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ABSTRACT

The Chapman-Enskog solutions of the Boltzmann equations provide a basis
for the computation of important transport coefficients for simple gases and gas
mixtures. These coefficients include the viscosity, the thermal conductivity, and
also, for gas mixtures, the diffusion and the thermal diffusion coefficients. In the
standard method for computing the transport coefficients, the Chapman-Enskog
solutions are expressed as expansions in Sonine polynomials because of the rapid
convergence of this series for the transport coefficients. Due to the complex na-
ture of the expansions, direct, general expressions have been limited to low-order
solutions. In this work, the Chapman-Enskog solutions have been been explored
to arbitrary, relatively high orders of the Sonine polynomial expansions. Explicit,
symbolic expressions containing the full dependence of the problem on the molecu-
lar masses, the molecular sizes, the mole fractions, and the intermolecular potential
model via the omega integrals have been generated and archived for orders of ex-
pansion of 150 for simple gases, of 60 for the viscosity-related solutions for a binary
gas mixture, and of 70 for the diffusion- and thermal conductivity-related solutions
for a binary gas mixture. Numerical results using high-precision arithmetic are re-
ported for the above orders of expansion using the rigid-sphere potential model,
as analytical expressions are available for the omega-integrals. These benchmark
results are then compared with the rigid-sphere results of other authors reported

in the literature and a good agreement between the results is demonstrated.

xi



Chapter 1

Introduction and organization of
the dissertation

1.1 Introduction

The transport coefficients form the basis for predicting and modeling gas flows for
many problems of interest in physical sciences and engineering. These coefficients
include the viscosity, the thermal conductivity, and also, for gas mixtures, the dif-
fusion and the thermal diffusion coefficients. For many problems, one is able to
apply the Navier-Stokes equations and obtain a sufficiently accurate description
for a system and thus, the associated transport coefficients. However, for systems
where the effects of molecular interactions (both gas and gas-surface) are not neg-
ligible, a more detailed model must be used. The traditional method for modeling
this type of system, the kinetic theory of gases, due to the work of Maxwell [3-5],
Boltzmann [6] and others, describes the state of a gas (or each component thereof)
by means of the Boltzmann equation and use of a molecular distribution function.
The Boltzmann equation accounts for the molecular collisions through a collision
operator term. A general method for the solution of this integro-differential equa-
tion did not exist until the problem was independently solved by Chapman |7, 8]
and Enskog [9]. The formalized version of these two solution approaches, now well
known as the Chapman-Enskog method, has formed the basis for many noteworthy

texts on the subject [10-12].



The Chapman-Enskog solutions of the Boltzmann equations provide a basis for
the computation of the transport coefficients. In the standard method for com-
puting the transport coefficients, the Chapman-Enskog solutions are expressed as
expansions in Sonine polynomials [13] because of the rapid convergence of this
series for the transport coefficients [14]. Due to the complex nature of the expan-
sions, direct, general expressions that can be related to the transport coefficients
have been limited to low-order solutions. In this dissertation, the Chapman-Enskog
solutions have been been explored to arbitrary, relatively high orders of the So-
nine polynomial expansions. Explicit, symbolic expressions containing the full
dependence of the problem on the molecular masses, the molecular sizes, the mole
fractions, and the intermolecular potential model via the omega integrals have been
generated and archived for orders of expansion of 150 for simple gases, of 60 for
the viscosity-related solutions for a binary gas mixture, and of 70 for the diffusion-
and thermal conductivity-related solutions for a binary gas mixture. High-precision
numerical values for transport coefficients and related solutions are reported for
the above orders of expansion using the rigid-sphere potential model as analytical
expressions are available for the omega-integrals, thus elimating the introduction
of of numerical integration errors. These results are presented as benchmark set
of tables for normalized values of the tranport coefficients for simple gases and
gas mixtures. The results are also compared with the rigid-sphere results of other
authors reported in the literature and a good agreement between the results is

demonstrated.

1.2 The organization of the dissertation

This dissertation has been organized into five separate, more-or-less self-contained
chapters (Chapters 2-6) each of which contains all of the definitions, theoretical
discussion, and results associated with one of a series of journal articles [15-19]. In

Chapter 2, the use of high order Sonine polynomial expansions to obtain error free



results for the transport coefficients and the related Chapman-Enskog solutions
for a simple gas are explored. Explicit results up to order 150 are reported for
the rigid-sphere potential model. In Chapter 3, the use of high order Sonine poly-
nomial expansions to arbitrary order for the viscosity-related Chapman-Enskog
solutions for binary gas mixtures is explored and explicit results up to order 60
are reported for the rigid-sphere potential model. The results are compared with
those of Garcia and Siewert [1] and Takata et. al. [2] and in general, there is good
agreement between the results reported. Also, extensive tables of the viscosity co-
efficient (and related results) for various binary mixtures of the noble gases (using
the rigid-sphere potential model) up to order 60 are presented. It is notable that
the precision of our order 60 results can be nearly doubled by the application of
an extrapolation method to the order 1 through 60 results for the viscosity co-
efficient. In Chapter 4, the use of high order Sonine polynomial expansions for
the diffusion- and the thermal conductivity-related Chapman-Enskog solutions for
binary gas mixtures is explored and results up to order 70 are reported for the
rigid-sphere potential model. The results are compared with those from the work
Takata et. al. [2] and both sets of results appear to be in agreement. Exten-
sive tables of both the diffusion and thermal conductivity coefficients (and related
solutions) for various binary mixtures of the noble gases (using the rigid-sphere
potential model) are presented. Again, it is notable that the precision of the or-
der 70 results can be significantly increased by the application of an extrapolation
method to the order 1 through 70 results for the both the diffusion and the thermal
conductivity coefficient solutions. In Chapters 5 and 6, explicit binary gas mixture
bracket integral expressions required for order 5 (in Sonine polynomial expansions)
viscosity- (Chapter 5) and the diffusion- and thermal conductivity-related (Chap-
ter 6) Chapman-Enskog solutions are presented. Chapter 7 gives a brief summary

of the work and some suggestions for future work.



Chapter 2

Chapman-Enskog solutions for a
simple, rigid-sphere gas

2.1 Introduction

The Chapman-Enskog solutions of the Boltzmann equations provide a basis for
the computation of transport coefficients such as the viscosity, the thermal con-
ductivity, and diffusion coefficients [10-12,20-28]. These solutions are also useful
for computations of slip and jump coefficients [28-30]. Generally, the Chapman-
Enskog solutions are expressed as Sonine polynomial expansions and it has been
found that relatively, low-order expansions (of order 4) provide reasonable precision
(to about 1 part in 1,000) in the computation of the transport coefficients [10]. For
the computation of slip and jump coefficients, the adequacy of low-order expansions
needs to be investigated further [28,31-33]. Additionally, low-order expansions do
not provide good convergence in velocity space for the actual Chapman-Enskog
solutions and, thus, it is of some interest in molecular gas dynamics to have bet-
ter solutions available. One should note that full solutions for the special case of
rigid-sphere molecules in a simple gas were obtained by Pekeris and Alterman [26].
Although these authors provided results for the Chapman—Enskog solutions to a
higher accuracy than previously reported, their technique was specific to a simple,
rigid-sphere gas. They converted the relevant integral equation(s) to a fourth order

ordinary differential equation on an infinite domain, with boundary conditions at



both extrema, and then solved the problem numerically using a shooting method.
This technique is not ideal for solving integral equations, and it is not clear if it
can be adopted for real potentials. Later, the relevant integral equation(s) was
solved directly [34] (by Neumann iteration in conjunction with various splines and
collocation) and a good agreement with Pekeris and Alterman [26] was obtained.
These results have been further confirmed [35,36]. The use of Neumann iteration
together with splines and collocation has been effective for a simple, rigid-sphere
gas, but again its extension to real potentials has not been explored, and is also
likely to pose substantial challenges with accurate evaluations of the multifold
integrals that are associated with real potentials. Thus, despite these previous
works, [26,34-36] there has remained a need for further exploration of the Sonine
Polynomial expansions.

The purpose in this chapter is to report on the use of high-order standard
Sonine polynomial expansions for the determination of the viscosity and thermal
conductivity coefficients as well as the Chapman-Enskog solutions. The results
presented here may be obtained to any desired precision for a simple, rigid-sphere
gas. The current approach can also be used to obtain results of arbitrary accuracy
for real potentials, without further mathematical and numerical complications, for
single gases as well as gas mixtures. An additional and important advantage of the
method is that for gas mixtures, where a number of parameters such as molecular
mole fractions, masses, diameters, interaction potentials, etc., are involved, the
associated matrix elements can all be obtained as algebraic expressions defined in
terms of the standard omega integrals, and numerical results can then be obtained
in a straightforward manner and to a desired accuracy by inversion of the associ-
ated matrices (with the use of the values for the omega integrals appropriate to
a specified potential). There does exist considerable literature on omega integrals
and their numerical computation [10-12,27] and one can further improve on the

accuracy of these computations as appropriate to higher order Sonine expansions.



2.2 The viscosity and thermal conductivity equa-
tions for a simple gas

The Chapman-Enskog approach for the determination of the transport coefficients
from the Boltzmann equation is described elegantly and concisely in the text of
Chapman and Cowling [10]. Many other authors have followed this text and ex-
panded upon the theory [11,12,20-25,27]. While this approach could be described
again here, doing so might tend to distract the reader from the more essential de-
velopments described below. Thus, the reader is referred to the text of Chapman
and Cowling for their development of the molecular distribution function (and no-
tations) which leads to the equations and expressions that will be considered in
this work. However, it is important to note that in the Chapman-Enskog approach,
for a simple, monatomic gas, the molecular distribution, f, to the order of interest

here, is developed as:
=10+ O, (2.1)

where f© represents the local equilibrium Maxwellian distribution:

f(o) =n <27ZL€T)3/2 exp (—‘52) , (2.2)

in which, n is the local molecular number density, m is the molecular mass, k is

the Boltzmann constant, 7" is the local temperature, and:

¢ = <%)1/2 C, (2.3)

where, C = ¢ — ¢ is the molecular velocity, and cq is the local mean molecular

velocity. The function, (), is expressed as:

1/2
o) — 1 (%_T) A-Vin(T) - EB :Veg (2.4)
n

n m

where A is a vector and B is a tensor which have the forms:

A(F)=FAC) (2.5)



B(¥)=€%B (%) . (2.6)

and are determined from the linearized Boltzmann equation. Note that using the
expression for @) given in Eq. (2.4), the molecular distribution, f, can be written

as:

m

1/2
f=fO (1 _ % (%_T> A-VIn(T) - %B : Vc0> : (2.7)

In the notations of Chapman and Cowling [10], the Chapman-Enskog equations

for the thermal conductivity and the viscosity are:

nl (A)=fO(¢*-35)¢ . (2.8)
nl (B) = fO€E (2.9)

where [ is the linearized Boltzmann collision operator defined by:

// fo ¢ + ¢1 — ¢ — ¢)) gayde’de; . (2.10)

One should note that g = ¢; — ¢ is the dimensional pre-collision relative velocity,
a (g, x) is the collision cross-section, € is a unit vector (dimensionless) in the
direction of the post-collision relative velocity, g’ = ¢ — ¢/, and y is the angle
between g and g’. For computational purposes, the Boltzmann collision operator

may also be expressed (equivalently) as

//f gb—l— o1 — ¢ — ¢}) gbdbdedcy , (2.11)

where b is the impact distance (also known as the impact parameter) and ¢ is the
azimuthal angle of the scattering plane (the plane containing g and g’ ) relative
to a fixed direction in space. Note that a non-dimensional relative velocity, g, may

also be defined as:

4= (%)mg : (2.12)



For later purposes, it is useful to note that one can also express the Boltzmann

operator as:
2] = xp (=€ — F)
w1 (0) =i’ () b [ [ exn .
% |0(€)+0(€1) = 6(€) — 6 (€))]gb'db'ded?, |

where b* = b/oy and oy has dimensions of length. Thus, the Chapman-Enskog

equations that one must solve are written as:

nl (€A (%)) =0 (¢*-3)¥, (2.14)
I (‘KO%B (%)) PO (2.15)

The heat flux, g, and the pressure tensor, p, are given by:
=1im / fC%*Cdc (2.16)
p:m/fCoCdc, (2.17)

which, using Eq. (2.7) and the condition:

/f(O)A (€)€dc =0, (2.18)

can be expressed as:

q=-AVT, (2.19)

p=pU—-2uVcy, (2.20)

o

where, p is the scalar pressure, U is the unit tensor, and V ¢y is the traceless strain

tensor. The thermal conductivity, A, and the viscosity, u, are given by:

2k*T
_ (0)gp2 2_ 5
o /f €*A(€) (€% —3) dc, (2.21)
= 25’“—: / fOEG 6% B(%)de, (2.22)
which can also be written as:
2k2T
A= [A @), A®@)|, (2.23)



2kT
§= T[B () B(%)} . (2.24)
In Egs. (2.23) and (2.24), the terms in square brackets are commonly known as

the bracket integrals which are defined by:

1.0 = el (e, (225)
such that:

A@) . A@) - / A@) (A (%)) de, (2.26)

[B (%) | B(‘f)] - / B(¥):I(B(¥))dc. (2.27)

For future purposes, it is also useful to note that Eqs. (2.21) and (2.22) can also

be written as:

5k*T (16 o
A= — - (—15771/2 / exp (—€°) €* (3 —€%) A(%) d%) , (2.28)
4kT /f o
16kT (2.29)

_ 2\ o6
_157T1/2/0 exp (—¢7) ¢°B (¢)d% .

2.3 The Chapman-Enskog solutions

In the standard development [10], the functions A (%) and B (%) are expressed as:

N
=Y a5 (¢7) (2.30)
p=1
Zb 551/’21 (2.31)
where S& (x) are the un-normalized Sonine polynomials defined by:
SM () =3 (—xz)” (m . 2.32
€)= 2, () O 17 T (232

The first two Sonine polynomials are, thus, S\’ () =1 and S (x)=m+1—ux.

Also, the Sonine polynomials are orthogonal, such that:
/ exp (—2) S () SD () a™dz = {T'(m + p+ 1) /pl} 6, - (2.33)
0

9



where 9, , is the Kronecker delta.
Note that, in terms of Sonine polynomials, the Chapman-Enskog equations,

Egs. (2.14) and (2.15), can be written as:
nl (€ A(€)) =0 5‘3/2 (€*) ¥ , (2.34)
I (‘KO‘KB (fg)) — fOS9) (67 %€ . (2.35)

When Egs. (2.30) and (2.31) are substituted into Eqs. (2.34) and (2.35), re-

spectively, multiplied by Sé% (¢*)€ and Sé‘;z 2 (6*)€ €, respectively, and then

integrated with respect to c, one obtains the following systems of linear, algebraic

equations for the expansion coefficients, a, and b,:

D apa,=0a, (¢=1,2,...,N), (2.36)

Zb b,=0, (¢q=1,2,...,N), (2.37)

Where apq and by, are defined by:

(pq = / (Cg S§I;2 (%2)> %Sé?z (%2> de

(2.38)
= [gs0)(¢) . #5 (#)] .
bpg = / (‘5‘5 s (€ )) €€ Syiy Y (€7) de
(2.39)
— | s (@) wwsl (@)
and «a, and (3, are given by:
ag=—n"" / FO6 85 (€7) € S5, (7) de., (2.40)
/ fO%E Siy (€7) : €€ Sy (%7) de (2.41)
which evaluate to:
g = =641, (2.42)
By = 3041 - (2.43)

10



Based upon these notations, one may express the transport coefficients as:

k2T
\_ _52m a | (2.44)

Now, if a,, and b, are evaluated to a given order, N, then a, and b, can be obtained
by solving the systems of N linear, algebraic equations represented by Eqgs. (2.36)
and (2.37), respectively, as straightforward matrix inversion problems. Obviously,
the matrix coefficients, a,, and b,4, depend upon the intermolecular collision cross-
section, « (g, x), and are discussed further below. Note that the variable N is used
in the current chapter to represent the order of expansion in Sonine polynomials
to conform to the first of the publications in this series [15]. In the subsequent

chapters, the variable m is used to represent this order of expansion.

2.4 The matrix elements q,, and b,

For general intermolecular force laws, a,, and b,, are determined by evaluating the
eight-fold integrals implicit in Eqgs. (2.10), (2.38), and (2.39). These integrals may

be expressed as:
7 ¢
g =Y Apgre2 (1), (2.46)
rd

Z qrﬁQ 8) ) (247)

where qurl and qurl are pure numbers and the quantities, {2 ge) (r), are known as

the omega integrals which are defined for a simple gas as:
/ / exp ( 77 (1 —cos’ x (b)) gbdbdg
1/2 ®
- (—) / exp (=37) 5 (5) i
0

w™m

(2.48)

in which:
¢§e) (j) = 27r/ (1 - cosgx (b,[])) bdb , (2.49)
0
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where the notation follows that of Chapman and Cowling [10] by using the non-
dimensional, pre-collision, relative velocity, § (Note: The dimensional relative ve-
locity, g, in the first part of Eq. (2.48) is not a typographical error but is retained
in order to conform to the equation as given by Chapman and Cowling. In the
second part of the equation it has been converted to the non-dimensional relative
velocity, ). Chapman and Cowling have not given explicit expressions for the
expansion coefficients, flpqu and épqu, and advise that a,, and b,, be evaluated
directly by working with expansions of a more general nature. They have presented
explicit expressions for a,, and b,, only up to N = 3 which are reproduced below

in Egs. (2.50)-(2.61):

a; = 4022 (2) | (2.50)
ap =702 (2) =209 (3) | (2.51)
4 = TP Q) —10P 3)+ 2P 1), (2.52)
a = §217(2) - 3217 8) + 3217 (1) (253)
an =307 (2) - 80P )+ 20 @) - 107 65) , (2:54)
o =420 () - 320 @)+ $o P @) - 107 6) (2.55)
+ 5020 (6) + 120 @) |
16°71 6°°1 ’
by = 482 £2) (2) , (2.56)
b =707 (2) — 2027 (3) | (2.57)
by =20 (2) -2 3)+ 2P (4) (2.58)
by = §217 () =327 (9327 (@) (259)
by = 2802 (2) - 2P 3)+ 20 P (1) - 12 (5) (2.60)
by =52 () - R0 (3) + e 1) - 120 6) 261

+ L0 6)+10W @),
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with a4, = a,, and by, = b,,. For the current work, a program has been written
which enables one to construct explicit expressions for a,, and b,,, from the ex-
pansions of Chapman and Cowling, to any arbitrary order. As an example of such
calculations, the additional explicit expressions for a,, and b,, that are needed in
the Sonine polynomial expansions to order 5 have been reported in Appendix A.
Further details of this work will be reported in subsequent chapters and in future

publications where gas mixtures and more general intermolecular potentials will

be addressed.

2.5 The matrix elements, a,, and b,,, for rigid-
sphere molecules

For a simple gas of rigid-sphere molecules, the omega integrals can be evaluated

analytically such that:

LT\ /2
217 (r) = o* (—W > Wi (r) (2.62)
m
in which:
1
and o is the diameter of the sphere. Now, defining:
TkT\ ? )
o =507 (W) U1 (2.64)
TkT\"?.
one has:
dllzl,dlzz_}u &22:%> &132—3%,
(2.66)
fom — 108 5 5657
Q23 = 128 33—1024,...7
bu=1,bi=—%, b= 22 by =~
. . (2.67)
by = 188 by =0

13



The use of Sonine polynomials in this problem was first suggested by Burnett [13]
who did not use the omega integrals discussed above but, rather, evaluated the
bracket integrals directly. Essentially, Burnett showed that

apq = the coefficient of sPt? in the expansion of:

1/2 32t2

1/2
l;pq = the coefficient of sPt? in the expansion of:
(1+ St—l— ) 1/2 st 1/2
1 2t2 e (2.69)
—E—(l 2{1—— S+t>} ,

where a typographical error in Burnett’s work has been corrected for Eq. (2.68).
In spite of the typographical error, it is notable that the original numerical values
reported by Burnett for both a,, and l;pq are consistent with those obtained from
Egs. (2.68) and (2.69).

For more explicit expressions for a,, and l;pq for rigid-sphere molecules the
works of Mott-Smith [37] and Foch and Ford [38] are considered for comparison.

Following them, one can express a,, and by, as:

A Jt 2.70
apq 2\/5 D,q ( )
~ 1 %
bpq = _3\/§Jp71,q71 ) (271)
where the coefficients jﬁq are expressed as:
jﬁq — 9—P=a—t+(3/2) p1 «
¢ min(p,q)
4]F —|— —2j+l0—k—3
> p K ) B (c0) . (2.72)
2o 2 T (L) (=) a— k)l
with:
; 27+ k+1)! LU+ E+1)
J _ ( J _ ok-1 J )
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For N = 3, the results of Burnett [13] and Foch and Ford [38] for a,, and by,
are in complete agreement with those of Chapman and Cowling [10] as noted in
Egs. (2.66) and (2.67). It is important to note that Eqgs. (2.72) and (2.73) are
not quite the same as the corresponding equations given by Foch and Ford. A
slight reinterpretation of their results was necessary to achieve consistency with
the bracket integral notation used by Chapman and Cowling. Essentially, the
difference is strictly a notational issue that arises because Foch and Ford used
normalized Sonine polynomials while Chapman and Cowling used un-normalized
Sonine polynomials. Also, for the case of a simple gas of rigid spheres, factors of
V7 and v/2 cancel in Eqs. (2.70) and (2.71) such that all of the expressions for a,,
and l;pq, for any arbitrary order of expansion, are fractions involving only integers.

For rigid-sphere molecules, it is also possible to evaluate all a,, and b,, ana-
lytically in a manner that is slightly different from that used by Chapman and
Cowling [10] and Foch and Ford [38]. For a rigid-sphere gas, one can express the

Boltzmann operator as [10-12,20-26, 28, 34]:

(¢) =— exp (=6?) |—v(€) ¢ (¥)
2kT [ (2.74)
+ / exp (=€) K (6,€)) 6 (€) dfg’} ,
where:
v (%) = (2% + %) gerf (€) +exp (—=67) , (2.75)
with the error function defined as:
2 (7 )
erf (¢) = — exp (—x“) dx . 2.76
(€) N (—=%) (2.76)
The kernel, K (¢,€’), can be expanded in Legendre polynomials as [28,34]:
/ 1 - /
K(%.€¢) = %7; 2 (€,%") P, (cosby) | (2.77)
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where 6 is the angle between € and €’. This yields:
( 2 cpolb 2¢p13c02 ’
ZEP — 266 — 4g (€)
15 3 : '
( g ) @ <),
ki (€,€¢) = (2.78)

— 2436 — 4g (%))
K ) (cg/ > Cg) )
_%(52(5/2

"3 4187 + + (—6%¢"

+26%6"? — 36* + 156"

~18)P (¢")
(3¢°%)

; (€'<9F),

ky (6,€") = (2.79)
2 cg? 2 %5%/2 + %%/2
D373 1187 + (—6¢*
+26"%€? — 36" + 156>
—18)P (¢)

(6

( 2 c@ﬂﬂ 2 %/5%2 + %/%2

where:
P (%) = ivmexp (€% erf (¢) , (2.80)

g(€)=¢+ (¢°—1)P (%) . (2.81)

The higher-order k, (¢, ¢") are known, but are not needed for current discussion.

For a,, and qu, we find that:

/ T exp (-6 .4 (65 (62)) w830, (6%) 4%, (2.82)

/ exp (—62) 622, (6250, (¢2)) €285, (6%) ag, (2.83)
0

2o (€) = —v(€)p(F)

00 2.84
+ / oxp (=€) €k (€,6") ¢ (€') dF" (2:84)
0
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L9 (€) = —v (€)p (F)

. 2.85
+ / oxp (=€) Cky (€,6") 0 (€') AF" . (2:85)
0

For this work, é,, and b,, have been evaluated analytically (for low orders) from
Eqgs. (2.82) and (2.83) (using Mathematica ®) and the results are in agreement
with those from Burnett [13] and from Foch and Ford [38]. The present, analyti-
cal results have also been verified by numerically evaluating the relevant two-fold
integrals as well. In Tables 2.1 and 2.2, values for a,, and l;pq up to order N =5

as obtained by all of the methods discussed above have been reported explicitly.

Table 2.1: The normalized bracket integrals, a,, , for rigid-sphere molecules with
N =5 where Gy, is defined by Eq. (2.64).

P q
1 2 3 4 5
1 1 1 5

L+l —1 32 18 ~ %08

1 45 103 59 267
2 -1 t16 18 ~512 ~ 819
3 1 103 | 5657 6783 16619

32 128 1024 4096 65536
4 1 59 _ 6783 + 149749 _ 734875

128 512 4096 16384 262144
5 5 267 16619 734875 | 57202281

2048 8192 65536 262144 4194304

Table 2.2: The normalized bracket integrals, 6pq, for rigid-sphere molecules with
N = 5 where by, is defined by Eq. (2.65).

p q
1 2 3 4 5
_1 _1 L __5_
1 +1 1 32 128 2048
9 _1 +205 _ 163 _ 287 _ 1321
4 48 128 1536 24576
3 _1 _ 163 4 11889 _ 15043 _ 38203
32 128 1024 4096 65536
4 _ 1 _ 287 _ 15043 4 1220437 _ 6323017
128 1536 4096 49152 786432
5 __5 _ 1321 _ 38203 _ 6323017 4 575512075
2048 24576 65536 786432 12582912
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2.6 Results for rigid-sphere molecules

For rigid-sphere molecules, since a,, and b,, can be computed analytically, the
coeflicients, a, and b,, may be readily computed from Eqs. (2.36) and (2.37) by
use of a linear equation solver. For computational purposes, as well as for ease
in the reporting of results, it is convenient (but not necessary) to introduce non-

dimensional coefficients, a, and b,. These can be expressed as:

-1
“w =17\ G by =107\

Here, the non-dimensional coefficients, a, and b,, are determined from:

b, . (2.86)

N

R 1
Zapqapzmaq (¢g=1,2,...,N), (2.87)
p=1
al 1
> by, = et (1=1.2,..,N). (2.88)
p=1

Also, one should note that the Chapman-Enskog solutions, A (%) and B (%), can

be similarly expressed in non-dimensional form as:

r 1/2] 71

A(€) = |o? (%T) A@) , (2.89)
B(€) = |o” (%) B(%) . (2.90)

where _ _
=> pS3’;)2 (¢?) (2.91)

Z bysUy ) ( (2.92)

Furthermore, the transport coefficients can now be written as:

A=t (kS—Ty/Q (—%a,) , (2.93)

g2\ m

1 .
p=— (mkT)"* b, . (2.94)
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In this context, it is instructive to note that in the first approximation, N = 1,

one has:

5
1671/2

15
 32r71/2

A

ay; = = —0.2644638672 , b, = = 0.1763092448 . (2.95)

Since the coefficients, a,, and l;pq, are pure fractions, the necessary inversions
of the associated matrices can be made exactly (infinite precision). This has per-
mitted the evaluation of a, and l;p as pure fractions as well (the factor /7 appears
just as a post-inversion multiplicative factor) to any order of approximation, N.
In doing this, integer arithmetic and a numerical precision of 400 for multiplicative
factors such as /7 in the post-inversion stage have been used. In Table 3, numer-
ical values of the coefficients, a, and I;p , for orders, N =1,2,3,4,5,10 have been
reported. Several aspects of the results in Table 2.3 should be mentioned here.
First, the coefficients, a; and 131, converge very rapidly with increasing order of
the expansion and, thus, the low-order expansions are actually quite good. Since
these coefficients are direct measures of the thermal conductivity and viscosity,
respectively, it is also clear that, for a rigid-sphere gas, one can obtain results for
these transport coefficients to any desired precision without any need for numerical
integrations and floating point arithmetic. Next, it can also be seen that a, and Bp,
for p > 1, also converge very rapidly with increasing order of the expansion and,

thus, again €A (¢) and 2B (€¢') can be computed to any desired precision.

Table 2.3: The coefficients, a, and Bp, in the thermal conductivity and viscosity
solutions, respectively, for a simple, rigid-sphere gas for selected orders of the
expansion, V.

N P ap by

1 1 —2.644638672 E—01 1.763092448 E—01

2 1 —2.704744097 E—01 1.789276989 E—01
2 —2.404216975 E—02 1.047381652 E—02

3 1 —2.710274701 E-01 1.791088438 E—01
2 —2.559671789 E—02 1.098749518 E—02

3 —5.261547568 E—03 1.687204703 E—03

Continued on Next Page. . .
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Table 2.3 — Continued

~

N P ap by

4 1 —2.711110227 E—-01 1.791312363 E—01
2 —2.581667108 E—02 1.104727263 E—02
3 —5.774728997 E—03 1.823251999 E—03
4 —1.603510094 E—03 4.091736849 E—04

5 1 —2.711276380 E—01 1.791350752 E—01
2 —2.585960743 E—02 1.105736149 E—02
3 —5.867440808 E—03 1.844580304 E—03
4 —1.801454829 E—03 4.531142486 E—04
5 —5.887995382 E—04 1.257183628 E—04

10 1 —2.711331397 E—01 1.791361732 E—-01
2 —2.587374859 E—02 1.106023815 E—02
3 —5.897114182 E—03 1.850509236 E—03
4 —1.859175579 E—03 4.642795019 E—04
5 —7.025420616 E—04 1.469644729 E—04
6 —2.987432846 E—04 5.419264743 E—05
7 —1.378800291 E—04 2.223377525 E—05
8 —6.712664712 E—05 9.806088761 E—06
9 —3.313900504 E—05 4.453953963 E—06
10 —1.476957983 E—05 1.851082163 E—06

The reader should note that the values in this table have been truncated at 10
significant figures for the purpose of inclusion in this table even though the inte-
ger arithmetic used yielded infinite precision through the entire matrix inversion
process. Multiplicative constants included at the post-inversion stage of the cal-

culations were retained to a precision of 400.

It is worthwhile to note that, for the lower-order approximations with N =

1,2,3,4,5, the values for a; and b, have been found to be the following multiples

of 1/8y/m, respectively:

914835

3221214885

. {15 675
for a; : ~ 1 " 1%

4459785339426885
1160046081791488 | ’

1025 5893845

176 7 238048 ° 837929728

284672445045

404 +2320688 ’

- 5
for by : {—1-5, +

639165671950185757
251633169670177536 |
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* 112075112864 °

(2.96)
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From these multiples, it is straightforward to express in analytical form (using
the notation of Chapman and Cowling [10]) the ratios of the transport coefficients
obtained from the order N approximations to those obtained from the order 1

approximations, i.e. for N =1,2,3,4,5:

Ay ., 45 60989 214747659  297319022628459 (2.08)
[\, 7 447 595127 209482432 ° 290011520447872 '
[y _, 205 1178769 56934489009 G639165671950185757 (2.00)
(W], 7 202 1160344 56037556432 * 629082924175443840 '

These fractions, when converted to numerical values, are in agreement with the
values reported in Chapman and Cowling for orders up to N = 4. In the current
work, this process has been carried out much further going up to order N = 150
and, in principle, there was no reason that the process could not have been carried
out to any order necessary to achieve a specific desired degree of convergence in
the values of the transport coefficients since only integer math was involved in
the calculations. In Table 2.4 results have been presented for N = 150 in an
abbreviated form that allows one to clearly see the degree to which convergence
has been obtained for the transport coefficients. Based upon these results, which
have been presented to 32 (or less) significant digits in Table 2.4, the following

ratios for simple, rigid-sphere gases are believed to be precise to at least 25 digits:

A
[[)\]]OO = 1.025218168323452315275525 , (2.100)
1

% = 1.016033941655962253954579 . (2.101)

IZh

Finally, by way of comparison, the values reported by Chapman and Cowling [10]

for the order 4 approximation were:

Ay _
o 1.025213 (2.102)
[y _
- 1.01600 , (2.103)
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and the values reported by Pekeris and Alterman [26], after solving their differential

equation, were:

% = 1.025218 , (2.104)

 _ 1.016034 . (2.105)

(1] 1

Table 2.4: The convergence of the thermal conductivity (A\) and viscosity (u)
transport coefficients with increasing order of the approximations.

N Dy /P 1l / 1y
1 1.0000000 1.00000000
2 1.0227272 1.01485148
3 1.0248185 1.01587891
4 1.0251344 1.01600591
) 1.0251972 1.01602769
6 1.0252122 1.01603232
7 1.0252163 1.01603347
8 1.0252175 1.01603379
9 1.0252179 1.01603389
10 1.0252180 1.01603392
100 1.0252181683234523152755251 1.01603394165596225395457984

140  1.02521816832345231527552527440  1.0160339416559622539545798638333
150  1.02521816832345231527552527441  1.0160339416559622539545798638336

These results are presented in the form used by Chapman and Cowling [10]. Specif-
ically, they have been normalized with respect to the values obtained from the order
1 approximations and have been truncated at 32 (or less) significant figures.

The work presented here has shown that, for the transport coefficients associ-
ated with a simple, rigid-sphere gas, the use of Sonine polynomial expansions can
yield results to any desired precision. If calculations of the transport coefficients
to a very high precision were the main purpose of an investigation, it would be
difficult to do better than this approach.

In Tables 2.5 and 2.6 the results for the Chapman-Enskog solutions for thermal

conductivity and viscosity, € A (¢) and ¢?B (%), respectively, have been reported
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as functions of € from € = 0.0 to ¥ = 6.0 for two approximations of order
N = 140,150. In these tables the results have been truncated at 16 significant
figures for the purpose of including them in the tables even though the integer
arithmetic that was used to generate the results was exact for the inversion of
the associated matrices and, thus, exhibits infinite precision. Note that where
the results involve multiplicative constants included at the post-inversion stage, a
numerical precision of 400 has been used in the calculations. This 16 significant
figure precision is adequate to permit the reader to determine how well the results
have converged. In Table 2.7 results for the modified Chapman-Enskog solutions
for thermal conductivity and viscosity, (27)/? €A (€) and (27)*€2B (%), re-
spectively, have been reported as functions of € from ¢ = 0.0 to ¥ = 6.0 for
N = 150. These results have been compared with values obtained by two other
methods previously reported in the literature [26,34] (where the factor (27r)1/ ? has
been introduced strictly to compare with the functions that have been tabulated
in earlier works. The results of Siewert and co-workers [35,36] have not been
included in this table as they are also in good agreement with the previously re-
ported values, and the values reported here). From an examination of the results
for N = 140,150 in Tables 2.5 and 2.6, it appears that the results as presented
in Table 2.7 represent convergence to the number of figures given. It is notable,
however, that approximations of even higher order than N = 150 will be needed if

comparable levels of precision are desired for higher values of €.

Table 2.5: Values of the Chapman-Enskog solution for thermal conductivity, for a
simple, rigid-sphere gas.

3 CA(€) (N =140) CA(€) (N =150)
0.0 0.0 0.0

0.1 —0.08607773065808671 —0.08607773065808957
0.2 ~0.1692707734107010 ~0.1692707734107006
0.3 —0.2467894864225835 —0.2467894864225829
0.4 -0.3160227955545736 ~0.3160227955545744
0.5 —0.3746013706876520 —0.3746013706876515
0.6 ~0.4204360467288163 ~0.4204360467288164

Continued on Next Page. ..
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Table 2.5 — Continued

3 CA(€) (N =140) CA(€) (N =150)
0.7 -0.4517317206003278 —0.4517317206003281
0.8 —0.4669805525509980 —0.4669805525509976
0.9 ~0.4649402245991789 ~0.4649402245991793
1.0 —0.4446033173345084 —0.4446033173345083
1.1 —-0.4051630446501128 —-0.4051630446501126
1.2 —0.3459792278213244 —0.3459792278213248
1.3 ~0.2665469736960984 ~0.2665469736960981
1.4 —0.1664693276608043 —0.1664693276608045
1.5 ~0.04543430493782625 ~0.04543430493782639
1.6 0.09680384657847260 0.09680384657847301
1.7 0.2604395964897753 0.2604395964897748
1.8 0.4456278610934124 0.4456278610934127
1.9 0.6524930897100649 0.6524930897100650
2.0 0.8811362388016972 0.8811362388016967
2.1 1.131640090895628 1.131640090895629
2.2 1.404073295567058 1.404073295567057
2.3 1.698493434692079 1.698493434692079
2.4 2.014949348789879 2.014949348789880
2.5 2.353482906971993 2.353482906971992
2.6 2.714130359397194 2.714130359397195
2.7 3.096923376924544 3.096923376924544
2.8 3.501889856314451 3.501889856314449
2.9 3.929054549322168 3.929054549322171
3.0 4.378439558998862 4.378439558998859
3.1 4.850064735318494 4.850064735318496
3.2 5.343947993958881 5.343947993958885
3.3 5.860105575953075 5.860105575953067
3.4 6.398552261432833 6.398552261432843
3.5 6.959301547382858 6.959301547382853
3.6 7.542365796894370 7.542365796894362
3.7 8.147756365616057 8.147756365616082
3.8 8.775483709773325 8.775483709773291
3.9 9.425557479139708 9.425557479139729
4.0 10.09798659760684 10.09798659760686
5.0 18.05338483530590 18.05338483530922
5.5 22.87154695379960 22.87154695381391
6.0 28.25065932487901 28.25065932464951

Results are truncated at 16 significant figures from the infinite precision arithmetic
results and are presented for the expansion approximations of order N = 140 and

N = 150 and for values of € from ¥ = 0.0 to € = 6.0.
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Table 2.6: Values of the Chapman-Enskog solution for viscosity, for a simple,

rigid-sphere gas.

(4

€2B(€) (N =140)

€2B(¢) (N =150)

0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0
1.1
1.2
1.3
1.4
1.5
1.6
1.7
1.8
1.9
2.0
2.1
2.2
2.3
2.4
2.5
2.6
2.7
2.8
2.9
3.0
3.1
3.2
3.3
3.4
3.5
3.6
3.7
3.8
3.9
4.0
5.0

0.0
0.002471778056461653
0.009841135524255944
0.02197390741041948
0.03865835753092612
0.05962082039231741
0.08454392037081006
0.1130849263351761
0.1448923018631456
0.1796192562408724
0.2169338406589923
0.2565257063394405
0.2981099908704467
0.3414289472973078
0.3862519353597600
0.4323743174502101
0.4796156920599805
0.5278177858218355
0.5768422278281085
0.6265683524628100
0.6768911193869824
0.7277191986906966
0.7789732419074355
0.8305843421021580
0.8824926757054153
0.9346463129504795
0.9870001810541189
1.039515163520589
1.092157319361425
1.144897207091162
1.197709299745165
1.250571478659984
1.303464595232603
1.356372091261850
1.409279669737781
1.462175009069577
1.515047514730157
1.567888103153649
1.620689013461474
1.673443643227991
1.726146405039169
2.249607322611573

Continued on Next Page. ..

0.0
0.002471778056462115
0.009841135524256284
0.02197390741041921
0.03865835753092620
0.05962082039231749
0.08454392037080992
0.1130849263351762
0.1448923018631455
0.1796192562408724
0.2169338406589925
0.2565257063394404
0.2981099908704467
0.3414289472973078
0.3862519353597599
0.4323743174502102
0.4796156920599804
0.5278177858218355
0.5768422278281086
0.6265683524628099
0.6768911193869825
0.7277191986906966
0.7789732419074353
0.8305843421021583
0.8824926757054151
0.9346463129504795
0.9870001810541192
1.039515163520588
1.092157319361425
1.144897207091161
1.197709299745164
1.250571478659985
1.303464595232602
1.356372091261851
1.409279669737783
1.462175009069573
1.515047514730162
1.567888103153648
1.620689013461469
1.673443643228004
1.726146405039151
2.249607322612014



Table 2.6 — Continued

3 €2B(€) (N =140) €*B(€) (N =150)

5.5 2.508650364393547
6.0 2.765919684662051

2.508650364403088
2.765919684750519

Results are truncated at 16 significant figures from the infinite precision arithmetic
results and are presented for the expansion approximations of order N = 140 and
N =150 and for values of ¥ from ¥ = 0.0 to ¥ = 6.0.

Table 2.7: The modified Chapman-Enskog solution, (27?)1/ 2@ A(€), for the ther-
mal conductivity for a simple, rigid-sphere gas.

