diseases by mod-

eling their response as changes to the transport or structural parameters of the airways.

For example, asthma affects gas exchange through the constriction of the branches in the

bronchial tree and through the inflamation of the airways. Therefore, we could describe

such a process using our Cayley tree model as a decrease in the generational depth of the

tree coupled with a decrease in the membrane permeability. Such suggestions were first

outlined by Hou and his collaborators using their renormalization treatment[1], and we

apply them to our model. In Table 8.1 we present several diseases of the airways, along

with an associated change in their transport or structural parameters outlined by Hou et

al.[1] There are several possible avenues of investigation in which our Cayley tree model

may provide further insight into the various aspects of diffusional transport in branched

structures. The first of these propositions is a further analysis of the screening mechanism

within the Cayley tree. The physiological value of the exploration length is approximately

Λ ≈ 0.243/0.00739 = 32.8 cm[1], yet the longitudinal path length of the tree is given by

Lp = 0.456 cm[2]. It would be interesting to investigate the path distributions that diffus-

ing particles take within the tree, and to study the dependence of such path distributions
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Condition Parameter response
∆W ∆Slung ∆n ∆2Rn+1 ∆p

Pulmonary edema < 0 – – – –
Aerosol inhalation < 0 < 0 – – –
Asthma < 0 – < 0 – –
Pneumonia < 0 – – < 0 –
Emphysema – < 0 – – –
Lung surgery – < 0 – – –
Hyperbaric oxygen treatment – < 0 – – > 0

Table 8.1: Respiratory diseases modeled by the Cayley tree and their associated parameter
responses, first suggested by Hou et al. for use in their renormalization model of the
airways.[1]

upon their chosen end points and system parameters. Such a study would be conducted by

numerical simulation, and the path distributions that emerge from the Cayley tree would

be compared with those found in of other geometries.

It may also be interesting to conduct a study that explored the relationship between

diffusional screening and the so-called “passivation” process investigated numerically by

other authors[25]. In the passivation process the permeability of the alveolar membranes

becomes heterogeneous, which affects transmembrane oxygen currents local to the hetero-

geneity. For example if a diffusing chemical species adsorbs onto the alveolar membranes

under their first impact with the membranes, then we would expect the permeability of the

membranes local to these first-impacted sites to be different than the membrane permeabil-

ity of the unaffected alveolar membranes.

An analytical study using our model could be conducted that explored the passivation of

the alveolar membranes through the identification of its affects on the exploration length of

the lung. Such an analytical study would be directly complemented by numerical simulation,

possibly using the finite element method. This method relies on the discretization of the

geometry into small meshes over which the diffusion-reaction equations are integrated. The

number of meshes grows with system size, which has been a limiting factor in the numerical

study of all but the simplest fractal geometries.

Another possible application of interest would be the exploration of bio-inspired ar-

chitectures for mathematically equivalent systems, such as those in heat conduction and
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Description Symbol
Global permeability of the alveolar membranes W
Coefficient of diffusion for oxygen in air D
Concentration difference across the alveolar membranes Cair − Cbloodβair/βblood
Solubility of oxygen within the acinar gas βair
Solubility of oxygen on the blood side of the membranes βblood
Number of gas exchangers in the lung Ng

Depth of the Cayley tree n

Number of daughter branches for each branch node m

Radius of the kth branch Rk
Length of the kth branch Lk
Scaling ratio across node generation k for branch widths q := Rk+1/Rk
Scaling ratio across node generation k for branch lengths p := Lk+1/Lk

Table 8.2: Parameters needed to predict the oxygen current crossing the surface of the
Cayley tree model, and its efficiency.

electrochemistry. From our analysis of the human lung, we have explored properties of

particle transport within the acinar airways that are applicable to identifying engineering

targets for other distribution systems, in which demands for error tolerance and screening

are necessary for their operation. At least one promising avenue is the application of our

model to the design of efficient thermal distributors, such as heat sinks for electronic devices.

