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Abstract 
Probabilistic evaluations of the reliability of foundation designs based on site-specific load 

test information are somewhat limited in number. Published evaluations have generally relied on 

Bayesian techniques. A primary input for Bayesian analysis is within-site variability, which 

describes the variability of foundation resistance across a site. Within-site variability is attributed 

to geologic variation across a site and to differences in construction outcomes among foundation 

elements. Published evaluations have generally used a deterministic value of within-site 

variability wherein within-site variability is treated as a known parameter and is not subject to 

updating based on load test results. In contrast, probabilistic within-site variability treats within-

site variability as an uncertain parameter with its own probability distribution that is updated based 

on load test results. Probabilistic within-site variability has not been applied commonly. This 

research examines differences in reliability outcomes between deterministic and probabilistic 

within-site variability. 

Analysis of micropile load test results from five different sites was used to develop a 

distribution of within-site variability. The resulting distribution is relatively variable (i.e. the value of 

within-site variability is, itself, variable), which demonstrates that there is, in fact, considerable 

variability and uncertainty in the value of within-site variability. 

A numerical tool was developed to perform reliability evaluations using both deterministic 

and probabilistic within-site variability. The tool uses site-specific load test information to update 

prior distributions of the mean and standard deviation of the foundation resistance. The prior 

distribution of the mean characterizes among-site variability, the variation in average resistance 

across sites that is inherent to empirical methods of foundation design. The standard deviation of 

foundation resistance is within-site variability. For deterministic within-site variability, a constant 

value is used. For probabilistic within-site variability, a prior distribution of the standard deviation 

represents the magnitude of within-site variability and the uncertainty in the magnitude. The 

numerical tool was used to perform Bayesian updating of various prior distributions used to 
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represent a wide range of site conditions from relatively low capacity to relatively high capacity 

and relatively uniform to relatively variable. Updating was performed for a range of load test 

outcomes. The posterior distributions were used to numerically estimate 𝑅𝑅1/1500, the 1/1500th 

value of foundation resistance. 𝑅𝑅1/1500 is the value at which 1/1500 values are smaller and 

1499/1500 are larger. 𝑅𝑅1/1500 is comparable to factored resistance from load and resistance factor 

design approach, although 𝑅𝑅1/1500 does not account for load variability. 

The findings support the hypothesis: for evaluations with many load tests, the posterior 

estimate of 𝑅𝑅1/1500 with probabilistic within-site variability converges to the true value of 𝑅𝑅1/1500 

while the posterior estimate of 𝑅𝑅1/1500 for deterministic within-site variability does not, unless the 

prior estimate of within-site variability happens to be correct. Simulations comparing the posterior 

estimates of 𝑅𝑅1/1500 to the true value were characterized as underreliable when the estimated 

value of 𝑅𝑅1/1500 was more than ten percent greater than the true value. For small numbers of 

tests, the proportion of underreliable outcomes for deterministic within-site variability ranged from 

10 percent with low within-site variability to 30 percent with high within-site variability. In all cases, 

the proportion of underreliable cases with deterministic within-site variability was about twice the 

proportion with probabilistic within-site variability. The prevalence of underreliable outcomes for 

deterministic within-site variability is attributed to its neglect of uncertainty in within-site variability. 

Results from this research suggest that the practically achievable reliability benefit of load 

testing is to reduce the effect of among-site variability. The results indicate significant reductions 

in among-site variability can be achieved for one load test. In fact, when the ratio of within-site 

variability to among-site variability is 0.2 and the nominal 𝐶𝐶𝐶𝐶𝐶𝐶 of the prior predictive distribution of 

resistance is 0.5, the prior value of 𝑅𝑅1/1500 was increased by a factor of three, on average, after 

Bayesian updating from one randomly sampled load test. Additional simulations suggest the 

reliability benefit of load testing is significantly greater when total variability is dominated by 

among-site variability rather than within-site variability. The increase in 𝑅𝑅1/1500 due to load testing 

is most significant for the first test, with diminishing increases for subsequent tests. 
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1. Introduction 
Foundation load tests are commonly used as a basis for engineering design of 

foundations. Most designs based on load tests are not reliability-based, which limits evaluation of 

the benefits of load testing. Previous work has established probabilistic methods to evaluate the 

reliability of designs based on load tests. Most of the previous work to evaluate reliability of 

designs based on load tests has treated the variability of foundation resistance at a site, or within-

site variability, as a constant, deterministic value. In fact, within-site variability is known to vary, 

which likely alters the results of reliability evaluations. 

This research uses a numerical tool to perform reliability analysis of designs based on 

load tests both with and without the assumption of constant, deterministic within-site variability. 

The research also uses a large collection of micropile load test results to develop a probabilistic 

distribution of within-site variability. Results from the analyses are used to evaluate the effect of 

constant, deterministic within-site variability versus variable, probabilistic within-site variability on 

interpretations of foundation reliability. Additional explanation of the motivation is provided in this 

chapter, along with a statement of objectives and hypothesis, an overview of the research 

methodology, and a description of the contents of this dissertation. 

1.1 Motivation & Background 

Foundation design is an inherently uncertain business. Experience has shown foundation 

resistance and performance to vary widely, even for foundations designed and built to the same 

standards and even for foundations installed at the same site. Consider, for instance, the Lee Roy 

Selmon Crosstown Expressway in Tampa, Florida. During construction of an elevated portion of 

the expressway, one of the bridge piers suddenly sank more than 10 ft upon failure of the drilled 

shaft supporting the pier. A photograph of the bridge following the shaft failure is shown in Figure 

1. The failed shaft was designed based on a boring located approximately 8 ft from the shaft. The 

boring indicated the shaft was socketed 2 ft into hard material, but coring through the failed shaft 

indicated more than 10 ft of soft material below the shaft. 
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Figure 1: Failure of a pier supporting an elevated portion of the Lee Roy Selmon 
Crosstown Expressway in Tampa, Florida (from Dapp et al., 2013). 

Foundation engineers typically address uncertainties in foundation performance by 

collecting information to reduce the uncertainty, by adopting conservative design postures to 

reduce the chance of poor performance, or by some combination of both information gathering 

and conservatism. The most obvious example of information collection to reduce uncertainty is 

geotechnical site investigation to characterize the subsurface and develop models to predict 

foundation performance. An increasingly common form of information collection is foundation load 

testing, which involves installing a foundation element at the project site and observing its 

performance under controlled loading. The information from a foundation load test provides site-

specific performance information, which generally is associated with a considerable reduction in 

uncertainty regarding foundation performance.  

Another trend in foundation engineering is toward reliability-based foundation design. The 

objective of reliability-based design is to balance uncertainties and conservatism to achieve an 

appropriate level of risk. Accordingly, designs based on foundation load tests are commonly 

associated with more aggressive design postures, i.e. lower safety factors (or higher resistance 

factors). However, while the lower safety factors are consistent with the spirit of reliability-based 



 3 

design (i.e. reduced uncertainty is associated with less conservatism), the specific values of the 

lower safety factors (or higher resistance factors) are almost always selected or assigned based 

on judgment rather than explicit probabilistic analysis. Explicit probabilistic analysis of designs 

based on load test information is desirable to facilitate “apples-to-apples” comparisons with 

probabilistic analysis of designs based on other methods (e.g. presumptive designs, designs 

based on predictive models with laboratory measurements, etc.). Comparison of different design 

methods that achieve the same reliability is the truest and fairest means for evaluating the relative 

merits of the different approaches to foundation design. 

Previous studies have successfully performed probabilistic reliability analyses of designs 

based on load test information. The previous work has evaluated reliability for different types of 

load tests, different types of foundations, and different assumptions regarding available 

foundation performance information. The primary limitations of the previous work result from 

assumptions that have been invoked in the reliability analyses, typically to facilitate exact 

theoretical solutions or to simplify consideration of the problem. One particular assumption that 

has been applied commonly may have particular consequence to the results of the reliability 

analyses. The assumption is that within-site variability is a known, constant parameter rather than 

an uncertain, probabilistic parameter. 

Within-site variability refers to the dispersion of foundation resistance values for 

foundation elements installed at the same site. Statistically, it can be defined as the variability of 

resistance for similar foundation elements installed at a site where the mean is known perfectly. 

Within-site variability is generally attributed to differences in geology across a site, and to 

differences in construction outcomes among foundations at a site. Within-site variability is 

commonly discussed in conjunction with among-site variability, which refers to the dispersion of 

the average foundation resistance across a collection of sites.  

To understand the concepts of within-site variability and among-site variability, it is 

instructive to consider the relatively simple case of a presumptive design method. In a 

presumptive design, a single value of foundation resistance is assumed to apply across sites, 
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typically for a particular type of foundation installed in a particular type of ground (e.g. spread 

footings on clay, driven piles in sand, drilled shafts in rock, etc.). Figure 2 is a conceptual 

representation of data used to develop a presumptive model. The hypothetical presumptive 

model is based on data from a large number of sites. For each site, observations of foundation 

resistance are averaged and a single value is reported. The complete set of results – one 

average value from each site – is then averaged to produce a single value, 𝜇𝜇𝑅𝑅, for presumptive 

designs. Application of the presumptive design value to a new site introduces two sources of 

variability. The first source of variability is introduced by using results from the “average” site (i.e. 

𝜇𝜇𝑅𝑅) to represent resistance at the new site. The uncertainty associated with using the average 

results from other sites at a new site depends largely on how variable foundation resistance is 

among different sites. This among-site variability is represented by the width (or spread, or 

dispersion) of the distribution of 𝜇𝜇𝑅𝑅 shown at the bottom of Figure 2. Among-site variability is 

primarily a result of geologic differences between locations; differences in geologic conditions 

produce different strengths, different construction results, and various other factors that impact 

foundation resistance.  

The second source of variability is introduced by assuming one value of resistance for the 

entire design site. The validity of this assumption depends largely on how variable foundation 

resistance is within the site. The within-site variability is represented by the width of each of the 

site distributions shown in the top half of Figure 2; within-site variability is the variance of the site-

specific distribution of resistance. As the distributions in Figure 2 indicate, some sites are more 

variable than others. Within-site variability results from geologic variation across a site and from 

variation in construction outcomes from one foundation element to another. The value of within-

site variability for a given site and a given set of construction practices is generally fixed but 

strictly unknown. Within-site variability also depends on how a site is defined. If a site is defined 

by the project boundaries, greater within-site variability might be observed compared to the 

approach of splitting the project site into smaller “sites” for design purposes. By this reasoning, 

the designer has some subjective control of within-site variability, although some measure of 

within-site variability will always be present. As in other aspects of foundation design, the 
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engineer must weigh the benefits of increased precision with practical considerations related to 

the degree of complication of the design and its construction. 

 

Figure 2: Conceptual representation of among and within-site variability for a presumptive 
model of foundation resistance. 

By performing load tests, a designer is effectively sampling directly from the site 

distribution of foundation resistance; each test is a measurement sampled at random from a 

distribution like the ones for Sites 1, 2, and 3 in Figure 2. As for all sampling applications, the 

information garnered from a load test program generally improves with the number of 

measurements because the average load test result converges to the mean of the site distribution 

of foundation resistance. The rate of convergence is generally high; for most sites, a large 

number of tests is not required to establish a reliable estimate of the mean. The rate of 

convergence is greater for more uniform sites. Although the average result converges to the 

mean relatively quickly, a single load test result could be misleading. Consider the result 

represented by the dashed line in Figure 2. The result could be a relatively high result from Site 1, 

a relatively low result from Site 2, or, more likely, an average result from some site with mean 

resistance between that of Site 1 and Site 2. If multiple tests are performed at a site, it is possible 

to estimate within-site variability, but the number of tests required to produce a reliable estimate 

of within-site variability is greater than the number of tests required to produce a reliable estimate 

of the mean. 
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Estimates of within- and among-site variability provide useful context for consideration of 

foundation load test information, allowing a foundation engineer to rationally weigh empirical 

information from past performance at other sites with site-specific information at the project site. 

Such consideration can be performed informally, i.e. by weighing the evidence via engineering 

judgment, or formally through probability analysis using Bayesian updating. Bayesian updating is 

the basis for nearly all published reliability studies of foundation designs based on load tests, 

including this research. 

Within-site variability is therefore an important input for reliability analysis of designs 

based on load tests. The assumption that within-site variability is known and constant simplifies 

analysis of foundation designs based on load tests. That the assumption has been employed 

often also likely reflects the fact that information regarding within-site variability is relatively 

limited. However, the assumption of constant within-site variability is demonstrably false: even 

previous efforts that have invoked the assumption have used a dataset of non-constant values of 

within-site variability to select a constant value for analysis. 

The consequences of the constant within-site variability assumption have not been 

examined. The consequences could be significant. Presume the constant value of within-site 

variability that is assumed is, in fact, representative of the “average” site. Application of the 

average constant value to a highly variable site may inappropriately (1) give the foundation 

engineer too much confidence in the observed load test results and (2) result in underestimation 

of the variability of foundation resistance in reliability analysis of the design based on load test 

information. The second consequence would produce a design with a probability of failure greater 

than intended. Conversely, application of the average constant value of within-site variability to a 

relatively uniform site may inappropriately (1) lead the engineer to under-weigh the foundation 

load test information and (2) result in overestimation the variability of foundation resistance for 

reliability analysis. The second consequence would produce overly reliable designs that cost 

more than necessary to achieve the target probability of failure. Finally, even if application of the 

average constant value to an “average” site is, in fact, appropriate, the uncertainty in within-site 
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variability makes it impossible for an engineer to know that the assumed, constant value of within-

site variability is appropriate. Failure to consider the variability of within-site variability, and in 

particular failure to consider the possibility that a site is considerably more variable than 

assumed, likely produces probability of failure values that are below the true value. 

Evaluation of the consequences of assuming constant, known within-site variability will 

provide useful context for current methods of reliability analysis for designs based on load tests. 

Importantly, evaluating the effect of the common assumption may lead to reconsideration of the 

conclusions that have been stated regarding the reliability of designs based on load tests. If the 

consequences are significant – for example, if assumption of constant, known within-site 

variability leads to overestimating the reliability of designs based on load tests – the results could 

have a meaningful impact on the practice of load testing in foundation engineering. 

1.2 Objective 

The objective of this research is to evaluate the effect of assuming a deterministic value 

of within-site variability that is known and constant versus using a probabilistic value of within-site 

variability that is uncertain and subject to revision based on the results of load testing. The 

evaluation of the assumption focuses on the effect on the left tail of the resistance distribution, but 

effects on the mean and variability of foundation resistance are also considered in this research. 

The hypothesized effects associated with the objective are presented in the next section, followed 

by an overview of the methodology for achieving the objective and evaluating the hypothesis. 

1.3 Hypothesis 

The hypothesized consequences of the effect of deterministic consideration of within-site 

variability follow from the discussion of motivation in Section 1.1. The hypothesis is stated in 

terms of 𝑅𝑅1/1500, the 1/1500th value of resistance, which is the resistance value for which 1/1500 

of resistance values are lower and 1499/1500 of resistance values are greater. 𝑅𝑅1/1500 is of 

interest because it characterizes the left tail of the foundation resistance distribution, and the left 

tail governs foundation reliability. 𝑅𝑅1/1500 is similar to the concept of factored resistance in load 
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and resistance factor design (LRFD) methodology, although LRFD analyses would also consider 

load variability, which is not considered here. 𝑅𝑅1/1500 is also comparable to allowable resistance 

from working stress design methods, which are typically not reliability-based. 

For cases without load test information, assuming a deterministic value of within-site 

variability is hypothesized to yield estimates of 𝑅𝑅1/1500 that are greater than estimates from 

probabilistic treatment of within-site variability, when all other factors (average resistance, among-

site variability, and average value of within-site variability) are the same. As greater numbers of 

load tests are considered, probabilistic consideration of within-site variability is hypothesized to 

produce estimates of 𝑅𝑅1/1500 that converge to the true value. In contrast, deterministic 

consideration of within-site variability is hypothesized to produce estimates of 𝑅𝑅1/1500 that 

generally do not converge to the true value. 

1.4 Research Methodology 

The assumption of deterministic within-site variability is commonly invoked primarily for 

the sake of mathematical convenience. To avoid the need to invoke the assumption, a numerical 

tool was developed to perform Bayesian updating and reliability analysis of foundation designs 

based on load test information. The numerical tool performs Bayesian updating via numerical 

integration and reliability calculations via Monte Carlo simulations in order to eliminate strict 

statistical distribution requirements associated with previous efforts. The computational and 

distributional flexibility of the tool facilitates reliability analysis of foundation designs based on load 

tests with either deterministic or probabilistic consideration of within-site variability and without 

any strict distributional requirements. 

Another reason for the common assumption of a single value of within-site variability is 

likely that observations of within-site variability are relatively rare. A single observed value of 

within-site variability requires multiple tests to failure of “identical” foundation elements at the 

same site, and such information is limited, at least in literature. To develop a realistic approach for 

probabilistic consideration of within-site variability, this research examines a large body of 
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micropile load test data scoured from literature and from submissions by foundation contractors, 

consultants, and transportation agencies. Micropiles were selected because load testing is 

performed relatively often for micropiles compared to other types of foundations. In particular, 

load tests that achieve failure are more common for micropiles; the size of micropiles makes 

application of failure loads more practical than for larger foundation types. The collection of 

micropile load test data is analyzed to produce a probabilistic distribution of within-site variability 

values for micropile foundations. 

To evaluate the effect of deterministic-vs.-probabilistic within-site variability on Bayesian 

updating and reliability analysis of foundation designs based on load tests, the numerical tool is 

used to analyze simulated cases with both deterministic and probabilistic within-site variability. 

Both considerations of within-site variability are applied to the same set of cases, which cover a 

range of site conditions and load test scenarios. The site conditions vary in mean resistance (i.e. 

relatively low capacity to relatively high capacity) and within-site variability (i.e. relatively uniform 

to highly variable). The simulated site conditions are created to cover a range of among-site and 

within-site variability values that is informed by empirical data. Two methods are used to simulate 

load test results from each simulated site. In the first, test results perfectly satisfy the assumed 

site conditions (i.e. mean and standard deviation). In the second, test results are randomly 

sampled from the assumed site conditions. The first method is useful for evaluating why certain 

trends are observed; the second method is useful for evaluating the practical implications of the 

trends. 

The effect of within-site variability assumption is evaluated by comparisons of the 

updated distributions of foundation resistance – one for deterministic within-site variability, one for 

probabilistic within-site variability – with the “true” distribution of resistance. For each simulated 

site, the true distribution of foundation resistance is defined by the mean parameter and the 

standard deviation parameter. Thus the true distribution is known perfectly for the purposes of the 

research. Importantly, in real applications of Bayesian updating for foundation resistance, the 

parameters are never known perfectly. As explained in the hypothesis (Section 1.3), the 
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evaluations focus on the left tail of the updated distributions of foundation resistance, which 

governs foundation reliability. The left tail is characterized using 𝑅𝑅1/1500, which was defined in the 

statement of hypothesis. 

Comparison of estimates of 𝑅𝑅1/1500 computed for each case with the true value of 𝑅𝑅1/1500 

facilitates evaluations of the effect of treatment of within-site variability on reliability analyses for 

various site conditions and numbers of tests. To evaluate the hypothesis, the estimates of 𝑅𝑅1/1500 

are compared for deterministic within-site variability and probabilistic within-site variability under 

different assumptions of site conditions and testing results. Comparisons focus on results without 

testing and results for large numbers of tests for the purpose of evaluating the hypothesis, but 

other meaningful conclusions are evident from comparisons at small numbers of tests, for 

example in examining the magnitude of errors in estimates of 𝑅𝑅1/1500 for small numbers of tests. 

1.5 Organization of Dissertation 

This chapter has provided an introduction to the motivation for this research and an 

overview of the research objectives, hypothesis, and methodology. In Chapter 2, additional 

background information and a review of literature are presented. The chapter focuses primarily on 

Bayesian updating, beginning with an introduction to Bayes’ Theorem and an overview of the 

application of Bayes’ Theorem to foundation design with load tests before proceeding to a 

detailed review of literature on the topic. Other foundation reliability topics, including a summary 

of available literature regarding within-site variability, are also covered in Chapter 2. Chapter 3 

presents the results of gathering and characterizing within-site variability information for micropile 

foundation systems, including a comparison of the findings with previous published distributions 

of within-site variability. 

Chapter 4 presents details of the numerical tool for Bayesian updating and reliability 

analyses of foundation designs based on load test information. In Chapters 5 and 6, the results of 

Bayesian updating and reliability analyses are compared for cases evaluated with deterministic 

and probabilistic within-site variability, consistent with the discussion of methodology in Section 
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1.4. The cases are considered for different numbers of load tests and for various site conditions 

(i.e. different prior methods of predicting resistance, different “true” values of mean foundation 

resistance, different “true” values of within-site variability). While Chapter 5 addresses cases with 

load test results perfectly satisfying assumed site conditions, Chapter 6 addresses cases with 

load test results randomly sampled from assumed site conditions. The dissertation closes with 

Chapter 7, which summarizes significant findings and conclusions and makes recommendations 

for foundation engineering practice and for future research. 
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2. Literature Review 
Bayesian updating for foundation designs based on load test information is typically 

performed in conjunction with analysis of foundation reliability, the first topic of this chapter. After 

introducing the concept of foundation reliability, an introduction to Bayes’ theorem and Bayesian 

inference is presented. After the general presentation of Bayesian updating, a conceptual 

overview of Bayesian updating of foundation designs based on load test information is presented 

prior to a more detailed review of literature regarding the topic. The final topic in this chapter is 

within-site variability, with Section 2.5 summarizing published information regarding within-site 

variability. 

2.1 Foundation Reliability 

For engineering applications, reliability is typically defined as the probability of success. 

Reliability, 𝑟𝑟, is therefore the mathematical complement of probability of failure, 𝑝𝑝𝑓𝑓: 

𝑟𝑟 =  1 − 𝑝𝑝𝑓𝑓  Eq. 2-1 

For design of structures, including foundations, failure is defined as an event that 

achieves a limit state. As shown in Figure 3 both load effects, Q, and resistance, R, are uncertain 

quantities that can be considered as random variables that contribute to the reliability of a 

particular foundation.  A performance function, 𝑔𝑔, is often established to facilitate calculation of 

the probability of failure, as shown in Figure 3(b). For strength limit states, the performance 

function is often defined as the difference between the resistance and load: 

𝑔𝑔 =  𝑅𝑅 − 𝑄𝑄  Eq. 2-2 

With this definition, 𝑔𝑔 is sometimes referred to as the safety margin (e.g. Allen, 2005), 

with negative values of 𝑔𝑔 indicating failure as shown by the shaded region in Figure 3(b). Thus, 

the probability of failure can be computed as 𝑝𝑝𝑓𝑓 = 𝑝𝑝[𝑔𝑔 < 0]. 
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Figure 3: Overview of reliability: (a) distribution of load effect, 𝑸𝑸, and resistance, 𝑹𝑹, and (b) 
distribution of the safety margin, 𝒈𝒈. 

Because reliability for a particular design is dependent on the nominal magnitude of both 

load effects and resistance, as well as the uncertainty in load effects and resistance, design 

reliability can be improved in several ways. The most obvious and direct means for improving 

reliability as part of foundation design is to increase the magnitude of foundation resistance, 

effectively shifting the distribution for 𝑅𝑅 in Figure 2.1(a) to the right. Reliability can also be 

improved by reducing the magnitude of load effects, which shifts the distribution for 𝑄𝑄 to the left. 

Reducing the variability and uncertainty associated with the distributions will also improve 

reliability. For instance, designs based on presumptive values are typically more uncertain than 

designs based on values predicted from empirical relationships (e.g. driven pile side resistance in 

clay as a function of undrained shear strength). Predictive values of foundation resistance are, in 

turn, generally more uncertain than designs based on site-specific load tests. Accordingly, one 

would expect designs based on presumptive values to be the least reliable and designs based on 

load tests to be the most reliable, with the reliability of designs based on predictive values 

between the others. 

Reliability is often represented using the reliability index, 𝛽𝛽, instead of the probability of 

failure. As shown in Figure 3(b), the reliability index represents the number of standard deviations 

between the mean value of the safety margin and zero. Greater values of the reliability index 

therefore correspond to lesser values of the probability of failure. If both load and resistance 

follow normal distributions, the safety margin is also normally distributed and the probability of 

failure and the reliability index are related analytically through the standard normal cumulative 

distribution function, designated by Φ (Baecher and Christian, 2003): 
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𝑝𝑝𝑓𝑓 = Φ(−𝛽𝛽)  Eq. 2-3 

As shown in Figure 4, if other distributional assumptions are made for the safety margin, 

the relationship between probability of failure and reliability index changes. For reliability index 

values less than 2.0, the effect of distribution is limited. For reliability index values greater than 

2.0, the assumption of having normally distributed load effects and resistances results in greater 

probabilities of failure than would be true if load effects and resistances were log-normally 

distributed, and the difference increases with increasing variability of the lognormal distribution. In 

Figure 4 and commonly throughout this report and elsewhere, variability is represented using the 

coefficient of variation, or 𝐶𝐶𝐶𝐶𝐶𝐶. The COV is the ratio of the standard deviation to the mean and is 

therefore a normalized measure of variability: 

𝐶𝐶𝐶𝐶𝐶𝐶 =
𝜎𝜎
𝜇𝜇

  Eq. 2-4 

 

Figure 4: Probability of failure versus reliability index for various safety margin 
distributions. From Baecher and Christian (2003). 
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All civil engineering design philosophies intend to achieve reliable structures, but the 

means for ensuring reliability varies. Allowable stress design (ASD) methods achieve reliability by 

applying a factor of safety, defined as the ratio of available resistance to applied load, with greater 

factors of safety resulting in greater reliability. Traditionally, ASD methods have not explicitly 

considered quantitative reliability, but engineering judgment commonly and appropriately dictates 

greater factors of safety for more critical structures and for designs with greater uncertainty in 

load and resistance values. Load and resistance factor design (LRFD) methods were conceived 

as a more explicit and formal means for considering design uncertainties. Whereas ASD methods 

apply one factor, the factor of safety, to designs in order to achieve reliability, LRFD methods 

apply separate factors to expected values of load and resistance. The separation of load factors 

and resistance factors is intended to reflect the separate uncertainties that surround each 

quantity. In LRFD for strength limit states, a design is considered satisfactory if the sum of the 

factored load effects is less than the factored resistance: ∑𝛾𝛾𝑄𝑄 ≤ 𝜙𝜙𝑅𝑅, where 𝛾𝛾 is a load factor and 

𝜙𝜙 is a resistance factor. Load factors are typically greater than one, with greater load factors 

being applied to more variable or uncertain load effects. Resistance factors are typically less than 

one, with smaller resistance factors applied to resistances having greater uncertainty. Greater 

load factors and/or smaller resistance factors produce greater reliability (or lower probability of 

failure) for a given design. For foundations, resistance factors can be calibrated by fitting to 

required factor of safety values from historical ASD practice, or they can be calibrated 

probabilistically to achieve some selected target reliability. 

2.1 Bayes’ Theorem and Bayesian Inference 

Bayes’ theorem is a powerful tool for updating probabilities in consideration of new 

information. Bayes’ theorem underpins a major branch of the field of probability and statistics with 

applications throughout the sciences. Probably the most familiar form of Bayes’ theorem is 

presented in Eq. 2-5: 
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𝑝𝑝(𝐴𝐴|𝐵𝐵) =
𝑝𝑝(𝐵𝐵|𝐴𝐴)𝑝𝑝(𝐴𝐴)

𝑝𝑝(𝐵𝐵)  , where Eq. 2-5 

𝐴𝐴 and 𝐵𝐵 are events 

𝑝𝑝(𝐴𝐴|𝐵𝐵) is the conditional probability of observing 𝐴𝐴 given 𝐵𝐵 

𝑝𝑝(𝐵𝐵|𝐴𝐴) is the conditional probability of observing 𝐵𝐵 given 𝐴𝐴, 

𝑝𝑝(𝐴𝐴) is the probability of observing 𝐴𝐴 (independent of 𝐵𝐵), and 

𝑝𝑝(𝐵𝐵) is the probability of observing 𝐵𝐵 (independent of 𝐴𝐴). 

With this form, the conditional probability of 𝐴𝐴 given 𝐵𝐵 reflects the updated probability of 

observing 𝐴𝐴 in light of the information provided by the occurrence of event 𝐵𝐵. The updated 

probability of observing 𝐴𝐴 is calculated from the likelihood of the new information (event 𝐵𝐵) given 

the prior information regarding event 𝐴𝐴, and from the independent probabilities of events 𝐴𝐴 and 𝐵𝐵. 

Consistent with that explanation, 𝑝𝑝(𝐵𝐵|𝐴𝐴) is commonly referred to as the likelihood and 𝑝𝑝(𝐴𝐴) is 

commonly referred to as the prior. 

Bayes’ theorem is commonly applied to medical tests, e.g. a test for strep throat. In this 

example, 𝐴𝐴 is the event that a patient is infected with strep throat and 𝐵𝐵 is the event that the 

patient tests positive for strep throat. The conditional probability 𝑝𝑝(𝐴𝐴|𝐵𝐵) then represents the 

probability of the patient being infected given a positive test outcome. The conditional probability 

depends on 𝑝𝑝(𝐵𝐵|𝐴𝐴), which represents the chance of a true positive test; 𝑝𝑝(𝐴𝐴), which represents 

the percentage of the population infected with strep throat; and 𝑝𝑝(𝐵𝐵), which represents the total 

probability of observing a positive strep tests among all patients, including those who are not 

infected. Better medical tests generally have greater values of 𝑝𝑝(𝐵𝐵|𝐴𝐴), which implies a small 

chance of false positives, and values of 𝑝𝑝(𝐵𝐵) close to 𝑝𝑝(𝐵𝐵|𝐴𝐴), which implies a small chance of 

false negatives. 

The field of Bayesian inference is a specific application of Bayes’ theorem. In Bayesian 

inference, the parameters of probability distributions (e.g. the mean of the normal distribution, the 

standard deviation of the normal distribution, the probability of success of the binomial 

distribution, etc.) are treated as random variables. This is a departure from the more familiar form 
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of statistical inference, the frequentist approach. In the frequentist approach to statistical 

inference, probability distribution parameters are treated as deterministic constants. An insightful 

discussion comparing Bayesian inference and the frequentist approach is provided by Bain and 

Engelhardt (1992). Bayes’ theorem is re-stated in Eq. 2-6 for application to Bayesian inference: 

𝑝𝑝(𝜃𝜃|𝐷𝐷) ∝ 𝑝𝑝(𝐷𝐷|𝜃𝜃) ∙ 𝑝𝑝(𝜃𝜃) , where Eq. 2-6 

𝑝𝑝(𝜃𝜃|𝐷𝐷) is the probability of the parameter(s) 𝜃𝜃 given the data 𝐷𝐷, i.e. the 

posterior distribution of the parameter(s), 

𝑝𝑝(𝐷𝐷|𝜃𝜃) is the probability of observing the data given prior estimates of the 

parameter(s), also referred to as the likelihood function, and 

𝑝𝑝(𝜃𝜃) is the probability of the parameter(s), i.e. the prior distribution of the 

parameters(s) 

The proportional operator is used in Eq. 2-6 because the right side of the equation must be 

normalized by a constant (equal to 𝑝𝑝(𝐷𝐷)) in order to produce a probability distribution function (i.e. 

to satisfy ∫ 𝑓𝑓(𝑥𝑥)𝑑𝑑𝑥𝑥 = 1∞
−∞ ). 