¢  (@2m)Y2¢A%)

Pekeris and Loyalka and Present Work

Altermann [26] Hickey [34] (N = 150)

0.0 0.0 0.0 0.0

0.1  -0.215765 -0.21576 —0.215764873483
0.2  -0.424299 —0.42429 -0.424298906699
0.3 -0.618610 —0.61860 —0.618609504548
0.4 -0.792152 -0.79215 -0.792151674765
0.5 -0.938986 —0.93898 —0.938986387481
0.6 -1.053877 -1.0538 ~1.053876882404
0.7 -1.132324 -1.1323 -1.132323503404
0.8  -1.170543 ~1.1705 ~1.170546656727
0.9 -1.165432 -1.1654 -1.165432312993
1.0 -1.114455 -1.1144 -1.114455246225
1.1 -1.015593 -1.0155 -1.015593143555
1.2 -0.867241 -0.86724 -0.867241314891
1.3 -0.668134 —0.66813 —-0.668134180783
1.4 0417277 -0.41727 —0.417276723573
1.5 -0.113887 —0.11388 —0.113886913395
1.6 0.242651 0.24265 0.2426512589266
1.7 0.652825 0.65282 0.6528252563947
1.8 1.117023 1.1170 1.1170233965800
1.9 1.635558 1.6355 1.6355576276685
2.0 2.208681 2.2086 2.2086810099823
2.1 2.836601 2.8365 2.8366010485449
2.2 3.519490 3.5194 3.5194898223227
2.3 4.257492 4.2574 4.2574916676742
24 5.050729 5.0507 5.0507290096260
2.5 5.899307 5.8993 5.899306798476
2.6 6.803316 6.8033 6.803315899899
2.7 7.762836 7.7628 7.762835700964
2.8 8.777936 8.7779 8.777936128481
2.9 9.848679 9.8486 9.848679225898

Continued on Next Page. ..
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Table 2.7 — Continued

¢  (@2m)Y2¢A%)

Pekeris and Loyalka and Present Work

Altermann [26] Hickey [34] (N = 150)
3.0 10.975 10.9751 10.97512039734
3.1 12157 12.1573 12.15730939934
3.2 13.395 13.3952 13.39529113981
3.3  14.689 14.6891 14.68910632900
3.4  16.039 16.0387 16.03879201521
3.5 17.444 17.4443 17.44438203035
3.6 18.906 18.9059 18.90590736410
3.7  20.423 20.4233 20.42339648085
3.8 21997 21.9968 21.99687559048
3.9 23.626 23.6263 23.62636888137
4.0  25.319 25.3118 25.31189872240
4.1 27.0534 27.05348583905
4.2 28.8511 28.85114946776
4.3 30.7049 30.7049074921
4.4 32.6147 32.6147765631
4.5 34.5807 34.5807722066
4.6 36.6029089186
4.7 38.681200250
4.8 40.815658887
4.9 43.006296713
5.0 45 45.2531 45.253124880
5.1 47.556153859
5.2 49.915393492
5.3 52.33085304
5.4 54.80254122
5.5 57.3304 57.33046627
5.6 59.91463594
5.7 62.5550575
5.8 65.2517380
5.9 68.0046839
6.0 70.8138 70.8139014

Note that the values given for the current work have been truncated to the number
of significant figures which appear to have converged based upon a comparison of
the order N = 140 and N = 150 expansion results.
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Table 2.8: The modified Chapman-Enskog solution, (27)"?€2B (€), for the vis-
cosity for a simple, rigid-sphere gas.

%  (2mY262B (%)

Pekeris and Loyalka and Present Work

Altermann [26] Hickey [34] (N = 150)
0.0 0.0 0.0 0.0
0.1 0.006196 0.006195 0.00619582876
0.2  0.024668 0.024668 0.02466806855
0.3  0.055080 0.055080 0.055080417619
0.4  0.096902 0.096902 0.096902132037
0.5 0.149447 0.14944 0.149447234152
0.6 0.211920 0.21192 0.211920181249
0.7  0.283462 0.28346 0.283461873786
0.8 0.363191 0.36319 0.363191140626
0.9 0.450239 0.45023 0.450238706361
1.0  0.543772 0.54377 0.543772498720
1.1 0.643015 0.64301 0.643014588680
1.2 0.747251 0.74725 0.747250932065
1.3 0.855835 0.85583 0.855835453072
1.4 0.968190 0.96818 0.968190022303
1.5 1.083802 1.0838 1.083801689344
1.6 1.202218 1.2022 1.202218254674
1.7 1.323043 1.3230 1.323042985794
1.8 1.445929 1.4459 1.445929038275
1.9 1.570574 1.5705 1.570573948272
2.0 1.696714 1.6967 1.696714418702
2.1 1.824122 1.8241 1.824121519429
2.2 1.952596 1.9525 1.952596353346
2.3 2.081966 2.0819 2.081966196379
2.4 2.212081 2.2120 2.212081093077
2.5 2.342811 2.3428 2.342810874821
2.6 2.474043 2.4740 2.474042560896
2.7 2.605678 2.6056 2.605678100788
2.8  2.737632 2.7376 2.737632417056
2.9  2.869832 2.8698 2.869831710840
3.0 3.0022 3.0022 3.002211995529
3.1 3.1347 3.1347 3.134717827856
3.2 3.2673 3.2673 3.267301209390
3.3 3.3999 3.3999 3.399920634877
3.4  3.5325 3.5325 3.532540267027
3.5 3.6651 3.6651 3.665129220192
3.6 3.7977 3.7976 3.797660937832
3.7 3.9301 3.9301 3.930112650822
3.8 4.0625 4.0624 4.062464905526
3.9 4.1947 4.1947 4.194701152116
4.0  4.3268 4.3268 4.326807385023

Continued on Next Page. ..
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Table 2.8 — Continued

¢  (2m)Y2¢2B (%)

Pekeris and Loyalka and Present Work

Altermann [26] Hickey [34] (N = 150)
4.1 4.4587 4.458771828523
4.2 4.5905 4.59058466148
4.3 4.7222 4.72223777611
4.4 4.8537 4.85372456633
4.5 4.9850 4.98503974186
4.6 5.11617916482
4.7 5.2471397060
4.8 5.3779191182
4.9 5.5085159249
5.0 5.6 5.6389 5.6389293216
5.1 5.769159089
5.2 5.899205518
5.3 6.029069338
5.4 6.158751663
5.5 6.2882% 6.288253934
5.6 6.417577874
5.7 6.546725447
5.8 6.67569882
5.9 6.80450034
6.0 6.9331 6.9331324

Note that the values given for the current work have been truncated to the number
of significant figures which appear to have converged based upon a comparison of
the order N = 140 and N = 150 expansion results.

&This value has been corrected from the value of 6.2868 reported by Loyalka and
Hickey [34] which has been determined to have been a typographical error. The
previous authors have recomputed the value using their original program and have
verified that the actual result was 6.28825394 which was truncated to five signifi-
cant figures.

In this paper, the reported results for a simple, rigid-sphere gas have been lim-
ited to expansions of up to order N = 150 even though it is theoretically possible
to extend the expansions to any desired higher order. In practice, the matrix coeffi-
cients, a,, and qu, for simple, rigid-sphere gases, can be determined in the manner
described using integer arithmetic and, hence, infinite precision can be obtained.
The necessary matrices can be readily generated for expansions up to N = 200;

however, the infinite precision, integer arithmetic, matrix inversion process to find
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a, and Bp is slow on existing computer systems available to the author for expan-
sions higher than about N = 150. Thus, it has been more convenient to explore
the higher-order matrix inversions using floating point operations. Specifically, it
should be noted that when this approach was used to invert the matrix for the or-
der N = 200 expansion, a substantial savings in computational time was achieved.
During this process, all numbers initially represented to a precision of 400 in all of
the calculations and numerical results were successfully obtained that confirm the
values reported in Table 6 which were computed using integer arithmetic (in so far
as was appropriate).

It is also important to take note of the quantities, €, and ¢, introduced in some
previous works [34-36]. These quantities are expressed in the present nomenclature

as:

A=—V2ra , (2.106)

a2\ m

1 3T 1/2
Et =V 271'% [ (k—>

1 ! .
ey, = V21 [—2 (ka)W} pw=2rb , (2.107)

g

such that the present work yields values of (truncated to 34 significant figures):

~J 0.6796300490785916669371706138604712 ; N = 140, (2.108)
“ 7 0.6796300490785916669371706138617483 ; N =150, '

| 0.4490278062878924346090494895345538 ; N = 140 , (2.109)
P 0.4490278062878924346090494895346545 5 N = 150 . i

As noted previously, the computer programs constructed in this work permit
one to express the bracket integrals, a,, and b,,, in terms of the omega integrals to
any order of approximation and, for rigid spheres, the expressions generated from
these programs (using analytical values for the omega integrals for rigid spheres)
have been verified against several other results of both an analytical as well as a
numerical nature. This implies that one should be able to obtain the Chapman-
Enskog solutions to any arbitrary precision for a given potential if an adequate

program to compute the omega integrals (numerically) to the requisite order and
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precision is available. A program has been constructed for omega integrals that
is working quite well for arbitrary potential models for reasonably high orders.
It is anticipated that some results for the Chapman-Enskog solutions for selected
realistic potential models (e.g. Lennard-Jones) will be reported in the near future.
The present work has also been extended to gas mixtures and, for rigid-sphere
molecules, the results have shown convergence similar to that reported here for all
of the cases that have been computed with respect to both the mixture transport
coefficients and the Chapman-Enskog solutions. It is expected that these gas-
mixture computations will be extended to realistic potential models as well since
all of the pieces needed for the computations are in place. The results for binary
mixtures will be reported in subsequent chapters. The work for ternary and higher

mixtures and for realistic potentials is ongoing and will be reported in the future.
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Chapter 3

Viscosity in a binary, rigid-sphere,
gas mixture

3.1 Introduction

The Chapman-Enskog solutions of the Boltzmann equations provide a basis for
the computation of important transport coefficients for both simple gases and gas
mixtures [10-12,20-26,28-31,39]. The use of Sonine polynomial expansions for the
Chapman-Enskog solutions was first suggested by Burnett [13] and has become the
general method for obtaining the transport coefficients due to the relatively rapid
convergence of this series [10-13,15,20-24]. While it has been found that relatively,
low-order expansions (of order 4) can provide reasonable accuracy in computations
of the transport coefficients (to about 1 part in 1,000), the adequacy of the low-
order expansions for computation of the slip and jump coefficients associated with
gas-surface interfaces still needs to be explored. Also of importance is the fact that
such low-order expansions do not provide good convergence (in velocity space)
for the actual Chapman-Enskog solutions even though the transport coefficients
derived from these solutions appear to be reasonable. Thus, it is of some interest
to explore Sonine polynomial expansions to higher orders. In Chapter 2 [15], it
is shown that for simple, rigid-sphere gases (i.e. single-component, monatomic
gases), the use of higher-order Sonine polynomial expansions enables one to obtain

results of arbitrary precision that are error free. The purpose in this chapter is
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to report the results of the current investigation of relatively high-order, standard,
Sonine polynomial expansions for the viscosity-related Chapman-Enskog solutions
for binary gas mixtures of rigid-sphere molecules. In the following sections the
basic theory, the theory relating to viscosity, the solution technique in terms of
the Sonine polynomials, the bracket integrals, details related to the specific case
of rigid-spheres molecules, and the associated results are described.

A part of the motivation with respect to this work has been some of the re-
cently reported results on direct numerical solutions of the linearized Boltzmann
equations for rigid-sphere, gas mixtures. In particular, results for the transport co-
efficients and the Chapman-Enskog solutions have been reported both by Takata et
al. [2] and by Garcia and Siewert [1]. This work provides a benchmark for assessing
the precision of the numerical results reported by these authors and, indeed, some
such comparisons are reported. The present work does have an important distin-
guishing feature in that, for rigid-sphere gas mixtures, no numerical integrations
are required and thus, in principle, results of arbitrary precision can be obtained for
any given order of the Sonine polynomial expansions. The computational resources
available to the author at the present time have realistically permitted expansions
only to order 60 given the manner in which this technique has been implemented
but, even here it has been possible to obtain convergence of 9 or more significant
digits in the normalized gas mixture viscosities (depending upon the specific mass
ratios, size ratios, and mole fractions considered) and it is certain that further
improvements in the implementation of the technique or the availability of bet-
ter computational resources will allow even higher-order expansions and greater
convergence of the results. Further, note that in this work the full dependence
of the solutions on the molecular masses, the molecular sizes, the mole fractions,
and the intermolecular potential model via the omega integrals has been retained,
and explicit (symbolic) expressions for the necessary matrix elements (the bracket

integrals) used in evaluating the coefficients in the Sonine polynomial expansions
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for the coupled Chapman-Enskog equations have been obtained. These general-
ized matrix elements, once determined, need not be determined again. For rigid
spheres (or for any other potential model of interest that can be represented via
the omega integrals), one can then determine in a straightforward manner a set
of matrix elements that are specific to the potential model being used and store
them. These specific matrix elements require only the input of the appropriately
computed omega integrals which, for rigid spheres, are known exactly such that
no numerical integrations are needed. In this fashion, this method requires only
a matrix inversion at the final step. This is important, as all that is needed for
finding both the viscosity and the Chapman-Enskog viscosity solutions for arbi-
trary, binary, rigid-sphere gas mixtures is precomputed in a general form. Thus,
one is able to study parametric dependencies and convergence of the results in an
economical and systematic way as, once the matrix elements up to the highest
order are computed and stored, results can be processed to any order up to this
highest order without any new computations of matrix elements being required.
Further, since these values for the viscosity converge with increasing order, since
one can use arbitrarily high numerical precision as needed in Mathematica® for
the final matrix inversion step, and since one can easily compare results for a given
order with the results for immediately preceding orders, one can be confident in

the results and the degree of convergence obtained.

3.2 The basic theory

Following the work and notations of Chapman and Cowling [10], an abbreviated
version of the relevant theory is given below. For an arbitrary, rarefied, gas mixture,

one begins with the Boltzmann equations describing the molecular distribution
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functions of the constituent gases:

ot

_ Z/// (£10] = fif;) gbdbdede; = 32 (if)

in which the left-hand side (LHS) is known as the streaming term of the equation

(2 + C; - Vr + Fz : VCZ) fl (I’, Ciat)
(3.1)

which contains the differential streaming operator in the brackets, the right-hand
side (RHS) is a sum over what are known as the collision integrals in which J(f; f;)
is called the collision operator, f;(r, c;,t) is the molecular distribution function
of the ¢-th constituent, g is the magnitude of the pre-collision relative velocity,
g = c; —¢;, b is the ‘impact parameter’ associated with the binary scattering
events, ¢ is an angle corresponding to the azimuthal orientation of the scattering
plane, and c is the molecular velocity. A prime (') indicates a function of a post-
collision velocity while the corresponding lack of a prime indicates a pre-collision
velocity dependence, e.g. f; = fi(r, ¢;,t) while f/ = f;(r, ¢}, t). In the summa-
tion over the different constituents, scattering between like constituents (i.e. when
i = 7) is treated in the same way as scattering between unlike constituents with the
various pre- and post-collision velocities retained as separate variables for purposes
of integration. In this circumstance, for clarity, it is common practice to drop the
7 subscript inside the collision integral in order to facilitate the necessary discrim-
ination between the velocities (i.e. ¢; — ¢ and f; — f). Of course it follows from
this that, if one is dealing with a simple gas having only one constituent (Chapter
2), one obtains from this process the single Boltzmann equation describing the gas

in which 7 = 1 and no subscript is necessary on the LHS:

0
(a +c-V,.+F- VC) f(r,ct)= /// (f'fi — ff1) gbdbdedc;, . (3.2)

Equivalent expressions for the above equations are often encountered in which
bdbde is expressed as «;;(g, x)de’ or 0;;(g, x)d€2 where x is the scattering angle

(the angle between g and g') and «a;;(g, x) = 0:;(g, x) is known as the differential
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collision cross-section which describes the probability per unit time per unit volume
that two molecules colliding with velocities, ¢; in de¢; and c¢; in dc;, will have
a relative velocity after collision, g’ = ¢’ — ¢;, that lies within the solid angle,
de’= dQ = sin (x) dxde.

For the specific case of a binary gas mixture, one expresses the distribution

functions f; and f5 in the form:
A=A+ A+ 2+ (3.3)
o= B+ B+ 1P+ (3.4)

where the lowest-order approximations are chosen to be:

(0) _ mq )3/2 (_ mq B 2)
=M (27rk;T exp (— g (G =) ) (3.5)
0 _ ( Mo )3/2 (_ Mo _ 2)
> =m2(gom) (gl c)), (3.6)

in which m; and my are the molecular masses of the constituent gases, k is Boltz-
mann’s constant, and ny, ny, c¢g and T are, in general, arbitrary functions of r
and t. Note that in choosing the lowest-order approximations to be of this form
(which correspond to Maxwellian distributions), one has effectively equated the
functions nq and ny to the number densities of the two gases in the mixture, T" to
the temperature of the mixture, and ¢ to the mass-velocity of the mixture where,
cog = Mixicy + Msxocsy in which, M; = mi/mo, my = my + meg, T; = n;/n de-
note the proportion by number of the constituent gases in the mixture (the mole
fractions), and n = ny + ny is the total molecular number density of the binary
mixture.

If one now limits further consideration only to the second approximation (up
to f1)), that is equivalent to assuming that the distribution functions for each of
the constituents can be expressed as small linear perturbations from equilibrium
states specified by the Maxwellian distributions of Egs. (3.5) and (3.6), i.e. f; =

fi(o)(l + (Pz(-l)). Thus, fl(l) and fz(l) are written in the form:
1 0) (1
W _ (050 (3.7)
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F = ol (3.8)

where the perturbations, @gl) and @S), satisfy the time derivative expressions given

by:
D — _p2p, (@ﬁ”) — minalhs (qs(l” + ¢g>) : (3.9)
@él) = —77,312 (@§1)> - n1n2121 (@gl) + @gl)> y (310)
in which:
D(r) - ar—lfi(O) ar—?fi(l) aOfi(T_l)
’ or ! 8(:1‘ ¢ ’
and:
nL; (F) = / / fOrO (R + F - F — F') goyde/de | (3.12)
nini I (K) = / / FOFO (K - K') gagdede; (3.13)

are linear functions of their arguments such that I (¢ +1v) = I(¢) + I (¢)) and
I (ap) = al (¢) regardless of subscripts (where a is any arbitrary constant). The
LHSs of Egs. (3.9) and (3.10) can be expressed in the form:

D = [ (62~ 3) € VIn(T) + 7' diz - € -
—|—2%1%1 . VCO} s

P = f2(°>{ (€2 —2)Cy- VIn(T) + 25'dy; - Co
o (3.15)

+2%2%2 . VCO} 5
in which €, = (mi/Qk:T)l/2 C;, C;, = ¢; — cg, and the bold sans serif notation, w,

denotes a dyadic tensor, w = ab, constructed from the components of the vectors,

a and b. Note that di5 is given as either of the two forms noted below:

1 1
d12 = M {FQ — —Vpg — (Fl — —V]?l) } s (316)
PP P2 P1
d12 = Vl’l + Al (m2 — ml)VIH (p) — @ (Fl — FQ) s (317)
np pp
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where p; and ps are the mass densities of the constituent gases, p = p; + p2
is the total mass density of the mixture, p; and p, are the partial pressures of
the constituent gases, and p = p; + ps is the total pressure of the mixture. Since
Vi, = —Vay, either Eq. (3.16) or Eq. (3.17) can be used to show that dg; = —ds.

The functions @gl) and @gl) can then be expressed as:

Oln(T)

0

@51) =—A;- “or D, -dip — 2By : p S0 (3.18)
Oln (T 0

@gl) =—Ay- 8I<' ) —Dy-dy; —2B;: ECO ) (3.19)

where the functions A and D are vectors and the functions B are non-divergent

tensors, such that:
A=CA(C) , D=CD(C) ,B=CCB(C) (3.20)

with the appropriate subscript 1 or 2 implied throughout each expression, and

where A, D, and B, must satisfy the following pairs of equations, respectively:

1 (€2 = 3) C1 = niL (A) + minaliy (Ag + Ay) | (3.21)
(62— 3) Cy = n2 (Ag) + minaly (Ay + Ay) (3.22)
27 VCy = 03 (Dy) + nminalis (D + Dy) (3.23)
—2; 100, = n2L (Dy) + ninaly, (D + Dy) | (3.24)
0 62.%, — n2I, (By) + ninalis (Br +By) (3.25)
1O €., = n2l, (By) + nynsle: (By + By) . (3.26)

Note, that the forms for the distribution functions ¢§” and @él) have been chosen

such that A and D must also satisfy the relationships:
/fl(o)mlcl . A1dC1 + /fz(o)mQCg : A2dC2 =0 R (327)

/f1(0)m1C1 -Dyde; + /f2(0)771202 -Dadey =0, (3.28)
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such that the second-order Chapman-FEnskog approximations yield:

A= {1 = A(C) C - VIn(T) = Dy (C1) €y - dio 3.29)
. 3.29
— 2Bl (Cl) Clcl . VCO} )

and:
70 = 11— 4, (C) G- VI (T) — Dy (C) Gy -y

. (3.30)
- 2B2 (02) CQCQ . VCO} .

Equations (3.29) and (3.30) then allow one to verify that the mean kinetic energies
of the peculiar motions of the molecules of each constituent gas are the same up
to this level of approximation.

From Egs. (3.21)-(3.26), one may then construct the following general expres-

sions:

n*{A, a} = /fl(o) (‘512 — %) C, -ajdc

+ /fQ(O) (%22 — g) C2 . agdCQ s (331)

n2 {D, a} = 5(71_1 / fl(O)Cl : aldcl — ZE2_1 / f2(O)CQ : anCQ s (332)

nQ {B,b} = /fl(o) %10%1 . bldcl + /fQ(O) %2%2 . b2dC2 s (333)

where a is any vector-function defined in both velocity domains, b is any tensor
function defined in both velocity domains, and {F,G} are known as the bracket

integrals which are defined as:

n*{F,G} =n} [F,G], + ning [F1 + Fp, Gy + Ga], + 13 [F,G], (3.34)
where:

F,G), = / GuT, (F) dey (3.35)

[F,G), = / Gyly (F)des, | (3.36)
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Fy+ G, Hy 1 Ky, = / Fily (Hy + Ky) dey
+ / Golor (Hy + K3)des . (3.37)
Here, due to symmetry and linearity, one has that [F,G]; = [G, F|;, [F,G]s =
(G, Fla, and [F} 4+ Ge, H1+ K319 = [H1+ Ko, F1 + G312 such that {F, G} = {G, F'},
{F,G+ H} ={F,G}+{F,H}, and {F,aG} = a{F,G} (where a is any arbitrary

constant).

3.3 The theory for viscosity

Focusing solely on the viscosity solution, one notes that the lowest-order approx-
imation to the pressure system for a binary gas mixture reduces simply to the
equilibrium hydrostatic pressure of the mixture. For the second-order approxima-

tion, one then adds to this the pressure system p(!) given by:
(1) — ~c =\
P =Nn1my (ClCl) + NaoMmys (CQCQ) , (338)

which represents the deviation of the pressure system from the hydrostatic value.
Now, in terms of the second approximation distribution functions of Eqs. (3.29)
and (3.30):

p(l) — _2m1/f1(0)clcl (Bl : VCO) dC1

— 277’L2 / fQ(O)CQCQ (BQ . VCQ) dC2
(3.39)

=—2 {ml/ffo) C;C; : Bydc; +m2/f2(0) C,Cs : BQdcg}é
= —5kn’T {B,B}e
where e = V¢ is the rate-of-strain tensor and e is the non-divergent symmetrical

rate-of-shear tensor. If one then writes the viscosity as:
n = 2kn’T {B,B} | (3.40)

Eq. (3.39) becomes:

o

° 0
p) = —2ue=—2u 5200 (3.41)
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which is the expression for the viscous stress system in any medium.

3.4 Solution in terms of Sonine polynomials

For the Chapman-Enskog functions of viscosity of a binary mixture, B; and By, it

is assumed that both B; and B,y can be expressed in series form as follows:

—+00 400
Bi= > bb?” ., By= > bby, (3.42)
Yot Yot

where the same expansion coefficients, b,, are used in both series, the value p = 0
is explicitly not included in either series (Note: In Chapman and Cowling [10],
summations that explicitly omit the 0* term are denoted with primes on the
summation symbol), and the functions, b®, in the two series are defined in the

two velocity domains by the equations:

bl =" =0, by =by” =0, (p=0)
bl") =0, bi” =0, (p<0), (3.43)
b =55 (@)6% . by =50V (@)6%,, PO
where:
" (m+n) _
(n) — N T nep o P
S @) = 2 it )
p=0
) (3.44)
(m+n)!

~ (0)!(n—p)(m+Dp) =

(with S () =1and sS4 (x) = m+1—2z) are numerical multiples (un-normalized)
of the Sonine polynomials originally used in the kinetic theory of gases by Burnett
[13]. As it is used in Chapman and Cowling (and in the present work), one should

note the following orthogonality property of the Sonine polynomials:

/000 exp (—2) S (2) S (z) a™dx = {T (m +p+1) /p!} 6py , (3.45)

where 0, , is the Kronecker delta and I' (z) is the Gamma function..

From Eq. (3.33), one may write:

{B7 b(q)} = 6(1 ) (346)
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where:
n2ﬂq = /fl(o) %1(51 . bgq)dcl + /fQ(O) %2%2 . bgq)dCQ . (347)
Integrating Eq. (3.47), one finds that:
572
=5, Ba= 2,30 By =0 (¢#=£1) . (3.48)

Combining Eqs. (3.42)-(3.47) yields:

Z bpbpg = By (3.49)
p=—00
p#0
where:
by, = {b®@ b} . (3.50)

If values for by, are known, all of the b, can be determined by solving the algebraic
system of equations represented by Eq. (3.49). In the general matrix terminology

of Chapman and Cowling, this is:
b= lim {380 + 5.8} 2 (3.51)

where ™ is the determinant of the 2m x 2m symmetric coefficient matrix of
the system of Eq. (3.49) and A5 is the cofactor of by in the expansion of 2™,

Since, from Eq. (3.48) £, = 0 (¢ # £1), this yields:
{B,B} = Z bpy{B,b")} = Biby + B_1b_1 , (3.52)
p

which, in turn and still using general matrix terminology, yields the following

expression for the viscosity of a binary gas mixture via Eqgs. (3.40) and (3.51):
o= 3T lim {38 + 2002, + 238, | [ (3.53)

It can be shown that the successive approximations to p as m is increased form a

monotonically increasing series that converges to an exact value for p in the limit
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as m — oo. Using Egs. (3.40), (3.48), and (3.52), the viscosity from Eq. (3.53)

can be expressed in a more convenient form as:
m=7Dp (xlbl + ﬂfgb,l) s (354)

which is the form used in the current work.

3.5 The bracket integrals

In order to complete the evaluation of the viscosity it is necessary to evaluate the
bracket integrals defined in Eq. (3.34) for {b® b@}. Hence, it is first necessary
to be able to evaluate the square bracket integrals of Eqs. (3.35)-(3.37), specif-
ically, b, b{?];, b, b{?);5, and b b%]1,. Completion of this task requires
integration over all of the collision variables and, additionally, requires knowledge
of the form of the intermolecular potential. However, the intermolecular potential
affects only integrations over the variables, g and b, because they determine the
scattering angle, y. All six of the other integrals (there are eight total in the colli-
sion operator) can be evaluated in some manner without specific knowledge of the
intermolecular potential.

The specific bracket integrals mentioned above that require evaluation are given
explicitly in Chapman and Cowling but how they have been identified is not readily
apparent in the text which focuses on very broad generalized expressions that can
be difficult to interpret. In practice, the needed bracket integrals are most readily
determined by considering Eqgs. (3.25) and (3.26) directly. If these equations are

expressed as:
n%]l (Bl) + n1n2[12 (Bl) + n1n2[12 (Bg) = fl(o) %1%1 s (355)

n%[z (Bg) + n1n2I21 (Bg) + n1n2121 (Bl> = fQ(O) %2%2 s (356)

then one can insert Sonine polynomial approximations for the solutions, B; and B,

can multiply through the equations with additional Sonine polynomials, and can
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then integrate the equations. By using the orthogonality of the Sonine polynomials
as given in Eq. (3.45), this process will yield a set of simultaneous equations
involving the matrix coefficients necessary to specify the solutions. The RHSs of
the equations determine the constants, (3,, and the LHSs yield combinations of
bracket integrals that correspond to the desired b,, coefficients of the matrix used
to determine the b, values which, in turn, determine the viscosity via Eq. (3.54).
The easiest way to follow this process is via a low-order example. If one con-
siders the Sonine polynomials used in the definition of the b* and b%) Chapman-
Enskog expansion tensors, p = 1 is the lowest order with S0 (x) = 1, such that
b(") = SO (4) 6,6, = €% and bl " = S, (€) €62 = €2%.. Using only this
order of approximation for B; and Bs, i.e. assuming that B; = blbgl) = %10‘51

and By = b,lbgfl) = b_1€2% >, one may express Eqgs. (3.55) and (3.56) as:

n%[l (%1%1) bl + nlngflg <%1%1> bl + n1n2[12 (%2%2) b,1

_ fO%@, . (357)

H%IQ (%2%2) bfl + nlngjgl (%2%2) bfl + n1n2[21 (%1%1) b1

_ 19,2, . (3.58)

Now, multiplying through Eq. (3.57) by €1%1 and through Eq. (3.58) by €%,

one has:
W2 EE, I (%ffgl) b+ 11 %1 : Iy (fgffgl) b
e i€ Lo (fg;%) b =%, fO.%,, (359
and:
W26, : I (%o%) byt 11nyGsBs - I (%%) by

+ ninsg %2%2 . 121 <%1%1) b1 = %2%2 . fQ(O) %2%2 . (360)
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From these, after integrating throughout Eqgs. (3.59) and (3.60) in the manner of
Egs. (3.12) and (3.13) for I; and I;;, one can express Egs. (3.59) and (3.60) in

bracket integral notation as:
(n% [%1%17%1(51} | T mang [%1%1,%1%1} 12) b
+ ning [%1%1,(52%2} 1p0-1 = //%1%1 : fl(o) €11 gande'de , (3.61)
and:
ning [(52%2, %1%1} 21b1
+ <n§ [(52%2, %2%2} 9 + n1n9 [%2‘52, %2%2} 21) b_l

= //%;‘52 . 0 ‘f;ﬁfz gasde'de . (3.62)

Given the way that the solution has been approached and the low order of this
example, it is readily apparent that these equations (when divided through on both

sides by n?) must be equivalent to:
b11b1 + blflbfl - 61 y (363)

boiiby +b_1_1b_y = B_1, (3.64)

where:

by = 22 [, €161 ], + 010,661, 6:%1] . (3.65)
bi_1 = 212 [%f%l,ff;%} o (3.66)
bt = 11062, €161 ], (3.67)
by = 22 [€,60, 6], + 1105 6,62, 6.5, | (3.68)

and the integrals on the RHSs correspond to the (3, constants which, due to the
orthogonality of the Sonine polynomials, are defined only in the current example

where ¢ = 1 and are otherwise zero. Equations (3.63) and (3.64) can, of course,
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be rearranged to cast them into the ordered form that corresponds directly to the

form that the more general, higher-order problem has been expressed in, i.e.:

e I 00

Thus, with the bracket integrals expressed in terms of the appropriate Sonine

polynomials, the matrix elements of Egs. (3.65)-(3.68) are simply:

by = 23[SY) (€) ) %hsg%( )€:1%1],

+ 222 [ S5, (€ )11, S (€ )€.%, ], (3.70)
bi_1 = 2179 [Sé/Q (Cg) (51%17 Sé(;g (%)%2%2] 12 7 (3'71)
b_11 = 7122 [55/2( )%2%27 Sé?g( )%1%1}21 ) (3.72)
boios = 23[SY) (€) €., ) () €.65),

+l‘1l’2[ 5/2( )%2%2, 5/2( )%2%2}21 s (373)

which, for higher-order expansions, become simply:
by = 1[5, (€)1, 55,7 (€) 6,61,
+2122[S5, Y (6) €161, S0,V (6)6:1%1], . (3.74)

bp—g = 1172[ S,V (€) B %, Sy U (6) %25, (3.75)
by = 2122 [ST,V (6) 6,1, 59,7 (€)€.%1],, (3.76)

by =23 [SY, " (€)€:65, 809, (€)%:%5],

5/2

+ 2172 S5V (%)%%,sgj; (€)€25),, - (3.77)

From the definitions of I; and I;; in Egs. (3.12) and (3.13), it follows that Eqgs.
(3.76) and (3.77) are essentially identical to Eqs. (3.75) and (3.74), respectively,

with the only difference being the interchange of the subscripts 1 and 2 representing
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the different components of the mixture. Thus, in general, the complete Chapman-

Enskog solution for viscosity requires only the bracket integrals:

[S43 () %1%, 547} (€) 616 1]

17

(ST, (€)1, 5L, (€)€:%)] (3.78)

12
(S5, (€)€:%1,5)), () %,65)
which are exactly those identified by Chapman and Cowling. Some further sim-
plification of the problem can be obtained by noting from Chapman and Cowling
that, in the limit of a simple (single) gas where m; = mgy, ny = ny = n, and

Q91 = (19 = (1, OnNe has that [F, Gh = [Fl,Gl —f-GQhQ = ([Fl,G1]12 + [Fl,G2]12>

which, in the current problem, equates to:

[Séz;)g (Cg) €%, Sé% (Cg) %1%1] 1

_ ( (ST (€) 611, 55, (€) 18],

T [SE()I;)Q (¢) €€, Sg()% (€)€2%5) 12) (3.79)

mi=mso
ni=ns=n

a12=Q21 =01

At this point, it still remains to perform the six integrations unrelated to the
intermolecular potential model that is employed in order to complete the evaluation
of the two necessary bracket integrals on the RHS of Eq. (3.79). For the relevant
details of this integral evaluation process, one should refer to the text of Chapman
and Cowling [10]. Note that Chapman and Cowling make use of the following
definition of the Sonine polynomials:

(S/s)™ " exp (—a8) = (1 —s) " Lexp (—xs/(1 —s))

is"S,(:) (2) | (3.80)

n=0

where S = s/(1 — s) and, likewise, T = t/(1 — t), are used to express the needed
bracket integrals in terms of the coefficients of expansions in the arbitrarily intro-
duced variables, s and ¢. Thus, it is possible after following Chapman and Cowling

to determine that:
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[Sé% (¢)€1¢1, Sé% (¢) %2%2] 12

— coeff [517] ((i—f)m 3 / / / {L22(0) ~ Ly (X)}gbdbdsdg> (381)

and:

(S0 (€) .6, S, (€)6:€1] ,
7/2
= coeff [s"t9] ( (i—f) 3 // {Ly(0) — L (X)}gbdbdsdg> , (3.82)

where g = (moM; M, /2kT)"/?g,1. Also, note that the retention of a single g in the
integrands of Egs. (3.81) and (3.82) (as opposed to g) is not a typographical error
but, rather, is the exact notation used by Chapman and Cowling. After integration
over ¢ and the directions of g (which changes the constants somewhat), one can
express the y-dependent portions of the RHS bracketed integrals of Eqs. (3.81)
and (3.82) as:

% (ST/5t>7/2 (M1M2)_1 T2 Ly (x)

= Z Z {2M, M,st (1 — cos (x))} (47 /r!) (Mys + Mt)"

(3.83)
X [(n +1) (n+2) ST (57) +2(n+1) g2 (1 cos (x)) S5 1) (5)
gt {(1 = cos (1)) = $sin (1)} S, (%)
and:
3(sT/st) P73 Ly (x)
—e 7 Z Z [st (M} + Mj +2M, M, cos (x))]" (5 /m)
x (M, (s s t>n— (My = My)st]" [ M3 (n+1) (n+2) ST (57) (3:84)

+2 (n + 1) g M, (M; + My cos (x)) S50} (5°)

2 . n
+4* {(M, + M, cos (x))” — 1 M5 sin® (x) } S£+)5/2 (52)} :
In both of these cases, the coefficient of [sPt?] yields a polynomial in powers of

g° and cos(y) that is multiplied by exp(—g®) and in which each term is some

function of the molecular masses via M; and M,. The y-independent portions of
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the RHS bracketed integrals of Eqs. (3.81) and (3.82) are obtained by the simple

expedient of setting y = 0 in Eqgs. (3.83) and (3.84) which yields overall terms in

the combined polynomial involving (1 — cos‘(x)). Thus, it is possible to express

Egs. (3.81) and (3.82) as:
[SE, (6) 161, S0 (6) 26 ,
= %W1/2M5+1M{1+1 // exp (_(92) Z (qurﬁ) 527”4-2
.l
x (1 —cos’ (x)) gbdbdyg

¢
- %MgﬂMfH Z (Bhpgre) Q%z) (r)
.l

and:
[ST)(€) 611, S5, (€) 161,

_ %7‘(’1/2 // exp (_52) Z (B;qré’) ﬂ2r+2
rl

x (1 —cos’ (x)) gbdbdyg

=16 (B’

3 pgrt
rl

) 21 (1)

where the omega integrals are defined as:

1/2  roo
Q(f) (7,) — kT / / exp (_52) 52r+3¢(3)dg
12 27Tm0M1M2 0 12 ’

with:

¢\ = 2m /Tr (1 —cos’ (x)) bdb .

0

As stated by Chapman and Cowling [10]:

“Explicit expressions for [B,,, and B/ _,| can be obtained from [Egs.

pqrl

(3.83) and (3.84)] using [Eq. (3.44)] for 5% (z). In view of the compli-
cation of these expressions it is, however, better in practice to calculate

any desired values of [Bp,¢ and B/ | directly from [Egs. (3.83) and

pqrt

(3.84)].”
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This approach as suggested by Chapman and Cowling has been explored using
Mathematica® up to order 60 and the order 60 viscosity results are reported
here. Note that in all of the expressions generated for this work, the fully general
dependence of the expressions on the mole fractions, the molecular masses, and the
models of the intermolecular potential (that can be employed) have been retained.
For example, from Eq. (3.49), since there exists symmetry in the off-diagonal
elements such that b,, = by,, one can write the following matrix equation for order

1 (as shown previously in a low-order example):

e IR (859

Here, the general expressions for the b, coefficients have been determined to be:

boior = a3{408) )} + wia {2 (08) 24 (1)

o (3.90)
by = wazs { =% (M M) 043 (1) + 8 (M 25) F (2)} (3.91)
by = wy { =52 (M M) 21 (1) + 8 (M1 M) 2 ()] (3.92)
b1 = x%{‘l!)%z) (2)} + $15E2{%(M1M2) _QS) (1) (3.93)

50l o)
The symmetry in the off-diagonal elements is obvious, with b_1; = b;_;. Likewise,

for order 2, Eq. (3.49) plus symmetry gives the following matrix equation:

b_o_g b_o_1 b_g b_n b_o 0
boi—o b1 b bopo b_y p1

_ , 3.94
b by bn bo || b 5, (3.94)
b2—2 b2— 1 b21 b22 b2 0
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and the general expressions for the b, coefficients have been determined to be:
bas =a3{ S0P (2) - 700 (3) + & (1)}
+ .Z‘ll’g{ 1540 ( M1M3 + %MEMQ) Qg) (1)

- I (MPM) 247 (2) + 2 (MPMz) 213 (3)

(3.95)
+ 82 (ZNMS + 2 25 (2)
- 56 (M) 213 (3) + 8 (M) 213 (4)
+16 (MPA) 2 (3)}
b_2_1 - b_1_2 :l’g{?QéQ) (2) - 2\952) (3)}
+ I1$2{280 (M2M2) \Q( ) (1)
(3.96)
— 12 (M20) 28 (2) + 28 (MF) 2 (2)
—8 (M) 2 3)}
b_21 = bl—2 :x1x2{ 280 (M2M2) Q( ) (1) + & (M2M2) \Q ( )
(3.97)
+ 28 (M2My) 22 (2) — 8 (M2My) 2 }
by = by s :xle{ 1540 (2 02) O (1) 4 Z54 (MQMZ) 2 (2)
56 (M2M2) Q< (3) +8 (M2M2) Q< ) (4) '
—16 (MEMZ) 217 (3)}
b,1,1 = $3{4Q§2) (2)} + xlxg{%(MlMg).Qg) (1) ( )
3.99
+8(Mp) 2 (2}
bt = wiza { % (M M) 043 (1) +8 (M 05) ) (2)} (3.100)
b_i2 = by :371152{ - 22—0 (MIMZQ) Qg) (1) + % (M1M22) Qg) (2) (3‘10”
+28 (M M3) 23 (2) — 8 (M M3) 023 (3)
b11 = ZL‘%{Z.LQ;Q) (2)} —+ ZL’IIQ{ (MlMg) Q(l) (1)
(3.102)

+8(M3) 23 ()},
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bio = by =23 {70 (2) - 207 (3) } + w2 (M MZ) 21 (1)
— U2 (M2 Q1) (2) + 28 (M) 23 (2) (3.103)
-8 (M5) 23 (3)}
b =23 {2027 (2) - 7007 (3) + 0 (1)}
o 50 (MM + J M M) 0fF) (1)
— T(MMG) 1) (2) + 128 (M M3) 21 (3) (3.104)
+ 02 (MM + 350M3) 213 (2) - 56 (M) 217 (3)
+8 (M2) 22 (4) + 16 (M M) 28 (3)} .
In Egs. (3.95)-(3.104), the off-diagonal symmetry has been expressed explicitly.
While one could, certainly, go even higher in order detailing explicit expressions
for the matrix coefficients, the expressions rapidly become unwieldy in analytical
form. If one wishes to verify the order 2 expressions presented here or if additional
explicit expressions for the order 3 matrix coefficients are desired, they can be con-
structed directly from the relevant bracket integral expressions which have been re-
ported previously in the literature [40,41]. In producing analytical order 60 results
computationally this work has gone far beyond the hand calculated orders 2 and 3
reported in the previous literature and the expressions from the present work are in
essential agreement with those bracket integral results from the literature except for
an apparent typographical error in Ref. [41] where one coefficient in the bracket in-
tegral corresponding to (in the current notation) [SE()/)Z (€) ‘510‘51, Sé})Q (€) "f;‘fg] o
for the omega-integral Qz(f ) (2) should be changed from % to 42%. The bracket
integrals appropriate to higher orders have not been previously reported. In going
computationally to higher orders, all of the previously generated expressions are
retained and need not be recomputed. Most importantly, regardless of the order of
the expansion used, the dependencies of the matrix coefficients on mole fractions
and molecular masses are carried through in general form. Molecular diameters

and the specific intermolecular potential model used are also carried through in
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general form via the omega integrals which may also be defined in terms of the

quantity, o1o. This quantity is, in purely general terms, only a convenient, arbi-

trarily chosen length in the range of b. Thus, it is often convenient to express the

omega-integrals as [10]:
0 (r) = Lot (kT /moMi M) > Wiy (r)

where:
Wiy (r) = /0 " exp (—5°)g" " /0 ’ (1 —cos’ (x))
X (b/O’lg) d (b/O‘lg) d (gQ)

= 2/000 exp (—4°) /07r (1 = cos’ (x))

X (b/o12)d(b/o12) dg ,

and where the corresponding simple gas expressions are:

OO (r) = o2 (xkT fm1) P W (r)

Wl(e) (r) =2 /000 exp (—g°) g7 /O7r (1- cos’ (x))
x (b/o1)d (b/o1)dyg ,

and:

O (r) = 03 (wkT [ma) > W3 (r)

WQ(Z) (r) =2 /000 exp (—g°) g7 /07r (1- cos’ (x))
X (b/oy)d (b/oy)dyg .