It would be a major accomplishment to extend our model to the time-dependent domain,

in an effort to investigate time dependent perturbations in the mechanical stability of the

alveolar membranes. Even more challenging would be the time dependent description of

the transitions between regimes of exercise and its coupling to the relevant physiological

mechanisms that initiate them. In particular, diseases, such as respiratory distress in infants,

that lead to a change in gas exchanger volume might be modeled by the same process.

As a final remark, we provide the formulas needed to predict the oxygen current and

pulmonary efficiency from our model in closed form. For a Cayley tree with q = q(i)
k+1 and

p = p(i)
k+1 for all i = 1, 2, . . . ,m and k = 1, 2, . . . , n, the oxygen current and pulmonary

efficiency are given by

Ilung = NgWSeff,g

(
Cair − Cblood

βair
βblood

)
,

ηtree =
Seff,g
Stree

.
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The auxiliary expressions needed to conduct the above computations are given by:

Seff,g =
D

Deff
·
Weff

W
· πR1

2

mq2
,

Stree = 2πR1L1

n∑
k=0

(mpq)k + πR1
2
(
mq2

)n
,

F
(k)
ij =

 q−2
√

2
R1Λ q

k−5
2 tanh

(√
2L1

2

R1Λ ( p√
q )k−1

)
q

1−k
2

2m
R1Λ tanh

(√
2L1

2

R1Λ ( p√
q )k−1

)
m
√

2
R1Λ

 ,

n+1∏
k=1

F
(k)
ij ·

 D

W

 =

 Deff

Weff

 .

The description of the parameters are collected in Table 8.2.
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Appendix A

Concentration in the model branch

A.1 Eigenfunction expansion

Here we calculate an anlaytic expression for the oxygen concentration within a cylinder.

Oxygen will propagate by diffusion from the entrance of the cylinder and ultimately react

with the boundary of the cylinder to produce an oxygen current crossing the boundary. We

begin with the equation of motion, the diffusion equation, for the oxygen concentration:

~∇2C(~x) = 0 (1.1.1a)

~∇C(~x) · n̂(~x) =
C(~x)

Λ
with ~x at the surface, (1.1.1b)

where Λ = D/W is the exploration length. We will solve these equations exactly by

taking advantage of the cylindrical symmetry through the following change of variables:

z = r cos (θ), y = r sin (θ) and x = x, where the x-axis is the axial coordinate of the

cylinder. In this coordinate system C(~x) = C(r, θ, x) and Equations 1.1.1 are given as

~∇2C(r, θ, x) = 0 (1.1.2a)

~∇C(R, θ, x) · r̂ = −C(R, θ, x)
Λ

, (1.1.2b)

where we take the cylinder to have radius R and length L. We adopt the convention that

the normal vector points radially inward, such that n̂ = −r̂.
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Boundary conditions are such that the concentration across the entrance and exit cross-

sections of the cylinder depend explicitly on r and θ:

C(r, θ, 0) = Cent(r) (1.1.3a)

C(r, θ, L) = Cext(r) (1.1.3b)

We will use the following procedure to find the solution to Equations 1.1.2 and 1.1.3; we will

assume that the solution is separable, such that eigenvalued equations are applicable for

each independent variable. We then solve these equations analytically and show the linear

superposition of all such solutions form a vector space. The general solution will then be a

projection in the vector space.

The Laplacian operator in cylindrical coordinates is

~∇2 =
1
r

∂

∂r

(
r
∂

∂r

)
+

1
r2

∂2

∂θ2
+

∂2

∂x2
, (1.1.4)

and we will assume that C(r, θ, x) = R(r)Ω(θ)X(x) 6= 0 almost everywhere. Applying

Equation 1.1.4 to Equation 1.1.2a gives

1
R(r)r

∂

∂r

(
r
∂

∂r
R(r)

)
+

1
Ω(θ)r2

∂2

∂θ2
Ω(θ) +

1
X(x)

∂2

∂x2
X(x) = 0. (1.1.5)