As presented in the rest of this chapter, Bayesian updating is the theoretical basis for 

nearly all of the literature regarding foundation reliability analyses with load test information. To 

apply Bayesian updating, a “prior distribution” representing knowledge of the parameter prior to 

testing is estimated based on previous data, expert opinions, or other means. New data regarding 

the value of the parameter are collected. Using Bayes’ theorem, the prior distribution is updated 

to reflect the new information, yielding a “posterior distribution” of the parameter that represents 

knowledge following collection of test data. In most circumstances, the posterior distribution is 

associated with less variability than the prior distribution, which is evidence of the value of the 

new information. Tang (1971) was among the first to recommend applying Bayesian inference for 

geotechnical engineering design, citing the reduction in variability as motivation for adopting 

Bayesian inference. The application of Bayes’ theorem to foundation load test information is the 

primary topic of the rest of this chapter. 
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2.2 Bayesian Updating Framework for Foundation Design with Load Test 
Information 
Before presenting details of the literature regarding Bayesian updating based on load test 

information, it is helpful to introduce the conceptual framework for the topic. The conceptual 

framework applies the Bayesian inference topic of the last section to the concepts of within-site 

variability and among-site variability introduced in Chapter 1. This section also functions as an 

introduction to the two immediately following it, which present details from published literature 

regarding Bayesian updating based on foundation load test information. The methods presented 

in literature all generally conform to the framework presented in this section.  

Foundation load testing is generally considered an effective method for improving the 

reliability of foundation designs. Primarily, the reliability is improved by reducing the among-site 

variability associated with predictions of foundation resistance. If no load tests are performed and 

a presumptive design method is applied, the design is uncertain because of the among-site 

variability as shown for the distribution of 𝜇𝜇𝑅𝑅 in Figure 2, and because of within-site variability, 

which is not wholly captured by the distribution of 𝜇𝜇𝑅𝑅. If load tests are performed, among-site 

variability is reduced. Designs based on load tests have site-specific information as their primary 

basis; there is no among-site variability in load test information. However, it is important to note 

that some amount of among-site variability will be present if the designer considers presumptive 

or predictive design information in addition to the load test results, as is usually the case. 

When considering within-site variability, it is generally important to consider that the 

definition of “site” should not necessarily refer to the area defined by project boundaries. For large 

bridge projects, for instance, it is often advantageous to define several different “sites” within the 

overall project footprint in order to establish more uniform conditions within each site. Lumping all 

project conditions into one site could produce a distribution of resistance that resembles that for 

Site 2 in Figure 2 whereas creating several sites for the project might produce distributions of 

resistance with more uniformity, similar to conditions for Site 1. AASHTO LRFD Specifications 

(2014) encourage such an approach. 
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Most of the published approaches for considering the reliability of designs based on load 

tests apply Bayesian updating to the mean of the foundation resistance, following a general 

methodology for updating geotechnical design parameters first presented by Tang (1971). The 

procedure is outlined in Figure 5. In the first step of the procedure, the prior distribution of the 

mean foundation resistance is established. The mean foundation resistance, 𝜇𝜇𝑅𝑅, is the same 

parameter considered in the previous section and shown in Figure 2. In terms of the Bayesian 

inference (Section 2.1), the prior distribution of the mean represents 𝑝𝑝(𝜃𝜃) from Eq. 2-6, where the 

parameter to be updated is the mean foundation resistance: 𝜃𝜃 = 𝜇𝜇𝑅𝑅. 

The prior distribution of 𝜇𝜇𝑅𝑅 is typically assumed to follow a lognormal distribution, with a 

mean value from an appropriate rational prediction method (e.g. beta method for drilled shafts, 

Meyerhoff’s SPT method for driven piles, etc.) and the standard deviation from published data 

regarding the variability of the prediction method. Alternatively, the prior distribution of mean 

foundation resistance could be established from presumptive values. The mean of the prior 

distribution is, in fact, a mean of the mean: it is the resistance we would expect to observe, on 

average, at the “average” site. The variability of the prior distribution of the mean primarily reflects 

variability among-sites; the effect of within-site variability on the prior distribution of the mean is 

diminished by the averaging performed in developing the prior method. 
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Figure 5: Procedure for application of Bayesian updating to foundation design based on 
load test information. Distributions shown in black are for a presumptive design without 

load tests. Data and distributions in red are for updating based on three load tests. 

In the second step of procedure, information from load tests is used to update the prior 

distribution of the mean foundation resistance by way of Bayes’ theorem and a likelihood function. 

The likelihood function, 𝑝𝑝(𝐷𝐷|𝜃𝜃) from Eq. 2-6, describes the probability of observing the data, 

given the prior distribution. Methods for establishing the likelihood function depend on the nature 

of the load test information (e.g. if failure is achieved during the test), and potentially on 

assumptions made to simplify calculations. Techniques for defining the likelihood functions vary 

among the literature; the techniques are described in the following sections. Importantly, the 

updated distribution, like its prior, describes the distribution of the mean foundation resistance. In 

terms of Eq. 2-6, 𝑝𝑝(𝜃𝜃|𝐷𝐷) = 𝑝𝑝(𝜇𝜇𝑅𝑅|load tests). Typically, the variability of the updated distribution of 

𝜇𝜇𝑅𝑅 is less than the variability of the prior distribution, which primarily reflects among-site 

variability. The reduction in variability reflects the benefit of site-specific load test information. 
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In order to evaluate the reliability of designs based on load tests, it is necessary to 

consider the distribution of the individual values of foundation resistance across the project site, 

rather than just the distribution of the mean. In the third step outlined in Figure 5, the site-specific 

distribution of foundation resistance is calculated. The site-specific distribution of foundation 

resistance defines the collection of resistance values one would expect to observe at a site 

considering the prior information, updated for load test information, and considering the 

anticipated within-site variability. This collection of resistance values is often termed the predictive 

distribution. The predictive distribution describes the resistance values that one would expect to 

observe if many load tests were performed at the site; the predictive distribution is therefore the 

basis for reliability calculations. Constructing the predictive distribution from the updated 

distribution of the mean is the third step of the Bayesian updating procedure. To construct this 

distribution, the posterior predictive distribution, it is assumed that the predictive distribution has 

the same mean as the distribution of the updated mean resistance. The variability of the 

predictive distribution includes the variability of the mean foundation resistance from the updated 

distribution (i.e. the reduced among-site variability) as well as within-site variability. 

In the procedure outlined in Figure 5 and described above, Bayes’ theorem is applied 

only to the distribution of mean foundation resistance. The other parameter defining foundation 

resistance, within-site variability, is treated as a deterministic parameter and is therefore not 

updated. As explained in the Introduction, the approach of updating only the mean and treating 

within-site variability deterministically has been adopted in nearly every published study of 

foundation reliability. A prominent exception is the work by Baecher and Rackwitz (1982). 

Baecher and Rackwitz used load test information to perform Bayesian updating of both the mean 

parameter and the standard deviation parameter, where the standard deviation parameter 

represents within-site variability. Details of the approach by Baecher and Rackwitz are presented 

in Section 2.3.3. The effect of deterministic versus probabilistic treatment of within-site variability 

on reliability is the primary focus of this research. 
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The literature described in the two sections immediately following this one documents 

various methodologies for Bayesian updating of foundation designs based on load tests. Two 

types of load tests are considered: tests that achieve failure, and tests that do not achieve failure. 

In statistics parlance, tests that achieve failure are described as “uncensored,” and tests that do 

not achieve failure are “censored” because test result represents a lower bound on resistance 

rather than a specific value of resistance. Methods for Bayesian updating based on load tests 

generally fall into two categories. The first category deals strictly with uncensored load tests. The 

second category addresses “proof” load tests, which may be either censored or uncensored. 

Literature regarding Bayesian updating for uncensored tests and proof tests are presented in the 

two sections below, respectively. 

2.3 Bayesian Updating of Foundation Resistance for Load Tests Achieving 
Failure 

The three publications described in this section introduced the two primary approaches 

for performing Bayesian updating of foundation resistance for load tests that achieve failure. Kay 

(1976) introduced the first such method, which he developed specifically for driven piles in sand. 

Zhang and Tang (2002) presented a method that is essentially the same approach presented by 

Kay, but mathematically more general. Baecher and Rackwitz’s (1982) approach differs from 

Zhang and Tang’s approach primarily in its treatment of within-site variability. Baecher and 

Rackwitz treated within-site variability as a probabilistic parameter to be updated, whereas Zhang 

and Tang treated within-site variability as a deterministic constant. Details of each method are 

presented in this section. At the end of this section, the three methods are summarized and 

compared. 

The presentations include equations and symbols that follow the notation presented in 

each of the respective publications. The symbols and notation from the literature are different 

from the notation used throughout the rest of this dissertation. The symbols and notation used for 

this research are described in Chapter 4.  
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2.3.1 Kay (1976) 

Kay (1976) published the first probabilistic evaluation of geotechnical foundation designs 

based on load test information. Kay generally followed the approach outlined in the Section 2.2, 

applying it to driven piles in sand. Kay worked in terms of foundation resistance bias, defined as 

the ratio of measured to predicted foundation resistance: 

𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 =
𝑅𝑅𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚
𝑅𝑅𝑝𝑝𝑚𝑚𝑚𝑚𝑚𝑚𝑝𝑝𝑝𝑝𝑝𝑝𝑚𝑚𝑚𝑚

 , where Eq. 2-7 

𝑅𝑅𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚  is the measured foundation resistance and 

𝑅𝑅𝑝𝑝𝑚𝑚𝑚𝑚𝑚𝑚𝑝𝑝𝑝𝑝𝑝𝑝𝑚𝑚𝑚𝑚  is the predicted foundation resistance. 

Kay presented bias statistics for several static and dynamic methods for predicting pile 

resistance and used the statistics to establish prior distributions of the mean pile resistance. The 

methods were divided into three groups based on the variability of the bias, with the least variable 

(most reliable) methods in Group 1 and the most variable (least reliable) methods in Group 3. 

Group 1 methods had bias standard deviations around 0.3, Group 3 methods had bias standard 

deviations around 1, and Group 2 methods were between Groups 1 and 3. Kay also estimated 

within-site variability by considering published data from three sites with multiple load tests of 

similar piles. He concluded the distribution of the logarithm of individual pile resistance should be 

assumed to be normal with a standard deviation of 0.12. Mathematically, this is equivalent to the 

arithmetic (i.e. non-log) individual pile resistance following a lognormal distribution and having a 

𝐶𝐶𝐶𝐶𝐶𝐶 equal to 0.12. Kay acknowledged the data supporting the within-site variability value 

recommendation were limited. The data regarding within-site variability is discussed in more 

detail in Section 2.5. Kay calculated the likelihood function for Bayesian updating by assuming the 

logarithm of pile resistance and its mean follow a normal distribution. 

The crux of Kay’s paper is a Bayesian procedure for calculating allowable pile resistance 

from a prior estimate of the mean pile resistance, load test results, and a factor of safety. The 

factor of safety values recommended by Kay depend on the target reliability index, the number of 

load tests, and the prediction method for the prior estimate. As shown in Figure 6, the required 
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factor of safety decreases as the number of load tests increases, and more reliable prediction 

methods (i.e. those from Group 1) are associated with lower required factors of safety. The sharp 

decrease in required factor of safety resulting from performing one load test indicates load test 

information is quite valuable, particularly if prior information is from an unreliable estimate. Kay’s 

procedure assigns little marginal value to subsequent load tests, as evidenced by the flattening of 

curves in Figure 6 beyond one test. The marginal value is unsurprising considering the relatively 

small value of within-site variability assumed by Kay; if the variability of pile resistance is known to 

be small within a site, one test is greatly informative. The values in Figure 6 do not consider any 

variability of loading. 

 

Figure 6: Required factor of safety recommended by Kay (1976) based on Bayesian 
updating of mean pile resistance from load test information. 

2.3.2 Zhang and Tang (2002) 

Zhang and Tang (2002) presented a method for evaluating the reliability of designs 

based on load tests that is analytically similar to Kay’s (1976) procedure, but more general in its 

presentation, primarily in its applicability to all types of foundations. Zhang and Tang assume the 

ratio of measured to predicted foundation resistance, which they denote 𝑥𝑥, follows a lognormal 

distribution. Note that 𝑥𝑥 is mathematically equivalent to the foundation resistance bias defined in 
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Eq. 2-7. Instead of working with the foundation resistance directly, Zhang and Tang worked in 

terms of the ratio of measured to predicted resistance for mathematical convenience. Also for 

mathematical convenience, Zhang and Tang mostly worked in terms of the natural logarithm of 𝑥𝑥; 

since 𝑥𝑥 is assumed to follow a lognormal distribution, ln 𝑥𝑥  follows a normal distribution by 

definition of the lognormal distribution. The normal distribution is associated with theoretical 

solutions for Bayesian calculations; the lognormal distribution is not. 

The mean of 𝑥𝑥, 𝜇𝜇, is the parameter to be updated with Bayes’ theorem. The standard 

deviation of 𝑥𝑥, 𝜎𝜎, represents within-site variability. Zhang and Tang assumed 𝜎𝜎 to be known and 

constant, the same assumption employed by Kay. Unlike Kay’s procedure, Zhang and Tang’s 

method is presented generally without assigning a specific value for within-site variability. 

Throughout their analyses, Zhang and Tang assume a value of 𝜎𝜎 equal to 0.2, which they support 

with within-site variability data from Kay (1976) and Evangelista (1977). The data regarding 

within-site variability is discussed in more detail in Section 2.5. 

The parameter to be updated, 𝜇𝜇, is assumed to follow a normal distribution with its own 

mean 𝜇𝜇′ and standard deviation 𝜎𝜎′. Prior estimates for the parameters 𝜇𝜇′ and 𝜎𝜎′ are from bias 

statistics for a given static or dynamic pile resistance prediction method. For unbiased methods, 

𝜇𝜇′ is 1. The prior variability of 𝜇𝜇, 𝜎𝜎′, represents among-site variability. This framework for 

Bayesian updating and assignment of site variability sources is consistent with the discussion in 

Section 2.2. 

Zhang and Tang assume 𝑛𝑛 load tests are completed, each representing one observation 

of 𝑥𝑥 (the foundation resistance normalized by the predicted value). Based on the assumption of 

constant, known within-site standard deviation 𝜎𝜎, the exact theoretical solution for the updated 

parameters of 𝜇𝜇 can be calculated using the Bayesian conjugate for the normal distribution (e.g. 

Ang and Tang, 2007). Zhang and Tang denote the updated (posterior) parameters of 𝜇𝜇 as 𝜇𝜇′′, the 

updated mean of 𝜇𝜇, and 𝜎𝜎′′, the updated standard deviation of 𝜇𝜇. As shown in Eq. 2-8 and Eq. 

2-9, the updated parameters are a function of the average load test result, �̅�𝑥, the number of tests 

(𝑛𝑛), the prior parameters (𝜇𝜇′ and 𝜎𝜎′), and the assumed value of within-site variance (𝜎𝜎2). 
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𝜇𝜇′′ =
�̅�𝑥(𝜎𝜎′)2 + 𝜇𝜇′ �𝜎𝜎

2

𝑛𝑛 �

(𝜎𝜎′)2 + �𝜎𝜎
2

𝑛𝑛 �
  Eq. 2-8 

𝜎𝜎′′ = �
�𝜎𝜎

2

𝑛𝑛 � (𝜎𝜎′)2

�𝜎𝜎
2

𝑛𝑛 � + (𝜎𝜎′)2
  Eq. 2-9 

The updated mean value of 𝜇𝜇, 𝜇𝜇′′, is based on information from both the prior estimate 

and the load test information, with each source weighted by the variability of the other so that 

highly variable prior estimates will result in greater consideration of load test results and highly 

variable sites will result in greater consideration of prior estimates. Greater numbers of load tests 

reduce the effect of within-site variability (because 𝜎𝜎
2

𝑛𝑛
 decreases with the number of tests), which 

increases consideration of load test information and reduces the updated standard deviation of 𝜇𝜇, 

σ′′. Regardless of the number of tests, the value of within-site standard deviation, 𝜎𝜎, is constant. 

To evaluate foundation reliability, Zhang and Tang used the updated distribution of 𝜇𝜇 to 

update the predictive distribution of individual foundation resistance at the site. Zhang and Tang 

assume the individual foundation resistance follows a lognormal distribution with a mean value 

corresponding to 𝜇𝜇′′ (but transformed to lognormal) and a standard deviation corresponding to 

√𝜎𝜎′′ + 𝜎𝜎2 (also transformed to lognormal), so that the variability of the predicted foundation 

resistance includes the updated variability of the mean as well as the assumed within-site 

variability. Zhang and Tang applied mean value, first-order second-moment method to evaluate 

reliability from the individual foundation resistance distributions. 

In their presentation of results, Zhang and Tang use 𝑅𝑅𝑅𝑅𝑅𝑅 (from Ratio of Measured to 

Predicted resistance), which is equivalent to the variable 𝑥𝑥 they used to present the methodology 

and equations. Example results from Zhang and Tang are shown in Figure 7, which includes 

distributions of individual, predictive 𝑅𝑅𝑅𝑅𝑅𝑅 (rather than distributions of mean 𝑅𝑅𝑅𝑅𝑅𝑅, or 𝜇𝜇). The prior 

distribution 𝑅𝑅𝑅𝑅𝑅𝑅 is based on Meyerhoff’s SPT method, a conservatively biased prediction method 
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with a mean 𝑅𝑅𝑅𝑅𝑅𝑅 value of 1.3 (i.e. on average, measured values are 30 percent greater than 

predicted values) and a 𝐶𝐶𝐶𝐶𝐶𝐶 of 0.5. Three posterior distributions of 𝑅𝑅𝑅𝑅𝑅𝑅 are shown. All three are 

based on performing one load test, with one posterior based on an observed 𝑅𝑅𝑅𝑅𝑅𝑅 of 0.5 (i.e. �̅�𝑥 =

0.5), another based on an observed 𝑅𝑅𝑅𝑅𝑅𝑅 of 1.0, and the other based on an observed 𝑅𝑅𝑅𝑅𝑅𝑅 of 1.3. 

The effect of load test information on the mean of the posterior distribution is intuitive. Greater 

observed values of 𝑅𝑅𝑅𝑅𝑅𝑅 yield greater posterior mean values, with the posterior mean between 

the prior mean and the observed 𝑅𝑅𝑅𝑅𝑅𝑅 (except when the observation is equal to the prior, in which 

case the posterior mean is virtually unchanged). The effect of load test information on the 

variability of the posterior distribution is perhaps less intuitive. The posterior distribution for the 

case of observed 𝑅𝑅𝑅𝑅𝑅𝑅 of 0.5 – the most unexpected result – has the smallest standard deviation, 

considerably less than that for 𝑅𝑅𝑅𝑅𝑅𝑅 of 1.3, the expected result. This follows from all posterior 

distributions having the same 𝐶𝐶𝐶𝐶𝐶𝐶, which Zhang and Tang attribute to all three posterior 

distributions having the same values of prior variability, within-site variability, and number of load 

tests. Zhang and Tang note the equation for 𝜎𝜎′′ does not depend on the load test results. 

 

Figure 7: Example distributions of RMP prior and posterior to conducting one load test 
from Zhang and Tang (2002). 

Zhang and Tang applied mean value, first-order second moment reliability methods and 

their load test updating methodology to evaluate the effect of load test results on design reliability. 

Results of their analysis are shown in Figure 8, which includes plots of the required factor of 

safety to achieve a specified value of reliability index (2.0 or 2.5) as a function of the observed 

load test result (as 𝑅𝑅𝑅𝑅𝑅𝑅) and the number of load tests. The required factor of safety decreases as 
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the load test results increase. This trend results from the mean value of foundation resistance 

increasing with the observed load test values. Zhang and Tang’s results indicate little marginal 

value in load testing beyond the first test. For a given value of the reliability index, the required 

factor of safety lines for different numbers of tests are essentially atop one another. If numerous 

load tests were more valuable, the additional tests would have the effect of further decreasing the 

required factor of safety, resulting in more space between lines. The observation of small 

marginal value of load testing beyond the first test is consistent with the results presented by Kay 

(1976), as discussed above. A possible explanation for this observation is that both Kay and 

Zhang and Tang assumed relatively small values of within-site variability and relatively variable 

prior methods that correspond to high among-site variability. 

 

Figure 8: Required factor of safety to achieve target reliability index (beta) as a function of 
observed RMP and number of tests from Zhang and Tang (2002). 

2.3.3 Baecher and Rackwitz (1982) 

A method by Baecher and Rackwitz (1982) uses load test information to update not only 

average foundation resistance but also within-site variability. Baecher and Rackwitz assumed the 

logarithm of the ratio of measured to predicted foundation resistance follows a normal distribution 

with mean 𝜇𝜇 and standard deviation 𝜎𝜎. Baecher and Rackwitz’s distribution of foundation 

resistance is therefore equivalent to that assumed by Kay (1976) and Zhang and Tang (2002), 

but Baecher and Rackwitz applied Bayesian updating to both 𝜇𝜇 and 𝜎𝜎, whereas the other 

methods updated only 𝜇𝜇.  
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Updating 𝜎𝜎 in addition to 𝜇𝜇 adds considerable complexity. Instead of working in terms of 

the parameter 𝜎𝜎, Baecher and Rackwitz use precision, ℎ, which is simply the reciprocal of 

variance: ℎ = 1
𝜎𝜎2

. Precision was used rather than standard deviation in order to facilitate 

theoretical solutions for Bayes’ theorem. Baecher and Rackwitz presented prior information on 

precision as shown in Figure 9. The precision data come from the same within-site variability 

datasets presented by Kay (1976) and Zhang and Tang (2002), but with additional information 

from a German publication (Petermann et al., 1958). The distributions fitted to the data shown in 

Figure 9 are gamma. The broader distribution is for all data, while the narrower distribution 

excludes three sites with the greatest precision (i.e. the least variable sites). Data regarding 

within-site variability is discussed in more detail in Section 2.5. 

 

Figure 9: Prior distributions of site precision, 𝒘𝒘, from Baecher and Rackwitz (1982). 
Precision is the reciprocal of within-site variance. 

Baecher and Rackwitz assumed the prior joint distribution of 𝜇𝜇 and ℎ to be normal-

inverse gamma, a four-parameter probability distribution function that primarily (if not exclusively) 

is used because it is the Bayesian conjugate prior for the normal distribution when both normal 

parameters are to be updated. (In contrast, the normal distribution is its own conjugate prior when 

the standard deviation is assumed to be known, as in the methods by Kay (1976) and Zhang and 

Tang (2002).) Two of the four normal-inverse gamma parameters are related to the mean of the 

foundation resistance, and the other two are related to the standard deviation of the foundation 
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resistance. Prior values of the mean parameters are estimated from databases of bias values for 

the foundation resistance prediction method (e.g. Meyerhoff’s SPT method for driven piles), 

similar to the approaches used by Kay (1976) and Zhang and Tang (2002). Prior values of the 

standard deviation parameters are estimated from precision data like that presented in Figure 9. 

Application of Bayes theorem results in updated values of the four normal-inverse 

gamma parameters to reflect the likelihood of observing the results of n load tests. The 

parameters are updated using both the average load test result as well as the sample variance of 

the load test results; this is in contrast to the approaches by Kay (1976) and Zhang and Tang 

(2002), which consider only the average load test result, not the variability of the results. After 

updating the normal-inverse gamma parameters describing the distribution of 𝜇𝜇 and ℎ, the 

predictive distribution of individual foundation resistance is computed. They show the updated 

predictive distribution follows a Student’s t-distribution by integrating over the joint distribution of 

the foundation resistance ratio (equivalent to 𝑅𝑅𝑅𝑅𝑅𝑅 used by Zhang and Tang) and the updated 

distribution of 𝜇𝜇 and ℎ. In general, the Student’s t-distribution is similar to the normal distribution, 

but has heavier tails. That the updated predictive distribution of individual foundation resistance 

follows a Student’s t-distribution is appropriate: the Student’s t-distribution is typically used in 

frequentist statistics to make inferences on the mean when the variance of the population is 

unknown. 

Baecher and Rackwitz used the predictive t-distribution to evaluate the effect of load test 

results on design reliability. The results from the t-distribution were adjusted to account for the tail 

area differences between the t and normal distributions so that reliability index values would be 

comparable to those from other methods. Results of their analysis are shown in Figure 10 and 

Figure 11. All four plots shown in the two figures are graphs of required factor of safety versus the 

ratio of observed to predicted pile resistance (equivalent to 𝑅𝑅𝑅𝑅𝑅𝑅). The factor of safety is defined 

with respect to the prior estimate of resistance (i.e. the value from an empirical distribution without 

consideration of load test results). For a single load test (Figure 10), the impact of the test result 

on the reliability was calculated for the two precision distributions of Figure 9. If a broad 
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distribution of precision is assumed (Figure 10(a)), corresponding to greater uncertainty in within-

site variability, then the required factor of safety is most reduced when the observed result is 

equivalent to that predicted by the prior method. Observations less than the prior estimate reduce 

the mean and increase the variability of the predictive distribution, resulting in required factor of 

safety values that are quite high. Load test observations greater than the prior estimate increase 

both the mean and the variability of the predictive distribution. The effect of the variability 

increasing overwhelms increases in the mean, resulting in the increase in required factor of safety 

for greater than expected load test results. When a narrower distribution of precision is assumed, 

corresponding to less uncertainty in within-site variability, the results of a load test are more 

informative. For the values assumed in Figure 10(b), the effect of increasing mean and increasing 

variability more or less offset one another, resulting in mostly flat required factors of safety 

beyond the anticipated load test result. 

         

Figure 10: Required factor of safety after updating design from results of one load test: (a) 
assuming broad distribution of site variability and (b) assuming narrow distribution of site 
variability. Different lines correspond to different values of reliability index. From Baecher 

and Rackwitz (1982). 

Results from Baecher and Rackwitz considering more than one load test are shown in 

Figure 11. Both plots of Figure 11 are based on the narrow distribution of precision assumed for 
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Figure 9(b) and a reliability index, 𝛽𝛽, of 2. The trends in are similar to those for a single load test, 

but the required factors of safety are lower compared with the 𝛽𝛽 = 2 line from Figure 10(b). 

Baecher and Rackwitz concluded the design factors of safety could be reduced 5 to 10 percent 

based on the result of one load test, and an addition 5 to 10 percent for a second load test. Unlike 

the findings for the broad distribution of precision and one load test (Figure 10(a)), the required 

factors of safety from Figure 11 show no tendency to increase for load test results that are 

considerably greater than the prior prediction. The results in Figure 11 also demonstrate the 

effect of load test result variability. For both two tests and three tests, as the variability of the 

observed load tests increases, the required factor of safety also increases. This is a logical 

conclusion. 

         

Figure 11: Required factor of safety after updating design from results of load tests 
assuming narrow distribution of site variability: (a) two tests and (b) three tests. The target 

reliability index (𝜷𝜷) is 2 for all plots. Different lines correspond to different values of 
variability among load test results. From Baecher and Rackwitz (1982). 

2.3.4 Summary of Approaches for Bayesian Updating with Load Tests that Achieve 
Failure 

Two main approaches for considering the results of uncensored load tests were identified 

from literature. Both approaches follow the general procedure for Bayesian updating outlined in 

Section 2.2, but they make different assumptions regarding the distributions of foundation 
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resistance. The simpler of the two approaches was presented by Zhang and Tang (2002), who 

generalized a specific application to driven piles originally developed by Kay (1976). A more 

complex approach with fewer assumptions was presented by Baecher and Rackwitz (1982). Both 

approaches are summarized in Table 1 and in the discussion below. 

The relative benefits and limitations of the methods considered for evaluating reliability of 

designs based on load tests to failure are summarized in Table 1. The method by Zhang and 

Tang provides a generalized technique for evaluating the reliability of designs based on load 

tests. The method has been relatively widely applied and cited by other researchers who have 

investigated the reliability of designs based on load test information. The method by Zhang and 

Tang is relatively straightforward because it assumes the within-site variability is known and 

constant, which simplifies the Bayesian computations. The assumption also produces a posterior 

predictive distribution with variability that is independent of the load test results; the variability of 

the posterior predictive is a function of the prior variability, the constant value of within-site 

variability, and the number of tests, but not the test results. Thus a load test program that 

indicates a highly variable site will produce the same reliability as a load test program with the 

same average but indicative of a relatively uniform site. The approach by Baecher and Rackwitz 

treats within-site variability probabilistically, using load test results to update the within-site 

variability along with the mean resistance. The approach produces posterior distributions that 

depend not only on the magnitude but also on the variability of load test results, unlike the 

methods in Kay and Zhang and Tang. The approach by Baecher and Rackwitz is computationally 

intensive and relies on distributions that may be difficult to implement. In addition, the Baecher 

and Rackwitz approach requires not just an estimated single value of within-site variability (as in 

the methods by Kay and Zhang and Tang), but a probabilistic distribution of all possible values of 

within-site variability. Baecher and Rackwitz’s results indicate their approach is sensitive to the 

assumed distribution of within-site variability, and information regarding within-site variability is 

limited. 
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Table 1: Comparison of methods for evaluating reliability of designs based on load tests to 
failure. 

Reference Overview Benefits Limitations 

Zhang and 
Tang, 2002 

Use results of 
load tests to 
update 
distribution of 
the mean 
parameter of 
resistance. 

• Computational simplicity 
• Relatively widely cited and 

applied 
• Approach can be adapted to 

also consider proof tests. 

• Assumes within-site variability is 
known and constant. 

• Posterior variability not affected by 
load test results, except for 
considering the number of tests. 

Baecher 
and 
Rackwitz, 
1982 

Use results of 
load tests to 
update 
distributions of 
the mean and 
standard 
deviation 
parameters of 
resistance. 

• Updates the value of within-
site variability. 

• Considers variability of test 
results. 

• Probabilistic distribution of within-
site variability is an important 
input, and published prior 
information regarding within-site 
variability is limited. 

• Approach has not been used to 
consider proof test results. 

• Computational challenges, mostly 
associated with use of less 
conventional distributions 

 

2.4 Bayesian Updating of Foundation Resistance for Proof Tests 

The previous section focused exclusively on uncensored load tests: tests performed to 

loads that achieve failure of the test foundation, where failure can be defined as the ultimate or 

plunging resistance or, more commonly, using some displacement criterion (e.g. Davisson’s 

Offset Limit, 10 percent of the diameter, etc.). Load test programs commonly are based on proof 

load tests, which are not intended to achieve failure. Instead, proof test foundations are loaded to 

some target load, often equal to the design load or some factor thereof. If the proof test passes, 

the test result is censored. If the proof test fails, the test result is uncensored. 

Bayesian updating with proof tests is complicated by many of the same topics discussed 

for Bayesian updating with uncensored tests above: combining resistance information from 

multiple sources (i.e. a prior prediction and load tests), the influence of within-site variability, and 

the influence of number of tests. In addition, Bayesian updating with proof tests is complicated by 

another significant factor: the nature of the test information is different. Instead of measuring a 

unique value of resistance, a successful proof test measures a lower bound on resistance for one 

foundation element. The censored test result is less informative than the uncensored test result. 