(3.105)

(3.106)

(3.107)

(3.108)

(3.109)

(3.110)

In Egs. (3.105)-(3.110), oy and oy are arbitrary scale lengths associated with

collisions between like molecules of type 1 and type 2, respectively, while o5 is

associated with collisions between unlike molecules of types 1 and 2. These scale

lengths are commonly associated with some concept of the molecular diameters
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depending upon the specific details of the intermolecular potential model that is
employed. In the current work, results are reported for the case of rigid-sphere
molecules because the form of the potential model allows the omega integrals to
be evaluated analytically eliminating the need for any numerical integrations in
the current work. Some of the details of this potential model are described in the

following section.

3.6 The case of rigid-sphere molecules

For the specific case of a binary, rigid-sphere, gas mixture, one has an intermolec-

ular potential model of the form [27]:

. oo, r<oi,
U(?’)—{ 0. r>on (3.111)

where 019 = %(01 + 03), and o7 and oy are the actual diameters of the colliding
spherical molecules. Under the rigid-sphere assumption, one then has the colli-
sional relationships b = o5 cos (%X) and bdb = —ia% sin (y) dx. Using these in

Egs. (3.105) and (3.106) yields:

1

Wi o) =1 [2- o (1 o) o+ (3.112)

such that:

08 (r) =Lo?, (2nkT fmo M, My)'/?

o {2 - 64%1 (1 + (—1)’5)] (r+1), (3.113)

and, since Wl(e) (r) = WQ(Z) (r) = Wl(ﬁ) (r), the corresponding simple-gas expres-

sions:

Q9 (1) =02 (7kT Jmy)

3.114
xi[Q—ﬁ(l—i—(—l)Z)} (r+1)!, ( )
and:
) (r) =02 (nkT /my)"?
(3.115)

x 1 [2—€J%1 <1+(—1)4)} (r+1)!.
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All of these omega integrals are readily evaluated for the purpose of the current
work and, thus, one has the following simplified, rigid-sphere, matrix elements for

the order 2 approximation:
2rkT

kT
b, — { TR 205 2} _ AR
222 TR\ Ty o T2 I A,

+ MM + BOM M ) oy |

T okT
b b 2{_ TR 552 {—\/:<4M3
9—1 1-2 =51 4/ -~ oy [ T 122 moM; M, ! (3.117)

+EMIM) o)

2rkT
b_o1 = b1 =$1$2{\/ mwMzMz 12} , (3.118)
[ 2wkT
b_g9 = ba_o :x1$2{— mSOMfM%O’%} , (3.119)
kT 2nkT
S YL S Y B
1-1 2 Mo 2 122 oM My 1 (3.120)

8
3
40M1M2)U 2} )

[ 2wkT
b_ll = b1—1 :J}L’EQ{— W%MIMQUfQ} , (3.121)
2rkT
b_1o =0by 1 =I1x2{\/ WIGMlMg %2} , (3.122)
kT 2wkT
by =z {\/—502} + iz {\/—<8M2
11 1 my 371 172 oMMy 5 (3.123)

+ 9N M )0}

kT 2nkT
O S 9 B Y B Y
2 2= my iyt mo My My 2 (3.124)

+ZM M)t |

| kT | 2nkT
b2z _xl{ 7Tm 225 2} * xle{ m ;\} M. <34M§ " %ﬂMlMg (3.125)
1 oMy Mo .

SR VSV %MEMQ)@} .

34M 4 2OMB M.
(aast + asins (3.116)

In these results, this methodology is continued to arbitrary order with the full
dependencies of the matrix elements on the molecular masses, mole fractions, and
molecular diameters being retained explicitly up to the final point of actual evalua-

tion via matrix inversion. As indicated previously, adaptation of this work to more
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realistic potential models is straightforward since the potential model is present in

the bracket integral expressions via the omega integrals.

3.7 Results

The quantities of major interest in the present work are the viscosity:
u=7Dp (ZClbl + l’gb,l) s (3126)

and the Chapman-Enskog viscosity solutions:

Z bpSry , (3.127)
Z bpSsa V(€)% . (3.128)
p=—1

Here, note that b; and b_; are actually integrals on B; and By and, thus, may be

expressed as:

16 o
and:
16 >
by — exp (—€) EB () A% . (3.130)

15v7 Jo
Note that By, By, by, b_;, and p are all dependent upon xy, xo, my, ma, o1,
09, and temperature, 7' (in addition to the Boltzmann constant), although these
dependencies are not displayed explicitly in the above equations. In the m-th order

of the expansion, these are written as:
[l =P <$1b§m) + wab(ﬁ)) : (3.131)

Z SV (6) ¢ (3.132)

—m

B (€)= > oSy (6)% (3.133)

p=—1
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w16 [
pim) —

(m)
v exp (—%7) €,'B" (¢1) A, , (3.134)

and:

SR GIVZ

As a part of this work, the following sets of calculations have been carried out:

oxp (—62) 6B (%) A%, . (3.135)

(i) A comparison of the current results with the results previously reported by
Takata et al. [2] has been conducted. For this comparison, the current results have
been adapted so as to present them using the same non-dimensionalization scheme
employed by Takata et al. and have then been plotted in graphical form with the

same scaling and for the same set of virtual gas mixtures reported by Takata et al.

(ii) A comparison of the current results with the results previously reported by
Garcia and Siewert [1] has been conducted. In this comparison, these results have
again been adapted so as to present them using the same non-dimensionalization
scheme employed by Garcia and Siewert which, in part, is the same as that used
by Takata et al. [2]. However, Garcia and Siewert presented their results numeri-
cally rather than graphically for selected real gas mixtures and the current results
include (among others) similarly adapted numerical results corresponding to the
same real gas mixtures. Additionally, Garcia and Siewert presented numerical re-
sults for the non-dimensionalized quantities, €,1, p.2, f?l, and §2 (defined below)
which have also been computed in the same non-dimensionalized forms for com-
parison purposes. Here, some actual numerical values from orders 58-60 have been
included which allows the degree of convergence of the current results to be explic-

itly assessed in each case.

(iii) Using the non-dimensionalization/normalization scheme of Chapman and Cowl-

ing [10] which normalizes viscosity relative to the first-order approximate results, a
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comprehensive set of order 60 results for all binary mixtures of the noble gases He,
Ne, Ar, Kr, and Xe has been obtained. The two cases considered by Garcia and
Siewert [1] are a subset of these collected results which are presented numerically
for orders 1 (un-normalized) and 60 (normalized to order 1). Additionally, extrap-
olated limiting values of the viscosities (corresponding to m = oo) are presented
that have been obtained by applying the Mathematica® function SequenceLimit
to the sequence of normalized viscosity results corresponding to orders 1 through

60.

In the work of Takata et al. [2], the authors have considered cases involving
a selection of ‘virtual’ gas mixtures for which the size and mass ratios of the
constituents are general values only and do not reflect the sizes and masses of
specific gas constituents. The size ratios that have been considered in this work
include o9/07 = %, 1,2 and the mass ratios that have been considered include
me/my = 1,2,3,4,5,8,10. Mole fractions are specified by x; € (0,1) with z1+x9 =

1. The authors define a non-dimensional viscosity as:

fi=fu . (3.136)

where:

C(VmRT 1\
= ()

and, thus, ji depends only upon the masses, m; and ms, and the molecular diame-

(3.137)

ters, o1 and 09. Dependence upon the temperature, 7', has been totally eliminated
for rigid-sphere molecules which is quite convenient because the rigid-sphere model
is known to exhibit an unrealistic temperature dependence. The authors have pre-
sented their results graphically and have not given their precise numerical results
explicitly although the current indistinguishable comparison results indicate that
they have obtained precise results for the cases studied. The present results are

reported in the same format and for exactly the same cases considered by Takata
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Figure 3.1: The ji functions calculated in this work for comparison with the values
reported by Takata et al. [2] for o9/01 = 1/2.
et al., in Figs. 3.1-3.3 where they conform to the same non-dimensionalization
scheme described in Eqgs. (3.136)-(3.137).
In the work of Garcia and Siewert [1], the authors have considered Ne:Ar and
He:Xe gas mixtures. They have reported values of the non-dimensionalized quanti-

ties fi, €p.1, €p2, §1, and B\g which are related to the current results in the following

manner:
- 2
~ _ 93/2 1 3.138
= fip (95101 e (T1€p1 + T2gp2) ( )
Ep1 = fabi (3.139)
Ep2 = fzb_l s (3140)
B, = f:B1 , (3.141)
By = f,B, (3.142)
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Figure 3.2: The fi functions calculated in this work for comparison with the values
reported by Takata et al. [2] for 09/0; = 1.
where f is the same non-dimensionalization used by Takata et al. [2] in Eq. (3.136)

and:

-2
fa=1127p <L> : (3.143)

X101 + T209

Here, again, the current results have been adapted in a corresponding manner
in order to conduct a comparison with Garcia and Siewert in their notation and
this comparison is given in numerical form in Tables 3.1-3.7 for selected cases.
Note that for the Ne:Ar mixture, Garcia and Siewert used molecular weights of
20.183 and 39.948 for Ne and Ar, respectively, with a molecular diameter ratio of
oar/one = 1.406. Additionally, for the He:Xe mixture, Garcia and Siewert have
used molecular weights of 4.0026 and 131.30 for He and Xe, respectively, with a
molecular diameter ratio of ox./oge = 2.226. For the present comparisons with
their results in Tables 3.1-3.7, the same molecular parameters used by Garcia and

Siewert (as listed above) have been used. The values reported later as the primary
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Figure 3.3: The fi functions calculated in this work for comparison with the values
reported by Takata et al. [2] for 09/0; = 2.

results of the current work were obtained with slightly different parameter values
that are specified later. Note from the results presented in Tables 3.1-3.5 the high
number of digits of precision in the current results for €,1, €,2, and /i, and that
these results support those of Garcia and Siewert to the number of digits that they
had reported. The current results for El and Ez, however, have not converged fully
(to the digits reported) for all values of ¢ and that, for the lower and higher values
of &, expansions beyond order 60 will be needed for a more complete comparison.
Also, however, note that it is the middle range of € (= 1-3) where the current work
converges best that contributes the most to the macroscopic quantities of interest
(such as viscosity and the slip coefficients) and, thus, the current results are the

most appropriate ones to use in calculations of such quantities.
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Table 3.1: Values of €)1, €51, and fi presented in Garcia and Siewert [1] for a
binary, rigid-sphere, gas mixture of Ne:Ar.

Garcia and Siewert [1]

L1 €p,1 €p2 it

0.0 0.5595420 0.6317248 0.903862
0.1 0.5476674 0.6176388 0.926428
0.2 0.5359138 0.6036851 0.951027
0.3 0.5242967 0.5898802 0.977937
0.4 0.5128351 0.5762439 1.00749
0.5 0.5015515 0.5627999 1.04008
0.6 0.4904734 0.5495769 1.0762
0.7 0.4796344 0.5366103 1.11643
0.8 0.4690763 0.5239439 1.1615
0.9 0.4588517 0.5116331 1.21232
1.0 0.4490278 0.4997484 1.27004

TCalculated here (see Eq. (3.138)) from €, and ¢,2 as reported by Garcia and
Siewert.
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Table 3.3: Values of €)1, €51, and fi presented in Garcia and Siewert [1] for a
binary, rigid-sphere, gas mixture of He:Xe.

Garcia and Siewert [1]

I Ep,1 €p,2 [Aﬁ

0.0 0.6872939 2.571784 1.46801
0.1 0.6591318 2.496050 1.47828
0.2 0.6313460 2.424505 1.48925
0.3 0.6040327 2.358467 1.50078
0.4 0.5773241 2.299872 1.51252
0.5 0.5514060 2.251684 1.52364
0.6 0.5265471 2.218677 1.53232
0.7 0.5031460 2.209062 1.53438
0.8 0.4818064 2.238244 1.51971
0.9 0.4634256 2.338849 1.46101
1.0 0.4490278 2.593733 1.27004

TCalculated here (see Eq. (3.138)) from €, and ¢,2 as reported by Garcia and
Siewert.
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Finally, the primary results of this work for binary mixtures of the noble gases
He, Ne, Ar, Kr, and Xe are presented. Note that a more transparent way to report
viscosity results may be achieved by normalizing the viscosity in the following

manner:

(1 = 1ty (1], (3.144)

where, [u]" = [ul,, /1], and [u], is the viscosity of the mixture computed with
a first-order approximation (m =1). In the general case, [p], can be explicitly

expressed as:

1], =5kT (3x§9§2> (2) 4 322287 (2) 4 20M, Mo 0243 (1)

2 (3.145)
+ 6(M1£U1 - M2$2)2~Q£2) (2)>/A ,
where:
A :8{3M12x19§2> 2) <$2Q§2) (2) + 22,253 (2)>
- 3M22x2!2§2) (2) (xlgf) (2) + 2I293) (2>>
(3.146)

200, 102327 (2) 243 (1) + 102308 (2) 2 (1)
+ 212 (39@ 2) 22 (2) + 20020 (1) 0@ (2))} } .
and, for the specific case of rigid-sphere molecules, one would use Eqs. (3.113)-

(3.115) for the omega integrals needed. Based upon this definition, one may express

Eq. (3.131) as:

’LL m = ILL T 1 '/'C e :C 1y Y- bl .
" uly lbﬁ” ! 2b<_1{ !

such that:

= [ )y = p (b Y + a0 (3.148)
where:

s _ BY™

i =y (3.149)

by
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b

pmr = =L (3.150)
o)

-1

v

are also normalized to their order 1 values, bgl) and b(_lg, which are, explicitly:

b =p1 (5 <3x19§2) (2) + 200, Mu 21D (1)
(3.151)
+6( Mg, — My ) 27 (2))) /A

Y =p 1 (5 (3:52952) (2) + 20M, Mo 2D (1)
(3.152)
+6(M121L'1 M1M21E2> >>/A

Again, for the specific case of rigid-sphere molecules, one uses Egs. (3.113)-
(3.115) for the omega integrals needed. Here, some representative order 60 results
for [p],, b, o) and [u J50s b9 5% for binary mixtures of the noble gases He,
Ne, Ar, Kr, and Xe are reported in Tables 3.8 and 3.9, respectively. The molecular
mass and diameter values used in computing the results given in Tables 3.8 and

3.9 are summarized in Table 3.10.
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Table 3.10: Parameters at STPT of the gases considered in this work.

Molecular weight [42] Molecular diameter
Gas (amu) x10% (cm) [10]
He 4.002602 2.193
Ne 20.1797 2.602
Ar 39.948 3.659
Kr 83.798 4.199
Xe 131.293 4.939

TSTP signifies a temperature of 0 °C and a pressure of 1 atm.

As a result of obtaining normalized viscosity values for each order of approx-
imation up to 60, there exists for each combination of parameters considered a
sequence of values that is known to be increasing monotonically to a fixed limit-
ing value of the normalized viscosity. As a part of this work, the Mathematica®)
function SequencelLimit has been applied to each such sequence of values in or-
der to determine the limiting values associated with the order 60 results. The
SequencelLimit function extrapolates to the limit using the Wynn-epsilon algo-
rithm. The extrapolated results, which are included in Table 3.11, are truncated
at the number of digits that appear to be common to all of the extrapolations
done for each point using Wynn orders from 12 to 22 which is the range of Wynn
orders that appears to give the most consistent extrapolated values. It appears
that the extrapolated values presented in Table 3.11 are likely correct to the pre-
cision shown excepting, perhaps, only the last digit and should be considered the
best rigid-sphere gas mixture benchmark values available. Even with the last digit
considered to be unreliable, the extrapolated values of Table 3.11 are more than
double the precision of order 60 results and are, effectively, equivalent to about
order 150 results. This approximate equivalency has been determined by examina-
tion of the results for simple gases where error free results to order 200 have been

previously generated [15].
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Table 3.11: Limiting values of the normalized viscosity coefficients, [u]%,, for bi-
nary mixtures of the noble gases He, Ne, Ar, Kr, Xe as functions of the mixture
fractions of the lighter constituents obtained by applying the Mathematica® func-
tion SequencelLimit to the sequences of values from each of the first 60 orders of
the Sonine polynomial expansion employed.

Gas Mixture T ()5
He:Ne 10~100 1.016033941655962253954579863833629348

0.1 1.015079810056074832134717

0.2 1.014258783613824913206028

0.3 1.0135812710650702617819123

0.4 1.01306346604593788423444147

0.5 1.012729545228902311582747161

0.6 1.0126153243508297159266358546

0.7 1.0127745723507887702381118664

0.8 1.01329052801883150411659927535

0.9 1.01429844951434984261706022

1-107190  1.016033941655962253954579863833629348
He:Ar 10~100 1.016033941655962253954579863833629348

0.1 1.01587330372317453702

0.2 1.01572351653535980306

0.3 1.015585103792673782204

0.4 1.0154599002808454998784

0.5 1.015352348569032867462623

0.6 1.015271984341028669894611

0.7 1.01523823494732865650152

0.8 1.015289827416199673158

0.9 1.01550365889632978464227

1-107190  1.016033941655962253954579863833629348
He:Kr 10~100 1.016033941655962253954579863833629348

0.1 1.016132670599328973

0.2 1.0161923530441204303

0.3 1.0162015501473002976

0.4 1.01614732647703301738

0.5 1.016016949116604072729

0.6 1.01580289424 7880386

0.7 1.0155163772025665

0.8 1.01522390860002452

0.9 1.01515202001928212

1-107190  1.016033941655962253954579863833629348
He:Xe 10100 1.016033941655962253954579863833629348

0.1 1.01639357873148544

0.2 1.01672843543249824

0.3 1.017020984822171505

0.4 1.017246326517223295

0.5 1.0173697459456648910

0.6 1.017344937096175

Continued on Next Page. ..
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Table 3.11 — Continued

*

Gas Mixture 1 (]

0.7 1.017117286013916

0.8 1.016649318985848

0.9 1.0160376124971495

1-107190  1.016033941655962253954579863833629348
Ne:Ar 10~100 1.016033941655962253954579863833629348

0.1 1.016255903612141000200899434832

0.2 1.01646451044346809410691073383

0.3 1.0166506734989664588174651800740

0.4 1.0168033258579053353927089480029

0.5 1.0169090341451001372788428611822

0.6 1.01695154099883761565841905350941

0.7 1.016911233053547014797343725516189

0.8 1.016764536704082829300794095403725

0.9 1.0164832607975613778534729187741107

1-107190  1.016033941655962253954579863833629348
Ne:Kr 10~100 1.016033941655962253954579863833629348

0.1 1.01612540646633012657713000

0.2 1.01626026630639998764083589

0.3 1.01642925411284162301126604

0.4 1.01661819150010258481306746

0.5 1.016806000491424450961145714

0.6 1.016961894063623336928447243

0.7 1.0170413856141668592268535558

0.8 1.016980602098273539624977052011

0.9 1.016688190727301945675343058029

1-107199  1.016033941655962253954579863833629348
Ne:Xe 10100 1.016033941655962253954579863833629348

0.1 1.01635395675300562285571

0.2 1.016717205275602430599

0.3 1.017112812973569150954283

0.4 1.0175214828626720532952501

0.5 1.017910716721731470814721

0.6 1.01822722536375476204914565

0.7 1.0183847208115804505447794

0.8 1.018244066304937407785749851

0.9 1.01758089599427726964048704629

1-107190  1.016033941655962253954579863833629348
Ar:Kr 10~100 1.016033941655962253954579863833629348

0.1 1.0157599396616686610769442568237

0.2 1.015543359780313196546727130606

0.3 1.0153847501355186755488035433106

0.4 1.01528498982394895063080996630058

0.5 1.01524535096051309989459744693215

Continued on Next Page. ..
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Table 3.11 — Continued

*

Gas Mixture 1 (]
0.6 1.015267580586585597497151761367399
0.7 1.015354009095664565674068135802869
0.8 1.0155076946315758516375118924852254
0.9 1.0157326170864911922593341412913891
1-107190  1.016033941655962253954579863833629348
Ar:Xe 10~100 1.016033941655962253954579863833629348
0.1 1.015775168632201821548823047
0.2 1.015581367212953590718189382
0.3 1.0154511782726203583166875551
0.4 1.0153826874601876660550510798
0.5 1.01537325187006567002236238251
0.6 1.01541927984660166710266410454
0.7 1.015515945562385110830623044495
0.8 1.01565680932678690379245752937143
0.9 1.015833295255274878299014942797563
1-107190  1.016033941655962253954579863833629348
Kr:Xe 10~100 1.016033941655962253954579863833629348
0.1 1.016040550573804936133606116111538
0.2 1.01605093185160637569032285914610
0.3 1.016063508665116555756778958285538
0.4 1.016076509887881491652620799721914
0.5 1.0160879488852498433390948212038049
0.6 1.0160956001222498284307998029109126
0.7 1.016096973412687059316969605151087
0.8 1.01608928564915532856774043863274236
0.9 1.016069429880886850624641174578726821
1-107190  1.016033941655962253954579863833629348

3.8 Discussion and conclusions

The purpose in this series of papers has been to explore the use of Sonine poly-
nomial expansions to obtain error free results for the transport coefficients and
related Chapman-Enskog functions for simple gases and gas mixtures. In Chapter
2 [15], the case of simple gases was explored, and here this initial work has been
extended to include an exploration of viscosity and the related Chapman-Enskog

viscosity solutions for selected real gas mixtures. For specific results, the focus in
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this work has been on rigid-sphere molecules, as the omega integrals are readily
available in a simple analytical form. However, it should be emphasized that the
expressions obtained are completely general and results for any potential model
can now readily be obtained subject only to omega integral values for the given
potential model being available to sufficient precision.

Sonine polynomial expansions up to order 60 have been considered in this
chapter but the computational tools and programs that have been constructed
apply to expansions of arbitrary order and the only limiting factors have been the
speed and memory capacity of the computational resources available. Nevertheless,
because of the high precision of the current computations, excellent convergence
has been obtained in all of the results and, via extrapolation, viscosity values to a
precision of more than 15 digits have been obtained for all of the rigid-sphere gas
mixtures considered.

Since even in a binary-gas mixture the parameter space is very large (involving
mole fractions, mass ratios, size ratios, temperature, etc.), it is always useful to
have techniques or expressions that make rapid and precise computations possible.
It is because the development of a very general set of such computational tools
and techniques has been emphasized in this work, comparisons with the results of
Takata et al. [2] and Garcia and Siewert [1] have been relatively straightforward
and quick to obtain. It is this same generality that has allowed the extension of
this work in a straightforward manner to additional real gas mixtures and which
will allow for a much more substantial parametric study in the near future as well
as for additional study of realistic potential models. The attractiveness of this
work is obvious with respect to ternary and multiple gas mixtures as no new basic
expressions need to be computed and the computations would be straightforward.
Finally, one should note that the process of extending this work to studies of ther-
mal conductivity and diffusion is analogous to the content of the present chapter

and such results are presented in the next chapter.
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Chapter 4

Diffusion, thermal diffusion, and
thermal conductivity in a binary,
rigid-sphere, gas mixture

4.1 Introduction

The Chapman-Enskog solutions of the Boltzmann equations provide a basis for
the computation of important transport coefficients for both simple gases and gas
mixtures [10-12,20-26,28-31,39]. The use of Sonine polynomial expansions for the
Chapman-Enskog solutions was first suggested by Burnett [13] and has become the
general method for obtaining the transport coefficients due to the relatively rapid
convergence of this series [10-13,20-24]. While it has been found that relatively,
low-order expansions (of order 4) can provide reasonable accuracy in computations
of the transport coefficients (to about 1 part in 1,000), the adequacy of the low-
order expansions for computation of the slip and jump coefficients associated with
gas-surface interfaces still needs to be explored. Also of importance is the fact that
such low-order expansions do not provide good convergence (in velocity space)
for the actual Chapman-Enskog solutions even though the transport coefficients
derived from these solutions appear to be reasonable. Thus, it is of some interest to
explore Sonine polynomial expansions to higher orders. In the preceding chapters
it has been shown for simple, rigid-sphere gases (i.e. single-component, monatomic

gases) that, indeed, the use of higher-order Sonine polynomial expansions enables
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one to obtain results of arbitrary precision that are error free (Chapter 2 [15])
and that this work can be readily extended to modeling the viscosity in a binary,
rigid-sphere, gas mixture (Chapter 3 [16]). For viscosity an extensive set of order
60 results has been reported which are believed to constitute the best currently
available benchmark viscosity values for binary, rigid-sphere, gas mixtures. It
is the purpose in this chapter to similarly report the results of an investigation of
relatively high-order, standard, Sonine polynomial expansions for the diffusion- and
thermal conductivity-related Chapman-Enskog solutions for binary gas mixtures of
rigid-sphere molecules. In the following sections, the basic theory, the theoretical
elements specific to diffusion, thermal diffusion, and thermal conductivity, the
solution technique in terms of the Sonine polynomials, the bracket integrals, details
related to the specific case of rigid-sphere molecules, and the results are described.

A part of the motivation with respect to this work has been some of the re-
cently reported results on direct numerical solutions of the linearized Boltzmann
equations for rigid-sphere, gas mixtures. In particular, results for the transport
coefficients and the Chapman-Enskog solutions have been reported by Takata et
al. [2]. The current work provides a benchmark for assessing the precision of some
of the numerical results reported by these authors and, indeed, some such com-
parisons are reported. This work does have an important distinguishing feature
in that, for rigid-sphere gas mixtures, no numerical integrations are required and
thus, in principle, results of arbitrary precision can be obtained for any given order
of the Sonine polynomial expansions. The computational resources available for
this work at the present time have permitted expansions only to order 70 given the
manner in which this technique has been implemented, but even here it has been
possible to obtain results believed to be precise to 14 or more significant digits for
each of the normalized gas mixture transport coefficients (depending upon the spe-
cific mass ratios, size ratios, and mole fractions considered) and it is certain that

further improvements in the implementation of the technique or the availability of
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better computational resources will allow even higher-order expansions and greater
convergence of the results. Further, note that in this work the full dependence of
the solutions on the molecular masses, the molecular sizes, the mole fractions, and
the intermolecular potential model via the omega integrals has been retained, and
that explicit (symbolic) expressions for the necessary matrix elements (the bracket
integrals) used in evaluating the coefficients in the Sonine polynomial expansions
for the coupled Chapman-Enskog equations have been obtained. These general-
ized matrix elements, once determined, need not be determined again. For rigid
spheres (or for any other potential model of interest that can be represented via
the omega integrals), one can then determine in a straightforward manner a set
of matrix elements that are specific to the potential model being used and store
them. These specific matrix elements require only the input of the appropriately
computed omega integrals which, for rigid spheres, are known exactly such that
no numerical integrations are needed. In this fashion, this method requires only
a matrix inversion at the final step. This is important, as all that is needed for
finding both the transport coefficients and the related Chapman-Enskog solutions
for arbitrary, binary, rigid-sphere gas mixtures is precomputed in a general form.
Thus, one is able to study parametric dependencies and convergence of results in
an economical and systematic way as, once the matrix elements up to the highest
order are computed and stored, one can process results to any order up to this
highest order without any new computations of matrix elements being required.
Further, since values for the transport coefficients converge with increasing order,
since one can use arbitrarily high numerical precision as needed in Mathematica®)
for the final matrix inversion step, and since one can easily compare results for a
given order with the results for immediately preceding orders, one can be confident

in the results and the degree of convergence obtained.
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4.2 The basic theory

Following the work and notations of Chapman and Cowling [10], an abbreviated
version of the relevant theory is presented below. For an arbitrary, rarefied, gas
mixture, one begins with the Boltzmann equations describing the molecular dis-

tribution functions of the constituent gases:

(% +c¢; -V, +F;- Vci) fi(r, c;,t)

_ Z/// (F1F; = ) gbdbdede; = 3 J (£:F;)

in which the left-hand side (LHS) is known as the streaming term of the equation

(4.1)

which contains the differential streaming operator in the brackets, the right-hand
side (RHS) is a sum over what are known as the collision integrals in which J(f; f;)
is called the collision operator, f;(r, c;,t) is the molecular distribution function
of the ¢-th constituent, g is the magnitude of the pre-collision relative velocity,
g = c; — ¢;, b is the ‘impact parameter’ associated with the binary scattering
events, € is an angle corresponding to the azimuthal orientation of the scattering
plane, and c is the molecular velocity. A prime (') indicates a function of a post-
collision velocity while the corresponding lack of a prime indicates a pre-collision
velocity dependence, e.g. f; = f; (v, ¢;,t) while f/ = f; (r, c.,t). In the summation
over the different constituents, scattering between like constituents (i.e. when
i = j) is treated in the same way as scattering between unlike constituents with the
various pre- and post-collision velocities retained as separate variables for purposes
of integration. In this circumstance, for clarity, it is common practice to drop
the ¢ subscript inside the collision integral in order to facilitate the necessary
discrimination between the velocities (i.e. ¢; — c and f; — f). Of course it follows
from this that, if one is dealing with a simple gas having only one constituent,

one obtains from this process the single Boltzmann equation describing the gas in
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which 7 = 1 and no subscript is necessary on the LHS:

<% +c¢-V,+F. VC) f (r, (:7)5) = /// (f/f{ — ffl)gbdbd{fdcl . (4.2)

Equivalent expressions for the above equations are often encountered in which
bdbde is expressed as a;;j(g, x)de’ or o;;(g, x)dS2 where x is the scattering angle
(the angle between g and g') and (g, x) = 0i;(g, x) is known as the differential
collision cross-section which describes the probability per unit time per unit volume
that two molecules colliding with velocities, ¢; in dc; and c; in dc;, will have
a relative velocity after collision, g’ = ¢; — ¢;, that lies within the solid angle,
de’= dQ = sin (x) dxde.

For the specific case of a binary gas mixture, one expresses the distribution

functions f; and f5 in the form:
=R+ A+ AT (4.3)

o=t P (4.4)

where the lowest-order approximations are chosen to be:

my \3/2 m

1(0) =T <—27rle> exp <_2k_} (c1 — 00)2) ) (4.5)
me \3/2 m

= (gop) e (Sgp e ) | (46)

in which m; and my are the molecular masses of the constituent gases, k is Boltz-
mann’s constant, and nq, ng, cg and 7T are, in general, arbitrary functions of r
and t. Note that, in choosing the lowest-order approximations to be of this form
(which correspond to Maxwellian distributions), one has effectively equated the
functions nq and ny to the number densities of the two gases in the mixture, T to
the temperature of the mixture, and cg to the mass-velocity of the mixture where,
cy = Mizici + Mswacs in which, M; = mi/mo, my = my + me, T; = n;/n de-
note the proportion by number of the constituent gases in the mixture (the mole
fractions), and n = ny + ny is the total molecular number density of the binary

mixture.
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If one now limits further consideration only to the second approximation (up
to fI), that is equivalent to assuming that the distribution functions for each of
the constituents can be expressed as small linear perturbations from equilibrium
states specified by the Maxwellian distributions of Eqs. (4.5) and (4.6), i.e. f; =

fi(o)(l + Q’)gl)). Thus, fl(l) and f2(1) are written in the form:
1 0) 5 (1
V=10, (4.7)
1 0) 5(1
=R (48)

where the perturbations, @gl) and @S), satisfy the time derivative expressions given

by:

DY = —niry (@) — ninalio (@0 + ) (4.9)

DY = —n2hy (04)) = munaly (@1 + ) | (4.10)
in which:

o _ O f”  Oraf! oty

+(c - 2_’_]_1‘. . i f(r_l)
! or ' (‘9ci ! ’

and:

w(F) = [[ 1089 B+ P - - P) gadelde (4.12)

nin;I; (K) = || 2789 (K - K') gay;de’d; 413

iMjlij = i Jj ga;;de dcy , ()

are linear functions of their arguments such that I (¢ +1v) = I(¢) + I (¢p) and
I (ap) = al (¢) regardless of subscripts (where a is any arbitrary constant). The

LHSs of Egs. (4.9) and (4.10) can be expressed in the form:

DY = fl(O){ (¢7 = 3) Ci- VIn(T) + 27 'diz- C (4.14)
—|—2%1%1 : VCO} R

DY = (O (62 = 3) Co- VIn(T) + 27'd1 - €, (4.15)
—|—2(f20%2 : VCO} ,
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in which €; = (mi/2kT)1/2 C;, C;, = ¢; — cg, and the bold sans serif notation, w,
denotes a dyadic tensor, w = ab, constructed from the components of the vectors,

a and b. Note that ds is given as either of the two forms noted below:

1 1
d12 == @ {FQ — —Vpg - <F1 — —Vp1> } y (416)
pp P2 p1
iy = Vo 4 122 Z ) Gy P gy (4.17)
np Pp

where p; and ps are the mass densities of the constituent gases, p = p; + po
is the total mass density of the mixture, p; and py are the partial pressures of
the constituent gases, and p = p; + ps is the total pressure of the mixture. Since
Vi = =V, either Eq. (4.16) or Eq. (4.17) can be used to show that do; = —dy5.

The functions @ and 45 can then be expressed as:

oln (T 0

@gl) =—A- 85_ ) — Dy -di2 — 2By : aco ; (4.18)
Oln (T 0

@gl) = —Ay- gr(' ) —Dy-dyp — 2By (9_00 (4.19)

where the functions A and D are vectors and the functions B are non-divergent

tensors, such that:
A=CA(C), D=CD(C), B=CCB(C) , (4.20)

with the appropriate subscript 1 or 2 implied throughout each expression, and

where A, D, and B, must satisfy the following pairs of equations, respectively:

D (g2~ 3)Cy =021 (Ay) + minalia (Ay + As) | (4.21)
(€2 = 3) Cy = n2ly (Ag) + ninaly (A + Ay) | (4.22)
T rOC, = 2L (DY) + minsdys (Dy 4+ Dy) | (4.23)
—2;" f19C, = n2L, (Do) + mnolyy (D + D) | (4.24)
FO@ %, = n?L, (By) + ninslis (B, + B) | (4.95)
), = n21, (Bs) + ninalyr (By +By) . (4.26)
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Note that the forms for the distribution functions @gl) and @S) have been chosen

such that A and D must also satisfy the relationships:
/f1(0)m1C1 -Ajde; + /fQ(O)mQCZ ~Agdey =0, (4.27)

/ fOm,C, - Dydey + / F9m,C5 - Dadey =0, (4.28)
and the second-order Chapman-FEnskog approximations yield:

o f1<°>{1 —A(C)Cy - VIn(T) — Dy (C1) C, - dis
o (4.29)
— 231 (Cl) C1C1 : VCo} y

and:

750 = 01— 45 (Co) G- VIn(T) — Dy (C2) Cy- s (4.30)
] 4.30
- 2B2 (Cg) CQCQ : VCo} .

Equations (4.29) and (4.30) then allow one to verify that the mean kinetic energies
of the peculiar motions of the molecules of each constituent gas are the same up
to this level of approximation.

From Eqs. (4.21)-(4.26), one may then construct the following general expres-

sions:

n?{A,a} = / FO(6E - 3) Cy - adey
+ / F (62— 3) Cy - agde, , (4.31)
n? {D,a} = Ifl / fl(O)Cl -ajde; — 1‘2—1 / f2(0)C2 -agdey (4.32)

n2 {B,b} = /fl(o) %10%1 . bldcl + /fQ(O) %20%2 . deCQ s (433)

where a is any vector-function defined in both velocity domains, b is any tensor
function defined in both velocity domains, and {F,G} are known as the bracket

integrals which are defined as:
n*{F,G} = n} [F,G], + ning [Fy + Fp, Gy + Ga), + 13 [F,G], (4.34)
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where:
F,G), = / GuI (F) dey | (4.35)
[F,Gl, = /GQIQ (F)dcsy , (4.36)
and:
Fy + G, Hy + Ky, = / Filuy (Hy + Ky) de;
4 / Goloy (Hy + Ky) des . (4.37)

Here, due to symmetry and linearity, one has that [F,G]; = [G, F|;, [F,G]s =
[G, F]Q, and [Fl +G2, H1+K2}12 = [H1+K2, F1 +G2]12 such that {F, G} = {G, F},
{F,G+ H} ={F,G}+{F,H}, and {F,aG} = a{F,G} (where a is any arbitrary

constant).