Suppose f(x) and g(y) are functions that can be differentiated at least twice and, for

f(x) = g(y), let there exist another function h(z) independent of x and y such that f(x) =

g(y) = h(z). An obvious choice for h is one that is independent of z, and we take h(z) =

constant. We then express Equation 1.1.5 as

1
R(r)r

∂

∂r

(
r
∂

∂r
R(r)

)
+

1
Ω(θ)r2

∂2

∂θ2
Ω(θ) = −α2 (1.1.6a)

∂2

∂x2X(x) = α2X(x) (1.1.6b)

where we have chosen the constant h = −α2 as the separation function. We can imme-

diately solve Equation 1.1.6b through the following ansatz: X(x) = eβx. This gives the
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characteristic equation β2 − α2 = 0, which, when solved, gives

X(x) = A1e
βx +A2e

−βx. (1.1.7)

We may further separate Equation 1.1.6a by choosing the seperation function as l2. This

gives

r
∂

∂r
R(r)

(
r
∂

∂r
R(r)

)
+ (α2r2 − l2)R(r) = 0 (1.1.8a)

∂2

∂θ2
Ω(θ) = −l2Ω(θ) (1.1.8b)

We assume an invariance of the concentration under a rotation of the cylinder about its

axis, such that Ω(θ) = constant. A consequence is that l2 = 0, and we may write Equation

1.1.8a as
1
α2r

∂

∂r

(
r
∂

∂r
R(r)

)
+
(

1− l2

α2r2

)
R(r) = 0. (1.1.9)

Equation 1.1.9 is in the form of Bessel’s differential equation [26], and has solutions R(r) =

Jl(αr). Since l = 0, we find

R(r) = BJ0(αr), (1.1.10)

where B and α are constants. We may construct a solution from Equation 1.1.7 and

Equation 1.1.10:

C(r, x) = J0(αr)
(
aeαx + be−αx

)
, (1.1.11)

where a = A1B and b = A2B are new constants. Equation 1.1.1b provides a restriction on

α:

αiJ1(αiR) =
1
Λ
J0(αiR), (1.1.12)

and the αi are the ascending real positive roots of Equation 1.1.12.

Expressions in the form of Equation 1.1.12 admit only real, positive roots[23]. Therefore,

they can be ordered, and we let α1 represent the smallest such root. Since there are an

infinite number of roots, there are an infinite number of solutions, and a linear combination
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of these gives

C(r, x) =
∞∑
i=1

J0(αir)
(
aie

αix + bie
−αix

)
. (1.1.13)

To compute the expansion coefficients we must investigate the orthogonality of the Bessel

functions used in Equation 1.1.13. The first step in the determination of ai and bi is to

show that the Bessel functions in Equation 1.1.13 are orthogonal. To this end, we rewrite

Equation 1.1.9 as an eigenvalued equation:

LRi = −α2
iRi, (1.1.14)

where L is the radial Laplacian operator, and −α2
i is the eigenvalue spectrum associated to

the operator L. We now introduce the following theorem of orthogonality between Bessel

functions:

Theorem A.1.1. Let Ri, Rj be eigenfunctions of Equation 1.1.14, such that Rk = J0(αkr).

If the inner product is given by

(J0(αir), J0(αjr)) :=

R∫
0

rJ0(αir)J0(αjr)dr, (1.1.15)

then the following statements hold:

(a) (J0(αir), J0(αjr)) = 0, when i 6= j

(b) (J0(αir), J0(αjr)) = 1
2

(
1 + (Λαi)−2

)
(RJ0(αiR))2 , when i = j

Proof of Theorem A.1.1 (a): Since Ri = J0(αir) and Rj = J0(αjr) are solutions to

Bessel’s differential equation, they can be written as:

Rj
r

∂

∂r

(
r
∂

∂r
Ri

)
+
(
α2
i +

l2

r2

)
RiRj = 0 (1.1.16a)

Ri
r

∂

∂r

(
r
∂

∂r
Rj

)
+
(
α2
j +

l2

r2

)
RjRi = 0. (1.1.16b)