Importantly, not all proof tests are successful. Some proof tests may fail, in which case they do 
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achieve failure resistance. Combining the results of failed proof tests with successful proof tests 

introduces another challenge for Bayesian updating based on proof load test programs. 

Three approaches for performing Bayesian updating with proof tests are presented in this 

section. The first, by Zhang (2004), is similar to the framework by Zhang and Tang (2002) for 

tests to failure as described in Section 2.3.2, but is applicable for censored tests. Najjar and 

Gilbert (2009a, 2009b) presented the second approach, which uses truncated distributions to 

represent the distribution of foundation resistance. The truncated distributions applied by Najjar 

and Gilbert have the left tail removed to represent a lower bound in foundation resistance; proof 

test information is used to update the lower bound parameter. The third method, by Najjar et al. 

(2017), combines aspects of the first two. Details of each of the three methods are presented in 

separate subsections prior to a summary and comparison of the methods at the end of this 

section. 

2.4.1 Zhang (2004) 

Zhang (2004) introduced a method for analyzing the reliability of designs based on proof 

tests that closely follows the statistical framework he and Tang proposed for tests to failure in 

2002. Similar to the previous approach, Zhang (2004) applies Bayesian updating to the mean of 

the foundation resistance, again invoking the assumption of known and constant within-site 

variability. Just as for all of the Bayesian methods for load tests achieving failure (Kay, 1976; 

Zhang and Tang, 2002; Baecher and Rackwitz, 1982), a prior estimate of mean foundation 

resistance can be derived from any prediction method, with the variability of the mean reflecting 

among-site variability. The primary difference between Zhang’s approach for proof tests and the 

Zhang and Tang approach for tests to failure is in the definition of the likelihood function. 

Whereas for tests to failure the likelihood function defined the probability of achieving a specific 

value of RMP, for proof tests the likelihood function is defined with respect to a target maximum 

test load, 𝑥𝑥𝑝𝑝. The value of 𝑥𝑥𝑝𝑝 is normalized by the predicted resistance, similar to RMP, so that 

𝑥𝑥𝑝𝑝 = 1 indicates the target load is equal to the predicted resistance. In most conventional proof 

load test programs, 𝑥𝑥𝑝𝑝 < 1; for example, if a foundation is designed with a factor of safety of 2.0, 
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and the target proof load is equal to the design load, 𝑥𝑥𝑝𝑝 = 0.5. Zhang defines three load test 

program scenarios: (1) all proof tests pass, (2) some proof tests pass, while others fail, and (3) all 

load tests are conducted to failure. The third scenario is identical to the Zhang and Tang (2002) 

approach described in Section 2.3.2, so only the first two scenarios are considered here. 

For both the first and the second proof test scenarios, the definition of the likelihood 

function is based on the probability of one test pile surviving the proof test, i.e. the probability of 

“success.” Zhang assumes that the logarithm of 𝑅𝑅𝑅𝑅𝑅𝑅 is normal; the same assumption was 

involved in all methods for load tests to failure. Based on that assumption, the probability of 

success is 

𝐿𝐿(𝜇𝜇) = 𝑅𝑅(𝑥𝑥 ≥ 𝑥𝑥𝑝𝑝) = 𝛷𝛷(−
ln(𝑥𝑥𝑝𝑝) − 𝜂𝜂

𝜉𝜉
) , where Eq. 2-10 

𝑥𝑥 is equivalent to the quantity 𝑅𝑅𝑅𝑅𝑅𝑅 considered by Zhang and Tang (2002), 

𝜂𝜂 is the mean of the ln 𝑥𝑥, 

𝜉𝜉 is the standard deviation of ln 𝑥𝑥, and 

𝛷𝛷 is used to designate the cumulative distribution function of the standard normal 

distribution. 

For the first scenario, in which all proof tests are successful, the likelihood function for the 

mean foundation resistance is the joint probability of a series of n foundation elements all having 

successful tests. Assuming the tests are independent, the joint probability is simply the product of 

n individual probabilities of success: 

𝐿𝐿(𝜇𝜇) = 𝛷𝛷𝑛𝑛 �−
ln(𝑥𝑥𝑝𝑝) − 𝜂𝜂

𝜉𝜉
�  Eq. 2-11 

For the second scenario, in which some of the proof tests are successful and others fail, 

the likelihood function is the joint probability of some successes and some failures. This is an 

application of the binomial distribution. The likelihood function for the mean foundation resistance 
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is binomial, with probability of success 𝑅𝑅(𝑥𝑥 ≥ 𝑥𝑥𝑝𝑝) as in Eq. 2-10 and with 𝑟𝑟 successes out of 𝑛𝑛 

total tests: 

𝐿𝐿(𝜇𝜇) = �𝑛𝑛𝑟𝑟� (𝑅𝑅(𝑥𝑥 ≥ 𝑥𝑥𝑝𝑝)|𝜇𝜇)𝑚𝑚(1 − 𝑅𝑅(𝑥𝑥 ≥ 𝑥𝑥𝑝𝑝)|𝜇𝜇)𝑛𝑛−𝑚𝑚  Eq. 2-12 

It is worth noting that this definition of the likelihood function does not include information 

regarding the specific failure load of the tests that fail; rather, it simply counts how many tests fail 

and how many pass. 

For both scenarios, the likelihood function and prior distribution of mean foundation 

resistance are combined through Bayes theorem to update the distribution of the mean 

foundation resistance. The application of Bayes’ theorem to update the distribution of the mean 

resistance is fundamentally the same as the approach in Zhang and Tang (2002), but with proof 

tests, Bayes theorem does not result in convenient formulae for the updated parameters (i.e. 

there are no simple formula for μ′′ and σ′′ as in Eq. 2-8 and Eq. 2-9 from Zhang and Tang 

(2002)). Instead, Bayes theorem involves the product of lognormal distributions; Zhang states the 

result is another lognormal distribution, and that the distribution can be solved using a 

spreadsheet. To evaluate foundation reliability, the updated distribution of mean foundation 

resistance is used to update the predictive distribution of individual foundation resistance at the 

site through integration over all possible values of 𝑥𝑥 and 𝜇𝜇, again similar to the method for tests 

achieving failure by Zhang and Tang. The predictive distribution is also lognormal. 

Zhang presented example predictive distribution results for both scenarios, as shown in 

Figure 12 (all proof tests pass) and Figure 13 (some pass, some fail). For both figures, 𝑥𝑥𝑝𝑝 = 1, 

indicating the target proof load is equal to the predicted resistance. The predicted resistance 

values used to normalize 𝑥𝑥 are not corrected for any bias in the prediction method; hence the 

prior predictive distribution of 𝑥𝑥 from a conservatively biased method would have a mean value 

greater than 1, and, on average, an individual test foundation would be expected to survive at 

𝑥𝑥𝑝𝑝 = 1. In Figure 12, the effect of successful proof tests is shown to shift the predictive distribution 

of foundation resistance to the right toward greater resistance, reflecting an increase in the mean 
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resistance with no change in the standard deviation. The shift is significant for the first test, with 

subsequent successes resulting in additional gains of decreasing significance. 

 

Figure 12: Predictive distributions of foundation resistance: prior (solid line) and after 
conducting various numbers of successful proof tests (dashed lines) with 𝒙𝒙𝒘𝒘 = 𝟏𝟏. From 

Zhang (2004). 

The effects of proof tests are more mixed when the proof test program yields both 

successes and failures, as shown in Figure 13. When all three of three tests fail, the mean 𝑅𝑅𝑅𝑅𝑅𝑅 

decreases from 1.3 (the prior prediction is conservatively biased) to 0.72. The updated mean 

value does not reflect the actual failure loads of the proof tests, merely the likelihood that three 

tests would fail before reaching a target load equal to the biased predicted failure load. The failed 

proof tests also significantly decrease the variability of the predictive distribution of individual 

foundation resistance. Reduced variability generally increases reliability, but comparison of the 

left tail locations from the distribution updated based on three failed tests with the prior (empirical) 

distribution indicates the effect of reduced variability is not sufficient to overcome the effect of the 

reduction in the mean. When the proof test program includes both successes and failures, the 

effect on mean 𝑅𝑅𝑅𝑅𝑅𝑅 is less significant (1.14 if two tests pass; 0.96 if two tests fail), but the 

variability is still reduced, resulting in generally favorable predictive distributions. The left tail 

location for the updated distribution located to the right of that for the prior distribution (i.e. the 

updated distribution would be associated with greater factored resistance values). 
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Figure 13: Predictive distributions of foundation resistance: prior (solid line) and after 
conducting three proof tests (dashed lines) with 𝒙𝒙𝒘𝒘 = 𝟏𝟏 and varying numbers of successes. 

From Zhang (2004). 

Zhang evaluated the impact of proof load test programs on reliability under his analysis 

framework by determining the factor of safety required to achieve a reliability index of 2.5 given 

various target load levels, as shown in Figure 14. A primary conclusion from the graph is that the 

reliability benefits are particularly sensitive to the proof load level. Without proof test information, 

a factor of safety just less than 3.5 is required to achieve a reliability index of 2.5. A factor of 

safety of 3.5 is within the range of values that might typically be applied in practice for foundations 

designed using empirical prediction methods. Successful proof tests conducted to 1.5 times the 

predicted resistance reduce the required factor of safety considerably, to about 1.7 after just one 

test and about 1.25 after five tests. The reduction indicates proof tests to 1.5 times the predicted 

resistance greatly increase the mean of the predictive distribution of foundation resistance. A less 

significant effect is noted for proof tests conducted to one half the predicted resistance. For this 

target load level, the required factor of safety decreases from 3.5 to just 3.0 after five successful 

tests. The relatively small benefit of tests to 𝑥𝑥𝑝𝑝 = 0.5 compared to tests to 𝑥𝑥𝑝𝑝 = 1.5 results from 

smaller increases in the posterior mean 𝑅𝑅𝑅𝑅𝑅𝑅 for the smaller proof load level. 
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Figure 14: Required factor of safety to achieve a reliability index of 2.5 versus number of 
successful tests for various target proof load levels. All lines assume the result of all tests 

in the program is positive. From Zhang (2004). 

2.4.2 Najjar and Gilbert (2009a, 2009b) 

Najjar and Gilbert (2009a, 2009b) introduced a different approach for considering the 

effect of proof tests on foundation reliability. Rather than using proof test results to update the 

mean resistance, Najjar and Gilbert used proof test information to establish a lower bound that 

removes the left tail of the probability distribution of foundation resistance. The initial motivation 

for their lower bound concept was more general than the specific application of proof tests: they 

contended (2009a) that a lower bound was rational (since soil strength cannot be zero) and could 

help explain why observed rates of failure for foundations are much lower than would be 

predicted based on target reliability values typically employed in reliability-based design codes. In 

his dissertation, Najjar (2005) analyzed large databases of load tested driven piles to 

demonstrate the existence of the lower bound and develop models for predicting its value for 

various pile types and geologies. 

Najjar (2005) also evaluated various probability distribution forms for implementing a 

lower bound. Truncated distributions modify an existing distribution (e.g. truncated normal, 

truncated lognormal) by cutting off one tail (or both) and redistributing the tail area among the 

remaining portion of the probability distribution function. (The tail area must be redistributed to 

keep the total area under the probability density function equal to one.) Truncated distributions 
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are commonly applied in other scientific fields, but the redistribution can produce significant 

changes in the distribution’s overall mean and standard deviation. Najjar and Gilbert point out 

such changes present complications to applying truncation to commonly used distributions of 

foundation resistance. Instead, Najjar and Gilbert recommend the “mixed lognormal” distribution, 

which is shown in Figure 15. The concept is similar to the truncated lognormal, but instead of 

redistributing the tail area, the tail area is simply considered as a discrete probability at the lower 

bound value. Thus, the mixed lognormal consists of one discrete “probability mass function” value 

at the lower bound, and then a continuous lognormal distribution above the lower bound. The 

continuous portion of the mixed lognormal distribution is equal to that for the conventional 

lognormal distribution. The mixed lognormal distribution is a mix of discrete and continuous 

distributions, which can present computational challenges. Unlike truncated distributions, the 

mixed lognormal does not alter the mean or standard deviation values compared to the non-

truncated distributions. The mixed lognormal is more conservative than the truncated lognormal 

by virtue of placing the left tail area right at the point of truncation rather than redistributing the left 

tail area to greater values of resistance. 

 

Figure 15: Mixed lognormal distribution used by Najjar and Gilbert (2009a) to characterize 
the distribution of foundation resistance in the presence of a lower bound. 

Najjar and Gilbert showed that implementation of the lower bound via the mixed 

lognormal distribution can have a dramatic effect on reliability. Figure 16 is a plot of required 

factor of safety versus the ratio of proof load (lower bound) to median predicted resistance (i.e. 

the median of the lognormal predictive distribution of foundation resistance, assumed to be 
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unbiased) for three different target reliability indices. For all three, there is essentially no reduction 

in required factor of safety below a “threshold” ratio between 0.2 and 0.4. Beyond the threshold, 

the required factor of safety decreases sharply. Also, the influence of reliability index diminishes 

as the lower bound increases, likely reflecting major reductions in the probability of failure as the 

proof load approaches the median resistance. For a reliability index of 2.5, the required factor of 

safety decreases from 2.8 without proof testing to about 2.2 with a proof test at half the predicted 

median resistance. This compares with the results from Zhang (2004) in Figure 14, in which the 

same proof load ratio resulted in a decrease in required factor of safety from 3.4 to 3.0. (The 

scale difference in factor of safety is at least partially a result of Zhang assuming the foundation 

resistance 𝐶𝐶𝐶𝐶𝐶𝐶 = 0.5, whereas Najjar and Gilbert assumed 𝐶𝐶𝐶𝐶𝐶𝐶 = 0.4.) 

 

Figure 16: Required design factor of safety as a function of proof load magnitude relative 
to median resistance for different reliability indices. From Najjar and Gilbert (2009b). 

The results in Figure 16 assume a fixed value of the lower bound at the proof load. This 

neglects any uncertainty in the lower bound, which implies the reliability effects from Figure 16 

are only applicable to a specific, individual foundation that has been successfully proof tested. 

Fixing the lower bound value at the proof load is inappropriate when only some foundation 

elements at a site are proof tested. To account for cases when only some foundations are tested, 

Najjar and Gilbert (2009b) introduced a Bayesian framework for updating the lower bound 

parameter. The Bayesian framework was applied to a truncated lognormal distribution of the pile 
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resistance, which has three parameters: median, 𝐶𝐶𝐶𝐶𝐶𝐶, and lower bound. (Alternatively, the 

distribution can be defined using the mean instead of the median and the standard deviation 

instead of the 𝐶𝐶𝐶𝐶𝐶𝐶.) The median and coefficient of variation were assumed to be deterministic 

parameters. The lower bound parameter was updated by assuming it follows a prior distribution 

based on the database analysis by Najjar (2005) described previously. Najjar and Gilbert applied 

Bayes theorem to update the distribution of the lower bound parameter using the results of proof 

tests. Numerical integration was used to perform the Bayesian computations, and also to update 

the predictive distribution of pile resistance. Notably, the approach assumes all proof tests are 

successful; the methodology cannot consider failing proof tests. In light of this, Najjar and Gilbert 

recommend a relatively large number of piles be proof tested (to reduce uncertainty in the lower 

bound) at relatively small proof loads (to reduce the probability of failed proof tests). 

Najjar and Gilbert (2009b) present one example of Bayesian updating the lower bound of 

resistance based on the results of a proof load test program. Results of the example are 

summarized in Table 2. The baseline case, which does not apply a lower bound, requires a factor 

of safety of 3.5 be applied to the predicted resistance in order to achieve the target reliability 

index of 3. If an uncertain lower bound is applied using information from the database analysis of 

Najjar (2005), the required factor of safety is reduced to 3.2. The distribution of the lower bound 

based on the database analysis is uniform, with the ratio of lower bound to predicted resistance 

ranging from 0.2 to 0.6. This distribution is used as the prior for Bayesian updating with proof load 

test results. The proof load test program consists of testing 3 percent of piles to 0.6 times the 

predicted resistance. All tests are successful, a required condition to use Najjar and Gilbert’s 

method. After updating, the required factor of safety is reduced to 2.5. If there is no uncertainty in 

the lower bound, i.e. if all piles are proof tested to 0.6 times the predicted resistance, the required 

factor of safety is reduced to 2.2 based on the results shown in Figure 16. In summary, these 

results indicate incorporation of a lower bound is significantly beneficial for reliability, but 

uncertainties in the lower bound reduce the benefits. 
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Table 2: Summary of results from Najjar and Gilbert (2009b) for an example test site under 
various assumptions regarding the lower bound resistance. 

Lower Bound Assumption Required Factor of 
Safety for 𝜷𝜷 = 𝟑𝟑 

No lower bound (conventional case) 3.5 
Prior from Najjar (2005): uniform distribution of the ratio of lower 
bound to predicted resistance from 0.2 to 0.6 3.2 

Bayesian updating of prior with 3% of piles tested to 0.6 times 
the predicted resistance 2.5 

Lower bound fixed (zero uncertainty) at 0.6 times the predicted 
resistance (Figure 16) 2.2 

 

Although the application of Bayesian updating to the lower bound addresses potential 

uncertainties in the value of the lower bound, Najjar and Gilbert’s application of Bayes theorem is 

not functionally equivalent to the Bayesian approaches adopted by Zhang (2004), Zhang and 

Tang (2002), or Baecher and Rackwitz (1982). The previous Bayesian approaches all used the 

variance of the mean foundation resistance parameter to quantify among-site variability and the 

variance of the distribution of individual foundation resistance at a site, conditional on knowledge 

of the mean resistance, to quantify within-site variability. (The predictive distribution of individual 

foundation resistance, not conditional on the mean, includes both within-site and among-site 

variability.) The approach by Najjar and Gilbert does not distinguish between within-site and 

among-site variability. As a result, the relationship among the number of proof tests, within-site 

variability, and uncertainty in the lower bound is unclear. Application of the approach requires 

treating all sites as equally variable for a given prediction method, or all prediction methods as 

equally reliable for a given site variability. 

2.4.3 Najjar et al. (2017) 

Najjar et al. (2017) developed an approach that applies the lower bound concept from 

Najjar and Gilbert (2009a, 2009b) to the Bayesian framework employed by Zhang (2004) for proof 

tests. The Bayesian framework by Najjar et al. can be considered with the histograms shown in 

Figure 17. The histogram of Figure 17(a) is the conditional distribution of individual foundation 

resistance for certain knowledge of the mean foundation resistance; this is the distribution that 

would be expected if all foundation elements at a site were loaded to failure (and the average 

resistance were known). The variability of the histogram in Figure 17(a) represents within-site 
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variability. Two quantities are characterized by the histograms in Figure 17(b): the mean 

resistance and lower-bound resistance. The mean resistance histogram reflects the probabilistic 

distribution of the mean parameter used to define the conditional distribution of individual 

foundation resistance from Figure 17(a). Variability of the mean resistance distribution reflects 

among-site variability. The other distribution shown in Figure 17(b) represents the probabilistic 

distribution of the lower-bound on resistance, which Najjar et al. apply to the mean of foundation 

resistance, rather than applying the lower bound directly to individual resistance, as per Najjar 

and Gilbert (2009a, 2009b). To apply the lower bound to the mean resistance, Najjar et al. 

employ a truncated lognormal distribution for mean resistance. Lognormal distributions are used 

for the individual foundation resistance and the lower bound resistance. Bayesian updating is 

used to update the distribution of mean resistance and the distribution of lower bound resistance 

in consideration of the proof test data. 

 

Figure 17: Probabilistic distributions used in Najjar et al. (2017) approach: (a) conditional 
distribution of individual foundation resistance for a given value of mean resistance and 

(b) mean foundation resistance and lower-bound resistance. 

In order to accommodate the possibility for load test failures as well as successes, Najjar 

et al. defined the likelihood function using a binomial distribution, similar to the approach 

described for Zhang’s (2004) approach with Eq. 2-12. Implementing the Bayesian framework 

based on this likelihood function and the general framework described in the discussion of Figure 

17 is computationally intensive because of the number of probabilistic inputs. Najjar et al. 

discretized each of the continuous probability distribution functions and applied numerical 

integration techniques to apply Bayes theorem, to update the individual foundation resistance 

distribution, and to calculate the total probability of failure. 
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The approach by Najjar et al. appears to produce reliability impacts that are more 

significant than those reported by Zhang (2004). A comparison of results is shown in Figure 18. 

Both graphs in the figure plot reliability index versus the number of positive proof tests. For both 

methods, without proof testing, the reliability index is about 1.5 (red points in Figure 18). Both 

methods predict a similar baseline reliability index because they are based on similar inputs 

regarding the variability of loads, design factor of safety, and within-site variability; only the prior 

𝐶𝐶𝐶𝐶𝐶𝐶 differs, with Najjar et al. assuming a value of 0.4 whereas Zhang assumed a value of 0.5. 

After 5 successful proof tests to the predicted resistance, the approach by Najjar et al. indicates 

the reliability index has improved to about 3.6 (blue point in Figure 18(a)). For the same number 

of proof tests at the same proof load, Zhang indicates the reliability index is less, about 2.7 (blue 

point in Figure 18(b)). There are several possible explanations for why the approach by Najjar et 

al. produces greater improvements in reliability. One is that the approach by Najjar et al. applies a 

lower bound to the distribution of the mean while also updating the mean parameter of the 

distribution of the mean. Zhang’s approach only updates the mean parameter, without 

consideration of a lower bound. Another possible explanation is the lower prior value of 𝐶𝐶𝐶𝐶𝐶𝐶 

assumed in the analysis by Najjar et al. 

 

Figure 18: Comparison of reliability impacts from approaches by (a) Najjar et al. (2017) and 
(b) Zhang (2004). Both approaches are based on similar inputs. 

2.4.4 Summary of Approaches for Bayesian Updating with Proof Tests 

Three approaches for evaluating reliability of designs verified by load tests not intended 

to achieve failure have been considered. The approaches are summarized in Table 3. The first 
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approach, by Zhang (2004), applies a Bayesian framework to update the prior distribution of 

mean resistance using proof test information. The Bayesian framework of Zhang’s approach is 

consistent with previous methods for updating the mean (e.g. Kay, 1976; Zhang and Tang, 2002). 

The second approach, by Najjar and Gilbert (2009a, 2009b), applies truncated probability 

distributions for the distribution of individual foundation resistance at a site. The truncated 

distribution removes the left tail of the distribution at some value specified using an additional 

probability distribution parameter (e.g. the truncated normal distribution has a mean, standard 

deviation, and a third parameter representing the lower bound). Najjar and Gilbert contended 

truncated distributions are appropriate for foundation resistance, generally, showing with a large 

database of driven pile load tests from many sites that there appears to be a lower bound for 

resistance. Najjar and Gilbert treat proof load tests as a special case of the lower bound 

application, using Bayesian updating to update the lower bound parameter. Najjar and Gilbert’s 

reliability analyses produced findings of reliability benefits greater than those produced by Zhang 

(2004). However, Najjar and Gilbert’s approach is limited in its treatment of uncertainty, all 

sources of which are lumped together in one parameter. This makes it difficult to distinguish 

among effects due to the number of proof tests, within- and among-site variability, and uncertainty 

in the lower bound parameter. Establishing such effects is likely important since Najjar and Gilbert 

found that uncertainty in the lower bound parameter has a considerable impact on reliability. 

Najjar and Gilbert’s approach offers no method for evaluating reliability if any of the proof tests 

fail. 

The third approach, by Najjar et al. (2017), applies the lower bound concept from Najjar 

and Gilbert within the Bayesian framework from Zhang (2004). Comparison of results from the 

method by Najjar and Gilbert with results from the method by Zhang indicates including a lower 

bound parameter on the distribution of the mean may produce greater values of calculated 

reliability, but it is difficult to establish the comparison with certainty since the prior predictive 𝐶𝐶𝐶𝐶𝐶𝐶 

values in the results were not equal. 
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Table 3: Comparison of methods for evaluating reliability of designs based on proof load 
tests. 

Reference Overview Advantages Limitations 

Zhang, 
2004 

Use results of proof 
load tests to 
update mean value 
of mean 
resistance. 

• Statistical development is 
rational and consistent with 
Zhang and Tang’s (2002) 
approach for tests to failure. 

• Considers successful and 
unsuccessful proof tests. 

• Separate inputs for within- 
and among-site variability 

• Does not consider specific failure 
load information from proof tests 
that fail. 

• Within-site variability is assumed to 
be known and is not updated. 

Najjar and 
Gilbert, 
2009 

Remove left tail of 
the predictive 
distribution of 
foundation 
resistance at a 
lower bound value. 
Use results of proof 
load tests to 
update the lower 
bound parameter. 

• Intuitive and relatively simple 
approach to interpreting proof 
test results. 

• Assumes all proof tests pass; no 
method for considering failures. 

• One value of variability is used to 
account for all sources of 
uncertainty. 

• Unclear relationship among site 
variability, number of tests, and 
uncertainty in lower bound 

• Requires prior estimate of lower 
bound resistance. 

Najjar et 
al., 2017 

Lower bound is 
applied to the 
distribution of the 
mean resistance. 
Bayesian updating 
is applied to both 
the mean and 
lower bound of 
mean resistance. 

• Considers successful and 
unsuccessful proof tests. 

• Separate inputs for within- 
and among-site variability 

• Concept of lower bound 
intuitively reflects nature of 
proof testing. 

• Does not consider specific failure 
load information from proof tests 
that fail. 

• Application of lower bound to 
mean, rather than individual 
foundation resistance may limit 
effect on reliability. 

• Requires prior estimate of lower 
bound resistance. 

 

2.5 Published Information Regarding the Value of Within-site Variability 

The quantity of published information regarding specific values of within-site variability is 

limited. The information that has been published mostly traces back to two publications from the 

1970s, one by Evangelista et al. (1977) and the other by Kay (1976), the same work discussed in 

Section 2.3.1. 

The only work focusing exclusively on the topic of within-site variability is by Evangelista 

et al. (1977). Evangelista et al. examined within-site variability at five different sites in South Italy 

and Sicily. The subsurface at all five sites was described as sandy, with varying proportions of 

gravel and/or silt. A total of 94 deep foundations were installed and proof tested among the five 

sites. Franki piles were installed at three of the sites; bored piles were installed at the other two. 



 49 

At one of the driven pile sites, piles of three different lengths were installed. At another, piles of 

two different diameters were installed. 

In all, then, eight different sets of deep foundations were proof tested, with the reported 

results summarized in Table 4. The table includes foundation characteristics, the average of 

displacement at the service load and at 1.5 times the service load, and the 𝐶𝐶𝐶𝐶𝐶𝐶 of loads among 

the piles. The 𝐶𝐶𝐶𝐶𝐶𝐶 of loads among the piles was calculated using the applied load on each pile 

that produced the average displacement values among all piles at the service load and 1.5 times 

the service load. As an example, consider the 25-ft driven piles at Site A (the first row of Table 4). 

Among the 12 piles, the average displacement observed at the service load is 0.07 in. The 𝐶𝐶𝐶𝐶𝐶𝐶 

of the displacement values at the service load is 0.41. To quantify the 𝐶𝐶𝐶𝐶𝐶𝐶 of applied loads, 

Evangelista et al. determined the load on each pile that produced 0.07 in. of displacement (the 

average displacement at the service load). Presumably the average of these loads is near the 

service load value. The 𝐶𝐶𝐶𝐶𝐶𝐶 of the loads is 0.23. 

Table 4: Within-site variability data reported by Evangelista et al. (1977). 

Site 

Foundation Information 
Average 

Displacement, 𝒘𝒘� , in. 𝑪𝑪𝑪𝑪𝑪𝑪 of Load 

Number 
of Piles Type 

Length, 
ft 

Diameter, 
ft 

At 
Service 

Load 

At 1.5x 
Service 

Load 

For 𝒘𝒘�  at 
Service 

Load 

For 𝒘𝒘�  at 1.5x 
Service 

Load 

A 
12 

Franki Pile 
25 1.2 0.07 0.17 0.23 0.25 

4 37 1.2 0.09 0.22 0.19 0.12 
17 50 1.6 0.13 0.46 0.16 0.19 

B 3 Franki Pile 22 1.1 0.08 0.14 0.11 0.12 
16 1.4 0.07 0.11 0.15 0.14 

C 4 Franki Pile 47 1.6 0.06 0.11 0.22 0.20 
D 16 Bored Pile 45 1.5 0.04 0.09 0.11 0.12 
E 22 Bored Pile 62 2.5 0.04 0.08 0.13 0.13 

 

The magnitude of average displacement values in Table 4 is noteworthy. The average 

displacement values range from 0.04 to 0.13 in. at the service load and 0.08 to 0.46 in. at 1.5 

times the service load. Load displacement curves presented in Evangelista et al. (1977) confirm 

these displacements do not represent ultimate or plunging conditions, and likely do not satisfy 

most failure criteria (e.g. Davisson Offset Limit), except for perhaps three of the piles at Site A. 

Accordingly, the load COV values in Table 4 are representative of the variability of resistance at 
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working loads – not at displacement-based failure criterion loads or at ultimate or plunging loads. 

That the load 𝐶𝐶𝐶𝐶𝐶𝐶 values are for working loads, not failure conditions is noteworthy not as a 

critique of the work by Evangelista et al. but for context, since much of the load test reliability 

research has applied the load 𝐶𝐶𝐶𝐶𝐶𝐶 values in Table 4 to reliability evaluations of the strength limit 

state (e.g. Kay, 1976; Zhang and Tang, 2002; Baecher and Rackwitz, 1982; Zhang, 2004). None 

of published literature regarding within-site variability has established how the variability is 

affected by the relative magnitude of loads (i.e. working loads versus service limit state versus 

strength limit state). 

For the work summarized in Section 2.3.1, Kay (1976) quantified within-site variability 

using data from load tests of driven piles at three different sites. Results are presented in Table 5. 

Kay noted “it is now considered appropriate to use for design a variability equivalent to that of the 

Bremerhaven [Germany] tests,” applying the corresponding standard deviation of the base-10 

logarithm of resistance (0.12) to represent within-site variability in his reliability analyses. 

(Standard deviation of the base-10 logarithm of resistance is approximately equivalent to the 𝐶𝐶𝐶𝐶𝐶𝐶 

value of 0.26 reported for the German site in Table 5.) References for the works cited by Kay are 

listed in Table 5. The Komornik, et al. (1971) reference was not located. The work by Chellis 

(1961) was consulted to identify further details of the test programs for which Kay reported 𝐶𝐶𝐶𝐶𝐶𝐶 

values. The data are reported from a large table of load test results in an appendix of the textbook 

by Chellis. The table does not list displacement values for the load tests, so there is no indication 

of whether the tests reported in Table 5 were near failure at the reported test loads. For the 

Bremerhaven, Germany site, embedded pile length varied from 23 to 43 ft. The wide range of pile 

lengths could have resulted in additional variation beyond within-site variability; in other words, 

the 𝐶𝐶𝐶𝐶𝐶𝐶 = 0.26 value in could be biased toward high 𝐶𝐶𝐶𝐶𝐶𝐶. For the San Francisco site, pile length 

was more consistent, with values between 41 and 45 ft. 
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Table 5: Within-site variability data reported by Kay (1976). 