4.3 The theory for diffusion and thermal diffu-
sion

In a gas mixture, diffusion occurs when the constituents of the mixture have dif-

ferent mean velocities such that ¢, — ¢, = C; — Cs 2 0. This implies that:

61 - 62 = nfl / f1C1dc1 — n;l / f2C2dC2 7é 0. (438)
Now, in terms of the second approximation distribution functions of Eqs. (4.29)
and (4.30):

C, -G,

= —% {nll/fl(o)CfDl(Cl)dcl —n21/f2(0)022D2(02)dC2}d12

+ {Tlll/fl(o)clel(Cl)dcl —nzl/fQ(O)CZQAQ(Cg)dCQ} Vln(T)

= -1 [{nll/ffmcl-Dldcl —n21/f2(0)CQ~D2dc2}d12

(4.39)

+ {nll / fl(O)Cl : Aldcl - n;l / f2(0)02 . A2dc2} VIH(T)

= in[{D,D}diz + {D,A} VIn(T)] .
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The definition of the diffusion coefficient is obtained from Eq. (4.39) based on the
case when the gas mixture is uniform in temperature and pressure, and when no

external forces are acting on the molecules. Under these conditions, djs = Vx; =

n~'Vn; and VIn(T) = 0 such that:
61 — 62 = 61 - 62 = % {D, D} V?’Ll . (440)

This may then be expressed as:

n

El — 62 = —D12 (nf1Vn1 - n;Vng) = —D12 an 3 (441)

ning
in which the constant of proportionality, D;s, is the diffusion coefficient. In this
manner, it follows that the diffusion coefficient must be defined as:

ning
Dy, = D D! . 4.42
12 3n { ) } ( )

If there is a temperature gradient present, then the second term in Eq. (4.39)
also contributes in a similar manner allowing the definition of a thermal diffusion
coefficient:

_ ning
~ 3n

Dr {D,A} (4.43)

and one then has:
kr = Dy /Dy, = {D,A} /{D,D} , (4.44)

which is known as the thermal diffusion ratio and which allows Eq. (4.39) to be

expressed as:

n2

61—62:—

D1od DV In(T

nan{ 12d12 + DV In(T)}
n2

= — D12 {d12+kTV lIl(T)} .

ning

(4.45)

4.4 The theory for for thermal conductivity

Assuming that the molecules in the mixture have only kinetic energy of translation

associated with them, i.e. that there are no internal degrees of freedom which
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can participate in exchanges of energy during collisions, the thermal flux may be

expressed as:

:/flémleCldcl—|—/f2%m202202dc2, (4.46)
such that:
a/kT—3 (n,C, + 155s)
— [n(@ -3 cda+ [ £(@ - ) Cues
:—;/ffo) (€2 = 3) {(Cy -Dy)dis + (Cy - A)VIn(T)} de;  (4.47)
_ _/ (42— 3) {(Cy - Dy) dyy + (Cs - Ay)V In(T)} dey
=—1in’[{A,D}di +{A, A} VIn(T)] .

Rearranging Eq. (4.47), one has:
:gk}T (nlél + TLQEQ) — —k)’fl?T [{A D} d12

(4.48)
+{A A} VIn(T)] ,
which can be expressed as:
q =3kT (n1Cy 4+ naCs) + knT (C; — C,) ({A, D} /{D,D})
—A\VT (4.49)
=—\VT + ng (’I’Llal + ngég) + /{:nTkT (61 — 62) s
in which:
A= %k’n2 [{A, A} —{A, D}Q/{D,D}]
- (4.50)
17. 2
= gkn {A,A} ,
where:
(4.51)
={A A} —2k;{A, D} +k%{D,D},
such that:
A=A, - ({A,D}/{D,D})D, = A, — kD, (4.52)
and:
A, =A, - ({A,D}/{D,D}) D, = A, — ksD, . (4.53)

101



Now, assuming the absence of any mutual diffusion such that C; = C, = 0,
q = —AVT and A (which is sometimes used to represent the molecular mean free
path) is clearly identical to the thermal conductivity coefficient (which is sometimes
also denoted by they symbol k). The first term in the RHS of Eq. (4.49) is the
heat flow due to inequalities of temperature in the mixture, i.e. the steady-state
heat flow when temperature gradients are maintained. The second term in the
RHS of Eq. (4.49) only occurs because the thermal energy and flow are measured
relative to ¢y and represents heat flow carried along by the molecular flux in the
presence of diffusion. The third term in the RHS of Eq. (4.49) represents the

diffusion thermo-effect which is the analogous inverse process to thermal diffusion.

4.5 Solution in terms of Sonine polynomials

For the Chapman-Enskog coefficients of diffusion, thermal diffusion, and thermal
conductivity, it is necessary to evaluate the bracket integrals, {A, A}, {A,D}, and
{D,D}. It is assumed that the Chapman-Enskog functions, A;, Ay, Dy, and Dy,

may be expanded as:

+oo +o0o
= Z aal | A, = Z a,al | (4.54)
p=—00 p=—00
p#0 p#0
and:
+oo +o0
D= Y da!”, Dy= ) day, (4.55)
p=—c0 p=—c0

where, following the notations of Chapman and Cowling [10] (Note: In Chapman
and Cowling, summations that explicitly omit the 0" term are denoted with primes

on the summation symbol), one has:

al” = 1/2p2‘fl/p ca) =M% /p, (p=0),
al” = S (€)1, al P =0, (p>0), (4.56)
a’’ =0, aé Y= 3]/))2(652)(52 : (p>0),
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in which p; = n;m,; are the partial mass densities of the constituent gases, p =

p1 + p2 is the total mass density of the mixture, and where:

N " (m+ n)n_p »
=2 g

p:() (m+n)! (4.57)
) p=0 (p)! (n —p)! (m +p)! (=2)",

(with S () =1and sS4 (x) = m+1—2z) are numerical multiples (un-normalized)
of the Sonine polynomials originally used in the kinetic theory of gases by Burnett
[13]. Here, as a consequence of Eq. (4.27) which must be satisfied, it follows
directly that ago) = ago). Also, as it is used in Chapman and Cowling (and in

the present work), one notes the following orthogonality property of the Sonine

polynomials:
/ exp(—a:)S,(f;) (x)ST(g)(m)xmdx = {F(m +p+ 1)/p!} Opg » (4.58)
0

where 9, , is the Kronecker delta and I' (x) is the Gamma function. In Eq. (4.56),
note that Chapman and Cowling express the functions al”’ and a{”’ only in terms of
p > 0. This varies in pattern from the manner in which they define the analogous
viscosity functions, b§p ) and bgp ), where both p > 0 and p < 0 are employed [10, 16],
and thus the definitions may be somewhat confusing if considered at the same

time. Expressed in the same pattern as the corresponding viscosity functions, Eq.

(4.56) may also be written as:

agp) = aio) = M11/2,02%1/P7 agip) = ago) = —M21/2p1%2/p » (p=0),
a(lp) —0. ag—p) =0, (p<0), (4.59)

al’) = SV (CH)E | al ) = SY)(CHE | (p>0).

Now, in order to determine the expansion coefficients, a,, note that from Eq.

(4.31) one may write:

{A,a7} = a, (4.60)
where:

n’og = / AO(€2 - 5) Cr-alde; + / (62 —3)Cy-afde, . (4.61)
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Integrating Eq. (4.61), one finds that:

2T\ /2
oo (2T)

12\ my

Sy (21 (42)

a_1 =
1 n2 \ my

ag =0 (q¢#=*1).
Similarly, in order to determine the expansion coefficients, d,, note that from

Eq. (4.32) one may write:

{D,a?} =34, (4.63)
where:

n28, = ;" / f9c; - al?dc; — 25! / 19¢, - al?dc, . (4.64)
Integrating Eq. (4.64), one finds that:

we b (2

"

1/2
> . 0,=0(¢#0). (4.65)

mo

Combining Eqs. (4.55), (4.56), and (4.63)-(4.65) yields the system of equations:

+oo
> dyapg =0, (g=0,%£1,%£2, -+ £o0) (4.66)
p=—00
where:
ap, = {a® a@} = q, . (4.67)

If values for a,, are known, all of the d, can be determined by solving the algebraic
system of equations represented by Eq. (4.66). In the general matrix terminology

of Chapman and Cowling, this is represented as:
d, = 8o lim {o\” [/ ™Y | (4.68)

where 7™ is the determinant of the (2m + 1) x (2m + 1) symmetric coefficient

matrix of the system of Eq. (4.66) and %(Ijm) is the cofactor of ag, in the expansion

of o7 (™),
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Now, to determine the expansion coefficients, a,, one substitutes Eq. (4.56)

into Eq. (4.54). Since A = A — k;D, one has that:
{A a9} = {A a9} — kp{D,a?} = a, — kpd, , (4.69)

which, since 6, = 0 (¢ # 0), yields:

+o0
> apap =0y (g=%1,42,-+ *o0) . (4.70)

p=—00
p#0

The system of equations represented by Eq. (4.70), together with Eq. (4.67),
determine the expansion coefficients, a,, which can be expressed in general matrix

terminology as:

a, = lim (alﬁfl;() +a_ 1,@7'(’” ) /;z{'(m) (p #0), (4.71)

where &7'(™) is the same as %(Om) which is the determinant of the 2m x2m coefficient
matrix approximating Eq. (4.70) and %’ém) is the cofactor of a,, in the expansion
of &7'™
From the preceding development, it can be shown that:

{D,D} = dyy ,

{D,A} =diay +d_ya_y, (4.72)

{A, A} = a0 + a_jo_q .
Thus, using Eq. (4.65) in Eq. (4.68) and Eq. (4.62) in Eq. (4.71), and retaining

the general matrix notation of Chapman and Cowling, one has for the transport

coefficients:
Dis = gxf;’zT im0 /) (4.73)
Dy =0y Lo M Rl oMy g} L (wT
kp =3 lim_ {:1: M7V 4 o My 2 1}/%’ (4.75)

A= 75k2Tn11£{1>0{x1m1 1&?‘11

(4.76)
+ 2armslmma) )+ g 7}
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where D5 and A (although not necessarily D7) can be shown to form monoton-
ically increasing sequences as m increases which converge to the exact values of
the respective coefficients in the limit as m — oo. For any given order of the

approximation, m, Eqs. (4.73)-(4.76) may be expressed in more convenient form

as:
1 1/2
D12 = §$1.T2 (sz/mo) do s (477)
5 1/2 —-1/2 —-1/2

DT = _Z./L‘le (QkT/mo) (l’lMl d1 + ZEQMQ d_1> s (478)

kp = Dp/Dyy = 3 (le;”le v ng{md,l) / do , (4.79)
and:

_ s 1/2 —1/2 ~1/2
A= —an (QkT/m()) iClMl a; + QCQMZ a_q s (480)

which are the forms that have been used in the current work.

4.6 The bracket integrals

In order to complete the evaluation of the diffusion, thermal diffusion, and thermal
conductivity coefficients it is necessary to determine the expansion coefficients, d_,
do, dy, a_1, and a;. To determine these quantities it is necessary to evaluate the
bracket integrals defined in Eq. (4.34) for {a®® al®@}. Hence, it is first necessary
to be able to evaluate the square bracket integrals of Eqs. (4.35)-(4.37), specif-
ically, [a”,al?];, [a'?, al?],5, and [a?, a{?];5. Completion of this task requires
integration over all of the collision variables and, additionally, requires knowledge
of the form of the intermolecular potential. However, the intermolecular potential
affects only integrations over the variables, g and b, because they determine the
scattering angle, x. All six of the other integrals (there are eight total in the colli-

sion operator) can be evaluated in some manner without specific knowledge of the

intermolecular potential.
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The specific bracket integrals mentioned above that require evaluation are given
explicitly in Chapman and Cowling [10] but how they have been identified is not
readily apparent in the text which focuses on very broad generalized expressions
that can be difficult to interpret. In practice, the needed bracket integrals are
most readily determined by considering Eqs. (4.21) and (4.22) directly. If these

equations are expressed as:
2 _ 0) (5 2
nlfl (Al) + TLlTLQIlQ (Al) + 711712]12 (Ag) == _fl (5 — Cgl ) Cl s (481)

H%IQ (Ag) + n1n2[21 (AQ) -+ n1n2[21 (Al) = —fQ(O) (g — %22) CQ s (482)

then one can insert Sonine polynomial approximations for the solutions, A; and A,
can multiply through the equations with additional Sonine polynomials, and can
then integrate the equations. By using the orthogonality of the Sonine polynomials
as given in Eq. (4.58), this process will yield a set of simultaneous equations
involving the matrix coefficients necessary to specify the solutions. The RHSs of
the equations determine the constants, c,, and the LHSs yield combinations of
bracket integrals that correspond to the desired a,, elements of the matrix used
to determine the a, expansion coefficients which, in turn, determine the thermal
conductivity via Eq. (4.80).

The easiest way to follow this process is via a low-order example. If one con-

(p

siders the Sonine polynomials used in the definition of the a; ) and agp ) Chapman-

Enskog expansion vectors, p = 1 is the lowest order associated with thermal con-

ductivity with S (z) = m + 1 — z, such that al” = 5% (¢2)%, = (2 —67) ¢

3/2
D Z g

and agf 3/ (63) €2 = (g — 6522) %>. Using only this order of approxima-

tion for A; and A,, ie. assuming that A; = ala(ll) = (g —‘512) %, and

A, = a,la(fl) = a_g (g — %22) %>, and using the fact that A; = A, + kD,
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and Ay = A, + kpD,, one may express Eqs. (4.81) and (4.82) as
n%[l (Al + kTD1> + nanI]_Q (Al + kTD1> + n1n2112 <A2 + kTD2>
= n%[l <A1> + n1n2[12 (Al) + n1n2[12 <A2>

+ kT [n%[l (Dl) + 77,171,2[12 (Dl =+ DQ)}

(4.83)

= _fl(O) (% - (512) Ci,
and:

7”63[2 <A2 + kTD2) + ningls <A2 + kTD2> + ningla (Al + kTDl)
= n%IQ <A2) + n1n2]21 (AQ) + n1n2[21 (Al)

+ kT [n%IQ (DQ) + nlngfgl (Dl + Dg)}

(4.84)

- _f2 ( %2) C,,
which, given Eqgs. (4.23) and (4.24), may be written as:

n%h <A1> + ninalia <A1> + ninalis <A2>
I (G- ) €t G (159

_ _fOg 3/2(%2)01 kpay ! FO 3/2(%12)01,

and:
n3l (Az) +minal (As) +ninalon (A4)
=1 (3 - %) Cotkaay ' £,7Cs (4.86)
= —£VS{) (2) Ca + keyay [V 55 (67) Cs .
Since in the current example the discussion is limited to the first-order expansion,

Eqgs. (4.85) and (4.86) may be written as:
n%[l ( 53/2 (%2) %1) + n1n2[12 <CL153/)2 (%2) %1)
+ 711712[12 (a,15§})2 (%22) %2) (487)

= —fl(o 3/2 ((52) Ci — kpay 1fl 3/2 ((52) Ci,

and:
nl <a Sty (‘52)‘6 ) + ninol. (a st (‘52)‘5 )
242 —1 3/2 2 2 17021421 —1 3/2 2 2
+ n1n2]21 (045:&})2 ((512) %1) (488)
= —f2(0 3/2 (%2) Co + kpay lfQO)Sé% (%2) C,
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Now, multiplying through Eq. (4.87) by 5’3 (¢2) €1 and through Eq. (4.88) by

S3 / (¢3) €2 and integrating throughout them in the manner of Egs. (4.12) and

(4.13) for I; and I,; (with division by n?), one has:
2?2 / S (€2) €1 1 (8], (67) 1) desay
+ 2129 / S (€)%, 1 (S0}, (62) €, ) der,
+ 217 / S (€2) €1 - 1z (8], (€3) €2) dera (4.89)
n2 / AOS5) (€7) 61 - S5, (€7) Crdey

— kpay'n 2 / 1SS (€2) €1 - Sy, (€7) Cade
and:
ZE%/S3/2 (%2) %2 ]2 (Sé}Q (%22) %2> dCQCL_l
+ .%’11’2/53/2 (%2) (fg [21 <53/2 ((52) %2) nga 1
+ T1T2 / Sé})Q %22) %2 . [21 (Sé})Q (%12) %1) dCQCLl (490)
= —n" / S8 (62)€s - S (€F) Cadey
+ kpay 'n / 1085, (63) € - Sy (€7) Cadey

which, after employing the orthogonality property of Eq. (4.58) to eliminate the

terms involving kr, are expressible in bracket integral notation as:

23 [ Sy, (€7) €153, (67) %1y

+ 2122 [ S5 (67) €1, Sy (67) €1, (4.91)
+2172[Sy ) (G2) 1, Sy (67) €2 01 = on
and:
13[Sy, (65) €2, Sy (65) €] yars
+2122[S5)) (67) €2, S (67) €] 0 (4.92)
+ 2122 [ S5} (67) €2 Sy (€7) €] yyar = oy

Given the way that the solution has been approached and the low order of this

example, it is readily apparent that these equations must be equivalent to:
ajia; +aj_1a_1 = oq s (493)
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a_11a1 +a_1_1a_1 = _q s (494)

where:

an =17 [53/2 ( )(fl’ 3/2 (ng) Cgl}

(4.95)
+2122[ S (62) €1, 54 (€7) 61),, -
a1 = 2123 (S (67) 61, 53)) (67) 6], (4.96)
a_1 = 1122 [SY)) (67) €2, S5, (67) 1), (4.97)
a1 =a3 (S} (4) %5, 55, (¢3) €], o

112 Sy (65) €2, S35 (65) €

and the integrals on the RHSs have been replaced with the appropriate a,, constants

217

which, again due to the orthogonality of the Sonine polynomials, are defined only
in the current example where ¢ = £1 and are otherwise zero. Equations (4.93)
and (4.94) can, of course, be rearranged to cast them into the ordered form that
corresponds directly to the form that the more general, higher-order problem has

been expressed in, i.e.:

G_1-1 A-11 -1 | _ | Q-1 ' (4.99)
a1 ai ay aq
From this simple example, generalization to higher-order expansions then is straight-

forward and one has for the relevant matrix elements:

Cpq =] [S?Ez/))Q (%12) %, Sé% ((512) (gl] 1

(4.100)

+ma (S5, (7)1, 557, (1) €],
tp—g = 1172 [SY) (€7) €1, S§1y (63) €], (4.101)
A—pg = T102 [Sé% (‘522) €. Sz,(,% (‘52) %1}21 , (4.102)
A—p—q =T [S?E% (6522) %35 3/2 (%2) %2] (4.103)

+ 2179 [83/2 (¢5) €2, S 3/2 (%2) €2,y
where, for thermal conductivity, p,q =1,2,3,...,m
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One could also analyze a simple case of diffusion in a similar manner. For diffu-

sion, one would obtain the following simple, first-order, matrix equation analogous

to Eq. (4.99):
a_1_1 G_19 Q_11 d_y 01 0
ap—1 aopo aoy do = 50 = (50 . (4 104)
a1-1 aio a1 d; 1 0

where the matrix elements a,, are defined in exactly the same way as in Egs.
(4.100)-(4.103) with the only difference being that, for diffusion, p,q =0, 1,2, 3,

...,m. From the definitions of I; and I;; in Eqs. (4.12) and (4.13), it follows
that Eqs. (4.103) and (4.102) are essentially identical to Eqgs. (4.100) and (4.101),
respectively, with the only difference being the interchange of the subscripts 1
and 2 representing the different components of the mixture. Thus, in general, the
complete Chapman-FEnskog solutions for diffusion and thermal conductivity require

only the bracket integrals:

[S?E’;)Q (62) €., s;;; (€2)€1], . (4.105)
[5?57)2 (%12) %, 59(,3)2 (6512) %1} 127 (4.106)
(S5 (7)€, 547 (67) €], (4.107)

which are exactly those identified by Chapman and Cowling. Some further sim-
plification of the problem can be obtained by noting from Chapman and Cowling
that, in the limit of a simple (single) gas where m; = ms, n; = ny = n, and
Q91 = a1z = aq, one has that [F,G], = [F1,G1 + G, = ([F1, Gi]y, + [F1, Galyy)
which, in the current problem, equates to:

[Sa7 (67) €1, 8y, (47) #1],

_ ([s;f;z (€)%..59, (€)%,

+[SY) (62) %1, 519 (62) %] ) (@108

mi=msy
ni=ngs=n
Q12=021=01
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At this point, it still remains to perform the six integrations unrelated to the
intermolecular potential model that is employed in order to complete the evaluation
of the two necessary bracket integrals on the RHS of Eq. (4.108). For the relevant
details of this integral evaluation process, one should refer to the text of Chapman
and Cowling [10]. Here, note that Chapman and Cowling make use of the following

definition of the Sonine polynomials:
(S/s)™ M exp (—a8) = (1 —s) " Lexp (—xs/(1 —s))

> 4.1
— Z s"SM ( (4.109)

where S = s/(1 — s) and, likewise, T = ¢/(1 — t), to express the needed bracket
integrals in terms of the coefficients of expansions in the arbitrarily introduced
variables, s and t. Thus, it is possible after following Chapman and Cowling to

determine that:

[53/2 (%2) %, S(q

3/2

(%) %],

= coeff [sPt7] x

((SS_DM . / / (His (0) — Hyo (X)}gbdbdedg> C(4.110)

and:

[53/2 (%2) €1, 59(32 (6512) %1} 12

= coeff [sPt7] x

((Ss—f)mﬂ / / (H, (0) - Hy ()} gbdbdgdg) (1)

where g = (moM;My/2kT)"/gy1. Note that the retention of a single g in the
integrands of Eqs. (4.110) and (4.111) (as opposed to g) is not a typographical
error but, rather, is the exact notation used by Chapman and Cowling. After
integration over € and the directions of g (which changes the constants somewhat),

one can express the y-dependent portions of the RHS bracketed integrals of Egs.
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(4.110) and (4.111) as
(ST/st )5/2 (M M) 7732 Hyy (x)

= exp (_ﬂz) Z Z {2M, Myst (1 — cos (x))}"

(4.112)
X (gzr/r!) (Mys + Myt)"
x| DS )+ (1= eos (00) %500 (57)]
and:
(ST/st)™? (M M) ™2 7732 H, (x)
= exp (—gz) Z Z {St (]\/[12 + M3 + 2M, M, cos (X)) }T (gzr/r!)
—~ & (4.113)

X (My(s+t) — (My — M,)st)"

X [Ml (n+ 1)S7ET{/1; (gz) + (M, + M, cos(x))gZSfi)}/z (gz)} )
In both of these cases, the coefficient of [sPt?] yields a polynomial in powers of
g° and cos(y) that is multiplied by exp(—g®) and in which each term is some
function of the molecular masses via M; and M,. The y-independent portions of
the RHS bracketed integrals of Eqgs. (4.110) and (4.111) are obtained by the simple
expedient of setting y = 0 in Egs. (4.112) and (4.113) which yields overall terms

in the combined polynomials involving (1 —cos‘()). Thus, it is possible to express

Egs. (4.110) and (4.111) as

[Sé% (%12) %, S:g% (%22) %2} 12
4.114
= SME NS A48 1) A
rf
and:
(S5 (47) €. Sé% (‘55) LT
4.115
-8 Z A qréQ ’ ( )
where the omega integrals are defined as:
kT 1/2 peo
00 (1) = / o3 111
12 (r) (27Tm0M1M2) 0 eXp( -4 ) ¢12 dg ) ( 6)
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with:

O = 27r/ (1 —cos® (x)) bdb . (4.117)
0

As stated by Chapman and Cowling [10]:

/

gre) can be obtained from [Eqgs.

“Explicit expressions for [A,,, and A
(4.112) and (4.113)] using [Eq. (4.57)] for S (). In view of the

complication of these expressions it is, however, better in practice to

/

gre) directly from [Eqgs.

calculate any desired values of [A,,, and A

(4.112) and (4.113)].”

This approach has been explored as suggested by Chapman and Cowling using
Mathematica® up to order 70 and results to this order for diffusion and thermal
conductivity are reported here. Note that in all of the current expressions, the
fully general dependence of the expressions on the mole fractions, the molecular
masses, and the models of the intermolecular potential that can be employed has
been retained. For example, from Egs. (4.66) and (4.70), since there exists the Eq.
(4.67) symmetry in the off-diagonal elements such that a,, = a4, one can write
the following matrix equations for the order 1 diffusion and thermal conductivity

solutions that were arrived at previously in the low-order example:

aG_1-1 AaA-10 Aa-11 d_y 01 0
ap—1 aopo aoy do = (50 = (50 s (4118)
ai-1 Qg an dy 01 0

i ] R (B (4.119)
ai—1  ai ai 831
For these first-order solutions, the general expressions for the a,, matrix elements

are:

P (499(2)) + o, (10 (5003 + 60, M2) 2D (1)
(4.120)
—40MP0 (2) + SMPQLR (3) + 16MEAL0EF (2))
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a_10 = 12y (—20M3M5/29§§)(1) + 8M12M21/29S)(2)) ,

a_11 =1,7, <—110Mf’/ 202200 (1) + 4002022 00 (2)
—8M; M0 (3) + 16Mf/2M§/29§§)(2)) 7

Q-1 = 17, (—20M12M21/29S)(1) + 8M5M21/29S)(2)) :

Qoo = T L9 <8M1M29g)(1)> )

Qo1 = 17, (20M11/2M§9§§)(1) - 8M11/2M§9S)<2)) ,

a1 =1,7, <—110M13/2M§/ 200 (1) + 400202200 (2)
—8M; M0 (3) + 16Mf/2M§/29§§)(2)> 7

aw =z, (2000300 (1) - M P M30(2) )

— (4(29(2)) + 2,1, (10 (6M2M, + 5M3) 2D (1)

—40MQ(3)(2) + 8MEOAY (3) + 16M,M30F (2)) .

(4.121)

(4.122)

(4.123)
(4.124)

(4.125)

(4.126)

(4.127)

(4.128)

The symmetry in the off-diagonal elements is obvious, with a_19 = ag_1, a_11 =

aj_1, and agy = ajp. Likewise, for order 2, Eqgs. (4.66) and (4.70) plus sym-

metry give the following matrix equations for diffusion and thermal conductivity,

respectively:

-2 G_g_1 G_3 G_21 G_2 d_s 0
a_1—2 G_1-1 Q-10 G-11 a-12 d_y 0
ap—2  Ap-1  Goo Qo1 Ap2 do = | do )
a1-2 aj—1 10 a1 a2 d; 0

L Q22 21 20 21 22 dy 0
22 A_9-1 Q_21 G_22 a_2 0
a-1-2 A-1-1 G-11 Q-12 -1 | _ | @1
aj—2 A1 ail 12 aq aq ’

| Q2-2 Q21  G21 Q22 Q2 0
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and the general expressions for the a,, matrix elements are:
— (%99(2) —702(3) + P (4)) + o, <§ (3507
F168MPM2 + 40M, M) 28 (1) — 49 (5M7
F12MEM2) 28)(2) + (133M7 + 108M7 M2) 21 (3)
— 28MPY (4) + 2050 (5) + 28 (TM M, sy
FAM2 M) 23)(2) — 112M} M, 023 (3) + 16 M M, 243 (4)

+ 16M3M2!2(3)(3)> :

a sy =ays = 33(700(2) = 200(3)) + 2y, (% (M
F12M2M2) 8 (1) — 21 (M + 4M2MZ) 213 (2)
+38ME00(3) — aMA D (4) + 56 M3 M, (2) 152
— 16MIM, 23 (3))

A_90 =02 = T1Ty < 35M3M1/2!2£2)(1)

FSMIM 04 (2) — M0 3)) | )

a_91 =G1_9 = T1Ty < 595M5/2M3/2(2( )( 1)+ 189M5/2M3/2(2§2)(2)
—38M M ) (3) + M MEP ) (4) (4.134)

+56M M0 (2) - 1607030 (3))

(33 =as_ = .0, (-%051\415/ 25200 (1) + 833M M2 00 (2)

—2410M7 MG 1) (3) + 2807 My 24 (4)
—2MP M2 ) (5) + 308072 My 2 22 (2) (4.135)
— 112022 M 022 (3) + 16057 M2 22 (4)
16070 3)) |
" <4Q (2 )) + o, (10 (503 + 60, M2) 20 (1)
(4.136)
—40MP (3 (2) + 8MIOL (3) + 16MEML 2 (2))

G_10 = Qo1 = T,0y ( 20 MM (1) + 8M2M1/29§2)(2)) . (4137
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asn =1 = w2, (—110MY2 M0 (1) + 40003 04 (2)
—8MYAM 00 (3) + 160 M0 (2))
a1 =aa1 = w2, (— MM 0 (1) + 189007 M2 043 (2)
—38M72 M 01 (3) + ML MG P 203 (4)
+56M7 2052 03 (2) — 160 M0 (3) )
Qoo = T1Lg (8M1M2~Qg)(1)) )
(o1 = A10 = T1 2y (20M11/2M229g)(1) - 8M11/2M229$)(2)> 7
Qg =020 = 1T (35M11/2M§’Qg)(1)
—28M, P ME0) (2) + 4P M3 3)) |
— (4Q§2)(2)> + 2,1, (10 (6M2M, + 5M3) 2D (1)
—40MF0 (2) + SMEQL (3) + 16M,M303 (2))
a1y =0y = T3 (7!2%2)(2) - 2!29(3)) + 2,2, (% (12M7 M3
FHM) Q) (1) — 21 (4M2M2 + 5M2) 24 (2)
+38MEQD (3) — aME D (4) + 56 M, MEQZ) (2)
~16M, M0 (3)) |
- (§Q§2>(2> —702(3) + 99(4)) + 2y, (% (400 M,
F168M2 M3 + 35M3) 245 (1) — 49 (12M2 M3
F5M3) 210 (2) + (108M2M5 + 133M5) 0213 (3)
— 28MS ) (4) + 2M5 Q) (5) + 28 (4MP M
FTM, M) 23)(2) — 112M, M 23 (3) + 16 M, M 0243 (4)

+ 16M§M§Q$>(3)> .
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(4.139)

(4.140)

(4.141)

(4.142)

(4.143)

(4.144)

(4.145)

In Eqgs. (4.131)-(4.145), as opposed to Egs. (4.120)-(4.128), the symmetry has
been expressed explicitly. While one could, certainly, go even higher in order de-
tailing explicit expressions for the matrix elements, the expressions rapidly become

unwieldy in analytical form. If one wishes to verify the current order 2 expressions



or if additional explicit expressions for the order 3 results are desired, they can be
determined from the relevant expressions which have been reported previously in
the literature [11,12,43,44]. In going to higher orders than those available in the
current literature, as has been done in this work, it is clear from a comparison of
the order 1 and order 2 expressions above that all previously generated expressions
are retained at each higher order and need not be recomputed. Most importantly
in this work, regardless of the order of the expansion used, the dependencies of
the matrix elements on mole fractions and molecular masses are carried through in
general form. Molecular diameters and the specific intermolecular potential model
used are also carried through in general form via the omega integrals which may
also be defined in terms of the quantity, o15. This quantity is, in purely general
terms, only a convenient, arbitrarily chosen length in the range of b. Thus, it is

often convenient to express the omega integrals as [10]:

08 (r) = Lo, rkT fmo M Mp)> W9 (r) (4.146)

where:

Wy (r) = /0 exp (—g°) g7+

o (4.147)
— 2/ eXp( 52) 521”—5—3
0
« / (1= cost (x)) (b/ors) d (bforz) dg .
0
and where the corresponding simple gas expressions are:
QO (r) = o (xkT/my) P W (r) (4.148)
with:
l > r
Wl( ) (r) —2/ exp (—g°) g7
0 (4.149)

X /07T (1 —cos’ (x)) (b/o1)d (b/or)dyg ,
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and:

QA0 (r) = o2 (xkT /ma) * W (r) | (4.150)

W2(e) (r) :2/ exp (_52)£2r+3
0

ﬂ (4.151)
« /0 (1— cost (x)) (b/a2) d (b/az) dy

In Eqgs. (4.146)-(4.151), oy and oy are arbitrary scale lengths associated with
collisions between like molecules of type 1 or type 2, respectively, while o5 is
associated with collisions between unlike molecules of types 1 and 2. These scale
lengths are commonly associated with some concept of the molecular diameters
depending upon the specific details of the intermolecular potential model that
is employed. In the current work, results for the case of rigid-sphere molecules
are reported because the form of the rigid-sphere potential model allows all of the
omega integrals to be evaluated analytically eliminating the need for any numerical
integrations in the current work. Some of the details of this model are described

in the following section.

4.7 The case of rigid-sphere molecules

For the specific case of a binary, rigid-sphere, gas mixture, one has an intermolec-

ular potential model of the form [27]:

U(r) = { O;’ N (4.152)

r>o12,

where 019 = %(01 + 03), and o7 and oy are the actual diameters of the colliding

spherical molecules. Under the rigid-sphere assumption, one then has the colli-

sional relationships b = o5 cos (%X) and bdb = —iaﬁ sin (y) dx. Using these in

Eq. (4.147) yields:

W (r) = [2 L (1 + (—1)5)1 (r+ 1), (4.153)

=



such that:

Qig) (r) :%032 (27rkT/m0M1M2)1/2

x 1 {2 _ H% (1 n (—1)6)} (r+1)!,

and, since Wl(z) (r) = WQ(Z) (r) = Wfﬁ) (r), the corresponding simple-gas expressions

(4.154)

OO (r) = o2 (nkT fmy) " L {2 - 64%1 (1 + (-1)4)} (r+ 1), (4.155)
and:
0P (r) = o2 (7T fmy)"? L {2 - H% (1 + (-1)@} (r+1)!. (4.156)

All of these omega integrals are readily evaluated for the purpose of the current
work and, thus, one has the following simplified, rigid-sphere, matrix elements for

the order 2 diffusion and thermal conductivity approximations:

kT [ 27kT
a—2-2 :33% { Mo (%) U%} + 212 { m

X (52 M7 + 68M M, + 2 My M3 + 112M7 M (4.157)

+%M1M§) 0%2} )

[mkT
agl—alg—xg{ T 20'}
2rkT 23 4 3
5 M M7} M, 4.158
+x1x2{ \ mo, M, mOMM 8 (4.158)

+21M?M3) o} } :
(
(

2wkT

_ AT 1M3M1/2) 2 4.159
mOM ]\42 2 2 012 ’ ( )

a_20 = Ap—2 =T1T2 {

(_21 = (12 =T1T2 { 75M15/2M23/2> a%Q} , (4.160)



/ 2rkT 2625 3 r5/2
Q_22 = A2_2 =T1T2 {— m (1_6M1 M,

kT
a_1-1 :.CL’% { m (8) O'g}
2

2rkT
(| ———— (13M7 + 16 M7 M.
+$1$2{ mOMle( 1T 1 Mg

+30M, M3) afz} ,

| 2nkT
a_10 = Qp—1 = T1T9 { m <2M12M2

1/2) o

2kl 3/2
a_11 a1—1 331@{ ”moMlMg < 1

2rkT 75 1 r3/2 2 r5/2
12 = Qg1 = \ = | oM M.
a_12 A2—1 =T1T2 { 7710]\41]\42 ( 4 1 2

[ 2wkT
Qoo = T12T2 { m (4M1M2> 0'%2} s
1-%42

2
12

3/2
2

)o

5/2)

}

)

2
12

27TkT 1/2 2 2
= = _— 2(‘/1 [w )
dor = o = 102 { \| moM, M, ( VAT
27T]{7T 1 1/2 3 2
= = _— = (\/1 ) s
Qo2 = Q20 = X172 {U moM, M, (2 1My ) o1y

kT
aii ZI% { my (8) ‘7%}

2
‘712} )

Y

2
012} )

b

[ onkT
—= = (13M3 + 16 M, M2 + 30M? M.
+$1$2{ moMlMg( 5 + 1My + 1 2)

kT
a1z = Q21 :xf {— my (2) ‘7%}

| 2mkT 4 3
+ l’lxg{— W (24—3M2 + 8M1M2

o) } ,
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(4.161)

(4.162)

(4.163)

(4.164)

(4.165)

(4.166)

(4.167)

(4.168)

(4.169)

(4.170)



R kT (_5> Yo 2rkT
22 =] my V2 172 —m0M1M2

x (S2M + 68M, My + 452 M7 M + 112M7 M (4.171)

‘l‘%MfMﬂ 0%2} .

In the current results, this methodology is continued to arbitrary order for rigid-
sphere molecules with the full dependencies of the matrix elements on the molecular
masses, mole fractions, and molecular diameters being retained explicitly up to the
final point of actual evaluation via matrix inversion. As indicated previously, adap-
tation of this work to more realistic potential models is straightforward since the
potential model is present in a fully general form in the bracket integral expressions

via the omega integrals although such results have not yet been generated.

4.8 Results
The quantities of major interest in the present work are the diffusion coefficient:
1 1/2
D12 = 51311’2 (ZkT/mo) d(] y (4172)
the thermal diffusion coefficient:
DT = —21'133'2 (2kT/m0)1/2 (SﬁlM;l/zdl -+ $2M51/2d,1> s (4173)

the thermal diffusion ratio:
kp = Dp/Dyy = —3 (le;”le n J;QM;l/Zd,l> / do , (4.174)

the Chapman-Enskog diffusion solutions:

+00

Dy (6) =Y Sy (62) 61 (4.175)
p=0
Z d_pSS) (€3) G (4.176)
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the thermal conductivity coefficient:
N = —5kn (2kT 1/2 MoY? M2
=1 n ( /m()) Ty iViq a1 + o 2 a_q s (4177)

and the Chapman-Enskog thermal conductivity solutions:

+o0

A (G) = a,S5) (€ 6 (4.178)
p=1
Z a_, S} (%] (4.179)

From Egs. (4.172) and (4.173) it is straightforward to determine that the dimen-
sionality of the expansion coefficients, dy, di, and d_, is in units of length (cm).
Likewise, from Eq. (4.177) the dimensionality of the expansion coefficients a; and
a_1 is also found to be in units of length (cm).

Of additional interest, note that dy is actually an integral on either ID; or Dy

and may be expressed as:

[e.9]

pp2_ 8 exp (—€2) €D, (%)) 4%,

dy =—F——=
Mll/2 3VT Jo

8 0o
:]\36}2 ﬁ . exp (—(522) %23]1)2 (%2) dcg2 s
2

while d; and d_; are also integrals on D; and Dy which may be expressed as:

(4.180)

16 [
b= | ew () (G- ) D (@) a6 (4181)
and:
d_y = 16 exp (—65) €5 (3 — €5) Dy (65) A6 . (4.182)

15y Jy
Further, a; and a_; are also expressible as integrals on A, and A, and may be

written as:

16 o

57 ) exp (=62) €7 (5 — 6F) A (6) A6 (4.183)

a; =

and:

16 o
a_ =
YT svT ),

exp (—=62) €5 (3 — €2) Ay (62) A%, . (4.184)
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Note that Do, D7, kr, A, Dy, Do, Al, Ag, dy, di, d_1, a1, and a_q are all dependent

upon the variable quantities x1, x2, mq, mo, 01, 09, and temperature, T', although

these dependencies are not displayed explicitly in the above equations. In the m-th

order of the expansion, one writes these as:

1/2

[DIQ]m = %xlfﬂg (2kT/m0) dém) y

[Drl = =51y (KT o) " (M 2™ 4 by 2
krlm = [DT}m/[Dlﬂm

(le V2glm) oy M V2 )/d<m

A = —2kn (2kT /mo)""* (21 M7 2a(™ 4 gy My M)
[A] 7 :

D™ (1) =Y dm ST (62) 6
p=0
]DQm) (€s) = Z d(m 53/2 (%2) ©
p=0
A (@) = s, (€)%
p=1
Z a_ 3]7)2 ng %,
p=1
8 o
4™ _ pp2 8 _ep2) 3™ d
S VAEEN exp (—67) €Dy (61) A6,
- PP1 8 o 2 3y (M)
= ) v () aRy (@) as,,
i = 20 [ o (c62) 6P (2 - ) D™ (%) 4%,
1 15ﬁ 0 ' b ' ' |
d(m) _ ﬁ - exp (—%2) €3 (é - %2) D(m) (CKZ) dé;
-1 15\/% o 2 2 \2 2 2 ’
CL(m) _ i > exp (_(52) (53 (§ _ (52) A(m) (Cgl) dcgl
and:
a(m) — i ~ exp (—%2) %3 (— — (52) m) (%2) ngQ
o 57 J, 2) Go
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(4.186)

(4.187)

(4.188)

(4.189)

(4.190)

(4.191)
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(4.194)
(4.195)
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As a part of this work, two basic sets of calculations have been carried out:

(i) First, a comparison of results from the present work with the results previ-
ously reported by Takata et al. [2] is made. To conduct this comparison, the
current results have been adapted so as to present them using the same non-
dimensionalization scheme employed by Takata et al. and have then been plotted
in graphical form with the same scaling and for the same set of virtual gas mixtures

reported by Takata et al.

(ii) Second, using a non-dimensionalization/normalization scheme similar to that
of Chapman and Cowling [10] which normalizes the transport coefficients relative
to their first-order approximate results, a comprehensive set of order 70 results for
all binary mixtures of the noble gases He, Ne, Ar, Kr, and Xe has been obtained.
Additionally, extrapolated limiting values of the transport coefficients (correspond-
ing to m — oo) that have been obtained by applying the Mathematica®) function
SequencelLimit to the sequence of normalized transport coefficient results corre-

sponding to orders 1 through 70 are presented.