121



Subtracting Equation 1.1.16a from 1.1.16b gives

r
(
α2
i − α2

j

)
RiRj = Rj

∂

∂r

(
r
∂

∂r
Ri

)
−Ri

∂

∂r

(
r
∂

∂r
Rj

)
. (1.1.17)

If we integrate both sides of Equation 1.1.17, we have:

∫ R

0
rJ0(αir)J0(αjr)dr =

R

α2
i − α2

j

[
J0(αjr)

∂

∂r
J0(αir)− J0(αir)

∂

∂r
J0(αjr)

]r=R
r=0

= 0,

where the right hand side satisfies Equation 1.1.12.

Proof of Theorem A.1.1 (b): For the case i = j, we again begin with Bessel’s equation

and write

2r
(
dRj
dr

)
d

dr

(
r
d

dr
Rj

)
+ 2r2

(
α2
i −

l2

r2

)
dRj
dr

Rj = 0.

Since ∂rf2 = 2f∂rf , we have

∫ R

0
r2 d

dr
(Rj)

2 dr =
1
α2
i

[
l2R2

j −
(
r
dRj
dr

)2
]r=R
r=0

and the left hand side can be integrated with r2 d
dr (Rj)

2 = d
dr

(
r2R2

j

)
− 2rR2

j :

∫ R

0
rR2

jdr =
1

2α2

[(
α2r2 − l2

)
R2
j + r2

(
dRj
dr

)2
]r=R
r=0

. (1.1.19)

Putting the mixed boundary condition in Equation 1.1.19, we arrive at the final result:

(J0(αir), J0(αir)) =
1
2
(
1 + (Λαi)−2

)
(RJ0(αiR)2 .
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Using Theorem A.1.1, we may expand C(r, x) in Equation 1.1.13 as

Cext(r) =
∞∑
i=1

AiJ0(αir),

to give
∞∑
i=1

AiJ0(αir) =
∞∑
i=1

J0(αir) (ai + bi) . (1.1.20)

We have shown that the Bessel functions are linearly independent; therefore the coefficients

satisfy Ai = ai + bi for each i.

Similarly, we may use Cext(r) =
∑∞

i=1BiJ0(αir) to produce

∞∑
i=1

BiJ0(αir) =
∞∑
i=1

J0(αir)
(
aie

αiL + bie
−αiL

)
. (1.1.21)

Here, Equation 1.1.21 implies Bi = aie
αiL + bie

−αiL. We now have two equations for each

of the unknown coefficients, which means that we can find unique solutions for both ai and

bi completely in terms of Ai and Bi:

ai =
Bi −Aie−αiL

eαiL − e−αiL
(1.1.22)

bi =
Aie

αiL −Bi
eαiL − e−αiL

. (1.1.23)

We can write Equation 1.1.13 in terms of Ai and Bi:

C(r, x) =
∞∑
i=1

J0(αir)
Ai sinh (αi(L− x)) +Bi sinh (αix)

sinh (αiL)
(1.1.24)

To compute the Ai, we expand and manipulate boundary condition 1.1.2a such that

rCent(r)J0(αkr) = A1rJ0(α1r)J0(αkr) + . . .+AkrJ0(αkr)J0(αkr) + . . . . (1.1.25)

If we integrate both sides and apply Theorem A.1.1, then we find a solution for Ak:

Ak = 2
(
R2J2

0 (αjR)
(

1 +
1

Λ2α2
k

))−1 ∫ R

0
drrCent(r)J0(αkr). (1.1.26)
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Similarly,

Bk = 2
(
R2J2

0 (αjR)
(

1 +
1

Λ2α2
k

))−1 ∫ R

0
drrCext(r)J0(αkr), (1.1.27)

for each k = 1, 2, . . ..