Location 
Number 
of Piles Soil Type 

Load Test Result 

Reference 
Mean, 
tons 

St. Dev., 
tons 𝑪𝑪𝑪𝑪𝑪𝑪 

Ashdod, 
Israel 12 Sand 154 34 0.22 Komornik, et al. 

(1971)1 
Bremerhaven, 
Germany 9 Sand 61 16 0.26 Chellis (1961) 

San 
Francisco 15 Sand with clay 120 32 0.27 Chellis (1961) 

1Reference source unavailable. 

Much of the work presented in Sections 2.3 and 2.4 has applied or built upon the findings 

reported by Evangelista et al. (1977) and Kay (1976). Zhang and Tang (2002) listed the load 𝐶𝐶𝐶𝐶𝐶𝐶 

values from the Franki piles in Table 4 and all sites in Table 5 in one table, adopting 𝐶𝐶𝐶𝐶𝐶𝐶 = 0.20 

to represent within-site variability in their analyses of reliability of designs based on load tests. 

Zhang (2004) and Najjar et al. (2017) also used 𝐶𝐶𝐶𝐶𝐶𝐶 = 0.20 for within-site variability. 

Baecher and Rackwitz (1982) also used the results from Kay (1976) and Evangelista et 

al. (1977) in their consideration of within-site variability. In addition, Baecher and Rackwitz 

considered within-site variability results from five sites reported by Petermann, et al. (1958). The 

Petermann et al. reference is in German and was not located. Unlike the other works (e.g. Zhang 

and Tang, 2002; Najjar et al., 2017, etc.), Baecher and Rackwitz treated within-site variability 

probabilistically rather than deterministically. Therefore, Baecher and Rackwitz established a prior 

distribution of within-site variability rather than a single representative value. As discussed in 

Section 2.3.3 and presented in Figure 9, Baecher and Rackwitz worked in terms of precision ℎ, 

the reciprocal of variance, in order to facilitate the theoretical solutions of their Bayesian analysis. 

To facilitate comparisons with the values in Table 4 and Table 5, data from the prior distribution 

by Baecher and Rackwitz shown in Figure 9 was transformed from precision of the base-10 

logarithm of resistance to 𝐶𝐶𝐶𝐶𝐶𝐶 of resistance, 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅: 

𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅  = ln(10) ℎ−0.5  Eq. 2-13 

A histogram of the transformed data is shown in Figure 19. Also shown in the figure is a 

normal distribution fitted to the data, which has a mean parameter of 0.27 and a standard 
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deviation parameter of 0.09. These are the mean and standard deviation of the value of within-

site 𝐶𝐶𝐶𝐶𝐶𝐶; in other words, the average value of 𝐶𝐶𝐶𝐶𝐶𝐶 among the sites considered by Baecher and 

Rackwitz is 0.27. This is greater than the value of 𝐶𝐶𝐶𝐶𝐶𝐶 = 0.20 assumed by Zhang and Tang 

(2002) and used in subsequent works that cited Zhang and Tang (e.g. Najjar et al., 2017). In 

Chapter 3, the distribution of within-site variability for a new collection of data is presented and 

compared to the results from Baecher and Rackwitz. 

 

Figure 19: Histogram and fitted normal distribution of the within-site variability data 
presented by Baecher and Rackwitz (1982). 

2.6 Summary 

In this chapter, previous work was presented for topics pertinent to the investigation of 

within-site variability and its effect on Bayesian updating for foundation reliability. The first topic 

presented was foundation reliability, which provides context for the motivation of Bayesian 

updating for foundation designs based on load tests. A general introduction to Bayesian updating 

and Bayesian inference followed the discussion of foundation reliability. The emphasis of the 

Bayesian inference section was the treatment of probability distribution parameters as 

probabilistic rather than deterministic inputs. The former approach is unique to Bayesian 

statistics; the latter is associated with frequentist statistics.  
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Most of the content in this chapter was presented in Sections 2.3 and 2.4, which address 

Bayesian updating for designs based on tests to failure and proof test programs, respectively. 

The methods presented in these sections treat the mean parameter of the distribution of 

foundation resistance as a probabilistic input that is updated based on the results of load testing. 

Except for the method by Baecher and Rackwitz (1982), all of the methods presented in Sections 

2.3 and 2.4 treat the standard deviation parameter of the distribution of foundation resistance as a 

deterministic input, an approach that assumes within-site variability is known and will not be 

updated, irrespective of load test results. Baecher and Rackwitz treat within-site variability 

probabilistically and report significant effects on reliability depending on both the prior distribution 

of within-site variability and the within-site variability information observed in test data.  

The final topic addressed in this chapter is the value of within-site variability. Previous 

efforts to quantify within-site variability were summarized, with most work having settled on a 

value corresponding to 𝐶𝐶𝐶𝐶𝐶𝐶 = 0.20. Data supporting the estimate of 𝐶𝐶𝐶𝐶𝐶𝐶 = 0.20 originate from 

about 10 sites. Many of the load tests used to conclude 𝐶𝐶𝐶𝐶𝐶𝐶 = 0.20 were terminated at working 

loads without significant displacement. Information for about one third of the sites originates from 

dated sources that are no longer available, and supporting information, specifically displacement 

information, is missing for several other sites. In the next chapter, a new dataset regarding within-

site variability is evaluated. 
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3. Characterization of Within-site Variability for 
Micropiles 
Three of the primary findings from the literature review of Chapter 2 are that  

(1) prior assumptions of within-site variability can have a considerable effect on the reliability 

interpreted for designs based on load tests (Baecher and Rackwitz, 1982); 

(2) most of the published work regarding reliability of designs based on load tests has 

assumed a single deterministic value of 𝐶𝐶𝐶𝐶𝐶𝐶 = 0.2 to represent within-site variability; and  

(3) the data supporting the value of 𝐶𝐶𝐶𝐶𝐶𝐶 = 0.2 is limited in quantity and, arguably, quality, 

considering many of the load tests used to develop the estimate were loaded only to 

working loads without significant displacement and displacement information is 

unavailable for other sites. 

Taken together, these findings are strong motivation to collect and evaluate additional data 

regarding within-site variability. Micropile foundations are an appealing candidate for evaluating 

within-site variability because micropiles are commonly load tested, and load tests of micropiles 

achieve failure more often than those for other foundation types. Micropile resistance is relatively 

small compared to other deep foundation types, making application of failure loads more 

practical. 

This chapter presents an evaluation of within-site variability from five sites with micropile 

load tests. For most of the sites, a small number of tests to failure were reported. For one site, a 

large number of proof tests were performed, with a small proportion achieving failure. For another 

site, a large number of load displacement curves are available. Values of the 𝐶𝐶𝐶𝐶𝐶𝐶 of resistance, 

𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅, are fitted to each site, and a distribution of 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅 is then fitted to the collection of sites. The 

distribution is compared to the prior distribution reported by Baecher and Rackwitz (Figure 9, 

Figure 19) and to the value assumed in most of the other previous work, 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅 = 0.2. 
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3.1 Description of Datasets 

In Chapter 1, within-site variability was defined as the variability of resistance for similar 

piles at a site where the mean value of resistance is known perfectly. The variability can be 

characterized using the 𝐶𝐶𝐶𝐶𝐶𝐶 of resistance values measured among similar piles installed at the 

same site, 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅. 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅 is the parameter evaluated in the review of previous within-site variability 

information in Section 2.5. One limitation noted among the 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅 data in Section 2.5 is the 

displacement values observed among test piles used to calculate 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅; the displacement was 

typically either small or unreported. 

To satisfy the definition of 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅, micropile data used in this analysis are from datasets 

where all piles for a site have similar diameter, similar bond zone length, are installed in similar 

geologic conditions, and are loaded in the same direction. These qualities – similar diameter, 

similar bond zone length, similar geologic conditions, same direction of loading – define “similar” 

micropiles for this work. To remedy the displacement issue, micropile data used in this analysis 

are from datasets where significant displacements were observed during load tests, at least for 

some of the micropiles. 

Based on a review of micropile literature, three sites with similar micropiles all tested to 

failure were identified. In addition, records were obtained for one site with a large proof load test 

program wherein 17 of 177 test micropiles failed. The fifth dataset was for a site with 536 load 

tests of similar micropiles. Load-displacement curves were available for each of the 536 

micropiles. 

3.2 Interpretation of Within-site Variability 

As described in Section 3.1, datasets were identified for three types of sites with recorded 

within-site variability information: four sites with multiple tests performed to failure, one site with a 

large proof test program with some tests to failure, and one site with many load displacement 

curves. Interpreted within-site variability results for each type of site are presented in the 

corresponding sections below. 
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3.2.1 Sites with Multiple Tests to Failure 

Review of micropile literature revealed three sites with similar micropiles, all load tested 

to failure. For each site, 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅 was estimated using the definition of coefficient of variation: 

𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅 =
𝑏𝑏𝑚𝑚
�̅�𝑟

 , where Eq. 3-1 

𝑏𝑏𝑅𝑅 is the sample standard deviation of resistance, corrected for small sample 

size, and 

�̅�𝑟 is the sample mean of resistance. 

It is necessary to correct the sample standard deviation for small sample size to 

overcome bias in the estimated standard deviation that, on average, leads to underestimating the 

true standard deviation. 

𝑏𝑏𝑚𝑚 =
�𝑏𝑏𝑚𝑚2

𝑐𝑐(𝑛𝑛)
 , where Eq. 3-2 

𝑏𝑏𝑚𝑚2 is the unbiased sample variance and 

𝑐𝑐(𝑛𝑛) is the correction factor for small sample sizes, a function of sample size, 𝑛𝑛. 

The unbiased sample variance is calculated from the individual observations of 

resistance, 𝑟𝑟𝑝𝑝: 

𝑏𝑏𝑚𝑚2 =
∑ (𝑟𝑟𝑝𝑝 − �̅�𝑟)2𝑛𝑛
𝑝𝑝=1

𝑛𝑛 − 1
  Eq. 3-3 

The use of 𝑛𝑛 − 1 rather than 𝑛𝑛 in the denominator of the unbiased sample variance is 

known as Bessel’s correction, which overcomes the bias between population variance and 

sample variance (i.e. use of Bessel’s correction is what makes the unbiased sample variance 

unbiased). However, Bessel’s correction does not fully eliminate bias in the sample standard 

deviation (because square root is a concave function). To eliminate the bias, another correction 

factor is applied (Cureton, 1968): 
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𝑐𝑐(𝑛𝑛) = � 2
𝑛𝑛 − 1

Γ �𝑛𝑛2�

Γ �𝑛𝑛 − 1
2 �

 , where Eq. 3-4 

Γ refers to the gamma function. 

The correction factor defined in Eq. 3-4 is approximately 0.8 for a sample size of 𝑛𝑛 = 2 and 

increases to 1 for large sample sizes. 

The methodology captured in Eq. 3-1 through Eq. 3-4 was applied to each of the three 

sites identified in literature. Results of the within-site variability interpretations are presented in 

Table 6. The first case was documented by Wolosick (2009). Two micropiles were installed in 

Yazoo clay, a high plasticity clay with measured undrained shear strength at the site of 3300 psf. 

The micropiles were post-grouted and load tested in compression, with one micropile failing at 

188 kips and the other at 208 kips. Both micropiles were displaced at least 1.5 in. at failure, 

defined at plunging. 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅 was computed using the bond zone stress at failure as resistance in 

Eq. 3-1 through Eq. 3-4. The bond zone stress at failure was calculated using the nominal bond 

zone diameter and length. The failure loads reported in Wolosick are based on the Davisson 

Offset Limit (1972). 

Drbe and El Naggar (2015) documented compression load testing of four hollow bar 

micropiles in lean clay in London, Ontario. Two of the micropiles had a nominal diameter of 7 in.; 

the nominal diameter was 9 in. for the other two micropiles. Bond zone stress at failure was 

calculated from the nominal bond zone diameter and length and used to calculate 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅. Failure 

was defined according to the criteria by Fuller and Hoy (1970). At least 1 in. displacement was 

achieved for all micropiles. 

The last case with multiple tests to failure at the same site is Ahsanuzzaman et al. 

(2019). Ahsanuzzaman et al. installed eight hollow bar micropiles in medium dense sand at a site 

near the coast of North Carolina in order to study the effect of construction techniques on 

capacity. The drill bit insertion rate, grout flow rate, and grout water-cement ratio were varied 

among the eight micropiles; it is likely these variations contributed to the relatively high value of 
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𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅, 0.20, listed in Table 6. Indeed, the value of 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅 calculated from Ahsanuzzaman et al. was 

greater than the values for the other two cases. However, it is not uncommon for installation 

techniques to vary within production micropile projects. In light of this, and acknowledging the 

limited availability of within-site variability data, the results from Ahsanuzzaman et al. were 

maintained for the development of a distribution of within-site variability described in Section 3.3. 

The micropiles by Ahsanuzzaman et al. were tested in tension. Pullout capacities were reported 

as the ultimate load for each test, which Ahsanuzzaman et al. report was close to the definition of 

failure by Fuller and Hoy (1970). 

The last column in Table 6 lists the standard error in the estimated values of 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅. The 

𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅 standard error was calculated from the standard error in the standard deviation estimate, 

which was computed by MATLAB. The standard error in 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅 is 0.05 or 0.06 for all three cases. 

That the value is similar for all cases reflects two offsetting trends: greater errors for greater 

variability (i.e. larger errors in the standard deviation estimate are expected when the estimate, 

itself, is relatively high), and lesser errors for greater sample sizes. The standard error in 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅 for 

the Ahsanuzzaman et al. case is therefore similar to the value from the Wolosick case; the former 

was based on four times as many points as the latter, but the standard deviation estimate for the 

former case was significantly higher. 

Table 6: Summary of cases with within-site variability calculated from multiple load tests 
to failure at the same site. 

Reference Location 

Number 
of 

Micropiles 

Micropile Information 
Bond 
Zone 

Material 

Bond Resistance Std. 
Error 

in  
𝑪𝑪𝑪𝑪𝑪𝑪𝑹𝑹 Type 

Bond 
Length, 

ft 
Diameter, 

in. 
𝒓𝒓�, 

ksf 
𝒔𝒔𝒓𝒓, 
ksf 𝑪𝑪𝑪𝑪𝑪𝑪𝑹𝑹 

Wolosick 
(2009) 

Jackson, 
MS 2 D 25 to 30 8 Yazoo 

clay 3.46 0.26 0.07 0.059 

Drbe and El 
Naggar (2015) 

London, 
Ontario 
(Canada) 

4 E 19 7 to 9 Lean 
clay 3.43 0.46 0.13 0.060 

Ahsanuzzaman 
et al. (2019) 

Coastal 
NC 8 E 25 7 to 9 

Medium 
dense 
sand 

2.19 0.43 0.20 0.053 
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3.2.2 Site with Many Proof Tests, Some to Failure 

Micropile load test records were obtained for a project outside Toronto. Type D micropiles 

with a 6.5-in. diameter by 36-ft long nominal bond zone were installed in glacial till characterized 

as silty sand and silty clay. A proof test program was performed on 177 micropiles at the site. 

Seventeen of the micropiles failed at or before reaching the target proof load of 236 kips. A small 

number of micropiles were proof tested and survived greater loads. 

To characterize within-site variability for the project micropiles, a normal distribution was 

fit to the proof test results. The resulting distribution is shown with the proof test results in Figure 

20. The blue bars in the histogram represent results from all micropiles, and the shorter orange 

bars represent the failed micropiles. Tests that did not fail are censored observations; rather than 

representing an observation of micropile resistance, the survived proof load represents a lower 

bound of resistance for the micropile. Censored observations were used with the uncensored 

observations to compute maximum likelihood estimators of the normal distribution parameters 

using MATLAB. As shown in Figure 20, the resulting distribution corresponds to estimated 

𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅 = 0.21 with a standard error in the 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅 estimate of 0.04. Note that the distribution fitted to 

the proof test results defines resistance in terms of load rather than unit bond stress, which was 

used in Section 3.2.1. Because all of the project micropiles in Figure 20 had the same bond zone 

geometry, the approaches are equivalent in terms of 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅. 
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Figure 20: Histogram of resistance data for proof test program with fitted normal 
distribution. 

3.2.3 Site with Many Tests with Load-displacement Curves 

Vanderpool et al. (2002) documented a load test program for a site in Las Vegas where 

536 micropiles were load tested. The Type B micropiles were installed to a depth of 200 ft with an 

8-in. nominal diameter bond zone in caliche, a clayey sand with zones of clay and variable 

cementation. The 536 micropiles were tested in axial compression to a maximum load of about 

600 kips. Load and displacement at the top of the micropile were measured for each test, with the 

resulting set of load-displacement curves for all 536 micropiles shown in Figure 21. The shape of 

the load-displacement curves varies considerably: some are nearly linear with final displacement 

values less than 0.5 in., others show significant curvature with final displacement values 

exceeding 3.5 in., and most range between these extremes.  

Although the observed displacement values shown in Figure 21 are significant, the 

magnitude of the displacement is qualified by the micropile length, 200 ft. Vanderpool et al. 

interpreted the load-displacement curves by applying criteria for micropiles from Jeon and 
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Kulhawy (2001) and Hirany and Kulhawy (2002). Results are shown in Figure 21 as the red line, 

which marks the beginning of the transition region of the mean load-displacement curve (i.e. the 

curve interpreted by Vanderpool et al. using the average of all results). The transition region is 

between the initial linear region and the final linear region of the interpretations by Hirany and 

Kulhawy. At the maximum load of 600 kips, load-displacement curves for 69 percent of the 

micropiles indicate more displacement than the red line. The finding that a majority of the 

micropiles were at least transitioning toward ultimate resistance offers support for the qualitative 

observation above that many of the load-displacement curves of Figure 21 show considerable 

curvature. 

To evaluate within-site variability from the load-displacement data, load values were 

interpolated for each of the 536 load-displacement curves at displacement values of 0.5 in., 1 in., 

1.5 in., and 2 in. The displacement values are shown with dashed blue lines in Figure 21. For 

each of the four displacement values, a normal distribution was fitted to the interpolated load 

values. The fitted distributions are shown with histograms of the interpolated loads in Figure 22. 

Censored observations at the maximum applied load of 600 kips were included in the 

development of each distribution to represent micropile load tests that terminated at 600 kips prior 

to reaching the displacement value for distribution fitting. The number of censored observations 

increases with increasing displacement. For example, displacement of 0.5 in. was achieved for 

most micropiles, with only 88 tests terminated at 600 kips prior to achieving 0.5 in. displacement. 

In contrast, displacement of 2 in. was not achieved for most micropiles; 503 of the 536 tests were 

terminated prior to reaching 2 in. displacement. As for the site with many proof tests documented 

in Section 3.2.2, the censored observations were used with the uncensored observations to 

compute maximum likelihood estimators of the normal distribution parameters using MATLAB. 
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Figure 21: Load-displacement curves for the micropiles documented by Vanderpool et al. 
(2002). 

 
Figure 22: Histogram and fitted distribution of resistance interpreted at different values of 

displacement at top of micropile: (a) 0.5 in., (b) 1 in., (c) 1.5 in., (d) and 2 in. 

(a) 
 

(c) 

(b) 

(d) 
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Values of 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅 were computed for each of the distributions shown in Figure 22; the 

values are listed in textboxes (as “COVhat”) in Figure 22. The values are also plotted versus the 

displacement value in Figure 23. Figure 23 also includes values of 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅 for the north half of the 

project site, which includes 253 micropiles, and for the south half of the project site, which 

includes 283 micropiles. The north and south halves of the project site were evaluated separately 

because Vanderpool et al. noted greater displacements were observed for micropiles on the 

south side. Vanderpool et al. cited three potential explanations for the greater displacement: (1) 

“relaxation of the construction technique” as the project proceeded, with north micropiles installed 

first; (2) “failure to maintain the quality control feedback”; and (3) spatial variability. The potential 

explanations are consistent with the understanding that within-site variability can result from 

construction variability or geologic variability across a site. Although the displacements were 

greater for the south micropiles, there is no clear difference in variability between north and south 

micropiles. For two of the displacement values, the north side micropiles are less variable; for the 

other two displacement values, the south side micropiles are less variable. 

In fact, the one pronounced effect evident in Figure 23 is a decrease in variability with 

increasing displacement. The outlying point for the north side at 2 in. displacement is best 

explained by the small number of micropiles that actually achieved 2 in. displacement on the 

north side: six of 253, or 2 percent. The resulting fitted distribution is therefore based 

predominately on censored observations. Neglecting the outlying point, the variability data in  

show a nearly linear decrease in 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅 with displacement. The observation that variability in 

micropile resistance is greatest at small displacements suggests that micropile stiffness is more 

variable than micropile ultimate resistance. 
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Figure 23: Within-site variability versus top of pile displacement for project documented 
by Vanderpool et al. (2002). 

The number of data points in Figure 23 begs the question: What single value of 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅 is 

appropriate to characterize within-site variability for the site documented by Vanderpool et al.? 

For the analysis presented in the next section, a value of 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅 = 0.16 was estimated based on 

the entire site and a displacement value of 1.5 in. The entire site was used because the 

interpretation of north versus south did not produce any conclusive differences in variability 

between the two halves. Displacement of 1.5 in. was used because the load-displacement curves 

in Figure 21 show considerable curvature at 1.5 in., and because 20 percent of the micropiles 

actually achieved 1.5 in. displacement. Only 6 percent of micropiles achieved 2 in. displacement, 

so the 2 in. distribution is more dependent on censored observations. The estimated value of 

𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅 = 0.16 is associated with a standard error in 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅 of 0.01. 

3.3 Distribution of Within-site Variability Among Sites 

Results from the five sites evaluated in Section 3.2 are summarized in Table 7. The table 

lists project information, micropile characteristics, bond zone material, the estimated coefficient of 

resistance at the site (𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅), and the standard error in the 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅 estimate. The 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅 results are 

shown graphically as the blue normal distribution probability density functions (PDFs) in Figure 
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24. One normal PDF was assigned to each of the five sites. For each, the mean parameter is 

equal to the estimated value of 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅 listed in Table 7, and the standard deviation value is equal 

to the standard error of 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅 listed in Table 7. 

Among the individual site distributions of 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅 in Figure 24, the distribution based on 

analysis of the load-displacement curves from Vanderpool et al. (2002) (Section 3.2.3) stands out 

as considerably less variable than the other estimates. The relatively small variability associated 

with the estimate of 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅 associated with the Vanderpool et al. site indicates the estimate of 

𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅 is less uncertain than the estimates for other sites, which is appropriate considering the 

quantity of data interpreted for the Vanderpool et al. site. The estimated value of 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅 for the 

Vanderpool et al. site is also the median of the five sites; that the median of the dataset is also 

the least uncertain estimate is perhaps unsurprising. 

Also shown in Figure 24 are PDFs of two distributions fit to the 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅 estimates of Table 

7, one normal distribution and one lognormal distribution. The normal distribution has a mean 

parameter of 0.15 and a standard deviation of 0.06. The lognormal distribution is characterized by 

parameters of 𝜇𝜇 = −1.9 and 𝜎𝜎 =  0.45; these are equivalent to the mean and standard deviation 

of the logarithm of 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅. The 99 percent confidence interval of 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅 values included in the 

normal distribution is 0.01 to 0.30, compared to an interval of 0.05 to 0.45 for the lognormal 

distribution. At both ends of the interval, the normal distribution seems more realistic. 
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Table 7: Summary of within-site variability information for micropiles at five sites. 

Reference or 
Description Location 

Number of 
Micropiles 
(Number 
Failed) 

Micropile Information 
Bond 
Zone 

Material 
𝑪𝑪𝑪𝑪𝑪𝑪𝑹𝑹 

Estimate 

Std. 
Error 

in  
𝑪𝑪𝑪𝑪𝑪𝑪𝑹𝑹 Type 

Bond 
Length, 

ft 
Diameter, 

in. 
Wolosick 
(2009) 

Jackson, 
MS 

2 
(2) D 25 to 30 8 Yazoo 

clay 0.07 0.059 

Drbe and El 
Naggar (2015) 

London, 
Ontario 
(Canada) 

4 
(4) E 19 7 to 9 Lean 

clay 0.13 0.060 

Ahsanuzzaman 
et al. (2019) 

Coastal 
NC 

8 
(8) E 25 7 to 9 

Medium 
dense 
sand 

0.20 0.053 

Proof test 
program from 
Section 3.2.2 

Toronto, 
ON 

177 
(17) D 36 6.5 Glacial 

till 0.21 0.042 

Vanderpool et 
al. (2002) 

Las 
Vegas, 
NV 

536 
(109) B 200 8 Caliche 0.16 0.013 

 

 

Figure 24: Probability density functions of 𝑪𝑪𝑪𝑪𝑪𝑪𝑹𝑹, with individual sites in blue and 
distributions for the collection of sites in red. 

3.4 Comparison of Findings with Published Values of Within-site Variability 

The normal distribution fitted to 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅 estimates for micropiles in Section 3.4 is shown 

alongside the distribution of 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅 from Baecher and Rackwitz’s (1982) results (Section 2.5) in 
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Figure 25. Also shown in the figure are histograms of the data to which the distributions are fitted. 

The distribution of micropile 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅 estimates has a notably smaller mean value than the 

distribution from Baecher and Rackwitz: 0.15 versus 0.27. The mean value of 0.15 is also less 

than the value of 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅 = 0.2 assumed by Zhang (2004) and cited subsequently by others (e.g. 

Najjar et al., 2017). There is also more variability associated with the Baecher and Rackwitz 

distribution, although both distributions have about the same 𝐶𝐶𝐶𝐶𝐶𝐶 at approximately 0.3 (this is the 

𝐶𝐶𝐶𝐶𝐶𝐶 of 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅). 

One possible explanation for the smaller 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅 values associated with the micropile data 

from this chapter is that the micropile 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅 data were interpreted from load tests that achieved 

significantly greater displacement than the values interpreted by Baecher and Rackwitz (using 

data from Evangelista et al., 1977). This explanation is consistent with the finding of decreasing 

𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅 with increasing displacement discussed in Section 3.2.3. Another possible explanation is 

that micropile resistance is inherently less variable than resistance of the larger-diameter Franki 

piles and driven piles considered by Baecher and Rackwitz and Evangelista et al. Micropile 

resistance is predominately from side resistance; the total resistance of a micropile element can 

therefore be considered an average of the unit side resistance along the entire length of the 

micropile. For larger-diameter deep foundations, base resistance contributes more significantly. 

Total base resistance is generally not averaged over as a large volume of soil as total side 

resistance. Finally, these two possible explanations are not mutually exclusive; the effect of base 

resistance variability could be more pronounced at the small displacement values used to define 

𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅 in the Baecher and Rackwitz dataset. 
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Figure 25: Histograms and fitted normal distributions for data from Baecher and Rackwitz 
(1982) and for micropile data evaluated in Chapter 3. 

3.5 Summary 

Data from micropile load tests at five sites were used to estimate the coefficient of 

variation of resistance (𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅) at each site. For three of the sites, the estimates were based strictly 

on load tests that achieved failure, and 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅 was estimated as the ratio of unbiased sample 

standard deviation to sample mean. For another site, the estimate of 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅 was based on fitting a 

normal distribution to resistance data based on a proof load test program of 177 micropiles, 17 of 

which achieved failure. The distribution fitting was based on maximum likelihood estimation with 

censored observations for the tests that did not achieve failure. For the remaining site, the 

estimate of 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅 was based on analysis of interpolated values of applied loading at 1.5 in. 

displacement for 536 load tests documented by Vanderpool et al. (2002). Additional analysis for 

the site showed a clear trend of smaller values of 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅 for greater micropile displacement, 

suggesting ultimate resistance is less variable than stiffness. 
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Results from each site were compiled, and a normal distribution was fitted to the 

collection of 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅 estimates. The normal distribution has a mean parameter of 0.15 and a 

standard deviation of 0.06. The estimated 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅 for micropiles represents considerably less 

within-site variability than previous estimates. For instance, the mean value of 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅 for a 

distribution presented by Baecher and Rackwitz is 0.27; the deterministic value used by Zhang 

(2004) and cited by others (e.g. Najjar et al., 2017) is 0.20. A likely explanation for the reduced 

variability interpreted in this chapter is the use of load test results that achieved failure; the 

previous estimates were based on load tests that were generally performed to maximum loads 

representing working or service loads. The explanation that reduced within-site variability is 

observed for greater displacement is consistent with the trend observed for interpretations of data 

from Vanderpool et al. (2002). Lastly, and importantly, the investigation of within-site variability 

documented in this chapter indicates there is significant uncertainty in within-site variability, as 

evidenced by the standard deviation of 0.06. The standard deviation of 0.06 represents a 𝐶𝐶𝐶𝐶𝐶𝐶 of 

the value of within-site variability of 0.40. The uncertainty in within-site variability is a significant 

factor in the differences between deterministic and probabilistic within-site variability, as 

examined in the remaining chapters. 
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4. Numerical Tool for Bayesian Updating and 
Reliability Evaluation 
In Chapter 1, the concepts of among-site and within-site variability were introduced, and 

a general discussion of the importance of the concepts for the reliability of foundation designs 

based on load tests was presented. In Chapter 2, the discussion of among-site variability, within-

site variability, and load tests proceeded in more detail, first with a general overview of why and 

how Bayesian updating is applied to designs based on load tests (Section 2.2), and then with 

detailed presentations of previous applications of Bayesian updating for designs based on load 

tests (Section 2.3). The presentation of previous applications focused on approaches developed 

by Zhang and Tang (2002), which in turn traced back to a method by Kay (1976), and by Baecher 

and Rackwitz (1982). The method by Zhang and Tang adopted a deterministic approach to 

within-site variability, treating it as a constant, known value. The method by Baecher and 

Rackwitz adopted a probabilistic approach to within-site variability, treating it as unknown value to 

be updated based on load test information. Both methods relied on theoretical solutions with strict 

distributional requirements for prior information. 

This chapter presents the methodology developed for this research to (1) perform 

Bayesian updating of foundation designs based on load tests and (2) use the results of Bayesian 

updating to evaluate foundation reliability. The methodology was implemented through a 

numerical tool developed for the research to perform both tasks (Bayesian updating and reliability 

evaluation). The tool can be used to perform Bayesian updating with either a deterministic or a 

probabilistic treatment of within-site variability. Importantly, the tool uses numerical methods to 

perform Bayesian updating and reliability evaluation; use of numerical methods eliminates the 

need to satisfy distributional requirements for the prior information (to perform Bayesian updating) 

or for the posterior results (to evaluate reliability). 

The first section of the chapter provides a relatively concise summary of the methodology 

used in the tool and its important input and output. In the second section, the numerical method 
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used in the tool to apply Bayesian updating to designs based on load tests is presented. The 

presentation follows from the discussion of Chapter 2: it adds detail and equations to the 

overview from Section 2.2, and it also contains several statements of comparison to distinguish 

the numerical approach of the tool from the previous approaches described in Section 2.3. The 

third section of the chapter presents the numerical method for evaluating reliability based on the 

posterior results from Bayesian updating. The chapter closes with a summary. 