In the work of Takata et al. [2], the authors have considered cases involving
a selection of ‘virtual’ gas mixtures for which the size and mass ratios of the
constituents are general values only and do not reflect the sizes and masses of
specific gas constituents. The size ratios that have been considered in this work
include o9/0; = %, 1.2 and the mass ratios that have been considered include
ma/my = 1,2,3,4,5,8,10. Mole fractions are specified by x; € (0, 1) with z1+x5 =
1. The authors define non-dimensional diffusion and thermal diffusion coefficients

in a manner that may be expressed in the following way:
D12 = f3D12 y (4198)
Dy = f3Dr , (4.199)
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where:

fs = 2v2m, | %”U% . (4.200)

and a non-dimensional thermal conductivity coefficient as:

LI (4.201)

V2kn

Thus, Dlz, DT, and \ depend only upon the masses, m; and ms, the molecular
diameters, o; and o9, and the number densities, n; and ny. Dependence upon
temperature, T, has been totally eliminated for rigid-sphere molecules which is
quite convenient because the rigid-sphere model is known to exhibit an unrealistic
temperature dependence. The authors have presented their results graphically and
have not given their precise numerical results explicitly although the indistinguish-
able comparison results from the present work indicate that they have obtained
precise results for the cases studied. These results have been reported here in the
same format and for exactly the same cases considered by Takata et al., in Figs.
4.1-4.9 where the reported results conform to the same non-dimensionalization
scheme described in Eqs. (4.198)-(4.201). Note that instead of presenting Dy di-
rectly, Takata et al. present results for kr which yields ﬁT from the 1512 results
via le = ka)lg and that the comparison results have been presented accordingly.

Lastly, the primary results of this work for binary mixtures of the noble gases
He, Ne, Ar, Kr, and Xe are presented. Note that a more concise way to report

transport coefficient results may be achieved by normalizing them in the following

[Di2]m = [Di21[Dr2]}, (4.202)
[Dr]m = [Drh[Dr1]}, (4.203)
Al = [M1[A]L, (4.204)
where:
* [D12]m
(D12}, = Dol (4.205)
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Figure 4.1: The 1512 functions calculated in this work for comparison with the
values reported by Takata et al. [2] for o3/01 = 1/2.

[Drl;, = [[%;]]T : (4.206)
(AL = % , (4.207)

and where [Dis]y, [Dr]1, [A]1 are the transport coefficients of the mixture com-
puted with first-order approximations (m = 1). In the general case, the first-order

transport coefficients can be explicitly expressed as:

[Dis)y = Lwyw (26T fmo) " dY) (4.208)

[Dr]y = =222 (2k;T/m0)1/2 (mlMl_l/ngl) + ngQ_UQd(jD : (4.209)

N = =3k (20T /o) (70l + My 20l (4.210)
where:

d(()l) = 0o (a_1_1a11 —a_11a1-1) /Ap (4.211)

d = 8 (a_1_1a10 — a_1oa1_1) /Ap (4.212)
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Figure 4.2: The ky functions calculated in this work for comparison with the values
reported by Takata et al. [2] for o5/01 = 1/2.

d") = —6y (a_1oa11 — a_n1aw) /Ap (4.213)

a§1) = (a-1100 — aqa1-1) /Ay (4.214)
and:

a(—li = (a—1an —a-non) /Ay (4.215)

in which the determinants, Ap and Ay, can be expressed as:

Ap = a_1_1a00a11 + 26_100010-11 — a2_11a00 - a2_10a11 - Cl(Qna—1—1 ) (4-216)
and:

Ay =a_i_jay; —a*,,, (4.217)

after the appropriate symmetries have been employed, where completely general
explicit expressions for the necessary a,, values have already been given in terms

of the omega integrals in Eqs. (4.120)-(4.128), and where the quantities dg, ay, a4

128



10

0’2/0'121/2
8l I'T]Z/mlz:l-
6- N2
A 3
4L 4
8
, 10
00 02 04 06 08 10

X1

Figure 4.3: The ) functions calculated in this work for comparison with the values
reported by Takata et al. [2] for o9/01 = 1/2.
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Figure 4.4: The 1512 functions calculated in this work for comparison with the
values reported by Takata et al. [2] for o3/01 = 1.

have been given in Eqs. (4.62) and (4.65). Additionally, one may also normalize

the quantities dj*, d™,, d{*, a™,, and a7* in the following manner:

(m) (m) (m)

g _ o o _ Aoy e _ o

0 d(l) ) —1 d(l) ) 1 d(l) )

0 0 0
(m) (m) (4.218)

a mx A1 a(m)* o

1 > 1 - a,(l) 9

-1 1

such that the transport coefficients may be expressed as:

[D12]m = [D12]:n[D12]1 = %[L’lxg (2kT/m0)1/2 dém)*d(()l) y (4219)
o [Diaw Y
[D1a]7, = Duly Py =dy"", (4.220)

[Drlim =[Drl,[Dr]i
= — By (26T /mg) "’ (4.221)

x (w2 wpny )
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Figure 4.5: The ks functions calculated in this work for comparison with the values
reported by Takata et al. [2] for o9/0; = 1.

_ [Drlw wn My A My P

(D15, =
Dol M7 A My ) (422)
M2 4 M '
oy My 2dD" 4 oMy P
(Alm =[5 AL
— — Sk (2KT /mg)"?
1 0 (4.223)
% (lefl/zagm)*agl)erM 1/2 (n;)* (_1{) ’
A < P (el o) 4 ady e )
N (x M2 4 g A 260 a}})
(4.224)

(leQI/2a11) + I2M11/2a51>
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Figure 4.6: The ) functions calculated in this work for comparison with the values
reported by Takata et al. [2] for 09/0; = 1.
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Figure 4.7: The 1512 functions calculated in this work for comparison with the
values reported by Takata et al. [2] for 09/01 = 2.
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Figure 4.8: The ky functions calculated in this work for comparison with the values
reported by Takata et al. [2] for o9/0; = 2.
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Figure 4.9: The ) functions calculated in this work for comparison with the values
reported by Takata et al. [2] for o9/0; = 2.
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For the specific case of rigid-sphere molecules, one then uses Eqs. (4.154)-
(4.156) for the omega integrals needed. Here, some representative order 70 results
are reported for [A];, [A]%, (in Table 1), a{”, a"} (in Table 2), , a{*, o™ (in
Table 3), [Dis),, [D1a)%, (in Table 4), di (in Table 5), [Dy],,[Dr]%, (in Table 6),
and d§7°) - d(_710 )* (in Table 7) for binary mixtures of the noble gases He, Ne, Ar, Kr,
and Xe. The molecular mass and diameter values used in computing the results

given in Tables 1-7 are summarized in Table 8.

Table 4.1: Order 1 values of the thermal conductivity coefficients, [A]; and order
70, normalized values of the thermal conductivity coefficients, [A]5,, for binary
mixtures of the noble gases He, Ne, Ar, Kr, and Xe as functions of the mixture
fractions of the lighter constituents.

Mixture a3

[A]; x 1072 (erg em™! s71 K1)

A7

He:Ne 10~100

45.230993622931949432092

1.0252181683234523152732

10712 45.230993622959561499966 1.0252181683234992998780
107 45.230993650544017344413 1.0252181683704369201471
10-6 45.231021235038011481513 1.0252182153080706373937
1073 45.258643891588442209066 1.0252651662653715155855
0.1 48.387938101542520763805 1.0299336122181635631348
0.2 52.400524509330325834942 1.0342711214903130897172
0.3 57.387988310715000729415 1.0377441997211695641340
0.4 63.507872139255285497994 1.0400309786138353014717
0.5 70.969261682002938249290 1.0409508018112383446086
0.6 80.052478276483582685685 1.0404352117350897703442
0.7 91.139095345248514789382 1.0385000964002596553389
0.8 104.75907270125660531323 1.0352239452661135695676
0.9 121.66747324170925742034 1.0307359485698434698333
1-1073 142.73506214590358812824 1.0252776790844339602297
1-10-6 142.97459300150129227556 1.0252182278733048580938
1-107° 142.97483283255399563591 1.0252181683830022068565
1-10712 142.97483307238534888032 1.0252181683235118651648
1-10~100 142.97483307262542030529 1.0252181683234523152732

He:Ar 10~100

16.256824822751970282052

1.0252181683234523152732

10-12 16.256824822782258518204 1.0252181683236561715647
107 16.256824853040206460143 1.0252181685273086064873
10~6 16.256855111014219845242 1.0252183721794181535275
1073 16.287139175867276683665 1.0254216991572284250253
0.1 19.567541902225391688039 1.0425705712840335307652
0.2 23.539928793551250511756 1.0546112190247962792290
0.3 28.361648838239252336184 1.0622186934333221356379
0.4 34.296989480121495689575 1.0660150643963094597939
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Table 4.1 — Continued

Mixture

I

[A]; x 1072 (erg em™ ! s71 K1)

A7

He:Kr

He:Xe

0.5
0.6

0.7

0.8

0.9
1-1073
1-106
1-1079
1-10712
1_107100

107100
10—12
107°
1076
1073
0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9
1-1073
1-10=6
1-1079
1-10~12
1_10—100

10—100
10—12
107
106
1073
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1-1073

41.730273698976712103014
51.242542064205417756578
63.755608338092135001721
80.824394494466303843452

105.29247888187096812075
142.49863276013777918019
142.97435560731035884862
142.97483259515883693443
142.97483307214795372065
142.97483307262542030529

8.5231373968991121279109
8.5231373969264292591221
8.5231374242162433616969
8.5231647140528833641500
8.5504771062300904651042
11.500121513991510257611
15.061120659414146582782
19.389887129167812189482
24.754821876384359333707
31.563620466317447480319
40.466352048246442605190
52.565641753550265656206
69.890789514293486821422
96.624397468245058785710

142.34477685738630638930
142.97420073031560194734
142.97483244028081616119
142.97483307199307569885
142.97483307262542030529

4.9216330167821820114007
4.9216330168049404976975
4.9216330395406683274725
4.9216557752877341925181
4.9444107746153191591834
7.4076847095035792085458
10.398903341303874843029
14.064907578058101517237
18.660212299585055691285
24.584645450650940978795
32.503729602725701164060
43.612056052181092253450
60.286255627633844887813
88.018408944825273916226

142.16078786736296942069
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1.0664353047249363579152
1.0637717732775435996482
1.0582057049773514561943
1.0498390730900356424888
1.0387565130004953058065
1.0253633916545607905637
1.0252183136233177377633
1.0252181684687522569083
1.0252181683235976152149
1.0252181683234523152732

1.0252181683234523152732
1.0252181683238784179016
1.0252181687495549424323
1.0252185944248187223073
1.0256430118362083088582
1.0575546356723539162786
1.0756772661006479631344
1.0850658945914598437344
1.0884310310918071922230
1.0871886867398702683191
1.0820591608580884631148
1.0733355640905965218240
1.0610194419890890932426
1.0449476081320856577175
1.0254296331624704143181
1.0252183798772315195570
1.0252181685350061825380
1.0252181683236638691405
1.0252181683234523152732

1.0252181683234523152732
1.0252181683240983261697
1.0252181689694632091047
1.0252188143315938446937
1.0258614343863045752151
1.0697183185162260545670
1.0909460489534795397190
1.1007028446396204705150
1.1035361475640274222335
1.1014261439483445862625
1.0951928411297615309132
1.0849874817193250325606
1.0704532915363226700230
1.0507810146504920943091
1.0254993341393084111803



Table 4.1 — Continued

Mixture

I

[A]; x 1072 (erg em™ ! s71 K1)

A7

Ne:Ar

Ne:Kr

Ne:Xe

1-10-6
1-1079
1-10—12
1-107109

10—100
10—12
1079
1076
1073
0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9
1-1073
1-10=6
1-1079
1-10~12
1_10—100

10—100
10712
1079
1076
1073
0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9
1-1073
1-1076
1-1079
1-10~12
1_10—100

10—100

142.97401506286978174515
142.97483225461168087819
142.97483307180740656188
142.97483307262542030529

16.256824822751970282052
16.256824822765709502436
16.256824836491190673602
16.256838561980024210522
16.270571716978149590602
17.711441480628205101615
19.345192957126212032129
21.189377090608154056439
23.283083878352463674041
25.675780525893720612200
28.430998757976950359101
31.631714676888278022561
35.388402651809414235266
39.851453929045159259045
45.171767024784271845005
45.230934336090988009304
45.230993563645048168086
45.230993622872662530768
45.230993622931949432092

8.5231373968991121279109
8.5231373969097498650592
8.5231374075368492850514
8.5231480346451129255224
8.5337839923515389852404
9.6816446629329232159696
11.058253391100742656625
12.706589402535584522006
14.699649191321615002990
17.139409031809005775083
20.172784347253153234791
24.019441412358268379554
29.023181278572522108607
35.754038985083526487585
45.117319267409175033020
45.230879720269855532863
45.230993509029058582308
45.230993622818046541014
45.230993622931949432092

4.9216330167821820114007
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1.0252184496491771301925
1.0252181686047781980601
1.0252181683237336411561
1.0252181683234523152732

1.0252181683234523152732
1.0252181683234700489208
1.0252181683411859628887
1.0252181860570864391973
1.0252358884620685619511
1.0268525698676256123799
1.0281934714488914593858
1.0292173802079323026769
1.0299000812293699222141
1.0302159491561190718612
1.0301372619639991566582
1.0296335518883510762993
1.0286710816170667750579
1.0272126482680727259898
1.0252409015804517672357
1.0252181910855254369741
1.0252181683462144172176
1.0252181683234750773751
1.0252181683234523152732

1.0252181683234523152732
1.0252181683235235473900
1.0252181683946844320102
1.0252182395555126929495
1.0252893439991010053224
1.0317538034457581865657
1.0370345719623078520598
1.0409660311232228314890
1.0434768553555725049437
1.0445071694319858267100
1.0439985955546405953179
1.0418865685412835500502
1.0380969495951092042679
1.0325535579969326603521
1.0253002118644787144220
1.0252182504515713424560
1.0252181684055805188295
1.0252181683235344434768
1.0252181683234523152732

1.0252181683234523152732



Table 4.1 — Continued

Mixture

I

[A]; x 1072 (erg em™ ! s71 K1)

A7

Ar:Kr

Ar:Xe

10712
1079
106
1073
0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9
1-1073
1-1076
1-1079
1-1012
1_10—100

10—100
10712
1079
106
1073
0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9
1-1073
1-106
1-107°
1-10~12
1_107100

10—100
10—12

4.9216330167910753344736
4.9216330256755050920458
4.9216419101129537108420
4.9305340445041817731054
5.8943304123945284371890
7.0637884852976528622716
8.4881803600790372362734
10.250696016066015082279
12.474578210118997342807
15.350481503466251519404
19.189801214506980256999
24.538136700576852048404
32.446305757994103126766
45.064572534188571392425
45.230826695312209880577
45.230993456003821635549
45.230993622765021303788
45.230993622931949432092

8.5231373968991121279109
8.5231373969029341875270
8.5231374007211717466770
8.5231412189614106637511
8.5269621396743140484873
8.9329102909859355939048
9.4010877599567242765786
9.9333299875374637601988
10.536464898710989270822
11.218740263410843013411
11.990151844759242187381
12.862874418724216478170
13.851834117799969218978
14.975478121543663001491
16.243141248290820560549
16.256811129887982475329
16.256824809059096999314
16.256824822738277408760
16.256824822751970282052

4.9216330167821820114007
4.9216330167862284280765
4.9216330208285986906293
4.9216370632022921194114
4.9256828694524455140116
5.3624023234483396520012
5.8834912127967103951688
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1.0252181683236047194143
1.0252181684758564561564
1.0252183207273865272012
1.0253703657116489256021
1.0385045278591932943301
1.0482664015249918505376
1.0549389819172681048420
1.0588074265852574894028
1.0600358675779038833495
1.0586815011033986612090
1.0546984476142186419322
1.0479379936695128561528
1.0381679767576370151470
1.0253627623476950184478
1.0252183130551717891806
1.0252181684681841721866
1.0252181683235970471302
1.0252181683234523152732

1.0252181683234523152732
1.0252181683234604898855
1.0252181683316269276020
1.0252181764980666843098
1.0252263449635295230630
1.0260419721827594171549
1.0268257874276644760644
1.0274987585311430258008
1.0280006360151590403224
1.0282812225666775709259
1.0282996460522037112554
1.0280235657720448760889
1.0274284177249907781396
1.0264968070980921392752
1.0252326904595083265659
1.0252181828631363017787
1.0252181683379920168076
1.0252181683234668549747
1.0252181683234523152732

1.0252181683234523152732
1.0252181683234869262026
1.0252181683580632446783
1.0252182029343728047575
1.0252527702850594798073
1.0285488780211025920802
1.0314708146480408198614



Table 4.1 — Continued

Mixture [A]; x 1072 (erg em™ !t s K1) [A]7,
0.3 6.4994915589469157390005 1.0337974098516583661098
0.4 7.2292629515447565008896 1.0353850209689786282648
0.5 8.0975603471613252400570 1.0361264682412749310272
0.6 9.1374745762242457607419 1.0359443248669038204784
0.7 10.394201411324449634717 1.0347850603709655614027
0.8 11.931066234818637846176 1.0326152375828588130177
0.9 13.839552617694560252194 1.0294215485323289035758
1-1073 16.229515491701221314498 1.0252650502799158537620
1-10-6 16.256797477853908590549 1.0252182152530562002857
1-107° 16.256824795407036609312 1.0252181683703819667894
1-10-12 16.256824822724625348344 1.0252181683234992449247
1-10~190 16.256824822751970282052 1.0252181683234523152732
Kr:Xe 10719 4.9216330167821820114007 1.0252181683234523152732
10712 4.9216330167844884116317 1.0252181683234577755507
107 4.9216330190885822433317 1.0252181683289125928245
1076 4.9216353231833094225720 1.0252181737837262608345
1073 4.9239403136603149537849 1.0252236249894290960719
0.1 5.1615166149119851359587 1.0257259902623583814072
0.2 5.4210836674008305545319 1.0261492215722242203065
0.3 5.7023202211719088194515 1.0264761637754997148820
0.4 6.0075048950809476333028 1.0266958232092931551911
0.5 6.3392640549323421272936 1.0267978427749659568629
0.6 6.7006400046359049002837 1.0267724375701266740052
0.7 7.0951759199421548309279 1.0266103384997581480921
0.8 7.5270225226304726293178 1.0263027490834861141157
0.9 8.0010732742195190087037 1.0258413224542803786291
1-1073 8.5176573495455740352488 1.0252252251219746809347
1-10-6 8.5231319141135727158808 1.0252181753886992495033
1-107? 8.5231373914163238490512 1.0252181683305175706570
1-10~12 8.5231373968936293396293 1.0252181683234593805286
1-10-100 8.5231373968991121279109 1.0252181683234523152732

Table 4.2: Order 1 values of the thermal conductivity related quantities, a; and
a_1, for binary mixtures of the noble gases He, Ne, Ar, Kr, and Xe as functions of
the mixture fractions of the lighter constituents.

Mixture agl) x 10% (cm) a(_? x 105 (cm)

He:Ne 10-100 —15.235762082277183907967  —20.560567836453608501773
10712 —15.235762082282910757147 —20.560567836452510851540
107? —15.235762088004033091935 —20.560567835355958272230
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Table 4.2 — Continued

Mixture =z agl) x 106 (cm) a(j% x 106 (cm)
10 —15.235767809130253987916  —20.560566738806778066970
1073 —15.241492823283853661098  —20.559473589249784694647
0.1 —15.849285472703085686244  —20.485419586314615491397
0.2 —16.553245389870214843796  —20.482507692957853305955
0.3 —17.363463981769427446356  —20.557967623931769897757
0.4 —18.300295079950876996768  —20.720579390524086569672
0.5 —19.390261245686244642328  —20.982594289396504111620
0.6 —20.668475917802252031174  —21.360981402079155359071
0.7 —22.182323557218511221395  —21.879341994421661891460
0.8 —23.997227989269715198034  —22.570928518511133383181
0.9 —26.206031530731653628869  —23.483570041227100741296
1-1073 —28.914309063342466166423  —24.674248929098008473390
1-106 —28.944894163038547987782  —24.688039283814368562201
1-1079 —28.944924784469089457678  —24.688053093894623570332
1-10712  —28.944924815090556372077  —24.688053107704723572918
1-107100 98 944924815121208491147  —24.688053107718547496864

He:Ar 10~100 —8.4323761933253591554156  —10.397402827308215058740
10712 —8.4323761933310914217505 —10.397402827311344442496
107 —8.4323761990576254944640  —10.397402830437598816961
106 —8.4323819255957932514409  —10.397405956693682862583
1073 —8.4381125617645973432374  —10.400533923526317980475
0.1 —9.0497831348698777801409  —10.728712359301581664450
0.2 —9.7704620780345899163411 —11.102639591873315825266
0.3 —10.622974627493155043775  —11.530417466566811180428
0.4 —11.647502773190528988051  —12.027816742107354833584
0.5 —12.902429339929236049241  —12.617713277298762831249
0.6 —14.475961424479338553857  —13.334622552473305155498
0.7 —16.507965933497788504917  —14.233217844375882064982
0.8 —19.234280433993090239969  —15.405615796807564779150
0.9 —23.086077638689591412750  —17.020137823383066122898
1-1073 —28.871252488140866362500  —19.390899252221085359806
1-1076 —28.944850950838639729143  —19.420776386431113933909
1-1079 —28.944924741256733465538  —19.420806338612713724796
1-10712  —28.944924815047344015929  —19.420806368564970567536
1-107100  _28.944924815121208491147  —19.420806368594952806693

He:Kr 10100 —6.4236103707880117230623  —7.8951055393209531462766
10712 —6.4236103707929621870928  —7.8951055393247607986081
107? —6.4236103757384757574486  —7.8951055431286054798546
106 —6.4236153212558858827084  —7.8951093469753387544248
1073 —6.4285646814303818757128  —7.8989152469822635416820
0.1 —6.9603421585728587656743  —8.2977474097886881544248
0.2 —7.5958476688587996238944  —8.7503260274415129260526
0.3 —8.3603033300904314097599  —9.2645372955727007805849
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Table 4.2 — Continued

Mixture z;

al’) x 108 (cm)

a] x 105 (cm)

0.4
0.5

0.6

0.7

0.8

0.9
1-1073
1-106
1-107°
1-1012
1_107100

10—100
10—12
1079
1076
1073
0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9
1-1073
1-1076
1-107°
1-1012
1_107100

He:Xe

107100
10—12
107°
1076
1073
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8

Ne:Ar

—9.2976057880465450121802
—10.474180161884007673980
—11.995577994852039035705
—14.040293586592805681931
—16.935998577652846538887
—21.356690336198821618550
—28.842196175955174114828
—28.944821718258313120105
—28.944924712023976049107
—28.944924815018111258336
—28.944924815121208491147

—4.9995786142542142848018
—4.9995786142583368968532
—4.9995786183768263396286
—4.9995827368696712091289
—5.0037046346245612308914
—5.4489654105839980495054
—5.9873226115769091923634
—6.6440247940744701845761
—7.4629944596769687719136
—8.5129895533409595520534
—9.9080644914865578026027
—11.852263720875267835240
—14.750278683598265835360
—19.534749737203017957673
—28.805967508064669674105
—28.944785185954389988089
—28.944924675491366558494
—28.944924814981578648540
—28.944924815121208491147

—11.278569674291800245673
—11.278569674296427070979
—11.278569678918625553815
—11.278574301119442891044
—11.283198837600027865677
—11.765844845579760833382
—12.307744311033637556583
—12.913860377980460475746
—13.596172877788376751166
—14.369841238085014142912
—15.254334293300828485683
—16.275078699973845245203
—17.465926688192154281350
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—9.8566582674279931013899
—10.550286267971477423592
—11.381429471936427427775
—12.408763866052933776804
—13.736562819065077602709
—15.573647048581970959196
—18.381955737403055609076
—18.418719118174360335215
—18.418755994957361669721
—18.418756031834258468844
—18.418756031871172279568

—5.7065238518632256560958
—95.7065238518666860743622
—5.7065238553236439246953
—5.7065273122836672308411
—5.7099864467041746748616
—6.0758466337510474738419
—6.4988297001281620310023
—6.9889418372961812327820
—17.5649850437556362081617
—8.2542918083046264051475
—9.0987581436560020617886
—10.167389509661436914233
—11.586040751847823852759
—13.622308244103636492321
—16.962544785711679645108
—17.008726091330570396601
—17.008772453199577640871
—17.008772499561628034430
—17.008772499608036493464

—10.397402827308215058740
—10.397402827311530872247
—10.397402830624028568129
—10.397406143123434209442
—10.400720353139180159597
—10.746994314255090697843
—11.136584180121064814218
—11.573188337447615657630
—12.065569065724198878882
—12.624814374960686809407
—13.265164408995026 769650
—14.005217183845738207578
—14.869733631996836354835



Table 4.2 — Continued

Mixture agl) x 10° (cm) a(j% x 105 (cm)
0.9 —18.872961184789427137348  —15.892420871354822097155
1-1073 —20.542028825568351516667 —17.106877514578339270820
1-10-¢ —20.560549278996124803739  —17.120360095516103671634
1-107° —20.560567817896132553163 —17.120373591591834993868

1-10712 —20.560567836435051025806 —17.120373605087924233380
1-107100  —20.560567836453608501773 —17.120373605101433832232

Ne:Kr 10100 —7.6363531059823579248179 —7.8951055393209531462766
10712 —7.6363531059866818450029 —7.8951055393231408560234
1079 —7.6363531103062781126590 —7.8951055415086628947279
10-6 —7.6363574299054409249450 —7.8951077270322766918259
1073 —7.6406799261444439733855 —7.8972948267788117457903
0.1 —8.0997827393270943273310 —8.1307575358357003282027
0.2 —8.6347741283055621065517 —8.4053106528001039118828
0.3 —9.2590913255519105909786 —8.7283885085970150107962
0.4 —9.9969120798985402418962 —9.1130899049884847827577
0.5 —10.882009511840432735664 —9.5777127663331974534090
0.6 —11.963036424830443512359 —10.148617358255373686608
0.7 —13.312734044410849797995 —10.865215894489722195435
0.8 —15.044945759179923940236 —11.789191158569017289659
0.9 —17.348423206875718301086 —13.022813787899885084459
1-1073 —20.522189730117384920954 —14.728246477554520712732
1-10-¢ —20.560529382781939616877 —14.748877261394815254149
1-107° —20.560567797999861118782 —14.748897933128143494481

1-1012 —20.560567836415154754315 —14.748897953799917852820
1-107100  —20.560567836453608501773 —14.748897953820610319686

Ne:Xe 10~100 —5.4720824083065644222746 —5.7065238518632256560958
10~12 —5.4720824083103660634244 —5.7065238518652860191550
1079 —5.4720824121082055749368 —5.7065238539235887165712
10-6 —5.4720862099505327745296 —5.7065259122275747948506
1073 —5.4758868700761456446901 —5.7085855058141620135230
0.1 —5.8827146795569607295900 —5.9264742056499951673442
0.2 —6.3650285191824847675999 —6.1790243293336718962709
0.3 —6.9398256012346274158675 —6.4734036672564679278856
0.4 —17.6368325548298040000293 —6.8227891562343736252111
0.5 —8.5000637322958383497389 —7.2466763175902791967620
0.6 —9.5975790619347496365833 —7.7751935180136651718561
0.7 —11.040504167154340729277 —8.4575112858294888041802
0.8 —13.023497591753890053528 —9.3797338636491877774057
0.9 —15.921409127954569084559 —10.707634067865405585515
1-1073 —20.500408371444762677280 —12.779512828355054881396
1-10-6 —20.560507496227806083556 —12.806568545877326680384
1-107° —20.560567776113201394297 —12.806595681576273308540

1-10712 —20.560567836393268094485 —12.806595708712052477232
Continued on Next Page. ..
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Table 4.2 — Continued

Mixture agl) x 10° (cm) a(j% x 105 (cm)

1-107100  —20.560567836453608501773 —12.806595708739215419423

Ar:Kr 10100 —7.4818474741237029603714  —7.8951055393209531462766
10712 —7.4818474741252781462408  —7.8951055393215524524053
107° —7.4818474756988888306684  —7.8951055399202592757971
106 —7.4818490493104672297140  —7.8951061386278845657237
1073 —7.4834235551235611362844  —7.8957056483130435568287
0.1 —7.6485902786934903311249  —7.9632347636237217268826
0.2 —7.8349878353158002011363  —8.0485309780164206407939
0.3 —8.0431114258673535595901  —8.1523559374172696018765
0.4 —8.2754394056072791193732  —8.2763890654171941217355
0.5 —8.5349470601747909635337  —8.4226924554273676363702
0.6 —8.8252232839475435883082  —8.5937959922640362978707
0.7 —9.1506235836326133702135  —8.7928096162737745099922
0.8 —9.5164730222820670046879  —9.0235728084330363076675
0.9 —9.9293389338326755124480  —9.2908559914623257257164
1-1073 —10.392417184214444186475 —9.5973042214073287074964
1-106 —10.397397838406575321548 —9.6006323280668454416518
1-1079 —10.397402822319310158539 —9.6006356586639083546186
1-10712  —10.397402827303226153836 —9.6006356619945079093442
1-107100  _10.397402827308215058740 —9.6006356619978418428349

Ar:Xe 10100 —5.2619169547344416197986  —5.7065238518632256560958
10712 —5.2619169547366104652538  —5.7065238518640845935197
107? —5.2619169569032870763598  —5.7065238527221630809237
106 —5.2619191235812403454713  —5.7065247108015586265068
1073 —5.2640871444160887618459  —5.7073836987615050540377
0.1 —5.4929980379252181377905  —5.8019575206202995458849
0.2 —5.7559022797220877600666  —5.9185059504163186516992
0.3 —6.0568113199472182397758  —6.0598601974930554365307
0.4 —6.4036818694714971740300  —6.2308027562305588306977
0.5 —6.8069256597050759336150  —6.4376227476122423480447
0.6 —7.2804286351167788473440  —6.6887385726415273079721
0.7 —7.8431246584790138290339  —6.9956596392619818189366
0.8 —8.5215106938464042986770  —7.3745237457600012775752
0.9 —9.3538332436019900995030  —7.8486562973754484222293
1-1073 —10.385663270953160019587 —8.4461957301908199751629
1-10—6 —10.397391072959357326807 —8.4530351690218901168399
1-1079 —10.397402815553851390114 —8.4530420175570447495306
1-10712  —10.397402827296460695056 —8.4530420244055890117226
1-107100  _10.397402827308215058740 —8.4530420244124444113935

Kr:Xe 10100 —5.8742656972102459407328  —5.7065238518632256560958
10712 —5.8742656972115813664334  —5.7065238518642535185051
1077 —5.8742656985456716417796  —5.7065238528910880657978
106 —5.8742670326364177188001  —5.7065248797260305866633
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Table 4.2 — Continued

Mixture 1 agl) x 10° (cm) a(j% x 10% (cm)
1073 —5.8756015942589678065124 —5.7075521100164137746613
0.1 —6.0126708821911448642501 —5.8133901134098492922604
0.2 —6.1614448705610871210206 —5.9289456012444536681961
0.3 —6.321655498582558156854 1 —6.0540687951402705482832
0.4 —6.4945271177771954731887 —6.1897675231965742449094
0.5 —6.6814701455741088264609 —6.3372033578847108401428
0.6 —6.8841175853785941048957 —6.4977217671356540152647
0.7 —7.1043705114678023232609 —6.6728896681092584688022
0.8 —7.3444551949324545797838 —6.8645425934489220393628
0.9 —7.6069955006558297700437 —7.0748444673779140409638
1-1073 —7.8920862166319807651401 —7.3039342695132394396857
1-1076 —7.8951025185388736861725 —7.3063616759756412738790
1-107° —7.8951055363001696067498 —7.3063641045922375344366
1-1012 —17.8951055393179323627356 —7.3063641070208553413890
1-10—100 —7.8951055393209531462766 —7.3063641070232863902460

Table 4.3: Normalized order 70 values of the thermal conductivity coefficient re-

lated quantities, a

(70)x
1

and a(_?)*,

for binary mixtures of the noble gases He, Ne,

Ar, Kr, and Xe as functions of the mixture fractions of the lighter constituents.

Mixture a3 a§70)* a(_T)*

He:Ne 10100 1.0872730381181951998864  1.0252181683234523152732
10712 1.0872730381181435134042  1.0252181683233960496321
1079 1.0872730380665087176882  1.0252181682671866741921
106 1.0872729864317084099620  1.0252181120578412679165
1073 1.0872213470300225895264  1.0251619327268161039715
0.1 1.0820491736037352522999  1.0198741240580900360365
0.2 1.0766814477738833850159  1.0150314435617134428974
0.3 1.0711266832558147250976  1.0106120503297540613266
0.4 1.0653496646035295659507  1.0065581626514015571345
0.5 1.0593224379890634405206  1.0028303128966243620649
0.6 1.0530248668697698873245  0.99940738688503999148060
0.7 1.0464468636241766023130  0.99628904158546090092218
0.8 1.0395932460769784528097  0.99350150152838712071923
0.9 1.0324931689235703671378  0.99110887309106257989724
1-1073 1.0252913852507034406367  0.98924998139293332800182
1-1076 1.0252182415422762545843  0.98923443690143894544410
1-1079 1.0252181683966711410760  0.98923442139322123322178
1-10~12 1.0252181683235255340990  0.98923442137771305183096
1-107100  1.0252181683234523152732  0.98923442137769752812590
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Table 4.3 — Continued

Mixture

T

(70)

ay

o0

He:Ar

He:Kr

He:Xe

10—100
10—12
1079
1076
1073
0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9
1-1073
1-10-6
1-107°
1-10~12
1_10—100

10—100
10712
1079
106
1073
0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9
1-1073
1-1076
1-107°
1-1012
1_10—100

10—100
10712
1079
1076
1073

1.1246786406007335143153
1.1246786406006701074103
1.1246786405373266092694
1.1246785771938095349215
1.1246152147323287631518
1.1181370582753568669298
1.1111443026133668172420
1.1036160984818831341805
1.0954518501239807139867
1.0865308760199950868443
1.0767088593453272501498
1.0658168822635821228506
1.0536708506370629141863
1.0401177709862649927974
1.0253720873581989609769
1.0252183222720458698199
1.0252181684774009380899
1.0252181683236062638960
1.0252181683234523152732

1.1503483128349767016658
1.1503483128349034898519
1.1503483127617648877133
1.1503482396231392264108
1.1502750774596285027042
1.1427758039023226716517
1.1346308375906564585308
1.1257912716051758577229
1.1161048123478322696479
1.1053778661295186316289
1.0933607214406165760273
1.0797298075131560120893
1.0640758462852161639507
1.0459466997980809258315
1.0254350423202215142279
1.0252183852434649055998
1.0252181685403723730335
1.0252181683236692353310
1.0252181683234523152732

1.1600604943154697563118
1.1600604943154041605928
1.1600604942498740373000
1.1600604287197234051675
1.1599948712122167388828
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1.0252181683234523152732
1.0252181683234013407534
1.0252181682724777954824
1.0252181173489402139158
1.0251672014989919891018
1.0201960573132133428433
1.0153188819417827259622
1.0105801762743270389436
1.0059777213665793032351
1.0015169493799491926096
0.99721829880488748739083
0.99313351732720117916212
0.98938389885166144994244
0.98625807935557245604182
0.98450190065385425281460
0.98449596124798519707206
0.98449595546752178497056
0.98449595546174148104042
0.98449595546173569495056

1.0252181683234523152732
1.0252181683234125864371
1.0252181682837234791772
1.0252181285946128701169
1.0251784361346283416015
1.0212116188191119600021
1.0171379339144574419631
1.0129995901852534725038
1.0088033082426836811597
1.0045631060246112958264
1.0003069198342868772880
0.99609254459969210644037
0.99205120133814574312370
0.98852708727010639205272
0.98663448912358955419566
0.98663269623852622075670
0.98663269470776782622584
0.98663269470623733124815
0.98663269470623579922141

1.0252181683234523152732
1.0252181683234217174629
1.0252181682928545049959
1.0252181377256334210342
1.0251875618851580944861



Table 4.3 — Continued

Mixture

T

(70)

ay

o0

Ne:Ar

Ne:Kr

0.1
0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9
1-1073
1-10-6
1-107°
1-1012
1_10—100

10—100
10712
1079
106
1073

1.1532086699382970544808
1.1456884397981849756138
1.1373473217269767208485
1.1279852846872190693664
1.1173331283160122966834
1.1050187845418018023967
1.0905145920161403317009
1.0730602838006018835117
1.0516001920064291917283
1.0255032106502240916017
1.0252184534849037797964
1.0252181686086138839574
1.0252181683237374768420
1.0252181683234523152732

1.0511849005743001404009
1.0511849005742811495837
1.0511849005553093231415
1.0511848815834785473563
1.0511659054171156347499
1.0492404315562688547083
1.0471966892507730380465
1.0450397829003468895067
1.0427541353805882151620
1.0403222810501080413347
1.0377246925279724722234
1.0349396984806199935670
1.0319436197075000280933
1.0287113846178620475448
1.0252544669421325526147
1.0252182046361879581283
1.0252181683597650650359
1.0252181683234886280229
1.0252181683234523152732

1.0834970858539689321932
1.0834970858539338422908
1.0834970858188790297823
1.0834970507640544322024
1.0834619838428602411258
1.0798593318451112648560
1.0759307850795801279269
1.0716557746400348147475
1.0669695701641027957819
1.0617965303722640538631
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1.0220696675084938584613
1.0187338026571338247504
1.0151959481886851318287
1.0114430873481564263156
1.0074668556459334244195
1.0032703461971770278517
0.99888486638129420204698
0.99441812705671756483310
0.99022919778069690978649
0.98783350426027473794442
0.98783362559713846060736
0.98783362613732749860145
0.98783362613786810932834
0.98783362613786865048064

1.0252181683234523152732
1.0252181683234304177754
1.0252181683015548175033
1.0252181464259538404935
1.0251962701195499193437
1.0230208268773704010553
1.0208062046614268618256
1.0185713208849180743994
1.0163135715653145370794
1.0140310240938126932874
1.0117228956134842380588
1.0093903388093634527008
1.0070377546951421027383
1.0046750358043694053391
1.0023449012875361237734
1.0023215339660112140325
1.0023215106008177036756
1.0023215105774525123010
1.0023215105774291237211

1.0252181683234523152732
1.0252181683234086794023
1.0252181682798164444505
1.0252181246875865529654
1.0251745375159390569475
1.0209031894616197622739
1.0166780294697338293328
1.0125338454585848687219
1.0084660872191902251257
1.0044771586048062098147



Table 4.3 — Continued

Mixture

T

ag70)*

o0

Ne:Xe

Ar:Kr

0.6

0.7

0.8

0.9
1-1073
1-106
1-107°
1-10~12
1_107100

107100
10—12
107°
1076
1073
0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9
1-1073
1-1076
1-107°
1-1012
1_107100

107100
10—12
107?
1076
1073
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1-1073

1.0560483353527281298357
1.0496231645165848694475
1.0424083202537382342370
1.0342936077679115819449
1.0253135261395093456095
1.0252182637245393961487
1.0252181684188534455741
1.02521816832354 77164035
1.0252181683234523152732

1.1069442666657445059470
1.1069442666657026283857
1.1069442666238669446346
1.1069442247881645174084
1.1069023703986860004890
1.1025580717125662125460
1.0977238100945130293158
1.0923508247729991721718
1.0863253317536433674199
1.0795029498732825055427
1.0716988468471293416856
1.0626758782500665472169
1.0521350805908460982369
1.0397306735775055347933
1.0253732060895206825256
1.0252183234466689239379
1.0252181684785756170737
1.0252181683236074385750
1.0252181683234523152732

1.0499416928603626880016
1.0499416928603408062417
1.0499416928384809281629
1.0499416709786017725410
1.0499198100203548164954
1.0477404842606796749271
1.0455046722798258147883
1.0432224483751893324191
1.0408832360879244358038
1.0384776279886286895840
1.0359974042848560268605
1.0334356506346579820971
1.0307870053788668738136
1.0280480852908589567710
1.0252469118477304239615
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1.0005812819281029839658

0.99681371307870693217135
0.99324911861411916536843
0.99004084396319170086428
0.98753298118065695024068
0.98751294878502560889172
0.98751292881927830419322
0.98751292879931262370803
0.98751292879929263804194

1.0252181683234523152732
1.0252181683234048229137
1.0252181682759599557717
1.0252181208310945356915
1.0251706776862948248048
1.0204849143062418182369
1.0157789797086240241436
1.0110948357866456113386
1.0064306386127324797770
1.0017923472389666478727
0.99720238378238453685954
0.99271873257619682214229
0.98848023882267819845147
0.98482605566575273007810
0.98267206364278991840615
0.98266413828441624981952
0.98266413055168090787292
0.98266413054394836588636
0.98266413054394062560428

1.0252181683234523152732
1.0252181683234265562337
1.0252181682976932757685
1.0252181425644175992581
1.0251924140751367712450
1.0226880836183203723558
1.0202419065248053380918
1.0178696087605757580455
1.0155631748808700746587
1.0133165820087948663588
1.0111258818999988218598
1.0089894060119765025120
1.0069081284583720468261
1.0048862426782185168334
1.0029512072391133774967



Table 4.3 — Continued

Mixture

T

(70)

ay

o0

Ar:Xe

Kr:Xe

1-1076
1-10~9
1-10~12
1_10—100

10—100
10712
1079
106
1073
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1-1073

1-10712
1-10~190

1.0252181970713945653581
1.0252181683522002619404
1.0252181683234810632198
1.0252181683234523152732

1.0700201810234063523819
1.0700201810233736915572
1.0700201809907455276399
1.0700201483625750635481
1.069987513639683 7808084
1.0666829633245630399912
1.0631810615562466889714
1.0594806562510814286273
1.0555474343519695013500
1.0513465204139416131429
1.0468428429681176301363
1.0420023195974687457325
1.0367946382409654692024
1.0311992575538279809806
1.0252797807776680327943
1.0252182299530063074141
1.0252181683850818863507
1.0252181683235139448443
1.0252181683234523152732

1.0409279615964258769814
1.0409279615964119936008
1.0409279615825424962921
1.0409279477130438960172
1.0409140769222691362274
1.0395261683042128121407
1.0380953482158022889977
1.0366322984109017011181
1.0351337834347892040098
1.0335965476291205115021
1.0320173365526416378808
1.0303929311197089008589
1.0287201996203858479440
1.0269961750289966695083
1.0252362234477554823463
1.0252181863813876666944
1.0252181683415102534360
1.0252181683234703732113
1.0252181683234523152732

1.0029320590815687625233
1.0029320399374436795476
1.0029320399182995584999
1.0029320399182803952155

1.0252181683234523152732
1.0252181683234120328723
1.0252181682831699143855
1.0252181280410604589834
1.0251778949589419211223
1.0212764574138503188608
1.0174938064079498908608
1.0138526946955889653890
1.0103406420510440749626
1.0069511977512331724299
1.0036857853293353794902
1.0005569596542727333786
0.99759412988816666863544
0.99485382632914106647990
0.99246086381236463515927
0.99243886089915602512765
0.99243883892114730149299
0.99243883889916931771390
0.99243883889914731773016

1.0252181683234523152732
1.0252181683234375334128
1.0252181683086704549553
1.0252181535415921143916
1.0252033865799581220083
1.0237408824255047782942
1.0222643543166986275567
1.0207871223420528618654
1.0193078830244211399245
1.0178255272925145258106
1.0163391899441820818645
1.0148483168561982709987
1.0133527562223649574479
1.0118528826549812676516
1.0103648082707662297271
1.0103497817565262524075
1.0103497667299443711960
1.0103497667149177892476
1.0103497667149027476240
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Table 4.5: Order 1 values of the diffusion coefficient related quantities, dél), for
binary mixtures of the noble gases He, Ne, Ar, Kr, and Xe as functions of the
mixture fractions of the lighter constituents.