The final solution is

C(r, x) =
∞∑
i=1

(
2
R2

)
δ2
i J0(δi rR)

(
fi(R) sinh

(
δi
L−x
R

)
+ gi(R) sinh

(
δi
x
R

))
J2

0 (δi) sinh
(
δi
L
R

) (
δ2
i +

(
R
Λ

)2) (1.1.28)

fi(R) :=
∫ R

0
rCent(r)J0

(
δi
r

R

)
dr (1.1.29)

gi(R) :=
∫ R

0
rCext(r)J0

(
δi
r

R

)
dr, (1.1.30)

where δi := αiR are the ascending roots of

δiJ1(δi) =
R

Λ
J0(δi). (1.1.31)
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Appendix B

Hierarchical solution for the fractal

Cayley tree

B.1 About notation

We adopt the following notation for both the concentrations and currents within the cylin-

ders: C(j)
ent/ext,k and I

(j)
ent/ext,k, respectively. In general, these labels take the following form:

A
(j)
ent/ext,k,

where the superscript denotes the jth daughter branch associated attached at its entrance

to the k − 1st node, where k = 1, 2, . . . , n+ 1.

Subscripts ent/ext denote the position of the concentration or current within each

branch, with respect to the entrance and exit. We will not consider currents or concen-

trations which are intermediate to the end points of each branch. In many cases it will be

clear which of the branches are parent branches and which are daughter branches, without

the use of separate notation. Where the branches are ambiguous, we will clearly note the

hierarchy of the tree’s parameters.
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Figure B.1: Labeling of nodes and branchs in the cayley tree.

B.2 Renormalization treatment on the tree

Consider the terminal branches of the Cayley tree, where the concentrations across the

terminal cross-sections are given by boundary conditions:

∂xC
(j)
n+1(x)|x=0 = −

I
(j)
ent,n+1

DS
(j)
n+1

, (2.2.1a)

C
(j)
n+1(x)|x=L =

I
(j)
ext,n+1

WS
(j)
n+1

, (2.2.1b)

and Sn+1 = πR
(j)
n+1

2
is the cross-section of a terminal branch.

In solving the equation of motion, Equation 4.2.3, we apply the boundary conditions to

arrive at the following results for the terminal branch:

C
(j)
ent,n+1 =

tanh
(
λ

(j)
n+1L

(j)
n+1

)
λ

(j)
n+1DS

(j)
n+1

I
(j)
ent,n+1 +

Λ

DS
(j)
n+1 cosh

(
λ

(j)
n+1L

(j)
n+1

)I(j)
ext,n+1, (2.2.2a)

I
(j)
ent,n+1 =

(
cosh

(
λ

(j)
n+1L

(j)
n+1

)
+ Λλ(j)

n+1 sinh
(
λ

(j)
n+1L

(j)
n+1

))
I

(j)
ext,n+1, (2.2.2b)

where

λ
(j)
n+1 =

√
2

ΛR(j)
n+1

. (2.2.3)

We are interested in finding I(j)
ent,n+1 as a function of entrance concentration, which we

can find through Equation 2.2.2a and Equation 2.2.2b as

I
(j)
ent,n+1 =

DS
(j)
n+1λ

(j)
n+1

(
1 + Λλ(j)

n+1 tanh
(
λ

(j)
n+1L

(j)
n+1

))
Λλ(j)

n+1 + tanh
(
λ

(j)
n+1L

(j)
n+1

) C
(j)
ent,n+1.
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We may now write the entrance current as

I
(j)
ent,n+1 =

DS
(j)
n+1

f
(j)
n+1(Λ)

C
(j)
ent,n+1, (2.2.4)

where we define the effective exploration length, f (j)
n+1(Λ), as

f
(j)
n+1(Λ) :=

Λλ(j)
n+1 + tanh

(
λ

(j)
n+1L

(j)
n+1

)
λ

(j)
n+1

(
Λλ(j)

n+1 tanh
(
λ

(j)
n+1L

(j)
n+1

)
+ 1
) . (2.2.5)

Through Equation 2.2.4 the tree original tree has been renormalized and describes a

new tree of depth n− 1. In this picture, the current which is leaving through the nth node

is the current which is attenuated by the surface the branches in the n+ 1 generation.