4.1 Overview of the Numerical Tool 

The numerical tool has two computational objectives: (1) perform Bayesian updating of 

foundation resistance to reflect load test information and (2) characterize the Bayesian output to 

provide useful measures for interpretation of the posterior results, particularly for reliability 

evaluation. A summary of the tool, including important tool input and output, is presented in 

Figure 26. 

The most important inputs for the numerical tool follow from the framework for Bayesian 

updating described in Section 2.2. The inputs include prior distributions for both of the parameters 

used to define site-specific resistance, 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘, and load test information. 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 is the 

mean parameter for site-specific resistance; 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 is the standard deviation parameter of site-

specific resistance. The prior distributions of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 are defined numerically, without 

distributional requirements. Although no specific distribution is required for either parameter, 

normal distributions were assumed for the sake of example in parts of Section 4.2, which 

presents additional information about how the two parameters are defined. The other important 

tool input is load test results. The tool can consider any number of tests. The magnitude of the 

failure load from each load test is input for the tool. 

The first numerical analysis of the tool is used to perform Bayesian updating. The 

numerical analysis generally conforms to the framework described in Section 2.2. Both 

deterministic and probabilistic within-site variability can be used in the tool. In the former, used in 

most of the previous work related to Bayesian updating for foundation load tests (e.g. Kay, 1976; 

Zhang and Tang, 2002; Najjar et al., 2017), the within-site variability parameter is treated as a 
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known, constant value and is not updated to reflect load test results. In the latter, previously used 

only in Baecher and Rackwitz (1982), the within-site variability is treated as an unknown value to 

be updated based on load test information. Regardless of the within-site variability approach (i.e. 

deterministic or probabilistic), the previous work presented in Sections 2.3 and 2.4 all used 

theoretical solutions to perform Bayesian updating. In contrast, the numerical tool uses numerical 

solutions that facilitate use of prior distributions without strict distributional requirements. 

 

Figure 26: Overview of the numerical tool for Bayesian analysis and reliability analysis of 
designs based on load test information. 

The primary output from the Bayesian analysis is the posterior joint distributions of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 

and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘, the parameters used to define site-specific resistance. The output from the tool 

includes a numerical posterior joint probability density functions of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘, as well as 

posterior marginal distributions of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘. In addition, the tool fits normal distribution 

parameters to the posterior marginal distributions of both 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘, yielding four 

parameters: 𝜇𝜇𝜇𝜇 and 𝜎𝜎𝜇𝜇 for the mean and standard deviation of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘, respectively, and 𝜇𝜇𝜎𝜎 and 𝜎𝜎𝜎𝜎 

for the mean and standard deviation of 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘, respectively. In Chapters 5 and 6, values of the 

four parameters are used to evaluate the results of Bayesian updating. 

The posterior joint distribution of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 serves as input for the second 

numerical analysis of the tool, which is a numerical analysis of reliability. The posterior joint 
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distribution of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 is used to develop a posterior predictive distribution of 

resistance. The posterior predictive distribution of resistance represents the expected magnitude 

and variability of resistance in light of both empirical methods and load test information. The tool 

computes the 1/1500th value of resistance from the posterior predictive distribution, 𝑅𝑅1/1500. 

𝑅𝑅1/1500 describes the left tail of the posterior predictive distribution; it is the design value of 

resistance with a probability of failure of 1/1500 if the loads are perfectly known and perfectly 

balanced with the design value. In Chapters 5 and 6, the value of 𝑅𝑅1/1500 is used to evaluate 

reliability implications of the Bayesian analyses with deterministic and probabilistic treatment of 

within-site variability. 

4.2 Numerical Method for Bayesian Updating of Foundation Resistance 
based on Load Test Information 

As outlined in Section 2.2, resistance information from foundation load tests is typically 

considered in conjunction with results from empirical design methods that are based on results 

from a collection of other sites. Bayesian updating is a rational method for considering both the 

results of foundation load tests and the predictions from empirical design methods. The 

methodology for Bayesian updating used in the numerical tool is presented in this section, which 

details the notation, Bayesian framework, and computational methods applied in the tool. 

4.2.1 General Framework and Notation 

The random variable used to characterize foundation resistance is 𝑹𝑹𝑹𝑹𝑹𝑹, the ratio of 

measured foundation resistance, 𝑹𝑹𝒎𝒎, to predicted foundation resistance, 𝑅𝑅𝑝𝑝: 

𝑹𝑹𝑹𝑹𝑹𝑹 =
𝑹𝑹𝒎𝒎
𝑅𝑅𝑝𝑝

  Eq. 4-1 

Bold text is used throughout the equations in this chapter to denote random variables; 

normal, non-bold text is used for deterministic constants or parameters. The measured foundation 

resistance, 𝑹𝑹𝒎𝒎, is a random variable, while the predicted resistance, 𝑅𝑅𝑝𝑝, is treated as 

deterministic. (In other applications, e.g. evaluation of reliability of empirical designs, 𝑅𝑅𝑝𝑝 should be 
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treated as a random variable, but for the purposes of evaluating designs based on load tests, the 

value of 𝑅𝑅𝑝𝑝 is fixed.) Because 𝑅𝑅𝑝𝑝 is deterministic, the mean and standard deviation of 𝑹𝑹𝑹𝑹𝑹𝑹 (𝜇𝜇𝑅𝑅𝑅𝑅𝑅𝑅 

and 𝜎𝜎𝑅𝑅𝑅𝑅𝑅𝑅, respectively) are linear transformations of the mean and standard deviation of 𝑹𝑹𝒎𝒎 (𝜇𝜇𝑅𝑅𝑚𝑚 

and 𝜎𝜎𝑅𝑅𝑚𝑚, respectively): 

𝜇𝜇𝑅𝑅𝑅𝑅𝑅𝑅 =
1
𝑅𝑅𝑝𝑝

𝜇𝜇𝑅𝑅𝑚𝑚  Eq. 4-2 

𝜎𝜎𝑅𝑅𝑅𝑅𝑅𝑅 =
1
𝑅𝑅𝑝𝑝

𝜎𝜎𝑅𝑅𝑚𝑚  Eq. 4-3 

It follows from the definition of 𝐶𝐶𝐶𝐶𝐶𝐶 that the 𝐶𝐶𝐶𝐶𝐶𝐶 of 𝑹𝑹𝑹𝑹𝑹𝑹, 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅𝑅𝑅𝑅𝑅, is equal to the 𝐶𝐶𝐶𝐶𝐶𝐶 of 

𝑅𝑅𝑚𝑚, 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅𝑚𝑚: 

𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅𝑅𝑅𝑅𝑅 =

1
𝑅𝑅𝑝𝑝

𝜎𝜎𝑅𝑅𝑚𝑚
1
𝑅𝑅𝑝𝑝

𝜇𝜇𝑅𝑅𝑚𝑚
= 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅𝑚𝑚  Eq. 4-4 

𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅𝑚𝑚 is equivalent to the quantity used to evaluate within-site variability in Chapter 3, 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅. By 

Eq. 4-4, then, the results of Chapter 3 can be used to estimate 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅𝑅𝑅𝑅𝑅 . 

𝑹𝑹𝑹𝑹𝑹𝑹 is defined equivalently to the bias factor commonly used in evaluation of design 

methods. 𝑹𝑹𝑹𝑹𝑹𝑹 can be considered a normalized version of foundation resistance. Use of 𝑹𝑹𝑹𝑹𝑹𝑹 is 

mathematically convenient compared to working in terms of un-normalized foundation resistance 

because distributions of 𝑹𝑹𝑹𝑹𝑹𝑹 are readily compared regardless of the magnitude of resistance. 

The distribution of 𝑹𝑹𝑹𝑹𝑹𝑹 is an indication of both the accuracy and precision of predictions: more 

accurate prediction sets have a mean ratio closer to 1, and more precise prediction sets have 

smaller variability. Use of 𝑹𝑹𝑹𝑹𝑹𝑹 is also advantageous since bias statistics are available for many 

foundation design methods (e.g. Paikwosky et al., 2004).  

The natural logarithm of the ratio, ln(𝑹𝑹𝑹𝑹𝑹𝑹), is also used for convenience. The distribution 

of ln(𝑹𝑹𝑹𝑹𝑹𝑹) is assumed to be normal, which is equivalent to assuming the distribution of 𝑅𝑅𝑅𝑅𝑅𝑅 is 

lognormal. A lognormal distribution of foundation resistance has been used commonly (e.g. 
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Barker et al., 1991; Paikowsky et al., 2004). One advantage of the lognormal distribution is that its 

support is strictly positive, an appealing characteristic for modeling strictly positive quantities such 

as foundation resistance. 

Another characteristic of the lognormal is convenient for modeling purposes. As stated 

previously, if a random variable is lognormally distributed, then the natural logarithm of the 

variable is normally distributed. Further, the standard deviation of the natural logarithm of the 

variable is approximately equivalent to the 𝐶𝐶𝐶𝐶𝐶𝐶 of the variable, itself (Ang and Tang, 2007): 

ln(𝑹𝑹𝑹𝑹𝑹𝑹) ~𝑁𝑁(𝜇𝜇ln (𝑅𝑅𝑅𝑅𝑅𝑅),𝜎𝜎ln (𝑅𝑅𝑅𝑅𝑅𝑅)) , where Eq. 4-5 

𝑹𝑹𝑹𝑹𝑹𝑹 is defined as above and is lognormally distributed 

𝜇𝜇ln (𝑅𝑅𝑅𝑅𝑅𝑅) is the mean of ln (𝑅𝑅𝑅𝑅𝑅𝑅), and 

𝜎𝜎ln (𝑅𝑅𝑅𝑅𝑅𝑅) is the standard deviation of ln (𝑅𝑅𝑅𝑅𝑅𝑅) 

𝜎𝜎ln (𝑅𝑅𝑅𝑅𝑅𝑅) = �ln (1 + 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅𝑅𝑅𝑅𝑅2) ≈ 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅𝑅𝑅𝑅𝑅  Eq. 4-6 

The approximation of Eq. 4-6 holds for 𝐶𝐶𝐶𝐶𝐶𝐶 ≤ 0.3 (Ang and Tang, 2007). As established in Eq. 

4-4, 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅𝑅𝑅𝑅𝑅 = 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅𝑚𝑚. Accordingly, the normal distribution of Eq. 4-5 can be restated: 

ln(𝑹𝑹𝑹𝑹𝑹𝑹) ~𝑁𝑁(𝜇𝜇ln (𝑅𝑅𝑅𝑅𝑅𝑅),𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅𝑚𝑚), 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅𝑚𝑚 ≤ 0.3  Eq. 4-7 

Combining Eq. 4-4 and Eq. 4-8 produces the useful result captured in Eq. 4-8. The result 

means that distributions of the 𝐶𝐶𝐶𝐶𝐶𝐶 of resistance, including the one developed in Chapter 3, can 

be used as the standard deviation of ln(𝑹𝑹𝑹𝑹𝑹𝑹), provided the 𝐶𝐶𝐶𝐶𝐶𝐶 of resistance is less than 0.3. 

This result is useful because the numerical tool is defined in terms of ln(𝑹𝑹𝑹𝑹𝑹𝑹). 

𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅 = 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅𝑅𝑅𝑅𝑅 ≈ 𝜎𝜎ln (𝑅𝑅𝑅𝑅𝑅𝑅)  Eq. 4-8 

In the Bayesian framework presented in Section 4.2.2, various forms of Eq. 4-5 and Eq. 

4-7 are used to represent different distributions of ln(𝑹𝑹𝑹𝑹𝑹𝑹) for the Bayesian prior, likelihood, and 
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posterior. Although the “ln(𝑅𝑅𝑅𝑅𝑅𝑅)” subscript is dropped in the equations of Section 4.2.2 to 

simplify notation, the Bayesian framework is developed in terms of ln(𝑹𝑹𝑹𝑹𝑹𝑹). 

Finally, note that the random variable ln (𝑹𝑹𝑹𝑹𝑹𝑹) is equivalent to the variable 𝒙𝒙 considered 

by Zhang and Tang (2002) (Section 2.3.2) and by Zhang (2004) (Section 2.4.1). It is also similar 

to the variables considered by Kay (1976) (Section 2.3.1) and Baecher and Rackwitz (1982) 

(Section 2.3.3). Kay and Baecher and Rackwitz worked in terms of the base-10 logarithm of 

𝑹𝑹𝑹𝑹𝑹𝑹, which is linearly related to the natural logarithm: 

𝐥𝐥𝐥𝐥𝑹𝑹𝑹𝑹𝑹𝑹 = ln 10 ∙ 𝐥𝐥𝐥𝐥𝐥𝐥𝟏𝟏𝟏𝟏 𝑹𝑹𝑹𝑹𝑹𝑹  Eq. 4-9 

4.2.2 Bayesian Framework 

In this section, the notation developed in Section 4.2.1 is applied to the Bayesian 

methodology outlined in Sections 2.1 and 2.2. To simplify notation, the “ln(𝑅𝑅𝑅𝑅𝑅𝑅)” subscript is 

dropped in the equations of this section, but the framework is intended for application to 

ln(𝑹𝑹𝑹𝑹𝑹𝑹). For example, 𝜇𝜇𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛 is used to represent the mean value of ln(𝑹𝑹𝑹𝑹𝑹𝑹) at a specific site. 

For a specific site, the distribution of ln (𝑹𝑹𝑹𝑹𝑹𝑹) can be defined according to Eq. 4-10 for 

the case in which the mean ln (𝑹𝑹𝑹𝑹𝑹𝑹) for the site, 𝜇𝜇𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛, and the within-site variability, 𝜎𝜎𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛, are 

known. The case of known 𝜇𝜇𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛 and 𝜎𝜎𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛 is represented by the conditional statement on the 

left side of Eq. 4-10. If 𝜇𝜇𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛 and 𝜎𝜎𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛 are known, the only uncertainty in design predictions is 

due to the within-site variability. Such a case is not realistic, but the conditions are useful for 

developing the Bayesian framework in this section. 
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(ln (𝑹𝑹𝑹𝑹𝑹𝑹)|𝜇𝜇𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛 ,𝜎𝜎𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛)~𝑁𝑁(𝜇𝜇𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛 ,𝜎𝜎𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛) , where Eq. 4-10 

𝜇𝜇𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛 is the mean value of ln(𝑹𝑹𝑹𝑹𝑹𝑹) within the site, 

(ln (𝑹𝑹𝑹𝑹𝑹𝑹)|𝜇𝜇𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛 ,𝜎𝜎𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛) is the random variable ln (𝑹𝑹𝑹𝑹𝑹𝑹) conditioned on 

knowledge of 𝜇𝜇𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛 and 𝜎𝜎𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛, and 

𝜎𝜎𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛 is the standard deviation of ln(𝑹𝑹𝑹𝑹𝑹𝑹) within the site, i.e. within-site variability 

Consider the case of a design based on an empirical method developed from experience 

at other sites and without any site-specific load tests. This is the typically the prior case for 

Bayesian updating to reflect site-specific load tests. For the prior case, the mean value assigned 

to ln (𝑹𝑹𝑹𝑹𝑹𝑹) is 𝝁𝝁𝒕𝒕𝒎𝒎𝒕𝒕𝒘𝒘𝒈𝒈, the value from an empirical method. As explained in Section 2.1, 

distributional parameters (e.g. mean and standard deviation for the normal distribution) in the 

Bayesian framework are treated probabilistically, i.e. as random variables. In contrast, the 

frequentist approach treats distributional parameters deterministically, i.e. as constant values. 

Accordingly, the assumption 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 = 𝜇𝜇𝑚𝑚𝑚𝑚𝑎𝑎𝑛𝑛𝑎𝑎 associated with the prior method can be considered 

in Bayesian terms by assuming a normal distribution for 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘, and using 𝜇𝜇𝑚𝑚𝑚𝑚𝑎𝑎𝑛𝑛𝑎𝑎 as the mean 

for the distribution, as shown in Eq. 4-11: 

𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘~𝑁𝑁�𝜇𝜇𝑚𝑚𝑚𝑚𝑎𝑎𝑛𝑛𝑎𝑎 ,𝜎𝜎𝑚𝑚𝑚𝑚𝑎𝑎𝑛𝑛𝑎𝑎� , where Eq. 4-11 

𝜇𝜇𝑚𝑚𝑚𝑚𝑎𝑎𝑛𝑛𝑎𝑎 is the mean value of ln(𝑅𝑅𝑅𝑅𝑅𝑅) among the sites used to develop an 

empirical design method 

𝜎𝜎𝑚𝑚𝑚𝑚𝑎𝑎𝑛𝑛𝑎𝑎 is the standard deviation of the prior estimate of 𝜇𝜇𝑚𝑚𝑚𝑚𝑎𝑎𝑛𝑛𝑎𝑎 for an empirical 

design method, i.e. among-site variability 

Both 𝜇𝜇𝑚𝑚𝑚𝑚𝑎𝑎𝑛𝑛𝑎𝑎 and 𝜎𝜎𝑚𝑚𝑚𝑚𝑎𝑎𝑛𝑛𝑎𝑎  are treated as known, deterministic parameters; within Eq. 4-11, 

only 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 is to be updated. The among-site variability represented by 𝜎𝜎𝑚𝑚𝑚𝑚𝑎𝑎𝑛𝑛𝑎𝑎 reflects variation 

in the mean results for each site used to develop the empirical design method. Importantly, the 

conditional distribution of Eq. 4-10 includes only the uncertainty in ln(𝑹𝑹𝑹𝑹𝑹𝑹) due to within-site 

variability, and the distribution of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 in Eq. 4-11 includes only the uncertainty due to among-
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site variability. For new predictions of ln(𝑹𝑹𝑹𝑹𝑹𝑹) based on empirical design methods, a distribution 

of ln(𝑹𝑹𝑹𝑹𝑹𝑹) that includes the effects of both within- and among-site variability is necessary to 

evaluate the total variability and uncertainty that applies to new predictions of resistance, 𝜎𝜎𝑝𝑝𝑎𝑎𝑝𝑝𝑚𝑚𝑡𝑡. 

For deterministic within-site variability, in which within-site variability is assumed known and 

constant (e.g. Zhang and Tang, 2002), the distribution of ln(𝑹𝑹𝑹𝑹𝑹𝑹) for new predictions is shown in 

Eq. 4-12 and Eq. 4-13. In Bayesian parlance, this distribution is known as the prior predictive 

distribution. Generalized derivations of the prior predictive shown in Eq. 4-12 and Eq. 4-13 are 

relatively widely available (e.g. Taboga, 2017).  

(ln (𝑹𝑹𝑹𝑹𝑹𝑹)|𝜎𝜎𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛)~𝑁𝑁�𝜇𝜇𝑚𝑚𝑚𝑚𝑎𝑎𝑛𝑛𝑎𝑎 ,𝜎𝜎𝑝𝑝𝑎𝑎𝑝𝑝𝑚𝑚𝑡𝑡�  Eq. 4-12 

𝜎𝜎𝑝𝑝𝑎𝑎𝑝𝑝𝑚𝑚𝑡𝑡 = �𝜎𝜎𝑚𝑚𝑚𝑚𝑎𝑎𝑛𝑛𝑎𝑎2 + 𝜎𝜎𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛2 , 𝜎𝜎𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛 known Eq. 4-13 

The prior predictive of Eq. 4-12 is conditioned on knowledge of 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘. The normal 

distribution of Eq. 4-12 is only appropriate when the within-site variability is assumed to be known 

and constant. When 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 is probabilistic, the prior predictive of ln (𝑹𝑹𝑹𝑹𝑹𝑹) (without knowledge of 

𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘) follows a Student’s T distribution, as presented by Baecher and Rackwitz (1982). The 

Student’s T distribution is wider than the normal distribution, which reflects the additional 

uncertainty introduced by unknown 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘. 

Bayes' theorem is used to update the distributions of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 in light of site-

specific load test information. Updated distributions of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 can be used to evaluate 

reliability for a specific foundation site. Bayes' theorem states that in light of new information, prior 

distributions of parameters can be updated to determine posterior distributions of the parameters. 

A form of Bayes’ theorem is stated mathematically in Eq. 4-14: 
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𝑝𝑝(𝜽𝜽|𝐷𝐷) ∝ 𝑝𝑝(𝐷𝐷|𝜽𝜽) ∙ 𝑝𝑝(𝜽𝜽) , where Eq. 4-14 

𝑝𝑝(𝜽𝜽|𝐷𝐷) is the probability of the parameter(s) 𝜽𝜽 given the data 𝐷𝐷, i.e. the posterior 

distribution of the parameter(s), 

𝑝𝑝(𝐷𝐷|𝜽𝜽) is the probability of observing the data given prior estimates of the 

parameter(s), also referred to as the likelihood function, and 

𝑝𝑝(𝜽𝜽) is the probability of the parameter(s), i.e. the prior distribution of the 

parameters(s) 

The proportional operator is used in Eq. 4-14 because the right side of the equation must be 

normalized by a constant (equal to 𝑝𝑝(𝐷𝐷)) in order to produce a probability distribution function (i.e. 

to satisfy ∫ 𝑓𝑓(𝒙𝒙)𝑑𝑑𝑥𝑥 = 1∞
−∞ ). 

Bayes’ theorem is restated in Eq. 4-15, with “load test” replacing data (𝐷𝐷 in Eq. 4-14) to 

represent the results of the load test. The parameters to be updated are the site-specific mean 

and standard deviation of the foundation resistance, 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘, respectively (i.e. the 

parameters in Eq. 4-10). Note that most published approaches for Bayesian updating based on 

load test information use test results to update only the distribution of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘, while 𝜎𝜎𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛 is 

treated as a deterministic parameter. For deterministic within-site variability, the 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 terms 

drop out of Eq. 4-15. The approach by Baecher and Rackwitz (1982) is a notable exception. 

𝑝𝑝(𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘,𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘|load test) ∝ 𝑝𝑝(load test|𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘,𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘) ∙ 𝑝𝑝(𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘,𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘)  Eq. 4-15 

The assumption presented previously that 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 = 𝜇𝜇𝑚𝑚𝑚𝑚𝑎𝑎𝑛𝑛𝑎𝑎 is used to define the prior 

distribution of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘. Based on Eq. 4-11, the prior of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 can be calculated from the 

probability density function of the normal distribution, denoted by 𝑓𝑓𝑛𝑛𝑎𝑎𝑚𝑚𝑚𝑚𝑚𝑚𝑡𝑡 in Eq. 4-16. The term 

ln(𝑅𝑅𝑅𝑅𝑅𝑅) in Eq. 4-16 is used to reflect the potential values that can be taken by 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 (in terms of 

ln(𝑅𝑅𝑅𝑅𝑅𝑅)). 
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𝑝𝑝(𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘) = 𝑓𝑓𝑛𝑛𝑎𝑎𝑚𝑚𝑚𝑚𝑚𝑚𝑡𝑡�ln(𝑅𝑅𝑅𝑅𝑅𝑅) , 𝜇𝜇𝑚𝑚𝑚𝑚𝑎𝑎𝑛𝑛𝑎𝑎 ,𝜎𝜎𝑚𝑚𝑚𝑚𝑎𝑎𝑛𝑛𝑎𝑎�  Eq. 4-16 

For cases where 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 is to be updated, a prior distribution of 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 is also required. 

The distribution of 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 is discussed in Section 2.5 and throughout Chapter 3, in which a new 

distribution of 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 for micropiles was presented. For the numerical tool, no distributional 

constraints were placed on 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘. However, the distribution of 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 in Eq. 4-17 is shown as 

normal for the sake of example and clarity, and because the distribution of 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 developed in 

Chapter 3 was normal. 

𝑝𝑝(𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘) = 𝑓𝑓𝑛𝑛𝑎𝑎𝑚𝑚𝑚𝑚𝑚𝑚𝑡𝑡�𝜎𝜎, 𝜇𝜇𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅 ,𝜎𝜎𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅� , where Eq. 4-17 

𝜎𝜎 are the potential values of 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 to be evaluated in the probability density function, 

𝜇𝜇𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅 is the mean parameter of the distribution of 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘, and 

𝜎𝜎𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅  is the standard deviation parameter of the distribution of 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘. 

For the distribution of within-site variability developed in Chapter 3, 𝜇𝜇𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅 = 0.15 and 𝜎𝜎𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅 =

0.06. These parameters were developed with respect to the 𝐶𝐶𝐶𝐶𝐶𝐶 of resistance, 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅, but by Eq. 

4-8, they also apply to 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅𝑅𝑅𝑅𝑅 and 𝜎𝜎ln(𝑅𝑅𝑅𝑅𝑅𝑅). 

The prior distributions of 𝜇𝜇𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛 and 𝜎𝜎𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛 are assumed to be independent, so their joint 

probability is the product of their marginal probabilities: 

𝑝𝑝(𝜽𝜽) = 𝑝𝑝(𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘,𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘) = 𝑝𝑝(𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘) ∙ 𝑝𝑝(𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘)  Eq. 4-18 

The likelihood function to be used in the Bayesian updating depends on the nature of the 

load test information. Two cases are considered: (1) load tests that achieve failure and (2) load 

tests that do not achieve failure. 

If failure is achieved during the load test, the likelihood is defined by applying the normal 

distribution, as presented in Eq. 4-19: 
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𝑝𝑝(𝐷𝐷|𝜽𝜽) = 𝑝𝑝�ln(𝑹𝑹𝑹𝑹𝑹𝑹) = ln�𝑅𝑅𝑅𝑅𝑅𝑅𝑓𝑓𝑚𝑚𝑝𝑝𝑡𝑡� �𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘,𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘� = ⋯ 

  = 𝑓𝑓𝑛𝑛𝑎𝑎𝑚𝑚𝑚𝑚𝑚𝑚𝑡𝑡�ln�𝑅𝑅𝑅𝑅𝑅𝑅𝑓𝑓𝑚𝑚𝑝𝑝𝑡𝑡� ,𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘,𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘� , where 

Eq. 4-19 

𝑅𝑅𝑅𝑅𝑅𝑅𝑓𝑓𝑚𝑚𝑝𝑝𝑡𝑡 = failure load observed during load test
𝑅𝑅𝑝𝑝

, i.e. the normalized failure load, and 

𝑓𝑓𝑛𝑛𝑎𝑎𝑚𝑚𝑚𝑚𝑚𝑚𝑡𝑡 denotes the probability density function of the normal distribution 

Because the load test is an observation at a particular site, it is appropriate for the variability used 

to evaluate the likelihood to be the within-site variability, 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘. Use of 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 is also consistent 

with Eq. 4-10 since the likelihood is a function of (ln(𝑹𝑹𝑹𝑹𝑹𝑹) |𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘,𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘).  

The definition of the likelihood function in Eq. 4-19 is equivalent to that adopted by 

Baecher and Rackwitz (1982) (Section 2.3.3). However, the approached used in this work to 

update foundation resistance based on the results of load tests to failure was based on a 

numerical approach, as described below. The approach by Baecher and Rackwitz was 

theoretical, with the joint prior of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and (𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘)−2 (i.e. within-site precision, the inverse of 

within-site variance) following a normal-gamma distribution. (Note that Eq. 4-18 produces a 

normal-gamma distribution if a gamma distribution is used for (𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘)−2.) 

4.2.3 Computational Methods 

A numerical approach is adopted for the computations required to implement the 

Bayesian framework presented in Section 4.2.2. The numerical approach has two primary 

advantages: (1) it prevents the need for distributional assumptions for the parameters and results, 

and (2) it produces results that are readily interpreted via the Monte Carlo method for reliability 

analyses. The numerical method for reliability analyses is discussed in 4.3. 

To understand the computational complexity of Bayesian calculations, consider the result 

of substituting the priors from Eq. 4-16 and Eq. 4-17 and the likelihood from Eq. 4-19 into the 

statement of Bayes’ theorem of Eq. 4-15. The result is shown in Eq. 4-20. On the right side of the 

proportionality, the first line is the likelihood, the second line is the prior for the site-specific mean 

𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘, and the third line is the prior for the site-specific within-site variability 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘. Computing 
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the right side of the proportionality requires integration because the likelihood is a function of 

𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘, both of which are random variables with their own probability distributions (in 

the second and third lines, respectively). 

𝑝𝑝(𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘,𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘|load test) ∝ 𝑓𝑓𝑛𝑛𝑎𝑎𝑚𝑚𝑚𝑚𝑚𝑚𝑡𝑡�ln�𝑅𝑅𝑅𝑅𝑅𝑅𝑓𝑓𝑚𝑚𝑝𝑝𝑡𝑡� ,𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘,𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘� ∙ … 

 ∙ 𝑓𝑓𝑛𝑛𝑎𝑎𝑚𝑚𝑚𝑚𝑚𝑚𝑡𝑡�ln(𝑅𝑅𝑅𝑅𝑅𝑅) , 𝜇𝜇𝑚𝑚𝑚𝑚𝑎𝑎𝑛𝑛𝑎𝑎,𝜎𝜎𝑚𝑚𝑚𝑚𝑎𝑎𝑛𝑛𝑎𝑎� ∙ … 

 ∙ 𝑓𝑓𝑛𝑛𝑎𝑎𝑚𝑚𝑚𝑚𝑚𝑚𝑡𝑡�𝜎𝜎, 𝜇𝜇𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅 ,𝜎𝜎𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅�  

Eq. 4-20 

The integration required by Eq. 4-20 is simplified if certain distributional assumptions are 

satisfied. For example, if 𝜎𝜎𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛 is assumed to be known and constant and 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 is normally 

distributed, the posterior of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 will also be normally distributed, and simple solutions are 

available for the updated parameters of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘. This is the approach taken by Zhang and Tang 

(2002) (Section 2.3.2). Alternatively, if 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 is normally distributed and (𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘)−𝟐𝟐 follows a 

gamma distribution, both the joint prior and the joint posterior follow the four-parameter normal-

gamma distribution, and relatively simple formulas can be used to update the four parameters. 

This is the approach taken by Baecher and Rackwitz (1982) (Section 2.3.3). These solutions are 

referred to as conjugate distributions or conjugate pairs. Ang and Tang (2007) present a 

summary table with solutions for various conjugate distributions. 

The numerical tool performs integration numerically. The numerical integration requires 

more computational effort than conjugate pairs, but any distributional form of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 

can be assumed with numerical integration. The method used for numerical integration in the tool 

is based on the grid method presented by Zhang (2009) and summarized by Juang and Zhang 

(2017). 

Application of the grid method to Eq. 4-20 is depicted in Figure 27. The grid consists of 

two axes. The horizontal axis represents 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘. The distribution shown below the horizontal axis 

is the prior distribution of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘. Values of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 near the center of the axis, i.e. near 𝜇𝜇𝑚𝑚𝑚𝑚𝑎𝑎𝑛𝑛𝑎𝑎, 

are more likely than values of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 further from 𝜇𝜇𝑚𝑚𝑚𝑚𝑎𝑎𝑛𝑛𝑎𝑎. Similarly, the vertical axis represents 

𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘, and the distribution to the left of the veritcal axis is the prior distribution of 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘. Values 
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of 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 near the center of the axis, i.e. near 𝜇𝜇𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅, are more likely than values further from 

𝜇𝜇𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅. Each grid point is defined by one value of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘, 𝜇𝜇𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛−𝑝𝑝, and one value of 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘, 

𝜎𝜎𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛−𝑗𝑗. Each grid point is associated with a joint prior, defined in Eq. 4-18 as the product of the 

independent prior distributions. 

 

Figure 27: Depiction of numerical calculation method for Bayesian updating of foundation 
resistance in light of load test information. 