Mixture 1 dél) x 104 (cm)

He:Ne 10100 3.9115816397097755878377 x10%?
1012 3.9115816397135867660586 x 10!
1079 3.9115816435209538125484 x 108
106 3.9115854508917458012051 x10°
1073 3.9153965709038662611980 x 102
0.1 4.3343248757610913389940
0.2 2.4304828326867268473977
0.3 1.8452309474611796647776
0.4 1.6080123127552058405632
0.5 1.5364486848578973149314
0.6 1.5917342259104439664689
0.7 1.8074721917041147115100
0.8 2.3542641284325308638735
0.9 4.1470361346501712518512
1-1073 3.6946470961887923658574 x 102
1-106 3.6904943377904185266778 x10°
1-1079 3.6904901886967740891136 x10%
1-10712 3.6904901845476841052619 x 10!
1-10~100 3.6904901845435308620385 x10%?

He:Ar 10100 3.4267671645201063191823 x10%?
10~12 3.4267671645234670591428 x 10!
1079 3.4267671678808462829788 x 108
1076 3.4267705252633794193613 x10°
1073 3.4301312203754157133374 %102
0.1 3.7996072746327150899216
0.2 2.1320747690313311977752
0.3 1.6197439203388347247043
0.4 1.4123430188309547098572
0.5 1.3500623306790428807933
0.6 1.3987910013538033525692
0.7 1.5875984946306474422090
0.8 2.0645478984786347835705
0.9 3.6230265173669789336349
1-1073 3.2018390440510426892361 x 102
1-106 3.1978647457015279591075 x10°
1-107° 3.1978607735328342103365 %108
1-10712 3.1978607695606676397463 x 10!
1-10~100 3.1978607695566914970351 x 1099

He:Kr 10100 3.9839103673238034196874 x10%?
10712 3.9839103673277203355402 x 10!

Continued on Next Page. ..
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Table 4.5 — Continued

Mixture T

d\" x 10* (cm)

1079
106
1073
0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9
1-1073
1-1076
1-107°
1-10~12
1_10—100

10—100
10712
107°
1076
1073

He:Xe

10—100
10712
1079
106
1073
0.1
0.2

Continued on Next Page. ..

Ne:Ar

3.9839103712407192763562
3.9839142842435215436909
3.9878311523227998917670
4.4185022431330002073029
2.4800457410686601925796
1.8846567040008428874896
1.6438335326258087657426
1.5717942212325520910355
1.6288749149837110029094
1.8487752727308826249823
2.4030658565357625614472
4.2098500261061897607213
3.7011039213623684187090
3.6961820726237055292757
3.6961771516982945534355
3.6961771467773700518228
3.6961771467724442014717

3.9467279906441958 789397
3.9467279906480888584908
3.9467279945371754338671
3.9467318836275960384128
3.9506248230896087193485
4.3787501153500986743217
2.4586747593096589468336
1.8692243275960435012124
1.6311665322208495486021
1.5605250434844225082703
1.6181301482621653621329
1.8375901146726645742585
2.3892664164710787154947
4.1828516386852860799964
3.6600629352010788230593
3.6548330748012956193090
3.6548278432238408607535
3.6548278379922616600016
3.6548278379870248439831

1.7629847801317523289545
1.7629847801334913465037
1.7629847818707698798638
1.7629865191510265684592
1.7647255244546084791023
1.9560460212531220589388
1.0984836261076856935115

158

x 108
x 10°
x 102

x102
x10°
x108
x 101
%1099

%1099
x10M
x108
x10°
%102

x10?
x10°
x108
x 101
%1099

x 1099
x 10!
x108
x10°
%102



Table 4.5 — Continued

Mixture x1 dél) x 10* (cm)
0.3 0.83539409367199932084619
0.4 0.72943145348523284961258
0.5 0.69856522153050772476972
0.6 0.72564706751697477918656
0.7 0.82662697183542539972465
0.8 1.0808262632807663681958
0.9 1.9128055787074538866555
1-1073 1.7140070538494521131677 x 102
1-106 1.7121925027404610762541 x10°
1-1079 1.7121906899044740880384 %108
1-10712 1.7121906880916398143646 x10'!
1-107199 1.7121906880898251654437 x10%
Ne:Kr 10100 1.8197638784499995131832 x10%?
10712 1.8197638784517884320325 x 10!
1079 1.8197638802389183643226 x 103
106 1.8197656673706148438017 x10°
1073 1.8215545650077942492129 x 102
0.1 2.0182600761553190330141
0.2 1.1328385539298615394765
0.3 0.86092997490448906927494
0.4 0.75103652178552485290356
0.5 0.71835886176258269892850
0.6 0.74492852479562448812354
0.7 0.84655384929580455729692
0.8 1.1030670065106654173376
0.9 1.9422010784697118819874
1-1073 1.7267802227512430255923 x 102
1-10~6 1.7247812143248663979317 x10°
1-1079 1.7247792168125574644605 x 108
1-10712 1.7247792148150466492398 x 101
1-10—100 1.7247792148130471389157 x10%?
Ne:Xe 10~100 1.7374454032581225472695 x 1099
1012 1.7374454032598332605094 x 101
1079 1.7374454049688357888256 x 108
106 1.7374471139730521520556 x10°
1073 1.7391578079106051986861 x 102
0.1 1.9272729239245678338560
0.2 1.0819462568526167668132
0.3 0.82238049195575874273218
0.4 0.71749422425646927788733
0.5 0.68630445934706428901478
0.6 0.71160204869202896386651
0.7 0.80831846163924818019139

Continued on Next Page. ..
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Table 4.5 — Continued

Mixture T

d\" x 10* (cm)

0.8

0.9
1-1073
1-1076
1-107?
1-10712
1- 107100

Ar:Kr 10100
10—12

1-1079
1-10~12
1-107100

Ar:Xe 10100
10—12
107°
1076
1073
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1-1073
1-10=6
1-107°

Continued on Next Page. ..

1.0520731396921275350828

1.8477058864749671954089

1.6331970847620366706341 x 102
1.6311608376882335488071 x10°
1.6311588023529047284051 x 108
1.6311588003175703073128 x 10!
1.6311588003155329355208 x 109

1.1322620158308577512248 x10%
1.1322620158319697340841 x 10!
1.1322620169428406115423 x 108
1.1322631278148188014812 x10°
1.1333751016236912033052 x 102
1.2556995522412789312494
0.70485942290080907292843
0.53579818060286619568782
0.46762773990767878506349
0.44765402104117507906836
0.46484352131855535718715
0.52939538221911044360158
0.69212440838525006427672
1.2250730360213268675642
1.0983064858349848813676 x 102
1.0971520018715923874620 x10°
1.0971508485082761883748 x 108
1.0971508473549139916842 x10'!
1.0971508473537594749719 x10%?

1.0587452089497119229562 x 109
1.0587452089507502576089 x 10!
1.0587452099880465766621 x 108
1.0587462472853892576279 x10°
1.0597845692737380350603 x 102
1.1739557637640628807398
0.65878448590014678870491
0.50055846862761856940407
0.43659994304113411689923
0.41758473616485170012421
0.43308931877842978102526
0.49239558212697705011560
0.64223890835931693951976
1.1330519917265275682919
1.0111749368363685961300 x 102
1.0100567208691140123687 x10°
1.0100556036450346963386 x 108
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Table 4.5 — Continued

Mixture 1 dél) x 104 (cm)
1-1012 1.0100556025278116077758 x10'*
1-10~100 1.0100556025266932663468 x 1099

Kr:Xe 10100 0.79597614549854162706557 x 1099
1012 0.79597614549932756054117 x10'!
1079 0.79597614628447510344619 x 108
1076 0.79597693143279930740586 x10°
1073 0.79676286183692127242534 x 102
0.1 0.88325802355353503982945
0.2 0.49612759651541313461403
0.3 0.37742093748173217582776
0.4 0.32969273895322485972138
0.5 0.31593182635730838920522
0.6 0.32844707856599366437297
0.7 0.37456144357015477916089
0.8 0.49045728905361077886518
0.9 0.86968018342411672809940
1-1073 0.78130303777315495035907 x 102
1-106 0.78049935989666106354738 x10°
1-1079 0.78049855701149273382672 x108
1-10712 0.78049855620860835740776 x 10!
1-10—100 0.78049855620780466934407 x 107
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Table 4.8: Parameters at STPT of the gases considered in this work.

Gas Molecular weight Molecular diameter
(amu) [42] x10% (cm) [10]

He 4.002602 2.193

Ne 20.1797 2.602

Ar 39.948 3.659

Kr 83.798 4.199

Xe 131.293 4.939

fSTP signifies a temperature of 0 °C and a pressure of 1 atm.

As a result of obtaining normalized values of the transport coefficients for each
order of approximation up to 70, there exists for each combination of parameters
considered sequences of values that, at least for the thermal conductivities and the
diffusion coefficients, are known to be increasing monotonically to fixed limiting
values. As a part of this work, the Mathematica® function SequenceLimit has
been applied to each such sequence of values in order to determine the limiting val-
ues associated with the order 70 results. The SequenceLimit function extrapolates
to the limit using the Wynn epsilon algorithm. The extrapolated results, which
are included in Tables 9-11, are truncated at the number of digits that appear to
be common to most of the extrapolations done for each point using Wynn orders
from 14 to 30 which is the range of Wynn orders that appears to give the most
consistent extrapolated values. It appears that the extrapolated values presented
in Tables 9-11 are likely correct to the precision shown excepting, perhaps, only the
last digit and should be considered the best rigid-sphere, real gas mixture bench-
mark values available for the diffusion, thermal diffusion, and thermal conductivity
coefficients. Even with the last digit considered to be unreliable, the extrapolated
values of Tables 9-11 are more than double the precision of order 70 results and are,
effectively, equivalent to about order 150 results. This approximate equivalency
has been determined by examination of the results for simple gases where error

free results to order 200 have been previously generated (Chapter 1 [15]).
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Table 4.9: Limiting values of the normalized thermal conductivity coefficients,
[A]%,, for binary mixtures of the noble gases He, Ne, Ar, Kr, Xe as functions of the
mixture fractions of the lighter constituents obtained by applying the Mathemat-
ica® function SequencelLimit to the sequences of values from each of the first 70
orders of the Sonine polynomial expansion employed.

Mixture x1 A%

He:Ne 10100 1.02521816832345231527552527441069478080
10~12 1.025218168323499299880470880940
1079 1.0252181683704369202345801375
10~6 1.02521821530807072253945728
1073 1.0252651662654557016332385
0.1 1.029933612220840988938363
0.2 1.0342711214919028713242832
0.3 1.0377441997218291839800727
0.4 1.04003097861405774384584220
0.5 1.040950801811300863349658061
0.6 1.0404352117351041030692180291
0.7 1.03850009640026216045285796666
0.8 1.035223945266113854349410283007
0.9 1.03073594856984348311376456581078

1-1073 1.025277679084433960233188771656782747
1-10~6 1.025218227873304858096118255809071649
1-107° 1.025218168383002206858838206800993458
1-1012 1.02521816832351186516714762778430180623
1-107100  1.02521816832345231527552527441069478080

He:Ar 10~100 1.025218168323452315275525274410694 78080
10~12 1.02521816832365617160484992
1079 1.02521816852730864427479
10~6 1.0252183721794559382770
1073 1.025421699194638091083
0.1 1.0425705726479693427
0.2 1.05461121996223147659
0.3 1.062218693886722936702
0.4 1.0660150645757235901741
0.5 1.06643530478454629852699
0.6 1.063771773293864765106500
0.7 1.0582057049808153810804488
0.8 1.0498390730905283184266099
0.9 1.038756513000525715854592297

1-1073 1.025363391654560791069261181841521
1-10~6 1.025218313623317737765759496046063828
1-107° 1.02521816846875225691070124977657560893
1-1012 1.02521816832359761521723666274892113525
1-107100  1.02521816832345231527552527441069478080

He:Kr 10~100 1.02521816832345231527552527441069478080
Continued on Next Page. ..
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Table 4.9 — Continued

Mixture x1 A%

10712 1.02521816832387842029535

1079 1.025218168749557333842

106 1.025218594427210104

1073 1.02564301420239973

0.1 1.0575547191488317

0.2 1.07567732424800302

0.3 1.085065924232252734

0.4 1.088431043922897363

0.5 1.087188691594638633

0.6 1.08205916244733634099

0.7 1.073335564521470226453

0.8 1.0610194420757869349593

0.9 1.04494760814120670234615

1-1073 1.025429633162470768135407181

1-10~6 1.02521837987723151956140390189689

1-1079 1.0252181685350061825403934983961960

1-10~12 1.025218168323663869142878202332480786

1-107100  1.02521816832345231527552527441069478080
He:Xe 10100 1.02521816832345231527552527441069478080

10712 1.025218168324098341179

1079 1.025218168969478216

106 1.02521881434660117

1073 1.0258614492348593

0.1 1.069718856501851

0.2 1.090946448927887

0.3 1.1007030665750814

0.4 1.1035362533662975

0.5 1.10142618839514720

0.6 1.095192857402818518

0.7 1.0849874866969934562

0.8 1.0704532926815110709

0.9 1.050781014791557230636

1-1073 1.02549933413931509560167506

1-10~6 1.0252184496491771302082875061

1-1079 1.025218168604778198062515204861

1-10712 1.02521816832373364115847023444575273

1-107199  1.02521816832345231527552527441069478080
Ne:Ar 10100 1.02521816832345231527552527441069478080

1012 1.02521816832347004892315427010120458970

1079 1.025218168341185962891029390103396

106 1.0252181860570864392008946665369619

1073 1.0252358884620685631 5880263087782

0.1 1.0268525698676256741496602520056

0.2 1.0281934714488915183683438286106

Continued on Next Page. ..

180



Table 4.9 — Continued

Mixture x1 A%

0.3 1.02921738020793234181956907354269

0.4 1.029900081229369943276682339282927

0.5 1.030215949156119081346441326073007

0.6 1.030137261963999160207270661128510

0.7 1.0296335518883510773651644338145078

0.8 1.02867108161706677529731721407818457

0.9 1.02721264826807272602467866135220343

1-1073 1.0252409015804517672381685310852867758

1-10~6 1.0252181910855254369764296644096108038

1-1079 1.0252181683462144172200007537833810390

1-10~12 1.02521816832347507737749857267129285887

1-107199  1.02521816832345231527552527441069478080
Ne:Kr 10100 1.02521816832345231527552527441069478080

10712 1.025218168323523547392339438998

1079 1.0252181683946844320333305207

106 1.025218239555512713713449248

1073 1.02528934399912160083787507

0.1 1.0317538034466545185316162

0.2 1.03703457196302089223279512

0.3 1.04096603112360821703647572

0.4 1.043476855355736301929171

0.5 1.044507169432041590784811356

0.6 1.0439985955546553411655331714

0.7 1.04188656854128634230706704345

0.8 1.0380969495951095201363274227354

0.9 1.032553557996932673245215478638602

1-1073 1.02530021186447871442519071043054617643

1-10~6 1.02521825045157134245835927428867355946

1-1079 1.02521816840558051883188160515601329246

1-1012 1.02521816832353444347916615986588178461

1-107199  1.02521816832345231527552527441069478080
Ne:Xe 10100 1.02521816832345231527552527441069478080

1012 1.0252181683236047194183992965

1079 1.02521816847585645794287594

106 1.0252183207273883113155541

1073 1.02537036571341900031626

0.1 1.0385045279376701883941

0.2 1.04826640158926140711657

0.3 1.05493898195335992241080

0.4 1.058807426601329051621293

0.5 1.060035867583680514869077

0.6 1.05868150110502293201057481

0.7 1.054698447614547763530683129

0.8 1.047937993669552804899377751

Continued on Next Page. ..
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Table 4.9 — Continued

Mixture x1 A%
0.9 1.03816797675763872317592017410
1-1073 1.025362762347695018467799084958151203
1-1076 1.0252183130551717891830055836918280423
1-1079 1.02521816846818417218901301890637760402
1-10~12 1.02521816832359704713257620147825784345
1-1071%0  1.02521816832345231527552527441069478080
Ar:Kr 10100 1.02521816832345231527552527441069478080
10712 1.0252181683234604898878520487048307634
107? 1.0252181683316269276043398068280595
106 1.025218176498066684313818961845019
1073 1.02522634496352952470958983472354
0.1 1.026041972182759490707888549975
0.2 1.026825787427664537509867678628
0.3 1.0274987585311430617256149396016
0.4 1.02800063601515905754262048516934
0.5 1.028281222566677577947753161795400
0.6 1.0282996460522037136913352605455207
0.7 1.0280235657720448767911156993876201
0.8 1.027428417724990778299321259240671492
0.9 1.026496807098092139301042953855765482
1-1073 1.02523269045950832656833492531 77422434
1-106 1.02521818286313630178105785597594494536
1-1079 1.02521816833799201680998481789246269899
1-10~12 1.02521816832346685497707728190820785950
1-1071%0  1.02521816832345231527552527441069478080
Ar:Xe 10100 1.02521816832345231527552527441069478080
10712 1.02521816832348692620494043777517
107? 1.025218168358063244681772981865
106 1.02521820293437280582300208881
1073 1.02525277028506053372446985041
0.1 1.028548878021145605382296325
0.2 1.031470814648072957453159551
0.3 1.0337974098516747615261165571
0.4 1.03538502096898526302270981041
0.5 1.03612646824127711187251486888
0.6 1.035944324866904389858333631599
0.7 1.0347850603709656719589487065358
0.8 1.03261523758285882681906185711368
0.9 1.0294215485323289043326862477042739
1-1073 1.02526505027991585376463091515257001157
1-106 1.02521821525305620028804988210716454591
1-1079 1.02521816837038196679180026926889461062
1-10~12 1.02521816832349924492708918065182461465

Continued on Next Page. ..
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Table 4.9 — Continued

Mixture x1 (A%

0

1-107100  1.02521816832345231527552527441069478080

Kr:Xe 10100 1.02521816832345231527552527441069478080
10712 1.0252181683234577755530802668810185826
107? 1.0252181683289125928269119215716213766
1076 1.0252181737837262608368657364551519212
1073 1.02522362498942909609132319308034432
0.1 1.0257259902623583823512265551450869
0.2 1.0261492215722242213005229749095566
0.3 1.02647616377549971563271556296998718
0.4 1.02669582320929315566985027582703316
0.5 1.02679784277496595713255591531988119
0.6 1.026772437570126674141014390632986689
0.7 1.026610338499758148153216018067542602
0.8 1.026302749083486114139961655010977551
0.9 1.0258413224542803786373749695417121610

1-1073 1.02522522512197468093706711520692696675
1-1076 1.025218175388699249505635656555 7644633
1-1079 1.0252181683305175706593512688929871061
1-10~12 1.02521816832345938053091755000224493999
1-107100  1.02521816832345231527552527441069478080

Table 4.10: Limiting values of the normalized diffusion coefficients, [Dis]%,, for
binary mixtures of the noble gases He, Ne, Ar, Kr, Xe as functions of the mix-
ture fractions of the lighter constituents obtained by applying the Mathematica®
function SequenceLimit to the sequences of values from each of the first 70 orders
of the Sonine polynomial expansion employed.

Mixture x1 [D12]%,

He:Ne 10100 1.01831682648121609784786
10712 1.01831682648119560983426
1077 1.01831682646072808424613
106 1.01831680599320382230743
1073 1.01829633979477629789585
0.1 1.016281021072661370258670
0.2 1.0142707324702496526939133
0.3 1.01228683607421585193499622
0.4 1.010332698268826747835270929
0.5 1.0084148710655480589782700635
0.6 1.00654415323265631405947916301
0.7 1.004737182772263130903084967507
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Table 4.10 — Continued

Mixture x1 [D12]%,
0.8 1.0030188170227353370556218820082
0.9 1.00142568730722360518393794135887

1-1073 1.000024497300712106170916674011284060

1-10-6 1.0000114859182961044521136949612643382
1-107° 1.00001147291960385779735239058755497366559
1-10-12 1.000011472906605178256319026501910294670773
1-10719°  1.000011472906592166565099479240132121638603

He:Ar 10100 1.0276991547067152383
10~12 1.0276991547066927650
1079 1.0276991546842419330
10=6 1.0276991322334054092
1073 1.0276766769121204747
0.1 1.02540499352297683991
0.2 1.023009202582916541116
0.3 1.020499688093753658257
0.4 1.0178647622219440512661
0.5 1.01509465999213917520683
0.6 1.012184834346976090481746
0.7 1.0091430858762757264156966
0.8 1.00600538003401512105042407
0.9 1.0028725699954631378588986255

1-1073 1.0000267165334709955682543273498

1-10-6 1.000000911918490880405152993252869
1-107? 1.000000886155339534988925177659325799
1-10~12 1.0000008861295764252605259753453 7288044
1-107109  1.00000088612955063636194060798808437619

He:Kr 10-100 1.0352327170099902
10712 1.0352327170099647
107 1.035232716984525
10-6 1.0352326915449476
1073 1.035207245709673
0.1 1.032619726507292
0.2 1.02985741037526330
0.3 1.026919155610518715
0.4 1.0237753359212331549
0.5 1.0203937341131676153
0.6 1.016742003941597094644
0.7 1.012795632171047187358
0.8 1.0085614271055387795673
0.9 1.00414838673627370252006

1-1073 1.000036748907021914294188059

1-10-6 1.000000086478966164652556705109
1-107° 1.00000004989590494281299912570769
1-10712 1.0000000498593219613757736426133272
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Mixture x1 [D12]%,

1-107100  1.0000000498592853417748152438444619
He:Xe 107100 1.038293259238067

10712 1.038293259238044

1079 1.038293259215191

1076 1.03829323636272

103 1.038270375794141

0.1 1.035919533616143

0.2 1.033350957713110

0.3 1.0305484178041635

0.4 1.02746380710207373

0.5 1.02403760817321869

0.6 1.020196992910507289

0.7 1.0158577112681115963

0.8 1.0109426505517480600

0.9 1.005471867492565516266

1-1073 1.0000486313855238742296529

1-10-6 1.0000000569977426721219231625

1-1079 1.00000000855092410500665729557

1-10712  1.0000000085024774149929165575420

1-107100  1.0000000085024289198078463010392
Ne:Ar 10100 1.0062522721826473052154086523687

10712 1.0062522721826426354630508485802

107? 1.0062522721779775528564358261868

1076 1.00625226751289377720470846062277

1073 1.00624760125985963374572214752383

0.1 1.00577337211012093229293285762775

0.2 1.00526973142610319753698679538908

0.3 1.004740041047841454305180663449064

0.4 1.004183096030722742935609059620682

0.5 1.003597923048795965703625156672474

0.6 1.0029839853027986999944035311278366

0.7 1.00234151232935847811963989963576840

0.8 1.001672034386448497412468581494630662

0.9 1.0009792579461158030780948154969897966

1-1073 1.0002776505333489962426871183921656793087

1-1076 1.00027052864851041671352224684840589341298

1-1079 1.00027052152645519982593896136683 784476896359

1-10712  1.00027052151933314444154168227579680690715288

1-107100  1.00027052151932601525697254835579515866261690
Ne:Kr 10100 1.015505686574438721016146

10712 1.0155056865744269102667173

107? 1.0155056865626279715837807

1076 1.0155056747636860408777936

Continued on Next Page. ..

185
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Mixture x1 [D12]%,

1073 1.0154938725730782322298528

0.1 1.0142911781379681969777048

0.2 1.01300601350130224961773321

0.3 1.01164440680785693696580514

0.4 1.0102007770730447192901925180

0.5 1.0086705244075581641826085930

0.6 1.00705155999943675839168118215

0.7 1.005347331897098044881893037255

0.8 1.0035729243629650568174301785987

0.9 1.001767749490295972878172662105549

1-1073 1.00003969457203763023007325590065271801

1-1076 1.000023092957050471927647553569757522954

1-10~9 1.00002307636769105096409953058212176261660

1-10712  1.000023076351101703845851287115961922233499

1-107190  1.000023076351085097892792282642874938329948
Ne:Xe 10~100 1.021992270374199610512

1012 1.021992270374185128839

1079 1.02199227035971793708

106 1.021992255892520901500

1073 1.021977783414322344989

0.1 1.0204890430707023341454

0.2 1.01886613675375711528625

0.3 1.01710757344347706810780

0.4 1.015195167849895726846184

0.5 1.0131089292344308255887553

0.6 1.0108286726193813454896806

0.7 1.008338740357427117273032259

0.8 1.0056409566784892847078258504

0.9 1.002790746805246591579925273898

1-1073 1.00003040719651646667805835366715134

1-1076 1.0000045033143773098857599568661710146

1-10~9 1.000004477443935650895636036801379081496

1-10712  1.000004477418065242860499454790227197878407

1-107190  1.000004477418039346556193636460977064828465
Ar:Kr 10—100 1.0068324667203317164537282110923

10712 1.0068324667203251605675533016056

1072 1.0068324667137758302784702472518

106 1.0068324601644451927187955202597

1073 1.0068259104855023554461421208507

0.1 1.00617356742366568743679879765311

0.2 1.00550881496124196295677072971303

0.3 1.004839524242155165457467110883483

0.4 1.004167291669056657458540126045356

0.5 1.0034940900571199643452001401556915
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Mixture x1 [D12]%,

0.6 1.00282238574888487655572579088052585

0.7 1.00215528563176738427247865729331590

0.8 1.001496724076594829779736134376633777

0.9 1.00085170289122998366340371750084555853

1-1073 1.000232728674352654341060809980374440233

1-1076 1.00022660746498123437495542712683411270398

1-10~9 1.0002266013451633539675371204877387427614731

1-10712  1.00022660133904353748014518509949508113488256

1-107190  1.00022660133903741153771675775516385998098386
Ar:Xe 10100 1.01223484970167383677219424

10~12 1.01223484970166278750984580

1079 1.01223484969062457442219133

10=6 1.01223483865240991801245043

1073 1.01222379886889776967460649

0.1 1.011114134478969456323504791

0.2 1.0099616503843936792566159600

0.3 1.0087775859371242079125200981

0.4 1.007563075262406250005323804825

0.5 1.006320755541292932953026566509

0.6 1.0050556258810593802641532873928

0.7 1.003776393622580599577078058614114

0.8 1.002497623115601267751291674575991

0.9 1.0012432298262261108163629364210728

1-1073 1.0000636769289761947250006744868289196

1-10~6 1.0000522751552412447238033510082675917118

1-1079 1.000052263759647887517974282109716834663749

1-10712  1.0000522637482523003543345185006418351409890

1-107100  1.0000522637482408933601829207247205649924320
Kr:Xe 10100 1.0042215316500266071664437767945052

10~12 1.0042215316500232467643361718352947

1079 1.0042215316466662050584638993587417

10=6 1.0042215282896241242683548020370305

1073 1.0042181708726392933168578256652282

0.1 1.0038817543497835431662276659373973

0.2 1.00353458457110902809594400165189914

0.3 1.00318019315073501914154303723700679

0.4 1.00281882992486308810499074754102546

0.5 1.002450845821952800579697546097343598

0.6 1.002076720631906145202910082737402712

0.7 1.001697098064084212035542127394146072

0.8 1.0013128302065296455257507371 74279678

0.9 1.00092503416692994054791734845180412038

1-1073 1.00053906775222710541632636038292290024681

1-1076 1.000535168474396855869010808452547697882641
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Table 4.10 — Continued

Mixture x1 [D12]%,

1-107? 1.0005351645751069970858033432533635642858984
1-10712 1.0005351645712077072153455135701099458084 77288
1-107109  1.000535164571203804022281980533109938163373981

Table 4.11: Limiting values of the normalized thermal diffusion coefficients, [Dr]%,,
for binary mixtures of the noble gases He, Ne, Ar, Kr, Xe as functions of the mix-
ture fractions of the lighter constituents obtained by applying the Mathematica®
function SequenceLimit to the sequences of values from each of the first 70 orders
of the Sonine polynomial expansion employed.

Mixture x1 [Dr]%,

He:Ne 10~100 1.1727641524477615750680
1012 1.1727641524476594232243
1079 1.1727641523456097313347
106 1.1727640502959042014150
1073 1.172661986942640152255
0.1 1.16240535092409546437959
0.2 1.151733450258779078165309
0.3 1.1407145035474531018333009
0.4 1.1293204418648855917929027
0.5 1.117529248706176910562749919
0.6 1.1053264335987840714281299953
0.7 1.09270834717810430552186919012
0.8 1.079688431796450137406436318265
0.9 1.0663085295817499537119031119613

1-1073 1.0527967781237656598798134621924725
1-1076 1.0526595763539228477890814796077799
1-1079 1.0526594391469324381230441964468612
1-10—12 1.0526594390097254425317572145192112
1-107190  1.0526594390095880981918208095451919

He:Ar 10~100 1.243619954924111046
1012 1.243619954923981229
1079 1.243619954794293805
10=6 1.243619825106835715
1073 1.24349010330504121
0.1 1.230275721403607946
0.2 1.21612494592888583799
0.3 1.20103005324014952888
0.4 1.184829004479504991591
0.5 1.1673297089742302244567
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Table 4.11 — Continued

Mixture x1 [Dr]%,
0.6 1.14830465721066002919153
0.7 1.127488770472888639366010
0.8 1.1045900958372877153005938
0.9 1.07934489266614582793961747

1-1073 1.052016360439920344186688592327
1-10-¢ 1.051730438837696051382546211154301
1-107° 1.051730152835598667135568915260216
1-10712 1.0517301525495964895710084979199832
1-107190  1.0517301525493102011048976465738973

He:Kr 10~100 1.29680196405877
10~12 1.296801964058623
1079 1.296801963904337
10=6 1.296801809618220
1073 1.29664748223939
0.1 1.2809161416620045
0.2 1.26402097767581563
0.3 1.24590062648835273
0.4 1.226291891983980966
0.5 1.20486665657155927
0.6 1.1812088971226820728
0.7 1.15478693860466367423
0.8 1.124931596578372005971
0.9 1.0908788523228468198851

1-1073 1.0525993069657142893516012
1-1076 1.052192515499378178727343546
1-107° 1.05219210855331770199397386348
1-10712 1.0521921081463714877940226731957
1-107190  1.0521921081459641342261010779148

He:Xe 10100 1.3178691333862
10~12 1.3178691333860
1079 1.3178691332459
10=6 1.3178689931225
1073 1.3177288186014
0.1 1.30329652274027
0.2 1.28747601991466
0.3 1.270129607629226
0.4 1.25089914161468
0.5 1.2293107547548959
0.6 1.20472031166527301
0.7 1.1762289206590653
0.8 1.1425582112572240534
0.9 1.10192587943654879158

1-1073 1.05301318598849681760809
1-10-¢ 1.052475658775180015170604
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Mixture x1 [Dr]%,
1-1079 1.05247512089332216205029483
1-10712  1.05247512035543995141906715
1-107100  1.05247512035490153078745153319
Ne:Ar 10100 1.104424264658880648063125033914
10712 1.10442426465884983840637602236
1079 1.104424264628070991303709857187
106 1.104424233849213485017672747982
1073 1.104393444584386609628102746372
0.1 1.1012353408148875923061748574008
0.2 1.0978142571966465663469601564817
0.3 1.09413425465296295860153907786531
0.4 1.09016498091869324769376661413760
0.5 1.08587193805873406347512090948164
0.6 1.081215884026707059173859701090421
0.7 1.0761522347761726487875468867188601
0.8 1.07063057736215325876313463941277386
0.9 1.064594539496125430083881737040787143
1-1073 1.0580517320233088747005463840769884866
1-1076 1.0579826198431211967553689876805395059
1-107° 1.0579825506989729518317911493031019743
1-10712  1.0579825506298287716081377494905320933
1-107100  1.0579825506297595582144884680367939403
Ne:Kr 10100 1.161800743578499574398635
10712 1.1618007435784344801684
1079 1.161800743513405344156502
106 1.161800678484242984537320
1073 1.161735622962522524908284
0.1 1.1550154735938151215065108
0.2 1.1476262724829947443892895
0.3 1.1395450966970005990700234
0.4 1.1306687705987887699774956
0.5 1.120875885894715737122506156
0.6 1.11002358180145268724267663397
0.7 1.09794518631475976604907006328
0.8 1.084451617104771075175724013747
0.9 1.06934497075866507169521913328204
1-1073 1.052647548994092161853691449705390930
1-10-6 1.052470071795041580745340339418072555
1-1079 1.052469894229782001469282456841852676
1-10712  1.052469894052216653867810053118711888
1-107100  1.052469894052038910777029778194288725
Ne:Xe 10100 1.206591368318376992471
10712 1.206591368318294888289
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Mixture x1 [Dr]%,

1077 1.206591368236272810274

106 1.206591286214157592526

1073 1.206509226876900658260

0.1 1.197988800775016129400

0.2 1.1885143309443707460948

0.3 1.17801377231849665003442

0.4 1.16629519418879548954900

0.5 1.153117039500250634668426

0.6 1.1381723588451261503194806

0.7 1.12106926337988198140680085

0.8 1.101312415019739045037403540

0.9 1.07831138998805696602964402438

1-1073 1.0518275585004210003473225245884968

1-1076 1.0515411132567119738187386724680335

1-1079 1.0515408266304189902749185982412299

1-10712  1.0515408263437925164734181878960175

1-107100  1.0515408263435056030860484998932885
Ar:Kr 10100 1.104062881151317652060940072939

10712 1.104062881151281102187118148227

1079 1.10406288111476777823184399742

106 1.104062844601436651599672229690

1073 1.104026324096864608327527283293

0.1 1.100334059863211185728864060327

0.2 1.096449686979424259495619612619

0.3 1.0923985781039877152926844162867

0.4 1.0881703394320983283902951116336

0.5 1.083755347661942718463651616354892

0.6 1.07914481297165405089442122186016

0.7 1.0743309456609715880234728930453344

0.8 1.0693072600999595292311868190697444

0.9 1.06406906888288642039531858764821071

1-1073 1.0586698686117168269858245029823834600

1-1076 1.0586143051789703141721902618237003407

1-1079 1.0586142496047743957435167007499634389

1-10712  1.0586142495492001890625511570299147781

1-107190  1.0586142495491445592260229006828522345
Ar:Xe 10100 1.13808388977261100994414206

10712 1.13808388977255209164191001

1077 1.1380838897136927076942554

106 1.13808383085429092596802237

103 1.13802495361183838442178211

0.1 1.13200686548347424797285530

0.2 1.125532129205771134717307468

0.3 1.1186170876383055906905991751
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Mixture x1 [Dr]%,
0.4 1.1112167411098725901551497142
0.5 1.10328358858029748008634871761
0.6 1.094768024231321759910818909698
0.7 1.0856196775951888772122932957870
0.8 1.0757905940661633018790112097551
0.9 1.065242083736639387711989556987402
1-107%  1.054075521178631407617748040254408639
1-107%  1.053959232063619076516133556536700361
1-107  1.053959115739301430297605846954604125
1-107"  1.053959115622977077461454942987405991
1-1071%9  1.053959115622860636667789937122754732

Kr:Xe 107190 1.09039022057540624845151718863659
10712 1.09039022057538364066792063565779
107? 1.090390220552798464850614541722420
106 1.090390197967618297879840388789254
107° 1.09036760843687480649313001746969
0.1 1.08808497952320662811731879518331
0.2 1.08568704284418618085254412801513
0.3 1.083190568819536128167891414455644
0.4 1.0805894594508077610409633432603939
0.5 1.07787735510669070509691 70764086505
0.6 1.07504763668425875061826263211448991
0.7 1.07209343887218877393585763638799538
0.8 1.069007679672099447814970894586439270
0.9 1.0657831136199245401981045459119579001
1-107%  1.0624468737640365743874394573232253460
1-107%  1.0624124539748200894912581259552910657
1-107%  1.0624124195473693182368638116721450222
1-1071  1.0624124195129418598028580838886527486
1-107199  1.0624124195129073978824960533701580748

4.9 Discussion and conclusions

The purpose in this work has been to explore the use of Sonine polynomial expan-
sions to obtain error free results for the transport coefficients and related Chapman-
Enskog functions for simple gases and gas mixtures. In Chapter 2 [15], the case

of simple gases was explored. In Chapter 3 [16], the initial work was extended to
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viscosity in binary, real gas mixtures. Here, this work has been extended further
to include an exploration of diffusion, thermal diffusion, and thermal conductivity
and the related Chapman-Enskog solutions for the same set of binary, real gas
mixtures. For specific results, the focus in this work, as in the previous work, has
been on rigid-sphere molecules, since the omega integrals are readily available in
a simple analytical form. However, it should be emphasized that the expressions
obtained are completely general and results for any potential model can now read-
ily be obtained subject only to omega integral values for the given potential model
being available to sufficient precision.

Sonine polynomial expansions only up to order 70 have been considered in this
chapter but the computational tools and programs that have been constructed ap-
ply to expansions of arbitrary order and the only limiting factors that have been
encountered involve the speed and memory capacity of the computational resources
available. Nevertheless, because of the high precision of the computations, excel-
lent convergence has been obtained in all of the results and, via extrapolation,
transport coefficient values to a precision of more than 14 significant figures have
been obtained for all of the rigid-sphere gas mixtures considered. Note that for the
case of viscosity (Chapter 3 [16]), a comparison of the numerical results with those
of Garcia and Siewert [1] was made. Similar comparisons have not been made here
as it appears that their computations would need to be recast in a different form
for a direct comparison with the present results.