B.2.1 Terminal branches

In the previous section we found that in order to describe the current leaving through a

terminal cylinder, we only need to compute the effective exploration length Λ 7→ f
(j)
n+1(Λ). In

order to propagate back through the tree, we must cross the node junction. Two conditions

hold at each node within the tree, and are the Cayley tree analogue of Kirchoff’s laws in

electrical circuits:

Cext,k−1 = C
(1)
ent,k = C

(2)
ent,k = · · · = C

(m)
ent,k (2.2.6a)

Iext,k−1 =
m∑
j=1

I
(j)
ent,k,

= D

m∑
j=1

S
(j)
k C

(j)
ent,k

f
(j)
k (Λ)

. (2.2.6b)

At each node k − 1, Equation 2.2.6a is a statement of continuity in the concentration,

and Equation 2.2.6b is a statement of current conservation. Applying these conditions to

Equation 2.2.4 gives

Iext,n = DCext,n

m∑
j=1

S
(j)
n+1

f
(j)
n+1(Λ)

.

At this point, we will make several assumptions that will greatly simplify our calculations
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and complement our intuitive picture of the Cayley tree. For each k ∈ {1, 2, . . . , n+ 1}, we

take daughter branches to be equal. In other words, R(1)
k = R

(2)
k = · · · = R

(m)
k = Rk and

L
(1)
k = L

(2)
k = · · · = L

(m)
k = Lk. We may therefore drop the superscript that will uniquely

identify an individual daughter branch at the k − 1th node. Applying these relations to

Equation B.2.1, we find

Iext,n =
DSn+1

f̃n+1(Λ)
Cext,n, (2.2.7)

where we have defined, for convenience, f̃n+1(Λ) := fn+1(Λ)/m.

B.2.2 Intermediate branches

We will continue to propagate the oxygen current back through the tree, and as a goal, we

will obtain an expression for Ient,1 in terms of Cent,1. We begin by reporting the concen-

trations and currents within the intermediate branch connected to the terminal cylinders:

Cent,n =
cosh (λnLn)Ient,n − Iext,n

λnDSn sinh (λnLn)
, (2.2.8a)

Cext,n =
Ient,n − cosh (λnLn)Iext,n

λnDSn sinh (λnLn)
, (2.2.8b)

Iext,n =
DSn+1

f̃n+1(Λ)
Cext,n. (2.2.8c)

Using the above expressions, we can solve for the entrance current in terms of the

entrance concentration:

Ient,n =

(
f̃n+1(Λ) Sn

Sn+1

)
tanh (λnLn) + 1(

f̃n+1(Λ) Sn
Sn+1

)
+ tanh (λnLn)

DSnCent,n

=
DSn

fn ◦ Sn
Sn+1

f̃n+1(Λ)
Cent,n. (2.2.9a)

Equation 2.2.9a is of the form Iext,n = DSnCent,n/Λeff , and by inspection, we find that the

effective exploration length is given by

Λeff = fn ◦
Sn
Sn+1

f̃n+1(Λ).
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We can continue this iterative procedure back through the intermediate branches of the

tree, where we find that the current is

Ient,k =
DSkCent,k

fk ◦ Sk
Sk+1

f̃k+1 ◦ · · · ◦ Sn
Sn+1

f̃n+1(Λ)
, (2.2.10)

where k ∈ {2, 3, . . . , n} labels the chosen intermediate branch. This expression does yet not

extend to k = 1.