Each grid point also defines a unique normal distribution, i.e. 

ln(𝑹𝑹𝑹𝑹𝑹𝑹) ~𝑁𝑁(𝜇𝜇𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛−𝑝𝑝 ,𝜎𝜎𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛−𝑗𝑗), that is used to evaluate the likelihood function for the grid point. 

An example of one of the unique distributions for the likelihood is shown on the right side of 

Figure 27. Because the example is for the grid point at the bottom right of the grid, the resulting 

distribution has a relatively high mean (𝜇𝜇𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛−𝑝𝑝 > 𝜇𝜇𝑚𝑚𝑚𝑚𝑎𝑎𝑛𝑛𝑎𝑎) and relatively narrow dispersion 

(𝜎𝜎𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛−𝑗𝑗 < 𝜇𝜇𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅). In the example shown in Figure 27, the observed load test resistance in terms 

of ln𝑅𝑅𝑅𝑅𝑅𝑅, ln�𝑅𝑅𝑅𝑅𝑅𝑅𝑓𝑓𝑚𝑚𝑝𝑝𝑡𝑡�, is greater than 𝜇𝜇𝑚𝑚𝑚𝑚𝑎𝑎𝑛𝑛𝑎𝑎 but significantly less than 𝜇𝜇𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛−𝑝𝑝, so the likelihood 

for the example grid point is relatively small. 

The right side of the proportionality of Eq. 4-20 is solved with the grid method by 

computing the joint prior (𝑝𝑝) and likelihood (𝐿𝐿) for each point on the grid (similar to the example 

outlined in the preceding paragraph): 
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𝑝𝑝�𝜇𝜇𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛−𝑝𝑝,𝜎𝜎𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛−𝑗𝑗� ln�𝑅𝑅𝑅𝑅𝑅𝑅𝑓𝑓𝑚𝑚𝑝𝑝𝑡𝑡�� ∝ 𝐿𝐿�ln�𝑅𝑅𝑅𝑅𝑅𝑅𝑓𝑓𝑚𝑚𝑝𝑝𝑡𝑡� �𝜇𝜇𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛−𝑝𝑝 ,𝜎𝜎𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛−𝑗𝑗� 

 ∙ 𝑝𝑝�𝜇𝜇𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛−𝑝𝑝 ,𝜎𝜎𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛−𝑗𝑗� 
, where 

Eq. 4-21 

 

𝐿𝐿�load test�𝜇𝜇𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛−𝑝𝑝 ,𝜎𝜎𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛−𝑗𝑗� = 𝑓𝑓𝑛𝑛𝑎𝑎𝑚𝑚𝑚𝑚𝑚𝑚𝑡𝑡�ln�𝑅𝑅𝑅𝑅𝑅𝑅𝑓𝑓𝑚𝑚𝑝𝑝𝑡𝑡� , 𝜇𝜇𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛−𝑝𝑝 ,𝜎𝜎𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛−𝑗𝑗�  Eq. 4-22 

 

𝑝𝑝�𝜇𝜇𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛−𝑝𝑝,𝜎𝜎𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛−𝑗𝑗� = 𝑓𝑓�𝜇𝜇𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛−𝑝𝑝 , 𝜇𝜇𝑚𝑚𝑚𝑚𝑎𝑎𝑛𝑛𝑎𝑎 ,𝜎𝜎𝑚𝑚𝑚𝑚𝑎𝑎𝑛𝑛𝑎𝑎� ∙ 𝑓𝑓�𝜎𝜎𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛−𝑗𝑗 , 𝜇𝜇𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅 ,𝜎𝜎𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅�  Eq. 4-23 

The likelihood function of Eq. 4-22 is based on the normal distribution PDF; defining the likelihood 

of observing load test data with respect to the normal distribution is the only distributional 

assumption of the numerical tool. In the examples throughout this section (e.g. the 

parameterization of Eq. 4-22 and Eq. 4-23), a normal distribution has been used for both 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 

and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘, but the tool accommodates any distribution for both 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘. 

The left side of Eq. 4-21 is the unnormalized joint posterior distribution of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 

𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘. It is proportional to the joint posterior, but integrating the unnormalized joint posterior over 

𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 would not yield a value of 1, so it is not a true probability distribution. To 

normalize the result of Eq. 4-21, it is necessary to divide all values of the unnormalized joint 

posterior by a constant, 𝑘𝑘. The constant is related to the sum of all points in the joint posterior: 

𝑘𝑘 = ∆𝜇𝜇∆𝜎𝜎��𝐿𝐿�load test�𝜇𝜇𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛−𝑝𝑝 ,𝜎𝜎𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛−𝑗𝑗� ∙ 𝑝𝑝�𝜇𝜇𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛−𝑝𝑝 ,𝜎𝜎𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛−𝑗𝑗�
𝑝𝑝𝑗𝑗

 , where Eq. 4-24 

∆𝜇𝜇 is the width of the grid increments on the 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 axis, and 

∆𝜎𝜎 is the width of the grid increments on the 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 axis. 

And therefore 

𝑝𝑝�𝜇𝜇𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛−𝑝𝑝,𝜎𝜎𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛−𝑗𝑗� ln�𝑅𝑅𝑅𝑅𝑅𝑅𝑓𝑓𝑚𝑚𝑝𝑝𝑡𝑡�� =
𝐿𝐿�ln�𝑅𝑅𝑅𝑅𝑅𝑅𝑓𝑓𝑚𝑚𝑝𝑝𝑡𝑡� �𝜇𝜇𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛−𝑝𝑝 ,𝜎𝜎𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛−𝑗𝑗� ∙ 𝑝𝑝�𝜇𝜇𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛−𝑝𝑝 ,𝜎𝜎𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛−𝑗𝑗�

𝑘𝑘
  

Eq. 4-25 

Finally, the joint posterior distribution is used to define marginal posteriors for 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 

𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘, 𝑝𝑝�𝜇𝜇𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛−𝑝𝑝� ln�𝑅𝑅𝑅𝑅𝑅𝑅𝑓𝑓𝑚𝑚𝑝𝑝𝑡𝑡�� and 𝑝𝑝�𝜎𝜎𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛−𝑗𝑗� ln�𝑅𝑅𝑅𝑅𝑅𝑅𝑓𝑓𝑚𝑚𝑝𝑝𝑡𝑡��, respectively: 
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𝑝𝑝�𝜇𝜇𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛−𝑝𝑝� ln�𝑅𝑅𝑅𝑅𝑅𝑅𝑓𝑓𝑚𝑚𝑝𝑝𝑡𝑡�� =
∑ 𝑝𝑝�𝜇𝜇𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛−𝑝𝑝 ,𝜎𝜎𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛−𝑗𝑗� ln�𝑅𝑅𝑅𝑅𝑅𝑅𝑓𝑓𝑚𝑚𝑝𝑝𝑡𝑡��𝑗𝑗

𝑘𝑘
∆𝜎𝜎

 
 

Eq. 4-26 

𝑝𝑝�𝜎𝜎𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛−𝑗𝑗� ln�𝑅𝑅𝑅𝑅𝑅𝑅𝑓𝑓𝑚𝑚𝑝𝑝𝑡𝑡�� =
∑ 𝑝𝑝�𝜇𝜇𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛−𝑝𝑝 ,𝜎𝜎𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛−𝑗𝑗� ln�𝑅𝑅𝑅𝑅𝑅𝑅𝑓𝑓𝑚𝑚𝑝𝑝𝑡𝑡��𝑝𝑝

𝑘𝑘
∆𝜇𝜇

 

 
Eq. 4-27 

The posterior marginal distributions define the expected values and variability of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 

and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘, based on the prior distributions but updated to reflect the results of load tests, 

ln�𝑅𝑅𝑅𝑅𝑅𝑅𝑓𝑓𝑚𝑚𝑝𝑝𝑡𝑡�. The marginal distributions are defined numerically: one value of the posterior 

probability density function for each point on the corresponding axis (i.e. one value for each 

horizontal grid point 𝑏𝑏 in Figure 27 for 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘; one value for each vertical grid line 𝑗𝑗 in Figure 27 

for 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘). To interpret the posterior marginal distributions, normal distribution parameters are 

fitted to each: 𝜇𝜇𝜇𝜇 and 𝜎𝜎𝜇𝜇 for the mean and standard deviation of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘, respectively; 𝜇𝜇𝜎𝜎 and 𝜎𝜎𝜎𝜎 

and for the mean and standard deviation of 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘, respectively. 

The posterior joint and marginal distributions are the primary output of the Bayesian 

updating component of the numerical tool. The posterior joint distribution is used to interpret the 

posterior predictive distribution, as described in Section 4.3. Also, the normal parameters fitted to 

the posterior marginal distributions are used in the interpretation of results in Chapters 5 and 6. 

4.3 Numerical Method for Evaluating Foundation Reliability from Results of 
Bayesian Updating 

The numerical tool uses the results of Bayesian updating to evaluate reliability of designs 

based on load tests. The reliability evaluations are based on the posterior predictive distribution of 

foundation resistance. As explained in Section 2.2, the posterior predictive distribution is used to 

characterize the expected value and expected variability of new estimates of foundation 

resistance based on both empirical methods and site-specific load tests. The posterior predictive 

distribution can more simply be termed the design distribution, as it describes the distribution of 

estimated resistance used in design. In this section, the numerical methodology for developing 

the posterior predictive distribution from the Bayesian updating results (Section 4.2) is described. 
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The section also includes explanation for how reliability is interpreted from the posterior predictive 

distribution. The interpretation is relatively simple, using a left-tail descriptor of the posterior 

predictive distribution as a measure of reliability. 

The numerical method used in the tool to develop the posterior predictive distribution 

follows directly from previous discussions of among-site variability, within-site variability, and the 

Bayesian updating framework (Sections 1.1, 2.2, and 4.2). Based on those discussions, the 

uncertainty in resistance estimates can be characterized as originating from three distinct 

sources: 

1. Within-site variability 

2. Uncertainty in the mean value of foundation resistance (i.e. among-site variability) 

3. Uncertainty in the within-site variability of foundation resistance (i.e. to account for the 

fact that true within-site variability is unknown) 

The first source of uncertainty in resistance predictions is within-site variability. As 

discussed in Sections 1.1 and 2.2, within-site variability characterizes the distribution of 

foundation resistance for a site, given that the average resistance is known. Within-site variability 

results from geologic variation across a site and from variation in construction outcomes from one 

foundation element to another. The value of within-site variability for a given site and a given set 

of construction practices is generally fixed but strictly unknown. 

The second source, uncertainty in the mean value of foundation resistance, is equivalent 

to among-site variability for cases in which there are no site-specific load tests and all foundation 

resistance information is derived from empirical methods. As explained in Sections 1.1 and 2.2, 

among-site variability represents the variation in the mean resistance from site to site, or among 

sites. Based on the findings from previous work regarding the reliability of designs based on load 

tests (e.g. Kay, 1976; Baecher and Rackwitz, 1982; Zhang and Tang, 2002), the uncertainty in 

the mean diminishes as site-specific load test information is considered. Stated differently, the 

effect of among-site variability is reduced as load test information becomes available. 
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The third source of uncertainty in resistance estimates based on load test information is 

uncertainty in the variability of the foundation resistance. This source refers not to within-site 

variability, itself, but rather to the fact that the within-site variability is not known precisely. The 

uncertainty in the within-site variability is characterized using a probabilistic distribution of within-

site variability values, i.e. by assigning a standard deviation to the standard deviation of 

foundation resistance at the site. For example, consider the distribution of 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅 developed in 

Chapter 3 and shown in Figure 25. The mean value of 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅, 0.15, represents the value of within-

site variability; this is used to characterize the first source of uncertainty above. The standard 

deviation value of 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅, 0.06, represents the uncertainty in within-site variability. The standard 

deviation of 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅 is used to characterize the third source of uncertainty. (As explained in Section 

4.2, Eq. 4-8 establishes that the distribution from Chapter 3, defined in terms of 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅, can be 

applied directly in the numerical tool, which performs Bayesian updating in terms of ln(𝑹𝑹𝑹𝑹𝑹𝑹).) 

Note that if deterministic within-site variability is used, i.e. the within-site variability is treated as 

known and constant, the third source of uncertainty is neglected (e.g. Kay, 1976; Zhang and 

Tang, 2002; Zhang, 2004; Najjar et al., 2017). As noted in Sections 2.3.3, 2.5, and 3.4, the 

approach by Baecher and Rackwitz (1982) is the only previous work to consider the uncertainty in 

within-site variability. The evaluations of Chapters 5 and 6 compare results from both the 

deterministic and probabilistic within-site variability. 

Each of the three sources of uncertainty is represented in the posterior results of 

Bayesian updating of Section 4.2. The posterior results include a posterior joint distribution of the 

site-specific mean parameter, 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘, and the site-specific within-site variability parameter, 

𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘. The first source of uncertainty described above, within-site variability, is represented by 

the magnitude of the values of 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 represented in the posterior joint distribution. The second 

source of uncertainty, among site variability, is represented by the variability of the posterior joint 

distribution with respect to 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘. The third source of uncertainty, uncertainty in the value of 

within-site variability, is represented by the variability of the posterior joint distribution with respect 

to 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘. 
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The computational procedure for building the posterior predictive distribution from the 

posterior joint distribution of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 is depicted in Figure 28. (Although the marginal 

distributions of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 are shown atop Figure 28 for simplicity, in reality, the joint 

distribution is three-dimensional.) The computational procedure involves three random samplings: 

1. Randomly sample a pair of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 values from the posterior joint distribution 

of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘. Call these values 𝜇𝜇𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛−𝑘𝑘 and  𝜎𝜎𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛−𝑘𝑘. The pair represents a 

site-specific distribution of resistance: ln(𝑹𝑹𝑹𝑹𝑹𝑹𝒌𝒌)~𝑁𝑁(𝜇𝜇𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛−𝑘𝑘,𝜎𝜎𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛−𝑘𝑘). 

2. Randomly sample one value of resistance from the site-specific distribution, ln(𝑹𝑹𝑹𝑹𝑹𝑹𝒌𝒌). 

The value, ln(𝑅𝑅𝑅𝑅𝑅𝑅𝑘𝑘), represents a randomly sampled value from the posterior predictive 

distribution of ln(𝑹𝑹𝑹𝑹𝑹𝑹). 

3. Compute the exponential of the result from (4) to find the result in arithmetic rather than 

exponential terms: exp (ln(𝑅𝑅𝑅𝑅𝑅𝑅𝑘𝑘)) = 𝑅𝑅𝑅𝑅𝑅𝑅𝑘𝑘 

4. Repeat steps (1) through (3) one million times. 

Performing the four steps produces a collection of one million values of resistance in 

terms of 𝑅𝑅𝑅𝑅𝑅𝑅. The values are used to numerically define the posterior predictive distribution of 

𝑅𝑅𝑅𝑅𝑅𝑅. Consistent with the discussion presented earlier in this section, each of the random 

samplings from the procedure accounts for one of the three sources of uncertainty: 

• By sampling from 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘, Step (1) above accounts for among-site variability 

• By sampling from 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘, Step (1) above also accounts for uncertainty in within-site 

variability 

• Step (2) above accounts for within-site variability, itself. 
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Figure 28: Random sampling procedure used to define posterior predictive distribution. 

To characterize the reliability from the posterior predictive distribution (defined 

numerically by the one million values of 𝑅𝑅𝑅𝑅𝑅𝑅), a left-tail statistic is used. The statistic is the 

1/1500th value of the posterior predictive distribution, 𝑅𝑅1/1500. The 1/1500th value is the 

resistance value for which 1/1500 of resistance values are less and 1499/1500 of resistance 

values are greater. The 1/1500th value is also the design (or nominal) value of resistance 

associated with a probability of failure of 1/1500 if the loads are known perfectly and are perfectly 

balanced with the design resistance value. To calculate the 1/1500th value, the one million 

resistance values defining the posterior predictive distribution are sorted in ascending order, and 

the 667th (1,000,000 divided by 1500) value is designated as the 1/1500th value. 

4.4 Summary 

This chapter documents the methodology, notation, and output of the numerical tool used 

for Bayesian updating and reliability evaluation in this research. Prior distributions of the site-

specific mean and site-specific within-site variability are input for the tool, along with site-specific 
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load test information. Estimates of 𝑅𝑅1/1500 are the primary output of the tool. Posterior 

distributions of the mean and standard deviation of site-specific resistance are also output.  

The first numerical analysis of the tool is Bayesian updating, which yields posterior 

distributions of the site-specific mean and site-specific within-site variability parameters. The tool 

fits normal distributions to posterior distributions of the mean and the within-site variability; the 

fitted normal distribution parameters are used in Chapters 5 and 6 to interpret the results of 

Bayesian updating. In the tool, Bayesian updating can be performed with either deterministic or 

probabilistic within-site variability. In the former, within-site variability is assumed to be a known 

and constant value and is not updated based on load test results. In the latter, within-site 

variability is treated as an unknown parameter to be updated. 

The posterior joint distribution of the site-specific mean and site-specific within-site 

variability parameters is used as input for the second numerical analysis of the tool, which is a 

reliability analysis. The posterior joint distribution of the mean and standard deviation is used to 

develop a posterior predictive distribution that represents the magnitude and variability of new 

predictions of foundation resistance at a site with load test information. The tool outputs the 

1/1500th value of resistance, which characterizes the left tail of the posterior predictive resistance 

distribution. The 1/1500th value is used in Chapters 5 and 6 to evaluate the reliability implications 

of Bayesian updating with deterministic and probabilistic within-site variability for different site 

conditions and load test results. 
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5. Effect of Deterministic vs. Probabilistic Within-site 
Variability for Cases with “Perfect” Sampling of 
Load Test Results 
The primary objective of this chapter is to use the numerical tool described in Chapter 4 

to evaluate the hypothesis. Specifically, the tool is used to evaluate the effect of deterministic 

versus probabilistic consideration of within-site variability on the interpretation of the 1/1500th 

value of resistance, 𝑅𝑅1/1500. As presented in Chapter 1, the hypothesis includes two main 

statements about 𝑅𝑅1/1500. First, for cases without load tests, 𝑅𝑅1/1500 is hypothesized to be greater 

for deterministic within-site variability because uncertainty in within-site variability is neglected for 

deterministic within-site variability, whereas uncertainty in within-site variability is considered for 

probabilistic within-site variability. Second, for cases with very many load tests (i.e., in the limit), 

𝑅𝑅1/1500 is hypothesized to converge to the true value for probabilistic within-site variability, while 

𝑅𝑅1/1500 is hypothesized to not converge to the true value for deterministic within-site variability in 

most cases. 

A secondary objective of this chapter is to explain any trends observed in the evaluation 

of the hypothesis with corresponding trends in the posterior distributions of the mean and 

standard deviation of foundation resistance. Evaluation of trends in the posterior distributions of 

the mean and standard deviation of resistance is facilitated by use of “perfect” sampling of load 

test results for computational tool. The descriptor “perfect” is used here to indicate that the load 

test statistics, namely the sample mean and sample standard deviation, are equal to the values 

intended for analysis and evaluation. Perfect sampling is in contrast to random sampling, in which 

load test values are sampled at random from a distribution, e.g. from a normal distribution with a 

mean and standard deviation intended for analysis and evaluation. Use of perfect sampling with 

the numerical tool is analogous to sensitivity studies with a theoretical model, i.e. varying the prior 

and load test inputs for the posterior parameter equations from Zhang and Tang (2002) or 

Baecher and Rackwitz (1982). Chapter 6 includes similar evaluations to those presented in this 

chapter, but with random rather than perfect sampling. Random sampling is more realistic than 
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perfect sampling; the evaluation of Chapter 6 therefore focuses on rates of convergence and the 

practical ramifications of the trends observed in this chapter. 

In the first section of this chapter, details of the methodology are presented, including 

perfect sampling and how the numerical tool from Chapter 4 was used. The second section 

focuses on results of cases without load tests and cases with many load tests to evaluate the 

hypothesis as described in the first paragraph above. The third section of the chapter focuses on 

trends in the posterior distributions of site-specific mean and standard deviation, and how the 

trends relate to the observations in the limit. The chapter closes with a summary of significant 

findings. 

5.1 Evaluation Methodology 

The methodology employed to evaluate the hypothesis is depicted in Figure 29. As listed 

atop the figure, the methodology includes three major steps: (1) simulate load test data from the 

prior distributions of mean and standard deviation of resistance, (2) use load test data to update 

the prior distributions, and (3) interpret reliability from the posterior distributions. Details of the 

second and third steps were provided in Chapter 4 (in Sections 4.2 and 4.3, respectively); this 

section focuses on the first step. 

The procedure used to simulate load test results was designed to evaluate the 

hypothesis under a range of conditions: site conditions, foundation design conditions, and load 

test result conditions. The parameters used to define the various site conditions are defined in 

Table 8. The parameters are divided into two categories: parameters used to define the prior 

distributions of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘, and parameters used to define the “true” site conditions. The 

last row in the table, number of load tests, is the final parameter that was varied among the 

simulations. One subsection below is dedicated to each of the two categories of parameters. The 

final subsection discusses how the results of analyses are interpreted. 
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Figure 29: Overview of methodology used to evaluate hypothesis via the numerical tool. 

Table 8: Summary of input parameters used to generate perfectly sampled load test 
results. 

Parameter 
Input 

Levels Values 

Prior 
Distributions of 
𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and  
𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 

Total variability of 
resistance, 𝜎𝜎𝑝𝑝𝑎𝑎𝑝𝑝𝑚𝑚𝑡𝑡 

3 
0.1 (Figure 30) 
0.3 (Figure 31) 
0.5 (Figure 32) 

Ratio of within-site to 
among-site variability, 
𝜇𝜇𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅/𝜎𝜎𝑚𝑚𝑚𝑚𝑎𝑎𝑛𝑛𝑎𝑎 

3 

Approximately 
0.2 (Points A in figures referenced above) 
1 (Points B and D) 
2.0 (Points C); 

Uncertainty in within-
site variability,  
𝜎𝜎𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅/𝜇𝜇𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅 

2 
Approximately 
0.25 (Points A, B, C in figures referenced above) 
0.5 to 0.8 (Points D) 

“True” Site 
Condition 

𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 3 10th, 50th, and 90th percentiles 
𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 3 10th, 50th, and 90th percentiles 

Number of Load Tests 15 0, 1, 2, 3, 4, 5, 7, 10, 20, 30, 40, 50, 200, 400, 
and 800 

 

5.1.1 Parameters Defining Prior Distributions of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 

As explained in Chapter 4, the prior distributions of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 are critical inputs 

for Bayesian updating and for the evaluation of foundation resistance. The prior distribution of 

𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘, the site-specific mean, represents the information from an empirical design method, with 

the variability of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 representing the uncertainty associated with the design method. In 

Chapter 4, the variability of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 was represented by 𝜎𝜎𝑚𝑚𝑚𝑚𝑎𝑎𝑛𝑛𝑎𝑎, since the uncertainty of empirical 

design methods is dominated by among-site variability, at least in the convention of Chapter 4. 
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The prior distribution of 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 represents prior information regarding within-site variability. The 

mean parameter of 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘, as presented in Chapter 4, is 𝜇𝜇𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅, which represents the expected 

magnitude of within-site variability. The literature regarding Bayesian updating for load test 

information summarized in Section 2.3 has shown the prior distributions of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 

govern the weight given to load test results (e.g. Zhang and Tang, 2002; Baecher and Rackwitz, 

1982). In addition, the prior distributions of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 define the prior predictive 

distribution of resistance. 

As presented in Table 8, the three parameters used to define the prior distributions of 

𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 are the total variability of 𝑅𝑅𝑅𝑅𝑅𝑅, 𝜎𝜎𝑝𝑝𝑎𝑎𝑝𝑝𝑚𝑚𝑡𝑡, the ratio of within-site variability to 

among site variability, 𝜇𝜇𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅/𝜎𝜎𝑚𝑚𝑚𝑚𝑎𝑎𝑛𝑛𝑎𝑎, and the uncertainty in within-site variability, 𝜎𝜎𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅/𝜇𝜇𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅. By 

the convention presented in Chapter 4, 𝜎𝜎𝑝𝑝𝑎𝑎𝑝𝑝𝑚𝑚𝑡𝑡 is the standard deviation of ln(𝑹𝑹𝑹𝑹𝑹𝑹), which is 

approximately equal to the 𝐶𝐶𝐶𝐶𝐶𝐶 of resistance by Eq. 4-8 (Section 4.2.1). Thus, the three nominal 

values of 𝜎𝜎𝑝𝑝𝑎𝑎𝑝𝑝𝑚𝑚𝑡𝑡 considered, 0.1, 0.3, and 0.5, are approximately equivalent to predictive 

distributions of resistance with 𝐶𝐶𝐶𝐶𝐶𝐶 values of 0.1, 0.3, and 0.5. These values are used to 

represent relatively low variability (0.1), medium variability (0.3), and relatively high variability 

(0.5). The values are described as nominal because the total predictive 𝐶𝐶𝐶𝐶𝐶𝐶 values cannot be 

perfectly satisfied by both deterministic and probabilistic within-site variability with the same input 

values since deterministic within-site variability neglects uncertainty in within-site variability. This 

concept is addressed in Section 5.2.1.  

The ratio of within-site variability to among-site variability, 𝜇𝜇𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅/𝜎𝜎𝑚𝑚𝑚𝑚𝑎𝑎𝑛𝑛𝑎𝑎, is used to 

evaluate conditions in which the total variation of resistance is driven largely by within-site 

variability, conditions in which within-site variability and among-site variability contribute 

approximately equally to the total variation of resistance, and conditions in which total variation of 

resistance is governed by among-site variability. As indicated in Table 8, these cases are 

represented by values of 𝜇𝜇𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅/𝜎𝜎𝑚𝑚𝑚𝑚𝑎𝑎𝑛𝑛𝑎𝑎 approximately equal to 0.2, 1, and 2, respectively. Each of 

the three values of 𝜇𝜇𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅/𝜎𝜎𝑚𝑚𝑚𝑚𝑎𝑎𝑛𝑛𝑎𝑎 was considered for each level of 𝜎𝜎𝑝𝑝𝑎𝑎𝑝𝑝𝑚𝑚𝑡𝑡. The resulting 

combinations of 𝜎𝜎𝑝𝑝𝑎𝑎𝑝𝑝𝑚𝑚𝑡𝑡 and 𝜇𝜇𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅/𝜎𝜎𝑚𝑚𝑚𝑚𝑎𝑎𝑛𝑛𝑎𝑎 are shown as points in Figure 30, Figure 31, and Figure 



 95 

32. Each of the figures is a plot of among-site variability, 𝜎𝜎𝑚𝑚𝑚𝑚𝑎𝑎𝑛𝑛𝑎𝑎, versus within-site variability, 

𝜇𝜇𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅, for a constant value of total variability, 𝜎𝜎𝑝𝑝𝑎𝑎𝑝𝑝𝑚𝑚𝑡𝑡. Cases where the total variability is dominated 

by among-site variability are represented in the figures by Points A, which are near the vertical, 

among-site variability axis. Cases where among-site and within-site variability contribute 

approximately equally to total variability are represented in the figures by Points B, which fall near 

a line inclined 45-deg., halfway between the vertical and horizontal axes. Cases where the total 

variability is dominated by within-site variability are represented in the figures by Points C, which 

are near the horizontal, within-site variability axis. 

In addition, for each value of 𝜎𝜎𝑝𝑝𝑎𝑎𝑝𝑝𝑚𝑚𝑡𝑡, two cases with 𝜇𝜇𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅/𝜎𝜎𝑚𝑚𝑚𝑚𝑎𝑎𝑛𝑛𝑎𝑎 equal to 1 are 

considered, with one representing the same level uncertainty in the value of within-site variability 

used for the other values of 𝜇𝜇𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅/𝜎𝜎𝑚𝑚𝑚𝑚𝑎𝑎𝑛𝑛𝑎𝑎 (Points A in Figure 30, Figure 31, and Figure 32), and 

the other representing significantly greater uncertainty in the value of within-site variability (Points 

D in Figure 30, Figure 31, and Figure 32). Specifically, the uncertainty in within-site variability 

used for most cases corresponds to 𝜎𝜎𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅/𝜇𝜇𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅 approximately equal to 0.25; for the special 

cases with greater uncertainty in within-site variability, 𝜎𝜎𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅/𝜇𝜇𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅 ranged from 0.5 to 0.8. 

As explained in Section 4.2.2, 𝜎𝜎𝑝𝑝𝑎𝑎𝑝𝑝𝑚𝑚𝑡𝑡 can be calculated directly from the among-site 

variability and within-site variability parameters for the case of deterministic within-site variability 

(Eq. 4-13). For the case of probabilistic within-site variability considered here, Eq. 4-13 does not 

apply because it does not account for uncertainty in the within-site variability parameter. To 

satisfy the target values of 𝜎𝜎𝑝𝑝𝑎𝑎𝑝𝑝𝑚𝑚𝑡𝑡 and 𝜇𝜇𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅/𝜎𝜎𝑚𝑚𝑚𝑚𝑎𝑎𝑛𝑛𝑎𝑎 listed in Table 8, a numerical procedure was 

used. In the procedure, the prior distribution of within-site variability was specified, and the value 

of among-site variability was computed by iteration to satisfy the target value of 𝜎𝜎𝑝𝑝𝑎𝑎𝑝𝑝𝑚𝑚𝑡𝑡.  

The results are shown in Figure 30, Figure 31, and Figure 32 for 𝜎𝜎𝑝𝑝𝑎𝑎𝑝𝑝𝑚𝑚𝑡𝑡 equal to 0.1, 0.3, 

and 0.5, respectively. In the figures, one line representing among-site variability 𝜎𝜎𝑚𝑚𝑚𝑚𝑎𝑎𝑛𝑛𝑎𝑎, versus 

within-site variability, 𝜇𝜇𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅, is shown for each of several different values of uncertainty in within-

site variability, 𝜎𝜎𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅. For small uncertainty in the within-site variability, the shape of the lines is 
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nearly circular, which is consistent with the equation for deterministic total variability of resistance, 

Eq. 4-13. The deterministic case, 𝜎𝜎𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅 = 0, is represented by the solid black line in each figure. 

For small prior predictive variability (Figure 30), the deterministic case intercepts both the among-

site (vertical) and within-site (horizontal) axes at the value corresponding to the prior predictive 

𝐶𝐶𝐶𝐶𝐶𝐶 of 0.1. For greater prior predictive variability, especially 𝜎𝜎𝑝𝑝𝑎𝑎𝑝𝑝𝑚𝑚𝑡𝑡 = 0.5 (Figure 32), the 

deterministic case intercepts both axes at values slightly less than the prior predictive 𝐶𝐶𝐶𝐶𝐶𝐶 value. 

The difference between the axes values, which are parameters of the logarithm of 𝑅𝑅𝑅𝑅𝑅𝑅, ln𝑅𝑅𝑅𝑅𝑅𝑅, 

and the prior predictive 𝐶𝐶𝐶𝐶𝐶𝐶, which describes the arithmetic resistance, is equal to the error 

associated with using the approximation of Eq. 4-6. As noted in Section 4.2.1, the difference is 

insignificant below 𝐶𝐶𝐶𝐶𝐶𝐶 = 0.3. For 𝐶𝐶𝐶𝐶𝐶𝐶 = 0.5, the difference is about 6 percent (0.47 versus 0.5). 