Since even in a binary-gas mixture the parameter space is very large (involving
mole fractions, mass ratios, size ratios, temperature, etc.), it is always useful to
have techniques or expressions such as those obtained in the current work that
make rapid and precise computations possible. It is because the development of a
very general set of such computational tools and techniques has been emphasized
in this work, comparisons with the results of Takata et al. [2] have been relatively

straightforward and quick to obtain. It is this same generality that has allowed the
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extension of this work in a straightforward manner to additional real gas mixtures
and which will allow for a much more substantial parametric study in the near
future as well as for additional study of realistic potential models. The attractive-
ness of this work is obvious with respect to ternary and multiple gas mixtures as
no new basic expressions need to be computed and the computations would be

straightforward. Efforts in this direction are currently underway.
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Chapter 5

General expressions for the
viscosity-related bracket integrals
to order 5

5.1 Introduction

The Chapman-Enskog solutions of the Boltzmann equations provide a basis for
the computation of important transport coefficients for both simple gases and gas
mixtures [10-12,20-26,28-31,39]. The use of Sonine polynomial expansions for the
Chapman-Enskog solutions was first suggested by Burnett [13] and has become the
general method for obtaining the transport coefficients due to the relatively rapid
convergence of this series [10-13,20-24]. While it has been found that relatively,
low-order expansions (of order 4) can provide reasonable accuracy in computa-
tions of the transport coefficients (to about 1 part in 1,000), most existing com-
puter codes do not use these solutions beyond order 2 or order 3 as the relevant
expressions become increasingly complex with great rapidity and have not been
available as general, explicit expressions in terms of arbitrary potential model (via
the omega integrals) in the past. The present investigations of simple gases and gas
mixtures described in the previous chapters [15-17] has permitted the exploration
of the Chapman-Enskog solutions to relatively high orders computationally using
Mathematica® and, thus, accurate, completely general, expressions have become

available up to order 60 for the viscosity-related bracket integrals and up to order
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70 for the diffusion- and thermal conductivity-related bracket integrals. The com-
plexity of the general expressions that have been obtained for the bracket integrals
for gas mixtures does make them impractical to report in the open literature be-
yond the lowest orders even when organized into compact form. However, insofar
as such expressions can be explicitly reported in the literature, they are valuable
from the point of view of having them available for immediate use in existing com-
puter codes. Further, having such expressions explicitly reported in the literature,
even to limited order, has a certain archival value in the field. Thus, in this chap-
ter, a set of completely general expressions for the bracket integrals necessary to
complete the Chapman-Enskog viscosity solutions up to order 5 is reported. In
the following sections the basic relationships relevant to the Chapman-Enskog so-
lutions for viscosity, the role of the bracket integrals in these solutions, the explicit
expressions for the various bracket integrals, and some basic relationships that oc-
cur among the various bracket integrals that make them more tractable to generate

and manipulate in the context of the Chapman-Enskog solutions are described.

5.2 The basic relationships

Following the work and notations of Chapman and Cowling [10] as was done in the
previous chapters [15-17], the viscosity for binary gas mixtures the viscosity may
be expressed to some order of approximation, m, (in terms of Sonine polynomial

expansions) as:
i = (20" + 2207 (5.1)

where 1 = n;/n and x9 = ny/n are the component mixture fractions, ny and ng are
the component number densities with n = ny 4+ ny being the total number density
of the mixture, p is the total hydrostatic pressure of the system, m; and mqy are
the component molecular masses with my = my; + mo, k is Boltzmann’s constant,

T is the temperature, M; = my/mgy, My = my/mg, and in which the quantities
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b and b{™

of algebraic equations:

+m
> bbyg =08 (g=%1,42,-,

p=—m

p#0

in which:

571

b=31

n?’
Expressed as matrices, this system of equations may be written as:

b

I b—m—m

b—l—m
bl—m

bmfm

_ 52
g, =37

)
n2

b—m—l

b_1-1
bi_1

bmfl

b—ml

b_11
b1

bml

Pq

+m)

)

=0 (¢#+£1) .

b—mm

b—lm
blm

bmm

0

6,

G

0

are expansion coefficients determined by solving the following system

(5.2)

(5.4)

where, as the order of the expansion increases, the matrices build outward from
their centers in the manner indicated. Thus, to obtain the needed expansion coef-
ficients, b(ﬁ) and bgm), and hence the viscosity coefficient for a given order of the
expansion, m, one need only generate the [(2m) x (2m)] matrix of Eq. (5.4) and
invert it.

The matrix elements, b,,, in Eq. (5.4) are constructed from combinations of
bracket integrals containing the appropriate Sonine polynomials from the expan-

sions used. Specifically, since it is straightforward to show for any (p,q) that

byq = bgp, one has that:

by = by =22 [TV (€) 6,61, 5" (€)%:61], .
+ 21225,V (€ )6,%), 5! 52 V(@)6B),, .

by = bgp = 0122[ST, V) (6) 6,61, 5" (€)6:63) , . (5.6)

by = by = 122[ST V) (€) 6,65, 557 (6):61],,, . (5.7)

boyg = bgy =23[STY () 6,65, S (€)%, .

+ T1T2 [Sg};l) ( )%2%2, 55/2 ((f) %2%2}

217
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where:

N " (m+ n)nfp »
= 2 Gt

(m+n)!
— (p)! (n—p)t(m +p)

=3

s |

(5.9)

(=ay

p
(with S () =1and sS4 (x) = m+1—2z) are numerical multiples (un-normalized)
of the Sonine polynomials originally used in the kinetic theory of gases by Burnett
[13]. From the definitions used in the bracket integral notation, it follows that Eqs.
(5.8) and (5.7) are essentially identical to Eqs. (5.5) and (5.6), respectively, with
the only difference being the interchange of the subscripts 1 and 2 representing the
different components of the mixture. Thus, in general, the complete Chapman-

Enskog solutions for viscosity only require evaluation of the bracket integrals:

(ST (€) 6161, 59, (€)%, . (5.10)

(S (6) %161, 50, (6) 6161, , (5.11)
and:

(ST (€) 6161, S5, (€) €255, - (5.12)

All of the above expressions for binary gas mixtures are readily generalized for
use with arbitrary mixtures by replacing the 1 and 2 labeling scheme associated
specifically with binary mixtures to a more general i and j labeling scheme. In the
following sections, using this (¢, j) labeling scheme, completely general expressions
for all of the bracket integrals in Egs. (5.10)-(5.12) are given up to order 5 of the
expansion. Also shown in all of these expressions are the dependence of each on

the molecular masses and the omega integrals, _Ql(f) (r), which are defined as:
KT \'? e
0O () — / _2) 23504 5.13
i () <2Wm0MiMj) | exp (=) g0y (5.13)
with:
¢§§’ = 27r/ (1 — cos’(x)) bdb . (5.14)
0
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The omega integrals contain all of the dependencies relating to the specific inter-
molecular potential model that is employed. It is often considered convenient to
define the omega integrals in terms of a simple scaling factor, o;; = %(a,; +0;),
which is, generally, only a convenient, arbitrarily chosen length within some range
where the impact parameter, b, is significant. Expressed in this manner, the omega

integrals are then [10]:

1/2
(2) . 27T]€T (Z)
02 (r) = 303 <W) Wi (r) (5.15)
where:
V[/i(je)(r) = 2/ exp (—52)372”3/ (1 — cosz(x)) (b/oi;)d (b/o;;)dg . (5.16)
0 0

Note that when ¢ = j, Egs. (5.15) and (5.16) reduce to the following simple gas

expressions:

kT /2
Q@(r) = o7} (W ) W.(‘f’(r), (5.17)
with:

w9 (r) =2 /OOO exp (—g%) g7 /07r (1= cos'(x)) (b/0i) d (b/os) dg . (5.18)

In Egs. (5.15)-(5.18), o; is an arbitrary scale length associated with collisions
between like molecules of type ¢ while o;; is associated with collisions between
unlike molecules of types ¢ and j. These scale lengths are commonly associated
with some concept of the molecular diameters depending upon the specific details

of the intermolecular potential model that is employed.

5.3 General expressions for the bracket integrals

Of the three needed bracket integrals, the bracket integrals of Eq. (5.11) prove to
have the most complicated dependence upon the molecular masses of the mixture
constituents. At the same time, having general expressions for these bracket in-

tegrals proves to be the most useful as expressions for the remaining two bracket
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integrals can be generated from them with minimal effort. Thus, the general
expressions for the bracket integrals of Eq. (5.11) which, in Chapman and Cowl-
ing [10], are associated with the functions L;(x) are reported first. For order 5
viscosity-related Chapman-Enskog solutions, one requires p,q € (0,1,2,3,4) and,
hence, one has for the bracket integrals of Eq. (5.11) the following general expres-

sions:
[ 5/2 (%) % %7,7 85/2 (Cg) %Z%l} ij
= % (M M) 2 (1) + 8 (M) 25(2) | (5.19)

[5/2( )%%1755 ( )%:%’L

/2
= 20 (M M?) (1) — 12 (M, M2) 21 (2) + 28 (M?) 25 (2)

-8 (M) 23) (5.20)

[5/2( )%%1755/2( )%ZO%J

=210 (M M?) 217(1) — 168 (M;M?) 23)(2) + 24 (M;M3) 2 (3)

+63 (M) 207(2) — 36 (M) 27 (3) +4 (M) 27 (4) (5.21)
|: 5/2 (%)%%“55/2 %Jz]
- 385 (M) 9 (1) - 162 (VL) 2)(2) + 132 (M0e]) 2 )

— 38 (M M) 95})(4) + 2B (M2) 22(2) — 99 (M?) 27(3)

)

+22 (MD) 2 (4) — £ (MP) 2 (5) (5.22)

59, (6)€%,.5), (€)¢:%)),,

= 3005 (N1 M%) 24 (1) — 1001 (M;M?) 2 (2)

+429 (M;M?) 21(3) — 52 (M;MP) 21 (4) + 25 (M;M?) 2 (5)
+ 308 (M) 27 (2) - 42 (MP) 27 (3) + 12 (MF) 27 (4)
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— % (M%) 22 (5) + 1 (M°) 22(6) , (5.23)

[5/2( )%%1755 ( )%:%’L

/2
= 1800 (AABM; + TMMP) 00 (1) — B (MMP) 2 (2)
FI (00)) 0 () + 02 <2§M3Mf + a0 02)

— 56 (M}) 217 (3) + 8 (M) 27 (4) + 16 (M M?) 2 (3) (5.24)
[ 5/2 ((5) ¢ cgw 55/2 () %;(gl} ij

= 1575 (SMPM? + LMM!) (1) — 1218 (S M M?

FANMME) 1D (2) + 276 (M M) 2 (3) — 24 (M;M}) 2 (4)

8 (AL + B03) 02(2) - 321 (MM

+33 M) 2(3) + 50 (MD) 25 (4) — 4 (M?) 2 (5)

v

+72 (MM 22(3) — 16 (M M) 22 (4) (5.25)

[ 5/2( )%%1?55/2< )%:%l}m

= B (2303 4 TAMP) 20 (1) — 4004 (S M2 M3

+EMMP) 20(2) + 1254 (SMEM? + BALME) 0 (3)

= 150 (M;M7) 27 (4) + F (MiM7) 27(5) + 9 (55M7 M
+LMO) 2D (2) — 1188 (UMM} + LMP) 21 (3) + 0 (L MZM]
+507) 927 (4) = F (A7) 205) + 5 (M) 2,7(6)

+198 (M;M5) 2(3) — 88 (M;MF) 2 (4) + 8 (M;MP) 22 (5) . (5.26)

[ 5/2 (%) % cg“ 85/2 (Cg) %Z%Z}z
— 11?(1515 (16M3M4 4+ I MM6) .Q( )(1) B % (%ME’M;’L

+BMMO) 23(2) + B2 (B + M MO 211 (3)

7007 ( M3MJ4 41MZ-M]6) ijl)(4) 611 (M M6) Q(l)<5)
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_ % (MZM]G) ijl)(6) 4 109109 (

a1 88 M2M5 42 21 M7) Q( )(2)

109 J 109

2775 7 (2) 275
. 5217667 (18283M MJ + 13253M ) Q (3) + 1118269 (44M M

2
M) 02(4) - 2 (1

10 44 M2M5 + 141M7) Q( )(5)

185 J 185
£ () 0(6) — § (M]) 0 (7) + 129 (M) 21 3)

— 286 (M;MP) 2 (4) + 52 (M;MP) 2P (5) — & (M;M?) 20 (6),  (5.27)

[ 5/2( )%%1755/2< )%1%1}”

_ 5 48 1 13113 5 1) 8 173173
= 225 (B MPM; + EMIME + ZMM]) 0 (1) - 5670 (£ MM

+IMMP) 20(2) + 1746 (EMPM? + 20 M) 02 (3)

24 M4M2

133

— 216 (M;M?) 2 (4) + 12 (M;M?) 2 (5) + BT (2L

+ 3 MM+ ZEMO) 02 (2) — 1755 (M2 M! + 2 MP) 0P (3)

133 133

Z MM} + M) 02 (4) — 36 (MP) 2 (5)

+ 381 (127 127
+2 (MS) 22(6) + 492 (M M? + T MP) 25 (3)

— 144 (M;MD) 2 (4) + 16 (M;M?) QP (5) + 16 (M2MD) 20(4) . (5.28)

(52 (6)€,. S5}, (€)6.5.].,

135135 (8 A /542 | 24 N 3 4 7 6 (1)
= 50 (MY M + S5 MM} + 55 M M) €2;57(1)

2 37 4 6 (1)
- 79?195 (115M5MJ + 17125M M] + 13155MM ) “Q (2)

1
+ 7722 (BMIM] + B0 MO) 27)(3) — 1320 (L MP M
! (1) M
AL MO) 20 (4) + 106 (MMP) 21 (5) — 4 (M;MP) 21 (6)
2
+ 198925 (L AFANS - MARMP + TMT) Q1 (2) — BT (2N

5 7 (2) 7 4 \2 05 4 A 7 (2)
}ngzM] 13951M)Q <3>+ﬁ(115MMJ 1115M)Q ()

— 249 (2 M2M? + BMT) 2 (5) + 17 (MT) 2 (6)
— 2 (M]) 22(7) + 1815 (2L MP M + BL A ME) 028 (3)

_ 23398 (12089M3M4 18019M MG) 9(3)< 4) + 124 (MZ-MJG) Qz‘?)(f’)

— 8 (M;MO) 2(6) + 88 (M2M?) 20 (4) — 16 (M2M?) 2P (5),  (5.29)
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|: 5/2 (%) % %’57 35/2 (Cg) %Z%Z} ij
— 2476'2475 (%MEM;’ + 32M3M5 4+ MM7> Q(l)(l)

909909 ( 16 M5M3 4 64 M3M5 + 12011]\4 M7) Q( )(2)

16 101 J 101 J
433719 (16 Sar3 208 a 13 5 113 7 (1)
+ 6 16 (337M MJ + 337M MJ 337MM )“Q (3)

869 (40 A 7375 | 43 7 (1) 2613 (16 1 /3 1 /5
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2
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8 (2) 21 76 8 (2)
+imM;) 25 (5) + 52 (S5 MM + 555 M) 02357 (6)

22 8 (2) 2 8 (2) 33737 (328 N5 A3 o 1848 A3 a5
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39988 7 73 1 77 |, 21879 29\ H®3) 33982 [ 614 73147
+66723MiMj+66723MiMj)Qij (5)_ 9 (WMiMj

ML) 00 (6) + B8 (82 MIM] + BB MMY) 0 (7)
— % (M) 0(8) + 8 (M) 0 (0) + I (2201001}
S MAMS + IBTMMS) 0 (1) — B0 (88 ariAS

+2 MEME) ) (5) 10082 (1012 ppd g6y 4329 )2 p8) of (6)

— 104 (M2ME) QD(7) + 4 (MPMP) 20(8) + 396 (Las5 072
7 (5) 7 (5) 7 (5)
+3MIM]) 027 (5) — B8 (MPM]) £2,7(6) + 22 (M M) £2;7(7)

+ 18 (MmO 29(6) . (5.33)

Next, the bracket integrals of Eq. (5.12) that are related to the Lis() func-
tions in Chapman and Cowling [10] are considered. For each (p,q), these may
be generated from the corresponding L(x) expression in Eqs. (5.19)-(5.33). In
general, Egs. (5.19)-(5.33) consist of a series of terms each of which is associated
with a specific omega integral. Each of these omega integral terms also contains a
sign, a constant factor, and some function of M; and M;. The conversion process
from the L; () expressions to the Lio(x) expressions is quite straightforward as the
magnitude of the numerical coefficients associated with each omega integral term
are the same from the L () expressions to the Lis(x) expressions. The differences
are in the distributions of the constituent masses and the signs of the terms. Since
the same omega integrals must occur in both the L, () expressions and the Ljs(x)
expressions, the total number of omega integral terms is the same in each and
there is, in effect, a one-to-one correspondence between terms. The sign differ-
ence between corresponding terms is dependent only upon ¢ and the appropriate
sign transformation is to multiply each term in the L;(x) expressions by a factor
of (—=1)* to yield the corresponding L»() signs. The distribution of constituent
masses is much simpler in the Lis(x) expressions than in the Li(x) expressions.
In the Lis(x) expressions given below the distribution of the constituent masses

is exactly the same in every omega integral term for a given (p,q) and amounts
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to nothing more than a common factor of (M M 7 1) in each expression. Thus,
the appropriate overall transformation from the L;(y) expressions to the corre-
sponding Lia(x) expressions is to first set M; = M; = 1 in each term in the L;(x)
expressions, second to multiply each L;(x) expression with the appropriate com-
mon factor of (MquM 7 1), and third to adjust the sign of each term as needed for
the odd values of /. When the above prescription is followed, one obtains the fol-
lowing expressions for the Lis(x) bracket integrals where the common mass factor
in each expression has been explicitly factored out for clarity:

(SS9 (€) 66,850, (€) €%, (MM,)™

ij

= 200 (1) +8025(2) (5.34)
(0) p (1) p 9\ —1

(S5 (€) €6, S5, (€)€,65],, (M M)

= B0 (1) + 1200 (2) + 28017 (2) — 807(3) | (5.35)

59, (€)%, 55, ()%, (412r)

ij
— ~2100})(1) + 1632 (2) - 2402 (3) + 630 (2)

2 (2
—3602(3) + 4027 (4) (5.36)

(5572 (€)%, 557, (€)%, (MIM) ™

= 38502 (1) + 46202, (2) — 132021 (3) + 801V (4)

+ B0 (2) - 90027 (3) + 2207 (4) - 527(5) (5.37)
o [¢] 1

(S5, (€) €%, 547, (6)€,6,],; (M M)

= 3005 (1) + 100102 (2) — 42902 (3) + 5201 (4)

— 300 06) + R0 @) - 0P 3) + P00 (1) - F2)6)

+3027(6) . (5.38)
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[ 5/2 (%) 4 ng S5/2 (Cg>(fj(€j]ij (]\41‘2]\/[;)71
= 8000 (1) + B (2) - B 3) + Lo (2)

— 56027 (3) + 8027 (4) — 16027 (3) ,

S ()€ 55, (6)€5%,), (Min)

_ (1) 1) 1) (1)

= 157500 (1) + 121802 (2) — 27692} (3) + 2402} (4)

+ 1385 0®)(9) — 32107 (3) + 50027 (4) — 402 (5) — 72021V (3)

(3)
+1609(4)

1
(S0, (6)6.,55, (€)%, (MAM?)
= BB OW(1) + 40040 (2) — 125402 (3) + 1B 01D (4)
— 507 (6) + 502 (2) - 18807 (3) + TP (4) - F27(5)

+ 202 (6) — 198029 (3) + 88022 (4) — 802D (5) ,

[ 5/2 (%) 4 cgw 85/2 (Cg)%j%jhj (MEMJZ)_l

= —HRP O (1) + BB (2) - RO B) + PR (4)
— SRR (5) + B2 (6) + R0 (2) - QD (3)

+ 00 () - HR 0 (5) + P02 (6) — 527(T)

— 42007 (3) + 286025 (4) — 52025 (5) + 2021V (6)

[5/2( )%%1755/2( )%j%j]ij (MEM;))_I

= 229 V(1) 4+ 567002 (2) — 174612, (3) + 21692} (4)

1 2 2 ? ;
—1200(5) + B31 0 (2) — 175522 (3) + 38122 (4) — 3602 (5)

+202(6) — 49200 (3) + 14402V (4) — 16027 (5) + 1602, (4) ,

[55/2 (€)¢ cg“ 55/2 <%)%j%j]ij (M;LMJ?))_l
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(5.40)

(5.41)

(5.42)

(5.43)



= 135135 o)1) 4 969 V) (2) — 772202 (3) + 132002 (4)
2 2
— 10602 (5) + 402} (6) + 122922 ) (9) — M )2 (3) 4 3795 P (4)
3
— 2490 (5) + 17027 (6) — 20 (7) — 181507 (3) + B2 0P (4)

4 4
— 12400 (5) + 802 (6) + 88027 (4) — 1602, (5) | (5.44)

(S (€) 6,85, (€)€,%,),. (MIM) ™

j
(1) (1) (1) (1)
— _24767447591']' (1) + 90?20993{ (2> . 43:;(75190']' (3) + 1126901']' (4)
1 1 1 2 2
— 200 (5) + 3704 (6) - 2 (1) + 200D (2) - HEBOD(3)
2 2 2 2
+ BRO0 (4) - EOP (5) + FL00(6) - RO (T) + 5025 (8)

‘ 3
— S0 (3) + B () - P (5) + 64027 (6) - 527 (7)

4 4
+2862(4) — 104021 (5) + 80217 (6) | (5.45)

(55 ()€€, S5}, (6)%,€,),, (M)~

= — SO (1) + 2O (2) — S0 (3) + 20 (4)
— 25,0900 (5) + 440 (6) — 200 (7) + LBIT ) (9)

— 250255 )f2)(3) 4 280005 )2 (4) — 1573027 (5) + 22027 (6)

— B0 + 307 (8) - 2P 3) + 5P ()

— 8209 (5) + 88017 (6) — 420)(7) + B2 (4) — 17602, (5)

+ 16024 (6) — 207 (5) | (5.46)

(S5, (€)€:6:. 5, (€)€,%,],, (MPM}) ™

ij

_ _18219238275 (21-(;)(1) + 14523545 “Qi(jl)(Q) _ 399302129 Qz'(;)(?)) + 155498701 _QZ(]l)(4)

1
— WTR0(5) + L0 (6) — TR () + 592 (8)

26951925 ((2) 3505349 H(2) 7661797 (2) 738569 (H(2)
+ 2516 592‘]‘ <2) — 1 1258 “Qij (3) + g Qij <4) T 96 Qij (5)

2 2 2 2
+ 0D (6) - HPOP(T) + 527 (8) - 527(9)
. 2218507Q§;’)(3) + 652255 Qz(f)(4) o 41373 92(]3)<5) + 53%@(?) (6)
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—12200)(7) 1 10P(8) + BELOW (4) — M0 )M (5) + 1480 (6)
—80(7) - 2202 (5) + 207(6) (5.47)
and:
1S9 (€)€%:. 5\ (6)€,%,] . (MPMP) ™!
5/2 zl>5/2()y]](z'j)

ij

1 1 1
_ _428140022375 ‘Qz'(j)<1) + 47523515 ‘Qi(j)(z) _ 2975255 Qi(j)(3)

1 1 1 1
+ 677498773 Qi(j)(4> . 75%73 Q(j)(5) + 2712287Q(j)(6) . 1?3;3 Qz‘(j)(7)

91 (1) 5 1) 711736025 (2) 50053575 ((2)
+2_79ij <8) - ﬁgij (9) + 2048 Qij (2> T 7128 Qij (3)

2 2 2 2
+ 6493689f19 Qi(j)(4) - 363906289 “Qi(j)<5) + 951396281 ‘Qi(j)(G) - 2973293 Qz'(j)(7)

+ PR (8) - BR79) + 5927 (10) - FEEOD(3)
+ 2T (4) — BERRP (5) + 2200 (6) - 2P (7)

+ R0 (8) — 5027(9) + TR (1) — B (5) + L2 (6)
—104020(7) + 402 (8) — 26 01 (5) + 1 01 (6) — 200)(7)

£ 100) (5.49)

Now that the Li(x) and Lia(x) bracket integrals of Eqgs. (5.11) and (5.12) have
been obtained, they can be used to generate the simple gas bracket integrals of Eq.
(5.10). As noted in Chapman and Cowling [10], in the limit of a simple (single)

gas where m; = m;, and n; = n;, one can write:

(S5, (€) €%, 540, (€) €8]

7

5/2 ij

- ( [Sép;)Q ((g) %10%27 S(q) (Cg) %:%l}

+ [S(P) ((5) %;%i, Sé(% (%) (fjocgj} 2.].)

v (5.49)

mi=m;
n;=nj

Under these conditions, one has that M; = M; = % and the simple gas bracket
integrals are then mass independent except for the presence of a single m; in the

simple gas omega integrals. Since, for any given (p, ¢) all of the terms in the pairs
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of corresponding L;(x) and Li2(x) bracket integral expressions have the same total

1
2

power of the constituent masses, substitution of M; = M; = 5 simply yields an
additional constant factor for the corresponding pairs of expressions of ( yprat,
The difference in the signs of the terms in the corresponding expressions due to
the factor of (—1)¢ has the effect that all terms involving omega integrals with odd
values of ¢ cancel exactly and all terms involving omega integrals with even values
of ¢ add identically to produce an additional factor of 2 in each surviving term.

Following this prescription, one obtains for the simple gas bracket integrals of Eq.

(5.10):

[5/2( )%%1755/2< )%i%i}i

=409(2) (5.50)
[ 5/2 ( )€ cg“ 55/2 (€ )%:ﬁgl}z
=70%2) - 20P(3) (5.51)

[ 5/2 ( )cg %27 85/2 ( )%zcg@}l
= 807(2) - 3273) + 107 1), (5.52)

[ 5/2 (%) € Cgu 85/2 (Cg)% %Z} .

(2

= B0 (2) - BeP3)+ L0 (4) - 527(5) (5.53)

12

[ 5/2 (%) €. ng 85/2 (Cg) %Z%’L

= 000 - FoPE) - FaTW - 3e0E) + 5000 (559

512

[ 5/2 (%) € Cg“ S5/2 (Cg) %Z%ZL

=300 (2) — 707 (3) + 2P (4) (5.55)
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(S, (€)%, 55, (€) €8]

i

— 1365 ) () _ 321 (3) 4 BOA) (4) — 1P(5)

(552

(€) €€, 55; (€)€:€1]

7

= G022 - FOYB) + R0 - 527 (5) + 5,276)

128 "™

[Si)y (€) €%, 54, (6) €]

i

2 2 2 2
- 1 0f®(2) - 0 3) + 20 (1) - 280P6)

+ 2.02(6) - 5022(7)

384" 71 19271
S0, (€)€:%:,50) (€)%,

BLTOP (2) - 1200 (3) + B0 (4) - 220 5)

256 2 %

(5572

(€)€:€,.55),(€) €€

%

2 2 2 2
= Bl e) - o e) + e - o)

+5276) - 527 (1) + 274 - 127 6)

3 4 3

[SC) (€) %€, 5, (€)€:%]

7

2 2 2 2
= S0 @) - Rt E) + 5T - 55000)

2 2 2 4 4
+ 8L 00 (6) — 2.0 (7) + L 0P (8) + M oW (1) — 8" (5)

4
+£0M(6)

[S5)2 () €.6.. 55, (€) €. %]

%

2 2 2 2
_ 11460891667Q£ )(2) . 2118225 “Qz( )<3> + 238985 “Qz( )(4) . %Qz( )(5)

+ 3903 (6) — 15027 (7) + £ 27(8) + LB W (4) — LW (5)

768" 71 1927 " 576" "1 288 "7 8 "7t
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and:

+32(6) , (562)

(5572

(€)€:€..5,(€) €€

%

2 2 2 2
_ 2669555139625 Qz( )(2) _ 1335207563849 Qz( )(3) + 7?18%37@( )(4) _ 722‘118557669 “Qz( )(5)

+ 41005(22-(2)(6) _ 4175 9(2)<7) + %9(2)(8) ;Qi(?)(%

12288 18432 ° " % 4608
4 4 4 4
+ 2881 )W) 4y _ 4145 1) (5) 4 3T ) — Lo (7) | (5.63)

4 ° 4 o
(S, (6).%..59,(6)6.%.),
2 2 9 )
— im0 (y) _ sl f0)(5) . st 0)(4) _ e )

4+ 953681 9(2)(6) _ MQ@)W) 4 4699 9(2)(8) 13 H(2) (9)

98304 "™ 36864 " 1 110592 T 9216

1 (2) 470041 H(4) 28223 (4) 5341 ~(4)
+ 36864 Qi <10) + 18432 Qi <4) T 2304 “Qi <5) + mﬁi (6)

— BOOT) + 3:208) + £29(6) . (5.64)

Equations (5.19)-(5.64) constitute the complete set of all bracket integrals neces-

sary to evaluate the Chapman-Enskog viscosity coefficients using order 5 Sonine

polynomial expansions.

5.4 Symmetry and matrix element generation

There are several important symmetries to point out that are present among the

bracket integral expressions and, hence, the b,, matrix elements. Proper appli-

cation of these symmetries aids in most efficiently constructing the appropriate

expressions for the matrix elements, b,,, from the bracket integral expressions pre-

sented in this work and those required for higher orders of approximation. First,

it is clear from Egs. (5.5)-(5.8) that the bracket integral expressions needed for

arbitrary b,, matrix elements are:

(S50 (6)6:%:.59," ()6, (5.65)

i
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(59,0 (6)€,%,,55," (€)€,%)],. (5.66)

(59,0 (6)€:%.,5," (€)€:%.],, . (5.67)

(59,7 (6)€,%,,55," (€)€,€)] , (5.68)

(50,1 (6)€.€..51," (6)€,€,]., . (5.60)
and:

(5450 (6)%,%,.59," (€)6%.] . (5.70)

where the symmetries for the b,, matrix elements: by, = byp, bp—qg = b_gp, b_pg =
by—p, and b_,_, = b_,_,, have already been noted. For the bracket integral expres-
sions, note that the bracket integrals of Egs. (5.65) and (5.66) describe simple gas
collision interactions and are identical in their general expression, excepting where
the subscripts for the component gases differ. It follows from the definitions that
nE[SU ()66, S0, (6) 68, = n2[SU)(6)€,6,, 5, (€)€,6] . The
expressions for these simple gas bracket integrals can be constructed from appro-
priate combinations of the L; (y) and Lis (x) bracket integral expressions as has
been indicated in Eq. (5.49). However, in the practical construction of these ex-
pressions to orders much higher than 5, the direct generation of the expressions
has proven to be computationally more economical than algebraic combination of
the Ly (x) and Lis () bracket integral expressions.

The bracket integral expressions given in Eqs. (5.67) and (5.68) and Egs.
(5.69) and (5.70) are related to the Ly (x) and Lis () expressions, respectively,
and exhibit rather useful symmetries. First, as previously indicated, the structures
of the bracket integrals labeled with the indices, ji, Eqgs. (5.68) and (5.70), are
identical to the structures of those labeled with the indicies, ij, Eqs. (5.67) and
(5.69), respectively, and only a complete interchange of the subscript indices is

needed. Lastly, of particular use are the symmetries:
(S5 (€)€: @, S (€)€:E), = [SS, (€) €, z., SI(€)€:%:],, . (5.71)
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for the L; (x) related bracket integral expressions and:

[SU)(€)€:6:.5, (€)% )]

ij

M.

J

- 5.72
O AT AN EA 572)
[5/2( ) 191 5/2( ) J J]ij )

for the Lq5 (x) related bracket integral expressions.

5.5 Discussion and conclusions

The purpose in this work has been to explore the use of Sonine polynomial ex-
pansions to obtain error free results for the transport coefficients and the related
Chapman-Enskog functions for simple gases and gas mixtures. In the current
chapter, the relevant explicit bracket integral expressions needed to compute the
viscosity-related Chapman-Enskog solutions up to order 5 based upon expansions
in Sonine polynomials have been reported. A method for combining the given
bracket integral expressions to generate the requisite matrix elements used to solve
the system of equations in the Chapman-Enskog method, Eq. (5.2), for the vis-
cosity solutions has also been described. Additionally, several of the associated
symmetries between the matrix elements, and also the bracket integral expressions,
have been clearly detailed which, in turn, one may use to improve and optimize
the construction of the relevant expressions and computational programs based
upon them. In the following chapter, a similar discussion with the appropriate
expressions for the thermal conductivity- and diffusion-related, Chapman-Enskog

solutions will be presented.
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Chapter 6

General expressions for the
diffusion- and thermal
conductivity-related bracket
integrals to order 5

6.1 Introduction

The Chapman-Enskog solutions of the Boltzmann equations provide a basis for
the computation of important transport coefficients for both simple gases and
gas mixtures [10-12,20-26,28-31,39]. The use of Sonine polynomial expansions
for the Chapman-Enskog solutions was first suggested by Burnett [13] and has
become the general method for obtaining the transport coefficients due to the rel-
atively rapid convergence of this series [10-13,20-24]. While it has been found
that relatively, low-order expansions (of order 4) can provide reasonable accuracy
in computations of the transport coefficients (to about 1 part in 1,000), most ex-
isting computer codes do not use these solutions beyond order 2 or order 3 as
the relevant expressions become increasingly complex with great rapidity and have
not been available in the past. The present investigation of simple gases and gas
mixtures [15-17] has permitted the exploration of the Chapman-Enskog solutions
to relatively high orders computationally using Mathematica® and, thus, accu-
rate, completely general, expressions have become available up to order 60 for the

viscosity-related bracket integrals and up to order 70 for the diffusion- and thermal
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conductivity-related bracket integrals. The complexity of the general expressions
that have been obtained for the bracket integrals for gas mixtures does make them
impractical to report in the open literature beyond the lowest orders even when
organized into compact form. However, insofar as such expressions can be explic-
itly reported in the literature, they are valuable from the point of view of having
them available for general use in the existing computer codes. Further, having
such expressions explicitly reported in the literature, even to limited order, has a
certain archival value in the field. Thus, in this chapter, a set of completely general
expressions for the bracket integrals necessary to complete the Chapman-Enskog
diffusion and thermal conductivity solutions up to order 5 is reported. In the
previous chapter [18] a set of completely general and accurate expressions for the
bracket integrals necessary to complete the Chapman-Enskog viscosity solutions
up to order 5 were similarly reported. In the following sections, the basic relation-
ships relevant to the Chapman-Enskog solutions for diffusion, thermal diffusion,
and thermal conductivity, the role of the bracket integrals in these solutions, the
explicit expressions for the various bracket integrals, and some basic relationships
that occur among the various bracket integrals that make them more tractable
to generate and manipulate in the context of the Chapman-Enskog solutions are

described.

6.2 The basic relationships

Following the work and notations of Chapman and Cowling [10], as was done in
the previous chapters [15-18], the diffusion, the thermal diffusion, and the thermal
conductivity for binary gas mixtures may be expressed to some order of approxi-

mation, m, (in terms of Sonine polynomial expansions) as:

[D12]m = %5171952 (2kT/m0) 2 d(()m) ) (6-1)
[Drly = —32129 (2KT /o) (le;”ngm) + xQM;”Qd(j’})) , (6.2)
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Am = (6.3)

2 — m - m
=Sk (KT fmo)"* (M el + 20y )

respectively, where 21 = n;/n and xs = ns/n are the component mixture fractions,
ny and ng are the component number densities with n = n; + ny being the total
number density of the mixture, m; and my are the component molecular masses

with mg = mj+meo, k is Boltzmann’s constant, 7" is the temperature, M; = m; /my,

My = my/mg, and in which the quantities d((]m), d(ﬁ), dY"’, a(ﬁ), and agm) are
determined by solving the following systems of algebraic equations:
+m
Z dpapg =04 (¢ =0,%£1,£2,-- ,+m) , (6.4)
p=—m
+m
Z apapq = aq (q = j:lv j:27 e 7:tm) ’ (65)
p=—m
p#0
in which:
3 (2kT\'?
bo=—|— , 0,=0 0) . 6.6
= (25) L =00 (6:6)
15 nq 2kT 1/2 15 o 2kT 1/2
ap=—=2—|— a1 =—2—|—
! Y2 \ my ’ ! 4 n2 \ my ’ (6.7)
ag =0 (¢ #=£1).
Expressed as matrices, these systems of equations may be written as:
i a—m—m A_m—1 G_mp QA—ml A —_mm 1T d—m i [ 0 ]
G_1—m G_1-1 G-10 G-11 a_1m d_y 0
ap—m ap—1 Qoo ap1 Aom do = | do , (6.8)
a1—m a1 aio an A1m dy 0
L Qm—m Am—1 amo Qm1 Qmm 1 L dm _ L 0 .
and:
i A —_m—m A_m—-1 G-_mi A —mm 17T a_m i [0 ]
aG_1-m G_1-1 G-1n1 A_1m a1 _ | @41 (6 9)
A1—-m ai1-1 an A1m ai aq ’ ‘
L Qm—m Amp—1 Am1 Qmm 1 L Am L O J
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where, as the order of the expansion increases, the matrices build outward from
their centers. Thus, to obtain the needed expansion coefficients, d_1, dy, and d;, for
the diffusion-related solutions (the diffusion and thermal diffusion coefficients), for
a given order of the expansion, m, one need only generate the [(2m+1) x (2m+1)]
matrix of Eq. (6.8) and invert it. Similarly, to obtain the needed expansion
coefficients, a_; and ay, and hence the thermal conductivity coefficient, for a given
order of the expansion, m, one need only generate the [(2m) x (2m)] matrix of Eq.
(6.9) and invert it.

The matrix elements, a,,, in Eqs. (6.8) and (6.9) are constructed from com-
binations of bracket integrals containing the appropriate Sonine polynomials from
the expansions used. Specifically, since it is straightforward to show for any (p, q)

that a,q = agp, one has that:

Upg = Ggp =17 [Sé% (€)1, Sé% (€) %1}

1

(6.10)
+ 2122 S5 (€) €1, Sy (€) €1)
Uy = gy = 2172[SY), (€) €1, S5, (€) €], (6.11)
Upg = gy = 2123 (ST (€) €2, S0y (€) 61], - (6.12)
—p—q = Q—g—p =1} [Sé% ()€, Szg% (€) %2}2 (6.13)
+ 0125 [S)) (€) €3, {1} (€) 6],
where:
" (m+n) _
57(7?) ) = nP (P
@ =2 Gt Y -
- (m +n)! '

po(mwn—mwm+pﬂva’

(with S () =1and S& (x) = m+1—2z) are numerical multiples (un-normalized)
of the Sonine polynomials originally used in the kinetic theory of gases by Burnett
[13]. From the definitions used in the bracket integral notation, it follows that Eqgs.
(6.13) and (6.12) are essentially identical to Eqgs. (6.10) and (6.11), respectively,

with the only difference being the interchange of the subscripts 1 and 2 representing
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the different components of the mixture. Thus, in general, the complete Chapman-
Enskog solutions for diffusion and thermal conductivity only require evaluation of

the bracket integrals:

(S (€) 61, S0, (€)%, . (6.15)

(S (€) 61, S50, (€) €], (6.16)
and:

(S5 (€)1, S5)) (€) €], - (6.17)

All of the above expressions for binary gas mixtures are readily generalized for
use with arbitrary mixtures by replacing the 1 and 2 labeling scheme associated
specifically with binary mixtures to a more general i and j labeling scheme. In the
following sections, using this (¢, j) labeling scheme, completely general expressions
for all of the bracket integrals in Eqs. (6.15)-(6.17) are given up to order 5 of the
expansion. Also shown in all of these expressions are the dependence of each on

the molecular masses and the omega integrals, Ql(f) (r), which are defined as:

0O = ()" / " exp (—g) 4700y (6.18)
K 27Tm0MZ-Mj 0 * 7
with:
gbg) = 27r/ (1 — cos’(x)) bdb . (6.19)
0

The omega integrals contain all of the dependencies relating to the specific inter-
molecular potential model that is employed. It is often considered convenient to
define the omega integrals in terms of a simple scaling factor, o;; = %(UZ' +0;),
which is, generally, only a convenient, arbitrarily chosen length within some range
where the impact parameter, b, is significant. Expressed in this manner, the omega

integrals are then [10]:

1/2
29y = 162 <M) WO (6.20)
J



YA _ > r
Wi (r) = /0 exp (—g°) g7

. (6.21)
< [ 1= o) /) d /) g

Note that when i = j, Egs. (6.20) and (6.21) reduce to the following simple gas

expressions:

200 = o2 (wkT>1/2 WOy (6.22)

M/i(f) (r) = /0 exp (_gz) gzr+3

% /O (1= cos () (b/) d (b)) dg -

In Egs. (6.20)-(6.23), o; is an arbitrary scale length associated with collisions

(6.23)

between like molecules of type ¢ while o;; is associated with collisions between
unlike molecules of types ¢ and j. These scale lengths are commonly associated
with some concept of the molecular diameters depending upon the specific details

of the intermolecular potential model that is employed.