B.2.3 Entrance branch

For the single entrance branch, we have

Ient,1 = λ1DS1 tanh (λL)Cent,1 +
Iext,1

cosh (λ1L1)
(2.2.11a)

Cext,1 =
Cent,1

cosh (λ1L1)
− tanh (λ1L1)Iext,1

λ1DS1
(2.2.11b)

Iext,1 =
DS2Cext,1

f̃2 ◦ S2
S3
f̃3 ◦ · · · ◦ Sn

Sn+1
f̃n+1(Λ)

. (2.2.11c)

The solution for Ient,1 in terms of Cent,1 is straight-forward, and we find that

Ient,1 =
DS1Cent,1

f1 ◦ S1
S2
f̃2 ◦ · · · ◦ Sn

Sn+1
f̃n+1(Λ)

. (2.2.12)

We can now describe the current entering the tree by applying our analogue of Kirchoff’s

laws to Equation 2.2.12. We find

I =
DS1Cent

mf̃1 ◦ S1
S2
f̃2 ◦ · · · ◦ Sn

Sn+1
f̃n+1(Λ)

, (2.2.13)

where we’ve labeled I = Iext,0, and Cent = Cext,0. We are now in a position to apply the

scaling ratios p and q to the current and formulate an expression for the current across the

fractalized Cayley tree.
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B.3 Current across the fractalized Cayley tree

In chapter 5 we discussed the geometry of the Cayley tree. Here we use these results to

extend Equation 2.2.13 to non-integer topological dimension. Recall from Equations 5.2.1

and 5.2.2 that pk+1 = Lk+1/Lk, and qk+1 = Rk+1/Rk, respectively. In the exposition that

follows, we will take the scaling ratios across each branch generation k ∈ {1, 2, . . . , n} to be

equal to all others in the tree; i.e. p = p2 = · · · pn+1 and q = q2 = · · · qn+1. We may then

write the ratio of the cross-sectional areas, which appear within Equation 2.2.13, for each

branch k, as

Sk
Sk+1

=
(

Rk
Rk+1

)2

=
1
q2
. (2.3.14a)

For organizational convenience, we write Equation 2.2.13 as

I =
DπR1

2Cent
mq2

·
Weff

Deff
, (2.3.15)

where
Deff

Weff
=
f̃1

q2
◦ f̃2

q2
◦ · · · ◦ f̃n+1(Λ)

q2
. (2.3.16)

We will continue our discussion by describing Deff/Weff in the Möbius representation and

express the result as a p, q-dependent matrix.
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B.3.1 Möbius representation

The Möbius matrix associated with the map f̃k/q
2 is given by

F
(k)
ij =

 λk tanh (λkLk)

mq2λk
2 tanh (λkLk) mq2λk



=

 q−2λ1 q
k−5
2 tanh

(
λ1L1( p√

q )k−1
)

q
1−k
2 mλ1

2 tanh
(
λ1L1( p√

q )k−1
)

mλ1

 , (2.3.17a)

where λ =
√

2/RΛ, and we have used the definition of the scaling exponents to express

the kth length and width of a branch in terms of the entrance branch: Lk/L1 = pk−1 and

Rk/R1 = qk−1, respectively. Deff/Weff may be computed using Equation 2.3.17a:

n+1∏
k=1

Fij
(k) ·

 D

W

 =

 Deff

Weff

 . (2.3.18)

B.4 Solution across the symmetric tree: the equi-length and

width model

An analytic solution exists for the choice p = q = 1. We may compute the current using

the orbits of f̃ :

I (Λ) =
DπR1

2Cent

mf̃n+1 (Λ)
, (2.4.19)

where

f̃n+1 (Λ) = f̃ ◦ f̃ ◦ · · · ◦ f̃ (Λ) . (2.4.20)

In the above expression,

f̃(Λ) :=
λΛ + tanh (λL)

mλ2 tanh (λL)Λ +mλ
. (2.4.21)
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We may write the Möbius matrix for p = q = 1 as

Fij =

 λ cosh (λL) sinh (λL)

mλ2 sinh (λL) mλ cosh (λL)

 , (2.4.22)

where Ri = R and Li = L for all i = 1, 2, . . . , n+ 1, and λ =
√

2 RΛ.

According to Equation 2.3.18, we calculate the current by computing powers of the

matrix given by Equation 2.4.22. To this end, Equation 2.4.22 can be diagnolized yielding

an analytic expression for Equation 2.3.18. If p = q = 1, we can write Equation 2.3.18 as

n+1∏
k=1

Fij
(k) ·

 D

W

 = Fn+1
ij ·

 D

W

 .