As uncertainty in within-site variability increases, the lines are less circular, indicating the 

influence of uncertainty in within-site variability is more significant. Also shown in each figure is a 

dashed line inclined 45 deg. from horizontal. The dashed line represents equal contributions from 

within-site and among-site variability. Points above the line have greater among-site variability 

than within-site variability; points below the line have greater within-site variability than among-

site variability. 

 

Figure 30: Among-site variability versus within-site variability to achieve total variability in 
resistance of 𝑪𝑪𝑪𝑪𝑪𝑪 = 𝟏𝟏.𝟏𝟏 for different values of uncertainty in within-site variability. 
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Figure 31: Among-site variability versus within-site variability to achieve total variability in 
resistance of 𝑪𝑪𝑪𝑪𝑪𝑪 = 𝟏𝟏.𝟑𝟑 for different values of uncertainty in within-site variability. 

 

Figure 32: Among-site variability versus within-site variability to achieve total variability in 
resistance of 𝑪𝑪𝑪𝑪𝑪𝑪 = 𝟏𝟏.𝟏𝟏 for different values of uncertainty in within-site variability. 

A summary of the 12 sets of prior distributions represented by Points A, B, C, and D in 

Figure 30, Figure 31, and Figure 32 is presented in Table 9. The values listed in the first column 

of the table are used to reference the cases in presentation of results later in this chapter and in 

Chapter 6. The next three columns present calculated parameters – total variability, ratio of 

within-site variability to among-site variability, and uncertainty in within-site variability – while the 
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final four columns present the normal distribution parameters used to define the prior distributions 

of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 in terms of ln(𝑹𝑹𝑹𝑹𝑹𝑹). 

Table 9: Summary of 12 sets of prior distribution parameters used for perfect sampling 
analysis. 

Case 𝝈𝝈𝒘𝒘𝒕𝒕𝒘𝒘𝒕𝒕𝒕𝒕 𝝁𝝁𝑪𝑪𝑪𝑪𝑪𝑪𝑹𝑹/𝝈𝝈𝒕𝒕𝒎𝒎𝒕𝒕𝒘𝒘𝒈𝒈 𝝈𝝈𝑪𝑪𝑪𝑪𝑪𝑪𝑹𝑹/𝝁𝝁𝑪𝑪𝑪𝑪𝑪𝑪𝑹𝑹  
𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 

𝝁𝝁𝒕𝒕𝒎𝒎𝒕𝒕𝒘𝒘𝒈𝒈 𝝈𝝈𝒕𝒕𝒎𝒎𝒕𝒕𝒘𝒘𝒈𝒈 𝝁𝝁𝑪𝑪𝑪𝑪𝑪𝑪𝑹𝑹  𝝈𝝈𝑪𝑪𝑪𝑪𝑪𝑪𝑹𝑹
1 

0.1-A 0.1 0.26 0.30 -0.005 0.094 0.025 0.0075 
0.1-B 0.1 1.01 0.25 -0.002 0.07 0.07 0.018 
0.1-C 0.1 2.14 0.29 -0.001 0.04 0.088 0.025 
0.1-D 0.1 1.04 0.80 -0.002 0.06 0.063 0.05 
0.3-A 0.3 0.26 0.33 -0.040 0.28 0.075 0.025 
0.3-B 0.3 0.97 0.25 -0.021 0.21 0.20 0.05 
0.3-C 0.3 1.97 0.30 -0.008 0.13 0.25 0.08 
0.3-D 0.3 0.98 0.69 -0.017 0.18 0.18 0.13 
0.5-A 0.5 0.22 0.25 -0.11 0.46 0.10 0.025 
0.5-B 0.5 1.02 0.23 -0.053 0.32 0.33 0.075 
0.5-C 0.5 1.97 0.25 -0.021 0.20 0.40 0.10 
0.5-D 0.5 0.97 0.50 -0.048 0.31 0.3 0.15 
1Values of 𝜎𝜎𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅  listed are for probabilistic within-site variability. For deterministic within-site 
variability, 𝜎𝜎𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅 = 0. 

5.1.2 Parameters Defining “True” Site Conditions and Perfect Sampling 

The second category of parameters described in Table 8 are the “true” site conditions: 

the real values of site-specific mean, 𝜇𝜇𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛, and site-specific within-site variability, 𝜎𝜎𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛. The 

true values are known because they are specified in the simulation process. In reality, i.e. outside 

the simulation process, the true values are not known exactly unless all foundations at a site (i.e. 

the population) are load tested to failure. The true values are defined with respect to the prior 

distributions of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 discussed in Section 5.1.1. Nine combinations are considered 

from three levels of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and three levels of 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘. For both 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘, the levels are 

defined at the tenth, fiftieth, and ninetieth percentiles, as shown in Figure 29 and listed in Table 8. 

For 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘, the tenth percentile corresponds to a relatively site with relatively weak foundation 

resistance, the fiftieth percentile corresponds to a site with average resistance, and the ninetieth 

percentile corresponds to a site with relatively strong resistance. For 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘, the tenth percentile 

corresponds to a site with relatively uniform foundation resistance, the fiftieth percentile 

corresponds to a site with average variability of resistance, and the ninetieth percentile 
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corresponds to a site with relatively variable resistance. The nine combinations of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 

𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 were evaluated for each of the posterior distribution sets evaluated. In other words, the 

nine combinations were evaluated for each of the Points A, B, C, and D in Figure 30, Figure 31, 

and Figure 32. 

As described in the introduction to this chapter, perfect sampling was employed for 

evaluation of the hypothesis. Perfect sampling means that for all simulation sets, i.e. all 

combinations of prior distributions, site parameters, and numbers of tests, the sample mean and 

sample standard deviation are equal to the true values of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘, respectively. Perfect 

sampling removes one source of variability, random sampling, from the Bayesian analysis and 

interpretation since the load test result statistics match the true site conditions for all numbers of 

tests, as opposed to only for large sample sizes, as in the case of random sampling. For 

evaluating posterior trends, especially in Section 5.3, perfect sampling is preferable to random 

sampling because the additional variability associated with random sampling is avoided. 

To achieve perfect sampling, values of ln(𝑹𝑹𝑹𝑹𝑹𝑹) were sampled at random from the target 

site parameters, 𝜇𝜇𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛−𝑝𝑝𝑚𝑚𝑚𝑚𝑚𝑚 and 𝜎𝜎𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛−𝑝𝑝𝑚𝑚𝑚𝑚𝑚𝑚. All randomly sampled values, ln(𝑹𝑹𝑹𝑹𝑹𝑹)𝑝𝑝, were then 

adjusted according to Eq. 5-1 to produce the “perfect” sample, with values denoted 

ln(𝑹𝑹𝑹𝑹𝑹𝑹)𝑝𝑝−𝑝𝑝𝑚𝑚𝑚𝑚𝑓𝑓𝑚𝑚𝑝𝑝𝑝𝑝. 

ln(𝑹𝑹𝑹𝑹𝑹𝑹)𝑝𝑝−𝑝𝑝𝑚𝑚𝑚𝑚𝑓𝑓𝑚𝑚𝑝𝑝𝑝𝑝 =
ln(𝑹𝑹𝑹𝑹𝑹𝑹)𝑝𝑝 − �̂�𝜇ln(𝑅𝑅𝑅𝑅𝑅𝑅)𝑖𝑖

𝜎𝜎�ln(𝑅𝑅𝑅𝑅𝑅𝑅)𝑖𝑖
∙ 𝜎𝜎𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛−𝑝𝑝𝑚𝑚𝑚𝑚𝑎𝑎𝑚𝑚𝑝𝑝 + 𝜇𝜇𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛−𝑝𝑝𝑚𝑚𝑚𝑚𝑎𝑎𝑚𝑚𝑝𝑝 , where 

Eq. 5-1 

�̂�𝜇ln(𝑅𝑅𝑅𝑅𝑅𝑅)𝑖𝑖 is the sample mean of the randomly sampled values ln(𝑹𝑹𝑹𝑹𝑹𝑹)𝑝𝑝, and 

𝜎𝜎�ln(𝑅𝑅𝑅𝑅𝑅𝑅)𝑖𝑖 is the sample standard deviation of the randomly sampled values ln(𝑹𝑹𝑹𝑹𝑹𝑹)𝑝𝑝. 

5.1.3 Parameters Used for Evaluation of Results 

Five parameters were used in the interpretation of results: 𝑅𝑅1/1500, 𝜇𝜇𝜇𝜇, 𝜎𝜎𝜇𝜇, 𝜇𝜇𝜎𝜎, and 𝜎𝜎𝜎𝜎. The 

parameters are defined in Table 10, which also lists how each parameter is interpreted. All five 

parameters are output of the numerical tool, and all were described in Chapter 4. 𝑅𝑅1/1500 is the 

1/1500th value of resistance from the predictive distribution: the value for which 1/1500 of 
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resistance values are smaller and 1499/1500 are larger. 𝑅𝑅1/1500 is therefore a left-tail statistic; it is 

the value of resistance with a probability of failure of 1/1500 if loads are known perfectly and are 

perfectly balanced with 𝑅𝑅1/1500. While 𝑅𝑅1/1500 characterizes reliability from the posterior predictive 

distribution, the other four parameters are fitted directly to the marginal posterior distributions of 

𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘: 𝜇𝜇𝜇𝜇 and 𝜎𝜎𝜇𝜇 for the mean and standard deviation of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘, respectively; 𝜇𝜇𝜎𝜎 and 

𝜎𝜎𝜎𝜎 and for the mean and standard deviation of 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘, respectively. 

The evaluations in the rest of this chapter (and in Chapter 6) compare the five 

parameters resulting from the Bayesian analyses and interpretation to their “true” values. The true 

values are derived from the known simulation input for the tool, as summarized in Table 10. For 

𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘, the true value of 𝜇𝜇𝜇𝜇 is 𝜇𝜇𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛−𝑝𝑝𝑚𝑚𝑚𝑚𝑚𝑚, which was introduced in Section 0 and Eq. 5-1. The 

value of 𝜇𝜇𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛−𝑝𝑝𝑚𝑚𝑚𝑚𝑚𝑚 depends on the prior distribution of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘, which, as described in Section 

5.1.1, depends on the total variability 𝜎𝜎𝑝𝑝𝑎𝑎𝑝𝑝𝑚𝑚𝑡𝑡 and the ratio of within-site variability to among-site 

variability, 𝜇𝜇𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅/𝜎𝜎𝑚𝑚𝑚𝑚𝑎𝑎𝑛𝑛𝑎𝑎. The value of 𝜇𝜇𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛−𝑝𝑝𝑚𝑚𝑚𝑚𝑚𝑚 also depends on the percentile of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘, 

which was specified as either the tenth, fiftieth, or ninetieth percentile as described in Section 0. 

Similarly, for 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘, the true value of 𝜇𝜇𝜎𝜎 is 𝜎𝜎𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛−𝑝𝑝𝑚𝑚𝑚𝑚𝑚𝑚, which was also introduced in Section 0 

and Eq. 5-1. The value of 𝜎𝜎𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛−𝑝𝑝𝑚𝑚𝑚𝑚𝑚𝑚 depends on 𝜎𝜎𝑝𝑝𝑎𝑎𝑝𝑝𝑚𝑚𝑡𝑡, the ratio 𝜇𝜇𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅/𝜎𝜎𝑚𝑚𝑚𝑚𝑎𝑎𝑛𝑛𝑎𝑎, and the 

percentile of 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘.  

For both 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘, the true standard deviation, 𝜎𝜎𝜇𝜇 and 𝜎𝜎𝜎𝜎, respectively, is zero. 

Resistance at a site is defined only by the true mean, i.e. the average resistance at the site, and 

the true standard deviation, i.e. the true within-site variability. The parameters 𝜎𝜎𝜇𝜇 and 𝜎𝜎𝜎𝜎 account 

for uncertainty in the mean resistance and uncertainty in within-site variability, respectively, but 

for a simulated site where 𝜇𝜇𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛−𝑝𝑝𝑚𝑚𝑚𝑚𝑚𝑚 and 𝜎𝜎𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛−𝑝𝑝𝑚𝑚𝑚𝑚𝑚𝑚 are known, there is no uncertainty in 

𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 or 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘, so 𝜎𝜎𝜇𝜇 and 𝜎𝜎𝜎𝜎 are both zero. As stated previously, the case of known 𝜇𝜇𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛 and 

𝜎𝜎𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛 (and therefore zero 𝜎𝜎𝜇𝜇 and 𝜎𝜎𝜎𝜎) is only true for simulation and generally not for reality. 

The true value of 𝑅𝑅1/1500 is derived from the site-specific distribution of resistance, which 

is defined by 𝜇𝜇𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛−𝑝𝑝𝑚𝑚𝑚𝑚𝑚𝑚 and 𝜎𝜎𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛−𝑝𝑝𝑚𝑚𝑚𝑚𝑚𝑚. To compute the true value of 𝑅𝑅1/1500, a simulation 
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procedure was used. The procedure mirrors the procedure used to compute 𝑅𝑅1/1500 from the prior 

and posterior predictive distributions of resistance, which was detailed in Section 4.3. First, one 

million values are randomly sampled from the distribution of ln(𝑹𝑹𝑹𝑹𝑹𝑹) defined by 𝜇𝜇𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛−𝑝𝑝𝑚𝑚𝑚𝑚𝑚𝑚 and 

𝜎𝜎𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛−𝑝𝑝𝑚𝑚𝑚𝑚𝑚𝑚. The 1/1500th value of the distribution is found by sorting the randomly sampled 

values and selecting the 667th smallest value (1,000,000
1500

= 667). The exponential of the result is the 

true value of 𝑅𝑅1/1500. 

Table 10: Summary of parameters used to evaluate results. 

Parameter Definition 
Interpretation from 

Numerical Tool “True” Value 

𝑅𝑅1/1500 
1/1500th value of predictive 
distribution 

Sampling procedure 
described in Section 4.3 

1/1500th value of 
distribution defined by 
𝜇𝜇𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛−𝑝𝑝𝑚𝑚𝑚𝑚𝑚𝑚 and 𝜎𝜎𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛−𝑝𝑝𝑚𝑚𝑚𝑚𝑚𝑚 

𝜇𝜇𝜇𝜇 Mean value of posterior 
distribution of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 Fit to posterior distribution 

of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 from numerical 
tool (Section 4.2.3) 

𝜇𝜇𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛−𝑝𝑝𝑚𝑚𝑚𝑚𝑚𝑚 

𝜎𝜎𝜇𝜇 Standard deviation value of 
posterior distribution of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 0 

𝜇𝜇𝜎𝜎 Mean value of posterior 
distribution of 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 Fit to posterior distribution 

of 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 from numerical 
tool (Section 4.2.3) 

𝜎𝜎𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛−𝑝𝑝𝑚𝑚𝑚𝑚𝑚𝑚 

𝜎𝜎𝜎𝜎 Standard deviation value of 
posterior distribution of 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 0 

 

5.2 Reliability at the Limits: Zero Load Tests and Many Load Tests 

In this section, the hypothesis is evaluated directly by comparing 𝑅𝑅1/1500 for deterministic 

and probabilistic consideration of within-site variability. The comparisons focus on two cases: 

cases without load testing and cases with many load tests. All results were obtained using the 

numerical tool detailed in Chapter 4 and following the methodology presented in Section 5.1. 

Results for cases without load testing are presented first; results for cases with many load tests 

are presented second. 

5.2.1 Reliability without Load Tests 

For cases without load tests, it was hypothesized in Chapter 1 that deterministic 

consideration of within-site variability would produce greater estimates of 𝑅𝑅1/1500 than probabilistic 

consideration of within-site variability. Probabilistic within-site variability includes the effect of 
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uncertainty in within-site variability; the uncertainty should produce additional variability in the 

predictive distribution of resistance. The additional variability should produce a wider distribution 

and therefore a smaller value of 𝑅𝑅1/1500 than deterministic within-site variability, which does not 

consider uncertainty in within-site variability. 

To evaluate the hypothesis, estimates of 𝑅𝑅1/1500 are compared for deterministic and 

probabilistic within-site variability for 12 cases without load tests. The cases represent the 12 sets 

of prior distributions of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 described in Section 5.1.1, shown in Figure 30, Figure 

31, and Figure 32, and summarized in Table 9. As explained in Section 5.1.1, the cases 

represent three nominal levels of total variability in the predictive distribution (𝜎𝜎𝑝𝑝𝑎𝑎𝑝𝑝𝑚𝑚𝑡𝑡), three levels 

of the ratio of within-site variability to among-site variability (𝜇𝜇𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅/𝜎𝜎𝑚𝑚𝑚𝑚𝑎𝑎𝑛𝑛𝑎𝑎), and two levels of 

uncertainty in the within-site variability parameter (𝜎𝜎𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅/𝜇𝜇𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅). For each of the cases, the 

numerical tool described in Chapter 4 was used to compute 𝑅𝑅1/1500 with deterministic within-site 

variability and with probabilistic within-site variability. “True” values of 𝑅𝑅1/1500 were also calculated 

by assuming the site-specific distribution for each case is defined by the mean parameters of 

𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘: 

𝜇𝜇𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛−𝑝𝑝𝑚𝑚𝑚𝑚𝑚𝑚 = 𝜇𝜇𝑚𝑚𝑚𝑚𝑎𝑎𝑛𝑛𝑎𝑎  Eq. 5-2 

𝜎𝜎𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛−𝑝𝑝𝑚𝑚𝑚𝑚𝑚𝑚 = 𝜇𝜇𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅  Eq. 5-3 

The assumptions stated in Eq. 5-2 and Eq. 5-3 are unique to this analysis of cases without load 

tests. For cases with load tests (Sections 5.2.2 and 5.3), the true values of site-specific 

parameters were evaluated at the tenth, fiftieth, and ninetieth percentiles, as described in Section 

0. For the case without load tests considered in this section, there is no need to sample load 

tests, so the comparison focuses on just the fiftieth percentile (i.e. mean for the normal 

distribution, i.e. Eq. 5-2 and Eq. 5-3) values. 

Results of the analyses are presented in Figure 33, Figure 34, Figure 35, and Figure 36. 

Each figure plots the difference between 𝑅𝑅1/1500 from deterministic within-site variability, 
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𝑅𝑅1/1500−𝑚𝑚𝑚𝑚𝑝𝑝𝑚𝑚𝑚𝑚𝑚𝑚𝑝𝑝𝑛𝑛𝑝𝑝𝑚𝑚𝑝𝑝𝑝𝑝𝑝𝑝, and 𝑅𝑅1/1500 from probabilistic within-site variability, 𝑅𝑅1/1500−𝑝𝑝𝑚𝑚𝑎𝑎𝑝𝑝𝑚𝑚𝑝𝑝𝑝𝑝𝑡𝑡𝑝𝑝𝑚𝑚𝑝𝑝𝑝𝑝𝑝𝑝, versus 

uncertainty in the within-site variability. Note the value of uncertainty in within-site variability is 

considered only in probabilistic within-site variability; for deterministic within-site variability, 

uncertainty in within-site variability is neglected. In each of the plots, points are labeled to indicate 

the prior distribution parameter cases as summarized in Table 9. The difference among the 

figures is in how the axis quantities are normalized. In Figure 33, neither quantity is normalized: 

(𝑅𝑅1/1500−𝑚𝑚𝑚𝑚𝑝𝑝𝑚𝑚𝑚𝑚𝑚𝑚𝑝𝑝𝑛𝑛𝑝𝑝𝑚𝑚𝑝𝑝𝑝𝑝𝑝𝑝 − 𝑅𝑅1/1500−𝑝𝑝𝑚𝑚𝑎𝑎𝑝𝑝𝑚𝑚𝑝𝑝𝑝𝑝𝑡𝑡𝑝𝑝𝑚𝑚𝑝𝑝𝑝𝑝𝑝𝑝) versus 𝜎𝜎𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅 . In Figure 34, the uncertainty in within-site 

variability is normalized by the average value of within-site variability (i.e. the horizontal axis is 

𝐶𝐶𝐶𝐶𝐶𝐶 of within-site variability): (𝑅𝑅1/1500−𝑚𝑚𝑚𝑚𝑝𝑝𝑚𝑚𝑚𝑚𝑚𝑚𝑝𝑝𝑛𝑛𝑝𝑝𝑚𝑚𝑝𝑝𝑝𝑝𝑝𝑝 − 𝑅𝑅1/1500−𝑝𝑝𝑚𝑚𝑎𝑎𝑝𝑝𝑚𝑚𝑝𝑝𝑝𝑝𝑡𝑡𝑝𝑝𝑚𝑚𝑝𝑝𝑝𝑝𝑝𝑝) versus 𝜎𝜎𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅/𝜇𝜇𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅 . In 

Figure 35, the difference in 𝑅𝑅1/1500 is normalized by the true value of 𝑅𝑅1/1500, but the uncertainty 

in within-site variability is not normalized: (𝑅𝑅1/1500−𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑚𝑚𝑖𝑖𝑑𝑑𝑖𝑖𝑑𝑑𝑑𝑑𝑖𝑖𝑑𝑑−𝑅𝑅1/1500−𝑝𝑝𝑑𝑑𝑝𝑝𝑏𝑏𝑎𝑎𝑏𝑏𝑖𝑖𝑎𝑎𝑖𝑖𝑑𝑑𝑖𝑖𝑑𝑑𝑑𝑑)

𝑅𝑅1/1500−𝑑𝑑𝑑𝑑𝑡𝑡𝑑𝑑
 versus 𝜎𝜎𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅 . As 

explained in Section 5.1.3, the true value of 𝑅𝑅1/1500 is found from the predictive distribution of 

resistance defined by the known site-specific distribution parameters used for the simulations. In 

Figure 36, both quantities are normalized: (𝑅𝑅1/1500−𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑚𝑚𝑖𝑖𝑑𝑑𝑖𝑖𝑑𝑑𝑑𝑑𝑖𝑖𝑑𝑑−𝑅𝑅1/1500−𝑝𝑝𝑑𝑑𝑝𝑝𝑏𝑏𝑎𝑎𝑏𝑏𝑖𝑖𝑎𝑎𝑖𝑖𝑑𝑑𝑖𝑖𝑑𝑑𝑑𝑑)

𝑅𝑅1/1500−𝑑𝑑𝑑𝑑𝑡𝑡𝑑𝑑
 versus 

𝜎𝜎𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅/𝜇𝜇𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅. 

Results for all 12 cases support the hypothesis: the value of 𝑅𝑅1/1500 from deterministic 

within-site variability is always greater than the value from probabilistic within-site variability for 

cases without load tests, as indicated by positive y-values for all points. That deterministic within-

site variability yields greater values of 𝑅𝑅1/1500 without load tests compared to deterministic within-

site variability is evident from the fact that all of the 𝑅𝑅1/1500 difference values plotted in Figure 33, 

Figure 34, Figure 35, and Figure 36 are positive. 

Results from the 12 cases also support the explanation of the hypothesis provided at the 

beginning of this section, i.e. that 𝑅𝑅1/1500 from deterministic within-site variability is greater 

because it does not consider uncertainty in within-site variability. In each of the plots of Figure 33, 

Figure 34, Figure 35, and Figure 36, the difference in the estimate of 𝑅𝑅1/1500 between 

deterministic and probabilistic within-site variability is greater for greater uncertainty in within-site 
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variability. A linear trend is observed in each of the plots, i.e. for all forms of normalization. 

However, normalization of the uncertainty in within-site variability in Figure 34 and Figure 36 

confuses the trend somewhat, most likely because the 12 cases are largely divided into two 

values of 𝜎𝜎𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅/𝜇𝜇𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅 . Indeed, the linear trend is stronger in Figure 33 and Figure 35 (without 

normalization of within-site variability uncertainty), and especially in the normalization of the 

𝑅𝑅1/1500 difference in Figure 35. 

The linear trend in Figure 35 indicates that the difference between the value of 𝑅𝑅1/1500 

with deterministic within-site variability and with probabilistic within-site variability is (1) greater for 

greater uncertainty in within-site variability, as quantified by the standard deviation in 𝐶𝐶𝐶𝐶𝐶𝐶 of 

within-site resistance, and (2) that the difference in 𝑅𝑅1/1500 is also greater for greater values of 

𝑅𝑅1/1500. The first observation is supported by the linear trend in the data. As stated previously, the 

first observation is also consistent with the explanation of the hypothesis presented at the 

beginning of this section. The second observation is supported by the normalization of the 𝑅𝑅1/1500 

difference by the true value, and by how the normalization improved linearity (i.e. from Figure 33 

to Figure 35). 
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Figure 33: Difference between deterministic and probabilistic values of 𝑹𝑹𝟏𝟏/𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏 for cases 
without load tests versus standard deviation in within-site variability. 

Figure 34: Difference between deterministic and probabilistic values of 𝑹𝑹𝟏𝟏/𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏 for cases 
without load tests versus 𝑪𝑪𝑪𝑪𝑪𝑪 of within-site variability. 
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Figure 35: Difference between deterministic and probabilistic normalized values of 𝑹𝑹𝟏𝟏/𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏 
for cases without load tests versus standard deviation in within-site variability. 

Figure 36: Difference between deterministic and probabilistic normalized values of 𝑹𝑹𝟏𝟏/𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏 
for cases without load tests versus 𝑪𝑪𝑪𝑪𝑪𝑪 of within-site variability. 
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In Section 5.1.1, the total predictive 𝐶𝐶𝐶𝐶𝐶𝐶 values were identified as nominal values 

because the total predictive 𝐶𝐶𝐶𝐶𝐶𝐶 values cannot be perfectly satisfied with both deterministic and 

probabilistic within-site variability with the same input values. For deterministic within-site 

variability, uncertainty in within-site variability is neglected (i.e. 𝜎𝜎𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅 = 0), which reduces the total 

predictive 𝐶𝐶𝐶𝐶𝐶𝐶. That deterministic within-site variability produces a lower total predictive 𝐶𝐶𝐶𝐶𝐶𝐶 

compared with probabilistic within-site variability is supported by Figure 37, which is a plot of the 

prior (i.e. no load tests) predictive 𝐶𝐶𝐶𝐶𝐶𝐶 versus the ratio of within-site to among-site variability for 

the cases with nominal 𝐶𝐶𝐶𝐶𝐶𝐶 of 0.5. Values of the total prior predictive 𝐶𝐶𝐶𝐶𝐶𝐶 were computed from 

the sample statistics of the random sample used to define the prior predictive distribution 

numerically (Section 4.3). For probabilistic within-site variability, the true value of total 𝐶𝐶𝐶𝐶𝐶𝐶 is 

always within 1 percent of 0.5. For deterministic within-site variability, the true value varies from 

0.45 (Case 0.5-D) to 0.5 (Case 0.5-A), the best agreement is for the case with least within-site 

variability (Case 0.5-A), and the difference between the nominal and true value is greatest for the 

case with relatively great within-site variability (Case 0.5-C) and the case with great uncertainty in 

the value of within-site variability (0.5-D). The differences between nominal and true 𝐶𝐶𝐶𝐶𝐶𝐶 for 

deterministic within-site variability are consistent with the findings of greater estimates of 𝑅𝑅1/1500 

with deterministic within-site variability compared with estimates of 𝑅𝑅1/1500 with probabilistic 

within-site variability. 
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Figure 37: Computed total 𝑪𝑪𝑪𝑪𝑪𝑪 of predictive distributions versus the ratio of within-site to 
among-site variability. 

For perspective on the results, consider case 0.3-D, which has a nominal total 𝐶𝐶𝐶𝐶𝐶𝐶 of 0.3 

with approximately equal contributions from within-site and among-site variability and relatively 

great uncertainty in within-site variability (Table 9). Suppose the predicted capacity at the site (𝑅𝑅𝑝𝑝) 

is 1000 kips. Deterministic within-site variability yields a value of 𝑅𝑅1/1500 = 0.43, corresponding 

430 kips. Probabilistic within-site variability yields a value of 𝑅𝑅1/1500 = 0.31, corresponding to 310 

kips. The true values, calculated from site-specific parameters known only in the simulation, are 

𝑅𝑅1/1500 = 0.55, corresponding to 550 kips. The difference in 𝑅𝑅1/1500 between deterministic and 

probabilistic within-site variability is 120 kips, which is about 22 percent of the true 𝑅𝑅1/1500, as 

shown in Figure 35. 

The observed relative magnitude of 𝑅𝑅1/1500 without load tests, i.e. 

𝑅𝑅1/1500−𝑝𝑝𝑚𝑚𝑎𝑎𝑝𝑝𝑚𝑚𝑝𝑝𝑝𝑝𝑡𝑡𝑝𝑝𝑚𝑚𝑝𝑝𝑝𝑝𝑝𝑝 < 𝑅𝑅1/1500−𝑚𝑚𝑚𝑚𝑝𝑝𝑚𝑚𝑚𝑚𝑚𝑚𝑝𝑝𝑛𝑛𝑝𝑝𝑚𝑚𝑝𝑝𝑝𝑝𝑝𝑝 < 𝑅𝑅1/1500−𝑝𝑝𝑚𝑚𝑚𝑚𝑚𝑚 Eq. 5-4 

is noteworthy. It is important to note the inequality of Eq. 5-4 only holds for the assumption that 

the true values of average resistance and within-site variability (𝜇𝜇𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛−𝑝𝑝𝑚𝑚𝑚𝑚𝑚𝑚 and 𝜎𝜎𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛−𝑝𝑝𝑚𝑚𝑚𝑚𝑚𝑚, 
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respectively) are equal to the mean values used to define the prior distributions of the twelve 

cases evaluated (as stated in Eq. 5-2 and Eq. 5-3). The assumption is inherent to all of the 

analyses reported in this section. The relative magnitude of the three values of 𝑅𝑅1/1500 is 

explained by consideration of uncertainty in site-specific parameters 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘. For the 

true value of 𝑅𝑅1/1500, there is no uncertainty in either quantity (𝜎𝜎𝜇𝜇 = 𝜎𝜎𝜎𝜎 = 0), as explained in 

Section 5.1.3. For deterministic within-site variability, uncertainty in within-site variability is 

neglected (𝜎𝜎𝜎𝜎 = 0), but uncertainty in the mean is included (𝜎𝜎𝜇𝜇 ≠ 0), and the uncertainty in the 

mean reduces 𝑅𝑅1/1500 compared to the true value. Probabilistic within-site variability considers 

uncertainty in both the mean and within-site variability, producing the smallest value of 𝑅𝑅1/1500. It 

is perhaps tempting to conclude deterministic within-site variability is better than probabilistic 

within-site variability for cases without load tests by virtue of its estimate of 𝑅𝑅1/1500 being closer to 

the true value. However, such reasoning neglects the possibility that deterministic within-site 

variability produces unreliable estimates of 𝑅𝑅1/1500 in some cases because of neglecting 

uncertainty in within-site variability. Errors in estimates of 𝑅𝑅1/1500 are examined in Chapter 6. 