6.3 General expressions for the bracket integrals

Of the three needed bracket integrals, the bracket integrals of Eq. (6.16) prove to
have the most complicated dependence upon the molecular masses of the mixture
constituents. At the same time, having general expressions for these bracket in-
tegrals proves to be the most useful as expressions for the remaining two bracket
integrals can be generated from them with minimal effort. Thus, the general
expressions for the bracket integrals of Eq. (6.16) which, in Chapman and Cowl-
ing [10], are associated with the functions H;(x) are reported first. For order
5 diffusion- and thermal conductivity-related Chapman-Enskog solutions, one re-
quires p,q € (0,1,2,3,4,5) and, hence, one has for the bracket integrals of Eq.

(6.16) the following general expressions:

221



(S5 () €1, 55, (€) €]

ij

_ (1)
= 8Mj“Qij (1),

(S (€)€:. 55, (€) €]

ij

B 2 (1) 2 (1)
= 20M;$2;;° (1) — 8M;82;;7(2) ,

(S5, (€)€:.55) () %],

= 35M0 (1) — M0 (2) + 4M0(3)

(S5, ()€, 55, (€)%,
= 1601010 (1) — 63M02) (2) + 18MI0Y (3) — M1 (4)

vj ) )

[ng(/])z (%) Cgi’ S?(,%

(%)%i}ij
1 1 1
- %M;}Qi(j)(l) o %M;’ij)@) + %M;’Qi(j)(?’)

1 1

(S5, (€)€:.55) () %],

= 3003 1760 (1) — W8 A6 (2) + 1201001 (3)

J

— W0 (4) + BMOR (5) — L MPRL(6)

(S0} ()€1 55, (%) €]

(]
= 10 (MM, + 5M) (1)~ 4030 2) + 50009

2
+16M MY (2)

[S:S)z (%) %i’ S?(,%

(¢) (fi} ij

= 5 (M7 MG + 55 M) 2,7 (1) — 189 (5 M7 M;

222

(6.24)

(6.25)

(6.26)

(6.27)

(6.28)

(6.29)

(6.30)



+IME) QD(2) + 38MAY (3) — AMI0 (4)

+56M MO (2) — 16MME0(3) (6.31)
(552 (€)%, 55, () %1],,
= 215 (182078 4 S 012) 1D(1) — 588 (L MZM?
+3M2) 00(2) + 162 (AM2M? + 2MP) 20 (3)

— MO (4) + AMPOY (5) + 126 MM (2)

— T2M, M1 (3) + SM M0 (4) (6.32)

[S$ (€)1, 55, (€) €]

3349 (2—4M2M4 4+ 5 MG) Q( )(1) 2214607 (72M2M4

ij

6 (1) 145 (36 172474 | 29 7 /6 (1)
+52 M) 2,7(2) + B (G MM + 2 M) 2,57 (3)
1 1
539 (12M2MJ4 37M]§> ‘Qi(j)(4) + %Mjﬁgi(j)@)
1 2 2
— L8 (6) + 231 M, M2 021 (2) — 198M, M2 2 (3)

+AAM MO (4) — SM M2 (5) (6.33)

5
(S5, ()€, 55, (€)%,
_ 105105 (ngMf + %Mj?) Qi(jl)( ) — 45045 ( M2M5 1M7) Q(l)(g)

64

1

+ 2217637 (36M2MJ5 17Mj7) Qi(j)(3> _ 1859 ( M2M5 + M?) Q( )(4)
™ oW 70 70M

+ Y3 (EMIMS + M) 02,7(5) — EMIS2(6) + 5 M2, (7)

2
+ 308 AL MO (2) — 429M, MEQ2T (3) + 143M,MP0D (4)

— ZALMOQY (5) + M MO (6) (6.34)
2 2
[Sé/; (6)€:,55),(6)€:],,
1
= 08 (0 MM, 4 SNV + BAE) 0P (1) — 833 (2MPA
+2M?) 20(2) + 241 (A M2M? + 13 015) 00 (3) — 28MP02{ (4)

223



+2M2 20 (5) + 308 (& MEM? + I M) 2 (2)

1(2) 10(2) 2713 0)3)

(S$) (€) €1, 55 (€) €]

ij

_ 42735 (120 M4M2 + 252 M2M4

35 176 (1) 22071 ( 120 374 772
16 \407 407 J 407M)Q (1>_ ( MM

8 \1051

756 1 72 1 r4 175 176 (1) 2001 (450 3 r2prd 4 217 3 g6 1)
+ﬁMiMj+1051M)Q () 2 (667M M] 667M)“Q (3)

1 1 1
499 (B N2MY + BEME) 01 (4) + LM (5) — M0 (6)
2

+945 (EMPMS + LM M) Q§j)(2) — 522 (S MPM?
21 5 (2) 5 (2) 5 (2)
+AMMP) 2F)(3) + 100MME Q2 (4) — SMMP 0L (5)

3 3
+ T2MEMI0Q (3) — 16M2 MY (4) (6.36)

(S (€)€:,85), () €]

1j

__ 705705 (240 7 r4 373 | 336 442 A 75 35 A /7 (1)
— 7128 (611M MJ+611M MJ+611M)“Q ()

234927 (

19 80 M4M3 + 224M2M5 4+ 35 M7) Q( )(2)

339 J 339 J 339

104973 ( 240 374073 | 2304 4 727 /5 637 A /7 (1)
+ 75 (3181M MJ+3181MM +3181M)“Q (3)

8437 (480 A2 175 | 287 ag7 (1) 623 (208 3 121 75
12 (767M M] +767M )Q (4)+ (623M M

7 (1) 7 (1) 7 (1) 34
+AEMTY) 210 (5) — M (6) + 2MT 0 (7) + 238 (20 M

623 :
+EMMS) 22(2) — 1716 (S MM + LM ME) 0 (3)
+ 440 (2MEM? 4 400, M0) 22 (4) — 29007 000 (5)

2 3
+ %MiMJGQi(j)(6) + 198M12M]5Q2,(j)<3)

— S8MZMPQ) (4) + 8SMPMP 2 (5) (6.37)

(5572

(€)€;, 5%

3/2

(¢)€],

(]

o At 4 27 r6 8\ H()
- 25%265 (18701M MJ 18741M M +171M)Q (1)

2120127 (240 §rd \rd | 420 r2 6 o 49 8 (1)
B 112z13 (709M M] 709M M] 709M)“Q (2)

579579 (240 7 rd prd 4 936 3236 L 175 )8 (1)
+ 761 (1351M M] 1351M M] 1351M)Q (3>

224



75933 (80 dysd | 1128 A s2 146 385 1 /8 (1)
T 732 (1593M M]+1593MM +1593M)“Q (4)

16237 ( 708 7 72776 541 7 78 (1)
+ 8 (1249M MJ+1249M>Q (5)

62545 (

36 M2M6 + 95 MS) Q(l (6) + 79M]§391(j?)(7>

131 J 131
8 (1) 69069 (16 1 73 45 7 7 (2)
— 5o M7 257 (8) + 57 (35 MM + 55 M M) ©2:77(2)

2
_ 35207 (%ME’M;’ + E—QMZMI) “Qi(j)(3> 4 3003 3003 ( M3M5

13M M7) 9(2) (4) — 715 ( M3MJ5 47MiMj7) 91(32)(5)
70(2) 7(2) 27 16 H(3)
+ DM M2 (6) — EM M2 (7) 4+ 429M7 MP(27 (3)

— 286 M2 MPQ2 (4) + 52MMEQY (5) — SM2MEQY (6) | (6.38)

(S (€)1, 5, (€) €]

ij

_ 255255 ( 112 7 76 1080 A 7473 | 1134 1727 45 105 1447 (1)
- 32 (2431M M +2431]\4 MJ +2431M MJ +2431M )Q ( )

76923 (120 A4 73 | 252 1 727 /5 35 g7 (1) 34119 [ 440 A 74173
B (407M MJ +407M MJ +407M)“Q (2)+T(ﬁMiMj

+ZONZMT + SLMT) 04 (3) — 895 (55

594 3 r2 175 | 301 7 77 (1)
3791 J T 3791 M7M7 + M)“Q (4)

895 J 895
201 (26 A2 045 4 41357\ o) 71 2177 (1)

14553 (8 5712 48 A3 a4 21 6 (2) 8 374
+ L8 (B MPM? + Z2MP M + 2M;M7) 2,7 (2) — 2430 (M7 M,

+IMMS) 22)(3) + 626 (LS MM + 2300, MP) 07 (4)

2 2
— T2M, M0 (5) + AMMPQE (6) + 444 (12203

F32A2M5) O (3) — 144M2MP QD (4) + 16 MEME QS (5)

+2MIMIRD (), (6.39)

(S (€) 61,85, (€) €],

(]

_ AST98TS [ 448 N 642 | 2160 A g4 4 | 1512 342176 105 7 78 (1)
— T 256 (4225MM +4225Mz‘Mj+4225MM +4225]M)(2 (1)

3516513 (448 6172 6480 774 74 7560 A 72 A 76
T 128 (15223M M] + 15223M MJ + 15223M M

+12233M8) Q( )(2) 4 919413 (2480M4M4 + 5904Mi2M]6

64 0287 9287
903 148 1) 118107 ( 1040 7 74 7 74 7632 272 2 76

+WM ) “Q (3) EY (10737M M + 10737Mi Mj
2065 7 78 (1) 8353 (5304 37276 | 3049 8 (1)

+1o737M ) Q (4) + 6 (8353M M] 8353M ) Q (5)

225



27 6 3 1) 8 (1) 8 H(1)
— %% (T MPM} + {5 M7) 27 (6) + G M7 Q37 (7) — 15 M2, (8)

81081 (8 A /54/3 | 24 A3 1/5 7 7 (2) 34155 ( 8 5973
+ 5 (MY M + 5 MP MY + 55 M M) £2,77(2) — 252 ({55 MY M;

T2 MEMS + 35 M MT) 025(3) + 2717 (138403 M

1353 7 (2) 52 173405 | 159 7 (2)
+33B M M) (257 (4) — 422 (22 MPM? + BIM M) 025 (5)

7(2) 70(2) 4954
+ 34MiMj Q@j (6) — %MiMj Qij (7) + 1551 (%Mi Mj

27 16 (3) 4914 20 16 (3)
i MPMY) 257 (3) — 22 (35 M M + {5; M7 M) 2,7 (4)

3 3 4
+124M2ME0QE) (5) — SMEMOQY (6) + IO MM QY (4)

— 2MEMPOY(5) (6.40)

(5572

(€)€;, 5%

3/2

(¢) cgi} ij

__ 20165145 224 6 3 720 4 5 378 2 7 21 9 (1)
= 2500 (B MM} + S MM + S5 MPM] + S5 M) 2,7(1)

4327323 ( 112 146 173 720 147 s5 567 A 72147 42 9 (1)
— R (L MY M + 5 MM + 55 MPMT + 735 M) £237(2)

329043 112 6 3 2400 4 5 3267 2 7 357 9 (1)
+ BB (G MY M + Fgg MM + FEEMEM] + 25 M) 2,7(3)

200057 ( 320 A 7475 918 1,247 161 149 (1)
— 2000 (350 MM + 3555 M7 M + 3355 M) £, (4)

34333 (200 A g4 5 | 1857 As2 047 584 779 (1)
+ 252 (ger M M + St MM + 5 M) €2, (5)

— 8L (525 20Ty 356 )19) ) (6) + O3 (165 g2 T

4 881 881 2452

1687 1 /9 (1) 23 1 79 (1) 1 14490 1486485 (16 7 75 4 74
+arss M) 2 (T) = TMJ Q70 (8) + g5 M7 277 (9) + H5r™ (55 M7 M;

32 173176 7 8 (2) 389961 [ 16 A 75 474 64 1737176
+5 MM + 5 MMF) €2,7(2) — #5565 (557 My M + 15, My M;

21 8) 2 150293 ( 48 as5ar4 | 640 773776

2 2
M) O () — B (000 + B8 00) 0 (5)

2 2
+ T (S MM + S5 M M) ij)(G) - %MiMfoj)W)

8 (2) 4975 29 17 (3)
+ MM} 2,7(8) + S2L (9 M;IM? + S MPM)) 2,7(3)
3
— S0 (5 MM+ FMEMT) 0 (1) + B2 (1M
6172477\ H(3) 2757 H(3) 8721 s7 H3)
+2 M, Mj) 2;7(5) — 64M; M (2,7 (6) + S MM 02;7(7)

4 4 4
+ SRMPM QP (4) = BEMIMPQD (5) + FMIMIQP(6) (6.41)

226



ij

__ 105930825 ( 1152 7 s8 19712 A 76 A 73 | 47520 A s4n g5 | 22176 A 12 A s 7
2048 (91715Mz‘ Mj + 91715 Mi Mj + 91715Mi Mj + 91715Mi Mj

1155 7 r9) ) 10735725 ( 448 ar6 873 | 2160 Ar4ns5 4 1512 272777
+91715Mj) “Qij (1) — T 128 (—M Mj + —Mi Mj + —MZ. Mj

128 4225 i 4225 4225
105 7 79 1) 6435429 ( 5824 6173 81840 174 1475
+4225Mj> “Qz‘j (2) + 128 (195013Mz‘ Mj + 195013Mi Mj

97416 207 9933 9 1) 483637 (1040 A s4 A5 2544 A r2 2 g7
+195013 MZ Mj + 195013Mj) Qij (3) 32 (3997Mi Mj + 3997Mi Mj

413 179 1) 165827 ( 15600 A4 145 | 116688 1 72177
+3997Mj) “Qij (4) + "6 (165827Mi Mj + 165827Mi Mj

1 1
+13635583297M;)) Qz'(j)<5) S (mMiQM? + 7_3M9) Qz‘(j)(G)

8§ \193 j 1934145
1189 [ 408 A 7247 781 2 79 (1) 11 3 79 H(1) 1 4s901)
+ 4507 (e MM + g M) $257(T) — 15 M7 (2, (8) + 75 M7 023;7(9)

+ 528525 (L MTM? + D2 MM + DENPME + BLAMME) 2 (2)

16 2275 2275 2275 2275

127413 (8 As5 74 | 24 17316 7 8 (2)

48323 312 5 4 2728 3 6 1353 8 (2)
+ BB (B MY M+ TEMPM + Z3 M M) 2,7 (4)

3176 8 (2) 3176
— 2310 (%Mi M; + %MiMj) 2,77 (5) 4 247 (25 M; M;

2 2 2
38T AL ME) 12(6) — UM MEOQE (7) + AMMEQD(8)

26169 ( 56 6773 440 A 4 2 g5 297 A2 A g7 (3)

11374 (20 a4 275 | 27T A 2 A /7 (3) 2566 ( 260 7741 /5
— MR (R MM + T MPM]) 257 (4) + 20 (G MM

B AR MTY Q) (5) — 88MEMT 2P (6) + AMP M2 (7)

1232 (3 a/5a74 | 1l as3146\ H4) 352 1 s3 1 76 (4)
+ B2 (MM + L MM £2;57(4) — 32 MPM? 2,7 (5)

J

+ 2APMERD (6) + WMAMEQY (5) (6.42)

(5572

(€)€;, 5%

3/2

(€)1

ij

__ 489834345 ( 1152 7 78 7 2 9856 1 76 474 | 15840 774 1 /6 5544 A 2 A 78
4096 (32623Mi Mj + 32623Mz‘ Mj + 32623Mi Mj + 32623Mi Mj

231 10\ (D) 452873421 [ 384 A 872 | 9856 76 714
+32623Mj ) Qz‘j (1) 2048 (50269Mi Mj + 50269Mi Mj

26400 4 74 176 | 12936 7 72 1 /8 693 10 1)
+50269Mi Mj + 50269Mi Mj + 50269Mj )Qz‘j <2)

38424243 ( 8288 6714 44880 7 s4 7 76 33858 A2 78
+ 256 (89567 Ml Mj + 89567 MZ Mj + 89567Mi Mj

2541 Mjw) Qi(jl)(?’) _ 6633055 (ﬁMiGMJ{L 4 %MZAM;S 4 %Mfo

+ 89567 128 9277 9277 9277

227



and:

539 7710 (1) 1330927 [ 24400 7 74 176 66132 172 1 /8
+9277Mj )Qij (4) + s (102379Mi Mj + 102379Mi Mj

11847 3 710\ (1) 82491 ( 6800 3 4 A6 | 57420 3 2 478
+102379]\43' ) “Qij (5) 64 (82491Mi Mj + 82491Mi Mj

18271 3 510 (1) 72643 (43350 4 72178 | 29293 3 s10 (1)
+82491Mj )Qij <6)+ 720 (72643Mi Mj + 72643Mj )“Qij (7)

99 (190 A 72,8 | 407 1410 (1) 09 7 710 H(1)
— 0 (G MPM + 52 M%) £2,57(8) + 250 M 82,7 (9)

— s M0 (10) + 10979965 (256, \ 73 g 1581 55 4 1584 g8 T

360 J 128 3655 J 3655 J 3655
+2LM M) 2 (2) — S280805 (256 \TAE + A2 MM
+ 120 MM + S M M) 0 (3) + 178062 (1156 pg2 07
358 MM+ ALV MYD) 0 (4) — SIS (120 AP M

47392 ME’MJ? 4+ 4015 MiMJQ) Qz(f)(5) 4 10391 (4880 Mi:an?

12127 12127 8 10391

5511 9 (2) 1229 (272 7347 957 9 (2)
+10391 MiMj) “Qij (6) 12 (TmMi Mj + ﬁMiMj) “Qij (7>

85 9H(2) 1 9 ~(2) 160875 ( 56 A 76174 | 220 7 747 6

99 Ar278) B3 173173 (56776 A 74 o 660 374176
tas M, Mj) 2 (3) — 5~ (28 M M + 155 M M

3 3
2 NZME) O (4) + 1 (MY 1 BMEM) 0(5)

3 3
— 562 (2 MM + ZLM2ME) 0 (6) + 2 M2MEQD (7T)

3 4
— GMEMF QP (8) + 15 (MM + FMIM]) 2 (4)

J

— 676 (ZMPM? + LMY 2 (5) + BOMIMT 0 (6)

J

— BABMTOW (7) + MM (5) — WM (6) (6.43)

(S9)(€) €, 55))

3/2

(¢) (fi} ij

__ 2505429927 (_2816 10 74880 8a7r3 320320 3 76 2 15
o 8192 (834309 MZ Mj + 834309 MZ Mj + 834309 M’L Mj

343200 n r4 2 7 90090 A 72 A 79 3003 11 (1)
+834309Mi Mj + 834309Mi MJ’ + 834309Mj ) Qij <1)

1273569297 ( 1152 3 r8 3473 9856 1 76 1 /5 15840 n 74 A s 7 5544 A 72 A 79
2048 (32623 Mi Mj + 32623 Mi Mj + 32623 Mi Mj + 32623 Mi Mj

231 11 1) 958832589 ( 17280 8173 430976 7 76 1 /5
+32623Mj ) Qij <2) + 2048 (2235041Mi Mj + 2235041Mi Mj

1166880 8 74 A 77 586872 A 72 A 9 33033 11 (1)
+2235o41 Mi Mj + 2235041Mi Mj + 2235041 Mj ) “Qij (3>

23205897 ( 1120 77675 6160 ns41/7 4818 172149
128 (12483Mi Mj + 12483Mz‘ Mj + 12483Mi Mj

228



385 11 (1) 10626655 ( 19040 A 76 175 | 317200 A 74 447
+12483M )Q (4)+ 256 (817435M MJ+817435MM

429858 1 72 A 19 51337 11 (1) _ 1923623 ( 34000 7 r4 777
+817435M MJ + 817435M )“Qij (5) 320 (147971M M

95700 2779 18271 11 1) 181901 ( 129200 407
+147971M MJ + 147971M ) Ql] (6) + 320 (1637109M M
1127100 A 72 2 19 380809 11 1) 12701 (570 A 1279

+1637109M M] + 1637109M ) “Q <7) 360 (977M M

4407 11 1) 2047 (630 7 r2pr9 4 1417 5 il 1)
977M )“Q (8)+1440 (2047M MJ 20317M )“sz (9)

360M11(2 (10) Mllg 1)(11) + 257041785 ( 640 M9M2

1800 1024 85595

13312 A 77 74 | AL184 A /5406 | 27456 473 4 /8 3003 10 (2)
+85595Mi Mj + 85595Mi Mj + 85595Mi Mj + 85595MiMj )“Qij (2)

20383935 ( 256 M7M4 1584 M5M6 1584 MSMB

64 3655 Jj T 3655 Jj T 3655
231 10 (2) 10212345 (1280 77 4 | 23088 575 r6

+3655MiMj )‘Qij (3) + 64 (71415M M] 71415M M
38896 3 r3 178 | 8151 10\ H(2) 673803 ( 720 775776

+71415M M + 71415MM )“Q (4) 16 (3987M M

2464 1 13 1 /8 803 10 (2) 210763 ( 12240 A 75 176
+WM M +3987MiMj )“Qij (5)+ 32 (210763M M

126880 1 73 1 78 71643 10 (2) 2561 (272 773 778
+210763MM +210763MM )“Q <6)_ 4 (591MM

2 2
LML) O (7) + 1 (800 1 10 AL) 022(8)

13 10 H(2) 1 10 H(2) 1130415 [ 48 8as3
— BMMO02(9) + 35 MM 027 (10) 4 13018 (28 VP M

728 A6 75 | 1430 A4 A g7 429 37279 (3) 232375 ( 56 776 A /5
+%MiMj+mMiMj+2635MM)Q (3)_ 4 (375MM

220 7 s4 7 99 1 s2 7179 (3) 230789 (840 61 /5 9620 A 74447
+375]\4 MJ 375MM)Q (4)+ 12 (17753M M]+17753MM

+ 1772;)533M12M]9) QZ(;)) (5) — 3302 (15207M4MJ7 17277]\42]\49) _Q( )(6)
32 (AN + B 20(7) — BAMRL S

4372179 H3) 15015 ( 16 77 4 156 175 1 /6
+§MiMj“Qij (9)+ 2 (315M M] 315MM

4
143M3M8) Q( )(4> _ 11492 (%Mf]\/[f + %MZSMf) Qz'(j)(5)

315 3
42 (S APME 1 SARME) 0 (6) - BMAAL ()

FSMEMEOLD(8) + 43 (B MOM + BMIMT) 247 (5)

15

— 28 ALAMTQD(6) + MM (T) + 2MEMOQY) (6) . (6.44)

Next, the bracket integrals of Eq. (6.17) that are related to the Hio(x) func-

tions in Chapman and Cowling [10] are considered. For each (p,q), these may
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be generated from the corresponding H,(x) expression in Eqs. (6.24)-(6.44). In
general, Eqs. (6.24)-(6.44) consist of a series of terms each of which is associated
with a specific omega integral. Each of these omega integral terms also contains a
sign, a constant factor, and some function of M; and M;. The conversion process
from the H;(x) expressions to the Hys() expressions is quite straightforward as
the magnitude of the numerical coefficients associated with each omega integral
term are the same from the H;(x) expressions to the Hjs(x) expressions. The
differences are in the distributions of the constituent masses and the signs of the
terms. Since the same omega integrals must occur in both the H;(x) expressions
and the His(x) expressions, the total number of omega integral terms is the same
in each and there is, in effect, a one-to-one correspondence between terms. The
sign difference between corresponding terms is dependent only upon ¢ and the ap-
propriate sign transformation is to multiply each term in the H;(x) expressions
by a factor of (—1)¢ to yield the corresponding Hi(x) signs. The distribution of
constituent masses is much simpler in the Hjs(x) expressions than in the H;(x)
expressions. In the His(y) expressions given below the distribution of the con-
stituent masses is exactly the same in every omega integral term for a given (p, q)
and amounts to nothing more than a common factor of (Miqﬂ/ QMJP +/ ?) in each
expression. Thus, the appropriate overall transformation from the H;(y) expres-
sions to the corresponding His(x) expressions is to first set M; = M; = 1 in each
term in the H;(y) expressions, second to multiply each H;(x) expression with the
appropriate common factor of (Miqﬂ/ M f 1/ 2), and third to adjust the sign of each
term as needed for the odd values of /. When the above prescription is followed,

one obtains the following expressions for the Hys(x) bracket integrals where the

common mass factor in each expression has been explicitly factored out for clarity:

—1

1 J

= -80(1), (6.45)
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_ (1) ) ) @)
= —11002)(1) + 402 (2) — 82 (3) + 162 (2) ,
-1
(50 (€) .55, (6) %], (MP20)
= —350M(1) + 18902 (2) — 38021 (3) + 402 (4)
@) @)
+56027(2) - 16027(3)

(S (%) €, 55))

3/2

(%) (fj:| y (M:/ZM;/Q) -1

= 210 (1) 45880 (2) — 16202, (3) + 2.0 (4)
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—100(5) + 126022 (2) — 12027 (3) + 8022 (4)

1 J
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(S5 (€) €, S5,
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1 J

_ _10305 Q(]})<1) + 451%5 Q(]})<2) _ 2212379(;)(3) + %95)(4)

— B 0W(5) + 10D (6) — £ (7) + 2B 0P (2) — 42907 (3)

+ 14302 (4) — 209 (5) + 202(6) |

557 M,

—-1

(€)%, 55, (€)%, (M2

= 80 O(1) + 83302 (2) — 241021 (3) + 28021 (4)
1) @) @) 2

—200(5) + 30802 (2) — 11202(3) + 16027 (4)

3)
— 1662;7°(3) ,

(S (%) €, 55))

3/2

(€)€)],, (MT/ZMs/z) 1
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1 1 2 2 2
— 40N 5)+ 2000(6) + 9450217 (2) — 52202 (3) + 100027 (4)

— 802 (5) - 12020(3) + 1625 (4)

(5572

(€)€;, 5%

3/2

(€)%;),, <M9/2M.5/2> -1

i J
_ _70152205 QZ(J1)<1) + 23332791;(]'1)(2) _ 1031{2973 Qz(;)(?’) + %9(31)(4)

— R0 (5) + R0 0) - §2,) (1) + 200 (2) - 171602, (3)
+44002(4) — 0P (5) + 807 (6) — 19802 (3) + 8802 (4)
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- BRIOD(3) + 1200 (4) - 2P (5) + 227(6) - 307(7)
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— B0 08 (5) 4 640217 (6) — S(7) + S200 (4) — 2801V (5)
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1
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+ 200 (6) - EROP (1) + KR (8) — 27 (9)

1,

+ 3_1(3(25]2)(10) _ 11310(;115 91(]3)(3) + 2324375 Qz(j)(‘l) _ 23(1);89 91(33)(5)

+33020207(6) — 32102(7) + 201V (8) — 102(9) + U5 1Y (4)
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ij

+ 2801)(6) — 15000 (7) 4 3200 5) . (6.65)

Now that the Hi(x) and Hja(x) bracket integrals of Egs. (6.16) and (6.17)
have been obtained, they can be used to generate the simple gas bracket integrals
of Eq. (6.15). As noted in Chapman and Cowling [10], in the limit of a simple

single) gas where m; = m,, and n;, = n;, one can write:
R L

(S ()€1, S50

(€)%,

)

3/2 () %ZLJ

_ ([sg;g (€) €, S

+ [S5)(€) %1, S0, (€) €] ) (6.66)

mi;=mj;
n;=ng;

Under these conditions, one has that M; = M; = % and the simple gas bracket
integrals are then mass independent except for the presence of a single m; in the

simple gas omega integrals. Since, for any given (p, ¢) all of the terms in the pairs of

corresponding H;(x) and His(x) bracket integral expressions have the same total

power of the constituent masses, substitution of M; = M; = % simply yields an
additional constant factor for the corresponding pairs of expressions of (%)p““.
The difference in the signs of the terms in the corresponding expressions due to
the factor of (—1)* has the effect that all terms involving omega integrals with odd
values of ¢ cancel exactly and all terms involving omega integrals with even values

of ¢ add identically to produce an additional factor of 2 in each surviving term.

Following this prescription, one obtains for the simple gas bracket integrals of Eq.

(6.15):

(5572

(€)€:, S0 (€)€:],=0 (p,g=0) (6.67)
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=40%(2) , (6.68)
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[S$L (€)1, 85, (€) €],

2
_ 2?32;1;;250 ( ) 2063585339635 Qz( )(3) + 1062515233515 Qz ( 4) 617633880439 (5)

+ 231207766839 (6) o %Qi@)(?) + 3165%06940 2)(8) o 95’6 9(2)(9)
+ 36864 9(2 (10) + 1250041859 ( ) — 27867839 (5) + %Q (6)
— 1520 (1) + 3720 (8) + 52°(6) (6.82)

Equations (6.24)-(6.82) constitute the complete set of all bracket integrals neces-
sary to evaluate the Chapman-Enskog diffusion, thermal conductivity, and thermal

diffusion coefficients using order 5 Sonine polynomial expansions.

6.4 Symmetry and matrix element generation

There are several important symmetries to point out that are present among the
bracket integral expressions and, hence, the a,, matrix elements. Proper appli-
cation of these symmetries aids in most efficiently constructing the appropriate
expressions for the matrix elements, a,,, from the bracket integral expressions pre-
sented in this work and those required for higher orders of approximation. First,
it is clear from Eqs. (6.10)-(6.13) that the bracket integral expressions needed for

arbitrary a,, matrix elements are:

(S (€) 61,850, (€) €], . (6.83)

[ 3/2 (%) %, 53/2 (¢)€; L- , (6.84)

(537 (€)%, 5403, (€) %] ;. (6.85)

[ 3/2( )€, S3/2 (€) %j}ﬂ, (6.86)

[S$) (€) €4, S50 (6) €3], (6.87)
and:

[ 3/2 (%) %]7 53/2 (%) cg]ﬂ ’ (6.88)
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where the symmetries for the a,, matrix elements: a,, = a4, ap—q = a_g,
A_pg = Gg—p, and a_,_, = a_,_, have already been noted. For the bracket in-
tegral expressions, note that the integrals of Eqs. (6.83) and (6.84) describe simple
gas collision interactions. As indicated in Eq. (6.67), the bracket integrals of this
type are equal to zero for values of p,q = 0. For values of p,q > 0, note that
the form of the general expressions are identical, excepting only where the sub-

scripts for the component gases differ. It follows from the definitions then that one
has n; 2 [S) (€) 6, Sy (€)€.], = n;*[S), (6) 6,559, (€) €] .. The expres-
sions for these simple gas bracket integrals can be constructed from appropriate
combinations of the Hy (y) and His (x) bracket integral expressions as has been
indicated in Eq. (6.66). However, in the practical construction of these expressions
to orders much higher than 5, the direct generation of the expressions has proven
to be computationally more economical than algebraic combination of the H; (x)
and Hiy (x) bracket integral expressions.

The bracket integral expressions given in Egs. (6.85) and (6.86) and Egs.
(6.87) and (6.88) are related to the H; (x) and Hys (x) expressions, respectively,
and exhibit rather useful symmetries. First, as previously indicated, the structures
of the bracket integrals labeled with the indices, ji, Eqs. (6.86) and (6.88), are
identical to the structures of those labeled with the indices, ij, Eqs. (6.85) and

(6.87), respectively, and only a complete interchange of the subscript indices is

needed. Lastly, of particular use are the symmetries:

(5572 () %1 S5, (6) €], = [, () %1557, (€) €1 . (6.89)
for the H; (x) related bracket integral expressions and:
(5572 () €1.530, (€)%,
-sn@g.sh@el,(3r) o

for the His (x) related bracket integral expressions.
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6.5 Discussion and conclusions

The purpose in this work has been to explore the use of Sonine polynomial ex-
pansions to obtain error free results for the transport coefficients and the related
Chapman-Enskog functions for simple gases and gas mixtures. In the previous
chapter [18], the relevant, explicit bracket integral expressions needed to compute
the viscosity-related Chapman-Enskog solutions up to order 5 based upon expan-
sions in Sonine polynomials were presented. Here, in the current work, the bracket
integral expressions needed to compute the diffusion- and thermal conductivity-
related Chapman-Enskog solutions up to order 5 based upon expansions in Sonine
polynomials have been similarly reported. Further, as was done for the viscosity-
related bracket integral expressions in Chapter 5 [18], a method for how one can
readily combine the reported bracket integral expressions to generate the requisite
matrix elements used to solve the systems of equations in the Chapman-Enskog
method, Egs. (6.4) and (6.5), for the diffusion and thermal conductivity solutions
has been described. Additionally, several of the associated symmetries between
the matrix elements, and also the bracket integral expressions have been clearly
detailed which, in turn, one may use to improve and optimize the construction of

the relevant expressions and computational programs based upon them.
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Chapter 7

Discussion and conclusions

The purpose of this dissertation has been to explore the use of high-order Sonine
polynomial expansions to obtain high-precision results for the transport coefficients
and the related Chapman-Enskog functions for simple gases and gas mixtures com-
posed of rigid-sphere molecules. In this process, direct, fully-general expressions
for the bracket integrals have been generated and archived up to order 150 for sim-
ple gases, up to order 60 for the viscosity-related bracket integrals for binary gas
mixtures, and up to order 70 for the diffusion- and thermal conductivity-related
bracket integrals for binary gas mixtures. Also, full, explicit bracket integral ex-
pressions needed to compute the viscosity-, diffusion-, and thermal conductivity-
related Chapman-FEnskog solutions up to order 5 based upon expansions in Sonine
polynomials both simple gases and binary gas mixtures have been presented. It is
important to note that in all of the expressions generated for this work, one could
use any potential model expressible in the form of the omega-integrals; however,
in this work, the focus has been on results for the rigid-sphere potential model
as direct, analytical expressions are avaible for the omega-integrals such that no
numerical errors are introduced during the integration process. The availability of
the high-precision values tabulated in this work support the validity of previous
works and provide a comprehensive set of benchmark values for future work in the
area. Further, the availability of the archived general expressions for the bracket

integrals and the methods developed during this work provide a basis for exploring
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a wide range of problems in future work.

7.1 Suggestions for future work

In the near future, it is apparent that the current work can be applied to a va-
riety of problems of interest. First, the current work can be readily extended
to model multi-component gas mixtures by an appropriate combination of the
archived bracket integral expressions. Second, as the archived bracket integral
expressions allow for the application of arbitrary potential models expressible in
terms of omega integrals, one would be able to explore the use of more realis-
tic potential models pending the difficult numerical computations required can
be addressed to a sufficiently high precision. Other important areas of interest
which merit exploration include the computation of slip and jump coefficients for
gas and gas mixture flows and heat transfer to a greater degree of precision than
has been obtained with the use of lower-order Chapman-Enskog expansions. Such
computations would shed further light on the role of various models of gas-surface
interactions and intermolecular potentials on the rarefied gas flows and would find

applications in a host of areas where such flows are of interest and consequence.
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Appendix A

Additional higher-order bracket
integrals for a simple, rigid-sphere
gas

Reported below are additional, higher-order bracket integrals needed for the order
N = 5 Sonine polynomial expansion which have not been previously reported in
the literature. For rigid-sphere molecules, the corresponding a,, and I;pq reduce to

those values given in Tables 2.1 and 2.2, respectively.

s = L (69399 (2) — 594022 (3) + 1320 ? (4) — 80 ? (5)) . (A0
(2 = 35 (1316799 (2) — 8(1287(2 2 (3) — 33002 (4) "
@) 5y _ 90 @ '
+4002® (5) — 20! (6))) ,
31 = 505 (2432439 ) (2) — 20493002 *) (3) + 6520802 1Y (4)
— 1012802 (5) + 81602 % (6) — 32027 (7) (A.3)
+ 140802 Y (4) — 25602 Y (5)) ,
y—— (4729725(2 ) (2) - 4(1 14671702 (3)
— 43490702 (4) + 8316002 ¥ (5) — 889202 @ (6)
(A.4)
+528023 (1) — 1602 P (8) — 1478402 Y (4)
+ 42240 ™ (5) - 3840 Y (6))) ,
a5 = (90099 @ (9) — 8(1287(2 @) (3) — 4290 ? (4) s

4520 (5) — 20 (6))) :
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Qg5 = =i (2072079{2) (2) — 21364202 P (3) + 8(900901(2) (4)
—14302® (5) + 1182 2 (6) — 40 ? (7))) ,
Q35 = e (44594559 @ (9) — 4(1 16988302 %) (3)

49152
— 45087902 (4) + 8767202 ?) (5) — 934802 1Y (6)
+ 56002 (1) — 1602 (8) — 915202 Y (4) D
133280 W (5) — 2560 Y (6))) ,
J—— (98783685(2 @ (9) - 2(56158245(2 @ (3)
— 2481593402 P (4) + 567543602 Y (5)
— 74815202 P (6) + 5899202 P (7) — 272002 P (8) (A.8)
+ 6402 (9) — 93350402 Y (4) + 38937602 Y (5)
— 56832029 (6) + 307202 ¥ (7))) ,
(55 = ez (11566880325%” (2) — 16(91727707599) (3)
— 45955552502 %) (4) + 2 <60642270(2 @ (5)
04843350 ) (6) + 8<1 152450 @ (7)
— 704502 (8) + 26002 ? (9) — 52 ? (10) (A.9)
— 135135002 Y (4) + 68952002 ¥ (5)
— 13704002 Y (6) + 1248002 " (7)
— 4800 W (8) — 38402 ©® (6))))) ,
b= (69309 2) — 59402 2 (3) + 1320 ? (4) — 80 ? (5)) . (A10)
by = 5b (2009791@) (2) — 8(1782(21(2) (3) — 38502 @ (4) o
+ 14002 (5) - 20 6))) , —
bys = 5 (467775{2 2 (2) — 34036202 @ (3) + 8(113859 @ (g)
— 149402 (5) + 10202 P (6) — 402 ) (7) (A.12)

15280 ™ (4) — 960 W (5))) :
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bas = oL (10513503!2 @ (9) - 4(22052259 @ (3)

— 7080152 () (4) + 11325602 (7 (5) — 103082 ) (6)
(A.13)
+52802 %) (7) — 1602 ) (8) — 4681602V (4)

+1267202 Y (5) — 11520 W (6))) :

bis = (90099 @ (9) - 8(12879 @ 3y — 4200 ? (1)

1536

A4
+520® (5) — 20 @ (6))) , A

18432

by = — L (98198199 (2) — 9498062 @ (3) + 8(356079 @ (4)
(A.15)
— 48102 @ (5) + 35402 2 (6) — 120 @ (7))) ,

bys = L (92162079 @ () - 4(21582999 @ (3)

49152
— 71171102 (4) + 11762402 7 (5) — 1069202 ¥ (6)
456002 @ (7) — 16022 (8) — 2745602 Y (4) 10
+99840 Y (5) — 7680 W (6))) ,
P (242567325Q§2) (2) — 2(1215481419 @ (3)
4597078202 7 (4) + 4(22157079 @ (5)
— 24603092 ? (6) + 4(4175(2 @ 7y~ 17002 @ (8) (A.17)
+ 40P (9) — 19104802 Y (4) + 7592002 Y (5)
- 1065622 (" (6) +57621" (7)) ) ) ) .
bss = ss3izes (19216872675Q§2> (2) — 16(1351446525952) (3)
— 58472657102 % (4) + 2 (653452029 @ (5)
858312902 @ (6) + 8(88179(2 @ (7)
— 16992 {? (8) +3(522{? (9) - 2{? (10) A1)
— 94008202 Y (4) + 45156802 Y (5) — 8545602 ¥ (6)

+ 748802 W (7) — 2880 Y (8) — 38402 % (6)))))) .
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