Diagonalizing Fij allows one to forumulate an analytic expression for Fijn+1. To illus-

trate this, let Dij be diagonal, such that Fij can be decomposed as

Fij = PikDklP
−1

lj ,

therefore, Fn+1
ij = PikD

n+1
klP
−1

lj , since PikP−1
kj = P−1

ikPkj = δij is the Kronecker

delta, and serves as the identity. The diagonalized matrix has the form

Dkl =

 ζ+ 0

0 ζ−

 , (2.4.23)

where ζ± are the eigenvalues of Fij and satisfy FijQj,± = ζ±Qj,±. Here Qj,± are the

eigenvectors associated to each respective eigenvalue, and are used to construct the unitary

matrix Pij . The eigenvalues of Fij are given by

ζ± =
λ

2
·
(

(m+ 1) cosh (λL)±
√

((m+ 1) cosh (λL))2 − 4m
)
, (2.4.24)
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and its eigenvectors are given by

Qj,+ =

 sinh (λL)

ζ+ − λ cosh (λL)

 , (2.4.25a)

Qj,− =

 ζ− −mλ cosh (λL)

mλ2 sinh (λL)

 . (2.4.25b)

We can now write the unitary matrix in terms of the eignvectors:

Pij =

 sinh (λL) ζ− −mλ cosh (λL)

ζ+ − λ cosh (λL) mλ2 sinh (λL)

 , (2.4.26)

while its inverse is given by

P−1
ij =

 mλ2 sinh (λL) mλ cosh (λL)− ζ−

λ cosh (λL)− ζ+ sinh (λL)

 . (2.4.27)

In Equation 2.4.27, we exclude its determinant because it multiplies all four of its entries.

Therefore, after we map the result back to f̃ , any common prefactor will divide out. In

this way, we consider any operation on the Möbius matrix that results in such an arbitrary

prefactor to be a symmetry operation. We are restricted, however, to such cases in which

det(Pij) 6= 0 so that Pij is invertible.

We are now in a position to compute Fijn+1 as

Fn+1
ij = Pik ·

 ζ+
n+1 0

0 ζ−
n+1

 · P−1
lj , (2.4.28)

133



and its entries can be calculated analytically. We find these to be

Fn+1
11 = ζ+

n+1mλ2 (sinh (λL))2

+ ζ−
n+1 (ζ− −m cosh (λL)) (λ cosh (λL)− ζ+) , (2.4.29a)

Fn+1
12 = ζ+

n+1 sinh (λL) (mλ cosh (λL)− ζ−)

+ ζ−
n+1 sinh (λL) (ζ− −mλ cosh (λL)) , (2.4.29b)

Fn+1
21 = mλ2 sinh (λL) (ζ+ − λ cosh (λL))

(
ζ+

n+1 − ζ−n+1
)
, (2.4.29c)

Fn+1
22 = ζ−

n+1mλ2 (sinh (λL))2

− ζ+
n+1 (ζ− −m cosh (λL)) (λ cosh (λL)− ζ+) . (2.4.29d)

The Möbius matrix with elements given by Equation 2.4.29 can be connected to f̃n+1(Λ)

through

f̃n+1 (Λ) =
Deff

Weff
=
Fn+1

11Λ + Fn+1
12

Fn+1
21Λ + Fn+1

22
,

and simplifying this expression gives

f̃n+1(Λ) =

sinh (λL)
λ + Λ

2

(
(−m+ 1) cosh (λL) +

√
·
)

+ Λ
√
·(

1
4m((m+1) cosh (λL)+

√
·)2
)n+1

−1

mλΛ sinh (λL) + 1
2

(
(m− 1) cosh (λL) +

√
·
)

+
√
·(

1
4m((m+1) cosh (λL)+

√
·)2
)n+1

−1

,

where
√
· :=

√
(m+ 1)2 cosh2 (λL)− 4m,

and λ =
√

2/RΛ.
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