5.2.2 Reliability with a Large Number Load Tests 

For cases with a large number of site-specific load tests, it was hypothesized in Chapter 

1 that the posterior value of 𝑅𝑅1/1500 would converge to the true value of 𝑅𝑅1/1500 with probabilistic 

within-site variability but not with deterministic within-site variability. Probabilistic within-site 

variability treats both the mean and within-site variability of foundation resistance as unknown 

parameters to be updated via Bayes’ theorem. Assuming both parameters converge for large 

numbers of tests, the posterior predictive distribution of resistance should converge to the true 

distribution for probabilistic within-site variability. Deterministic within-site variability treats only the 

mean of foundation resistance as unknown and to be updated; the within-site variability 

parameter is treated as a constant and is not updated. Accordingly, the posterior predictive 

distribution of resistance should not converge to the true distribution for deterministic within-site 

variability, unless the prior estimate of within-site variability happens to be equal to the true value. 



 110 

The hypothesis is evaluated in this section by comparing the results from the numerical 

tool described in Chapter 4 for cases with many load tests evaluated with deterministic within-site 

variability and with probabilistic within-site variability. The cases were outlined in Section 5.1. The 

cases are derived from the twelve sets of prior distributions summarized in Table 9 and evaluated 

in Section 5.2.1 for the cases without load tests. However, whereas the evaluation without load 

tests considered only the fiftieth percentile values of mean foundation resistance and within-site 

variability (𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘, respectively), the evaluation in this section for cases with many 

load tests considers the results from load tests sampled at the tenth, fiftieth, and ninetieth 

percentiles of both 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘. Thus, for each of the twelve sets of prior distributions of 

𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘, nine combinations of true site parameters were considered, resulting in a total 

of 108 cases. 

As indicated in Table 8 (Section 5.1), cases with as many as 800 load tests were 

evaluated with the numerical tool. Indeed, for most of the 108 cases evaluated in this section, “a 

large number of tests” is 800 load tests. However, for some of the cases with 800 tests, overflow 

occurred in the numerical tool. The consequence of the overflow is negligible: for all cases with 

overflow, the results of the numerical tool had converged, typically at a significantly smaller 

number of tests. For the overflow cases, “a large number of tests” refers to 200 or 400 load tests. 

Results of the analyses are presented in terms of the ratio of posterior to true values of 

𝑅𝑅1/1500. A ratio value of 1 indicates the value of 𝑅𝑅1/1500 from Bayesian updating for many load 

tests is equal to the true value of 𝑅𝑅1/1500, presumably because the Bayesian distributions of 

𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 have converged to the true distributions. Values of the ratio of posterior to true 

𝑅𝑅1/1500 less than one indicate the Bayesian results are conservative, producing estimates of 

𝑅𝑅1/1500 that are lower than the true value. Values of the ratio of posterior to true 𝑅𝑅1/1500 greater 

than one indicate the Bayesian results are unconservative, producing estimates of 𝑅𝑅1/1500 that are 

greater than the true value. 
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The ratio of posterior to true 𝑅𝑅1/1500 is presented in Figure 38 and Figure 39 for 

deterministic within-site variability. Figure 38 is a plot of the ratio versus the true mean simulated 

for each site; Figure 39 is a plot of the ratio versus the true within-site variability (i.e. site standard 

deviation) simulated for each site. The results support the hypothesis: for most of the cases, the 

value of the ratio is not equal to one. The plot of Figure 38 indicates a wide distribution of ratio 

values for each of the three site mean values considered. In fact, the distribution of ratios appears 

similar, if not identical, for each of the three mean values considered. In addition, for each of the 

12 prior distribution cases considered, the ratio of posterior to true 𝑅𝑅1/1500 appears to be 

independent of site mean for the deterministic case. 

The presentation of results in Figure 39, a plot of ratio of posterior to true 𝑅𝑅1/1500 versus 

within-site variability, suggests the value of true within-site variability relative to the assumed, 

deterministic value of within-site variability controls the accuracy of 𝑅𝑅1/1500 estimates for 

deterministic within-site variability. For cases when the deterministic value of within-site variability 

overestimates the true value, represented by the tenth percentile cases in Figure 39, the values 

of the ratio of posterior to true 𝑅𝑅1/1500 are all less than one, suggesting conservative results. This 

is logical: when within-site variability is over-estimated, factored resistance values are likely to be 

conservative. The converse is also supported by the results: for cases when the deterministic 

value of within-site variability underestimates the true value (the ninetieth percentile cases in 

Figure 39), the ratio values are all greater than one, suggesting unconservative results. The 

results of Figure 39 suggest deterministic within-site variability only produces accurate estimates 

of 𝑅𝑅1/1500 when the estimated value of within-site variability happens to be equal to the true value. 
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Figure 38: Ratio of posterior to true 𝑹𝑹𝟏𝟏/𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏 versus true mean for deterministic within-site 
variability. Case numbers refer to Table 9. 

 

Figure 39: Ratio of posterior to true 𝑹𝑹𝟏𝟏/𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏 versus true standard deviation for deterministic 
within-site variability. 
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The ratio of posterior to true 𝑅𝑅1/1500 is presented in Figure 40 and Figure 41 for 

probabilistic within-site variability. Figure 40 is a plot of the ratio versus the true mean simulated 

for each site; Figure 41 is a plot of the ratio versus the true within-site variability simulated for 

each site. The results shown in both figures also support the hypothesis: for probabilistic within-

site variability, all cases had values of the ratio of posterior to true 𝑅𝑅1/1500 of 1.0. The value of the 

ratio ranged from 0.98 to 1.01. The observation of ratio values of 1.0 is true of all prior 

distributions of site mean and within-site variability, and of all true values of site parameters 

considered within the prior distributions. The resulting conclusion is straightforward, but powerful: 

in the limit, Bayesian updating with probabilistic within-site variability produces accurate estimates 

of 𝑅𝑅1/1500, regardless of prior distributions of site mean and within-site variability, and regardless 

of where true site parameters fall with respect to the prior distributions. 

 

Figure 40: Ratio of posterior to true 𝑹𝑹𝟏𝟏/𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏 versus true mean for probabilistic within-site 
variability. 
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Figure 41: Ratio of posterior to true 𝑹𝑹𝟏𝟏/𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏 versus true standard deviation for probabilistic 
within-site variability. 

For deterministic within-site variability, the results shown in Figure 39 are strong evidence 

that the accuracy of reliability estimates with deterministic within-site variability depends on the 

accuracy of the deterministic estimate of within-site variability. It is also clear from the plot of 

Figure 39 that the degree of inaccuracy depends on other factors. For instance, for the cases 

where 𝑅𝑅1/1500 is overestimated (i.e. the cases for which the ratio of posterior to true 𝑅𝑅1/1500 is 

greater than one, i.e. the cases in Figure 39 for which the true within-site variability is in the 

ninetieth percentile of the prior), the value of the ratio varies from just greater than 1.0 to about 

1.9. To examine this variation, the ratio of posterior to true 𝑅𝑅1/1500 is plotted versus the prior value 

of mean within-site variability in Figure 42. Results from deterministic and probabilistic within-site 

variability are presented, with the probabilistic results all falling along a horizontal line 

corresponding to the ratio of 1.0. For deterministic within-site variability, the deviation from ratio 

values of 1.0 is greater for greater prior mean values of within-site variability, suggesting both the 

overestimates and underestimates of 𝑅𝑅1/1500 are worse when within-site variability is greater. 

Errors in reliability estimating are examined more closely in Chapter 6. 
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Figure 42: Ratio of posterior to true 𝑹𝑹𝟏𝟏/𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏 versus within-site variability. 

5.3 Trends in Posterior Distributions 

Results presented in Section 5.2 supported the hypothesis: (1) without load tests, 

deterministic within-site variability produces greater estimates of 𝑅𝑅1/1500 than probabilistic within-

site variability and (2) with many load tests, the estimate of 𝑅𝑅1/1500 from probabilistic within-site 

variability converges to the true value while the estimate of 𝑅𝑅1/1500 from deterministic within-site 

variability generally does not converge to the true value. In this section, the support for the 

second statement of the hypothesis is examined in greater detail by evaluating trends in the four 

parameters used to define the posterior distributions of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘: 𝜇𝜇𝜇𝜇 and 𝜎𝜎𝜇𝜇 for the 

mean and standard deviation of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘, respectively; 𝜇𝜇𝜎𝜎 and 𝜎𝜎𝜎𝜎 and for the mean and standard 

deviation of 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘, respectively. Details regarding how the parameters are interpreted from the 

Bayesian analyses are presented in Sections 4.2.3 and 5.1.3.  

The evaluation methodology used to evaluate trends in the posterior distributions was 

presented in Section 5.1. In summary, the methodology involves using the numerical tool 

(Chapter 4) to perform Bayesian updating for 12 sets of prior distributions of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘. 

The 12 sets of distributions were discussed in 5.1.1 and summarized in Table 9. For each of the 
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12 sets of distributions, load test results are sampled at nine types of sites. The nine types of 

sites are defined at all combinations of the tenth, fiftieth, and ninetieth percentiles of the 

distributions of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘. As explained in Section 0, “perfect” sampling was used to 

obtain load test results with sample statistics that match the true values. The analyses were 

performed with different numbers of load tests (1, 2, 3, 4, 5, 7, 10, 20, 30, 40, 50, 200, 400, 800) 

to evaluate the trends in the parameters with increasing numbers of tests. 

The first subsection below presents results for one of the cases, Case 0.5-B, for the sake 

of example and to introduce the criteria for interpreting results for other cases. The results for all 

cases are presented in the following four subsections, with each focusing on a specific posterior 

parameter: 𝜇𝜇𝜇𝜇, 𝜎𝜎𝜇𝜇, 𝜇𝜇𝜎𝜎 and 𝜎𝜎𝜎𝜎, respectively. 

5.3.1 Trends versus Number of Tests for Case 0.5-B 

For the sake of example, results from the numerical tool for Case 0.5-B are presented in 

this section. As presented in Table 9, Case 0.5-B has relatively high total variability (𝜎𝜎𝑝𝑝𝑎𝑎𝑝𝑝𝑚𝑚𝑡𝑡 = 0.5) 

with approximately equal contributions from within-site and among-site variability (𝜇𝜇𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅/𝜎𝜎𝑚𝑚𝑚𝑚𝑎𝑎𝑛𝑛𝑎𝑎 =

1.0). The specific site presented here is for true site conditions corresponding to the ninetieth 

percentile of site mean, i.e. a site with relatively strong foundation resistance, and the tenth 

percentile of site standard deviation, i.e. a site with relatively uniform foundation resistance. 

Importantly, the specific values used to describe the trends reported in this section apply only to 

the specific example case. The sections following this example evaluate general trends for all 

cases considered. 

Plots of posterior 𝜇𝜇𝜇𝜇, 𝜎𝜎𝜇𝜇, 𝜇𝜇𝜎𝜎 and 𝜎𝜎𝜎𝜎 versus the number of load tests are presented in 

Figure 43, Figure 44, Figure 45, and Figure 46, respectively. A logarithmic scale is used for the 

horizontal axis (number of load tests) of each of the plots. In each plot, the prior value of the 

parameter is shown with a green line, the true value of the parameter is shown with an orange 

line, and posterior results for deterministic and probabilistic within-site variability are shown with 

red and blue lines, respectively. Also shown in each figure is the error, defined as the difference 

between the true value and the prior value of each parameter. As explained in Section 5.1.3, the 
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true value of 𝜎𝜎𝜇𝜇 and 𝜎𝜎𝜎𝜎 is zero because for a specific site, there is no variability or uncertainty in 

the mean or within-site variability parameters. Finally, each figure includes lines to indicate a 75 

percent reduction in the error. The solid horizontal black line indicates the parameter value that 

corresponds to a 75 reduction in the difference between the true value and prior value. The 

dashed vertical black line indicates the number of tests at which the posterior results have 

achieved a 75 percent reduction in error. 

The plot of 𝜇𝜇𝜇𝜇 versus number of tests in Figure 43 indicates results for both deterministic 

and probabilistic within-site variability converge to the true value of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘. Both converge at 

nearly identical rates with respect to the number of tests. Relatively large reductions in error are 

achieved for small numbers of tests: about half the error is reduced by the first test, and 75 

percent is reduced by the third test. The rate of error reduction slows considerably for greater 

numbers of tests. 

The plot of 𝜎𝜎𝜇𝜇 versus number of tests in Figure 44 shows decreasing uncertainty in the 

value of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 for both deterministic and probabilistic within-site variability. The results mirror the 

trends in 𝜇𝜇𝜇𝜇 shown in Figure 43: as 𝜇𝜇𝜇𝜇 converges to the true value of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘, the corresponding 

uncertainty in 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 (i.e. 𝜎𝜎𝜇𝜇) decreases. Both deterministic and probabilistic within-site variability 

produce reductions in 𝜎𝜎𝜇𝜇 to approximately zero for large numbers of tests. The rate of reduction is 

the same for both deterministic and probabilistic within-site variability, with a significant reduction, 

about one-third of the prior 𝜎𝜎𝜇𝜇, for the first load test and diminishing reductions for subsequent 

tests. 
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Figure 43: Trend in 𝝁𝝁𝝁𝝁 versus number of tests for perfect sampling of Case 0.5-B with true 
site mean at ninetieth percentile of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and true within-site variability at tenth percentile 

of 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘. 

 

Figure 44: Trend in 𝝈𝝈𝝁𝝁 versus number of tests for perfect sampling of Case 0.5-B with true 
site mean at ninetieth percentile of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and true within-site variability at tenth percentile 

of 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘. 

The plot of 𝜇𝜇𝜎𝜎 versus the number of load tests presented in Figure 45 shows 

convergence to the true value of 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 for probabilistic within-site variability. For deterministic 

within-site variability, 𝜎𝜎𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛 is treated as a constant value and is not updated; that deterministic 

within-site variability does not converge to the true value of 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 is therefore to be expected. 
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The rate of convergence for probabilistic within-site variability is slow compared to convergence in 

𝜇𝜇𝜇𝜇 and 𝜎𝜎𝜇𝜇 discussed above. The first test produces essentially no reduction in the error, which is 

logical considering one cannot calculate sample standard deviation with only one test. About 30 

load tests are required to achieve a 75 percent reduction in error. 

The plot of 𝜎𝜎𝜎𝜎 versus number of load tests in Figure 46 shows decreasing uncertainty in 

the value of 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 with increasing tests for probabilistic within-site variability. Similar to the rate 

of convergence in 𝜇𝜇𝜎𝜎 observed in Figure 45, the rate of decrease in 𝜎𝜎𝜎𝜎 in Figure 46 is quite slow 

compared to the rate of decrease in 𝜎𝜎𝜇𝜇 discussed above. More than 100 load tests are required to 

achieve a 75 percent reduction in the uncertainty in 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 with probabilistic within-site variability. 

For deterministic within-site variability, 𝜎𝜎𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛 is treated as a constant value with zero uncertainty. 

 

Figure 45: Trend in 𝝁𝝁𝝈𝝈 versus number of tests for perfect sampling of Case 0.5-B with true 
site mean at ninetieth percentile of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and true within-site variability at tenth percentile 

of 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘. 
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Figure 46: Trend in 𝝈𝝈𝝈𝝈 versus number of tests for perfect sampling of Case 0.5-B with true 
site mean at ninetieth percentile of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and true within-site variability at tenth percentile 

of 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘. 

5.3.2 Trends in 𝝁𝝁𝝁𝝁 for all Cases 

For the example of Case 0.5-B, the mean value of μwithin, 𝜇𝜇𝜇𝜇, converged to the true value 

for large numbers of tests, with most of the error in the prior estimate of 𝜇𝜇𝜇𝜇 eliminated for small 

numbers of tests. To examine convergence and the rate of error reduction for other cases, Figure 

47 and Figure 48 are presented. Both figures present results for all cases, with “all cases” 

indicating all 12 sets of prior distributions of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 as well as all nine combinations of 

true site parameters (tenth, fiftieth, and ninetieth percentiles of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘). 

Figure 47 is a plot of the error reduction in 𝜇𝜇𝜇𝜇 at large numbers of tests for all cases and 

for both deterministic and probabilistic within-site variability. The error reduction is plotted against 

the ratio of within-site to among-site variability for the prior distributions of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 

(𝜇𝜇𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅/𝜎𝜎𝑚𝑚𝑚𝑚𝑎𝑎𝑛𝑛𝑎𝑎). For all cases, the error reduction in 𝜇𝜇𝜇𝜇 is at least 94 percent, and for most it is 

100 percent. The results indicate both deterministic and probabilistic within-site variability achieve 

convergence of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 to the true value for large numbers of tests, regardless of prior conditions 

or true site conditions. 
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Figure 48 is a plot of the number of tests required to reduce the error in the posterior 

value of 𝜇𝜇𝜇𝜇 by 75 percent versus the ratio of within-site to among-site variability. Reducing the 

error by 75 percent is equivalent to achieving convergence to within 25 percent of the true value. 

Results are shown for all cases, with circles used for deterministic within-site variability results 

and “x” shapes for probabilistic within-site variability results. The results indicate that for both 

deterministic and probabilistic within-site variability, the posterior value of 𝜇𝜇𝜇𝜇 converges to within 

25 percent of the true value for significantly fewer tests when the ratio of within-site to among-site 

variability is small. For the cases with 𝜇𝜇𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅/𝜎𝜎𝑚𝑚𝑚𝑚𝑎𝑎𝑛𝑛𝑎𝑎 = 0.1, convergence to within 25 percent of 

the true value was achieved with the first test; for cases with 𝜇𝜇𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅/𝜎𝜎𝑚𝑚𝑚𝑚𝑎𝑎𝑛𝑛𝑎𝑎 = 2, convergence to 

within 25 percent of the true value required 10 to 30 tests.  

Results in Figure 48 also indicate differences in the rates of convergence between results 

for deterministic and probabilistic within-site variability. The rate appears to be the same, on 

average, but for a given value of 𝜇𝜇𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅/𝜎𝜎𝑚𝑚𝑚𝑚𝑎𝑎𝑛𝑛𝑎𝑎, the number of tests required to achieve 

convergence to within 25 percent of the true value is constant for deterministic within-site 

variability but variable for probabilistic within-site variability. For probabilistic within-site variability, 

greater numbers of tests are required when the true within-site variability is high (i.e. for the sites 

at the ninetieth percentile of 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘) than when the true within-site variability is low (i.e. for sites at 

the tenth percentile of 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘). When the true within-site variability is average, the number of tests 

for convergence to within 25 percent of the true value is the same for both deterministic and 

probabilistic within-site variabilityes. Taken together, the results of Figure 48 suggest 

convergence for deterministic within-site variability is independent of the true within-site 

variability, depending primarily on the assumed deterministic value of within-site variability. 

Convergence for probabilistic within-site variability requires greater numbers of tests when the 

true within-site variability is relatively high compared to when it is relatively low. 
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Figure 47: Error reduction in 𝝁𝝁𝝁𝝁 for large number of tests versus ratio of within-site to 
among-site variability for prior distributions of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘. 

 

Figure 48: Number of tests to reduce error in the posterior value of 𝝁𝝁𝝁𝝁 by 75 percent 
versus ratio of within-site to among-site variability for prior distributions of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 

𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘. 

5.3.3 Trends in 𝝈𝝈𝝁𝝁 for all Cases 

For the example of Case 0.5-B, the uncertainty in 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘, 𝜎𝜎𝜇𝜇, converged to zero (the true 

value, as explained in Section 5.1.3) for large numbers of tests. In addition, the greatest reduction 

in uncertainty occurred for the first test, with diminishing reductions for greater numbers of tests. 
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To examine convergence and the rate of error reduction for other cases, Figure 49 and Figure 50 

are presented. Both figures present results for all cases, with “all cases” indicating all 12 sets of 

prior distributions of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 as well as all nine combinations of true site parameters 

(tenth, fiftieth, and ninetieth percentiles of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘). 

Figure 49 is a plot of the reduction in 𝜎𝜎𝜇𝜇 at large numbers of tests for all cases and for 

both deterministic and probabilistic within-site variability. The reduction in uncertainty is plotted 

against the ratio of within-site to among-site variability for the prior distributions of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 

𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 (𝜇𝜇𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅/𝜎𝜎𝑚𝑚𝑚𝑚𝑎𝑎𝑛𝑛𝑎𝑎). For all cases, the value of 𝜎𝜎𝜇𝜇 is reduced by at least 80 percent of its initial 

value, and for most cases, the reduction in 𝜎𝜎𝜇𝜇 was at least 95 percent. As shown in Figure 49, the 

cases with reductions in 𝜎𝜎𝜇𝜇 of about 80 percent all have high values of the ratio of within-site to 

among-site variability. For these cases, the uncertainty in 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 is small initially (because 

among-site variability is small), so in absolute terms, the posterior values of 𝜎𝜎𝜇𝜇 are quite small. 

The results indicate both deterministic and probabilistic within-site variability achieve reduction of 

uncertainty in 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 to nearly zero for large numbers of tests, regardless of prior conditions or 

true site conditions. 

Figure 50 is a plot of the number of tests required to reduce the prior value of 𝜎𝜎𝜇𝜇 by 75 

percent versus the ratio of within-site to among-site variability. Results are shown for all cases, 

with circles used for deterministic within-site variability results and “x” shapes for probabilistic 

within-site variability results. Results in Figure 50 regarding the rate of convergence for 𝜎𝜎𝜇𝜇 are 

similar to the results presented in Figure 48 and discussed in Section 5.3.2 regarding the rate of 

convergence of 𝜇𝜇𝜇𝜇. The results indicate that for both deterministic and probabilistic within-site 

variability, the posterior value of 𝜎𝜎𝜇𝜇 is reduced by 75 percent of the prior value for significantly 

fewer tests when the ratio of within-site to among-site variability is small. For the cases with 

𝜇𝜇𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅/𝜎𝜎𝑚𝑚𝑚𝑚𝑎𝑎𝑛𝑛𝑎𝑎 = 0.1, convergence to within 25 percent of the true value was achieved with the first 

or second test; for cases with 𝜇𝜇𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅/𝜎𝜎𝑚𝑚𝑚𝑚𝑎𝑎𝑛𝑛𝑎𝑎 = 2, convergence to within 25 percent of the true 

value required 200 tests for most cases. 
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Differences in the results for 𝜎𝜎𝜇𝜇 between deterministic and probabilistic within-site 

variability are similar to those noted for 𝜇𝜇𝜇𝜇 (Section 5.3.2). On average, the number of tests 

required to achieve 75 percent reduction in 𝜎𝜎𝜇𝜇 is the same for both deterministic and probabilistic 

within-site variability. However, while deterministic within-site variability results are independent of 

the true within-site variability, probabilistic within-site variability results indicate sites that are less 

variable (i.e. the tenth percentile sites called out in Figure 50) require fewer tests to achieve 75 

percent reduction in 𝜎𝜎𝜇𝜇 and sites that are more variable (i.e. the ninetieth percentile sites called 

out in Figure 50) require more tests to achieve the same reduction. 

Figure 49: Error reduction in 𝝈𝝈𝝁𝝁 for large number of tests versus ratio of within-site to 
among-site variability for prior distributions of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘. 
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Figure 50: Number of tests to reduce the posterior value of 𝝈𝝈𝝁𝝁 by 75 percent of its prior 
value versus ratio of within-site to among-site variability for prior distributions of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 

and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘. 

5.3.4 Trends in 𝝁𝝁𝝈𝝈 for all Cases 

The mean value of 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘, 𝜇𝜇𝜎𝜎, is considered a known constant and is not updated for 

deterministic within-site variability; this is the defining feature of deterministic within-site variability. 

In contrast, 𝜇𝜇𝜎𝜎 is treated as an unknown parameter to be updated with probabilistic within-site 

variability. Because 𝜇𝜇𝜎𝜎 is not updated for deterministic within-site variability, this section focuses 

on results for probabilistic within-site variability. For the example of Case 0.5-B, 𝜇𝜇𝜎𝜎 converged to 

the true value for large numbers of tests, with convergence requiring more tests than was 

required for Case 0.5-B for 𝜇𝜇𝜇𝜇. To examine convergence and the rate of error reduction for other 

cases, Figure 51 and Figure 52 are presented. Both figures present results for all cases, with “all 

cases” indicating all 12 sets of prior distributions of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 as well as all nine 

combinations of true site parameters (tenth, fiftieth, and ninetieth percentiles of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 

𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘). 

Figure 51 is a plot of the error reduction in 𝜇𝜇𝜎𝜎 at large numbers of tests for all cases with 

probabilistic within-site variability. The error reduction is plotted against the ratio of within-site to 

among-site variability for the prior distributions of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 (𝜇𝜇𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅/𝜎𝜎𝑚𝑚𝑚𝑚𝑎𝑎𝑛𝑛𝑎𝑎). For all 
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cases, the error reduction in 𝜇𝜇𝜎𝜎 is at least 87 percent, and for most it is 100 percent. The relatively 

small number of cases with error reduction less than 95 percent are all for prior distributions of 

𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 with relatively small prior values of 𝜇𝜇𝜎𝜎, so the magnitude of error is relatively small. The 

results indicate probabilistic within-site variability achieves convergence of 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 to the true 

value for large numbers of tests, regardless of prior conditions or true site conditions. 

The rate of convergence in 𝜇𝜇𝜎𝜎 is evaluated with Figure 52, which is a plot of the number 

of tests required to achieve a 75 percent reduction in error versus the 𝐶𝐶𝐶𝐶𝐶𝐶 of the prior distribution 

of 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 (𝜎𝜎𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅/𝜇𝜇𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅). The 𝐶𝐶𝐶𝐶𝐶𝐶 of 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 represents the uncertainty in 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘, relative to the 

prior magnitude of within-site variability (𝜇𝜇𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅). For all cases, the number of tests to achieve 

convergence to within 25 percent of the true value is 40 or fewer. The plot indicates a strong 

trend toward convergence at fewer tests as the uncertainty in 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 increases. This is a logical 

trend: greater uncertainty in a prior estimate should generally be associated with a greater 

tendency to believe the estimate supported by new evidence. 

Figure 51: Error reduction in 𝝁𝝁𝝈𝝈 for large number of tests versus ratio of within-site to 
among-site variability for prior distributions of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘. Results are for 

probabilistic within-site variability only. 
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Figure 52: Number of tests to reduce error in the posterior value of 𝝁𝝁𝝈𝝈 by 75 percent 
versus uncertainty in within-site variability for prior distribution of 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘. Results are for 

probabilistic within-site variability only. 

5.3.5 Trends in 𝝈𝝈𝝈𝝈 for all Cases 

Results for 𝜎𝜎𝜎𝜎, uncertainty in the within-site variability parameter 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘, are similar to 

those for the mean in 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘, 𝜇𝜇𝜎𝜎, presented in Section 5.3.4. As for 𝜇𝜇𝜎𝜎, results for 𝜎𝜎𝜎𝜎 are 

presented only for probabilistic within-site variability; with deterministic within-site variability, 𝜎𝜎𝜎𝜎 is 

zero by definition. For the example of Case 0.5-B, 𝜎𝜎𝜎𝜎 converged to nearly zero (the true value, as 

explained in Section 5.1.3) for large numbers of tests. The convergence required many tests: 

more than 100 to achieve a 75 percent reduction from the prior value. To examine convergence 

and the rate of error reduction for other cases, Figure 53 and Figure 54 are presented. Both 

figures present results for all cases, with “all cases” indicating all 12 sets of prior distributions of 

𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 as well as all nine combinations of true site parameters (tenth, fiftieth, and 

ninetieth percentiles of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘). 

Figure 53 is a plot of the reduction in 𝜎𝜎𝜎𝜎 at large numbers of tests for all cases with 

probabilistic within-site variability. The reduction in uncertainty is plotted against the ratio of 

within-site to among-site variability for the prior distributions of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 (𝜇𝜇𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅/𝜎𝜎𝑚𝑚𝑚𝑚𝑎𝑎𝑛𝑛𝑎𝑎). 

For all cases, the value of 𝜎𝜎𝜎𝜎 is reduced by at least 72 percent of its initial value, and for most 
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cases, the reduction in 𝜎𝜎𝜇𝜇 was at least 85 percent. As shown in Figure 53, the cases with 

reductions in 𝜎𝜎𝜇𝜇 less than 80 percent all have low values of the ratio of within-site to among-site 

variability. For these cases, the uncertainty in 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 is small initially (because within-site 

variability is small), so in absolute terms, the posterior values of 𝜎𝜎𝜎𝜎 are small. The results indicate 

that while 𝜎𝜎𝜎𝜎 does not always converge to the true value of zero for large numbers of tests, most 

of the uncertainty in 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 is eliminated, regardless of prior conditions or true site conditions. 

Figure 54 is a plot of the number of tests required to reduce the prior value of 𝜎𝜎𝜎𝜎 by 75 

percent the 𝐶𝐶𝐶𝐶𝐶𝐶 of the prior distribution of 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 (𝜎𝜎𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅/𝜇𝜇𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅). The 𝐶𝐶𝐶𝐶𝐶𝐶 of 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 represents 

the uncertainty in 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘, relative to the prior magnitude of within-site variability (𝜇𝜇𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅). Results 

in Figure 54 regarding the rate of convergence for 𝜎𝜎𝜎𝜎 are similar to the results presented in Figure 

53 and discussed in Section 5.3.4 regarding the rate of convergence of 𝜇𝜇𝜎𝜎. The results indicate 

that the number of tests required to reduce the posterior value of 𝜎𝜎𝜎𝜎 by 75 percent of its prior 

value is significant, more than 50 for most cases and as many as 400 for some cases. As noted 

for the results of 𝜇𝜇𝜎𝜎, the plot indicates a strong trend toward convergence at fewer tests as the 

uncertainty in 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 increases. As explained in Section 5.3.4, this is logical, since greater 

uncertainty in the prior estimate should result in a greater tendency to believe estimates based on 

new evidence. 
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Figure 53: Error reduction in 𝝈𝝈𝝈𝝈 for large number of tests versus ratio of within-site to 
among-site variability for prior distributions of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘. Results are for 

probabilistic within-site variability only. 

Figure 54: Number of tests to reduce the posterior value of 𝝈𝝈𝝈𝝈 by 75 percent of its prior 
value versus uncertainty in within-site variability for prior distribution of 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘. Results 

are for probabilistic within-site variability only. 

5.3.6 Summary of Posterior Distribution Trends and Support for Hypothesis 

A summary of the trends in posterior distribution parameters of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 is 

presented in Table 11. For each of the four parameters considered in this section, the table 
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presents results in terms of two trends. The first trend is convergence for large numbers of tests: 

does the parameter converge to the true value for large numbers of tests? The second trend 

regards the rate of convergence: approximately how many tests are required to achieve a 

reduction of 75 percent of the error between the prior estimate and the true value of the 

parameter? For each trend and each parameter, results are presented for both deterministic and 

probabilistic within-site variability. 

For each of the four parameters, results for probabilistic within-site variability converge to 

the true value at large numbers of tests, as summarized in the first results row of Table 11. For 

deterministic within-site variability, parameters defining the mean (𝜇𝜇𝜇𝜇 and 𝜎𝜎𝜇𝜇) converge to the true 

value for large numbers of tests, but parameters defining within-site variability do not. For 

deterministic within-site variability, within-site variability is treated as a constant parameter and is 

not updated; by definition, then, the within-site variability will not converge to the true value since 

it remains unchanged regardless of load test variability. The results summarized in the first results 

row of Table 11 are consistent with support of the hypothesis: probabilistic within-site variability 

achieves convergence to the true value of 𝑅𝑅1/1500 because the posterior parameters of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 

and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 all converge to the true values; deterministic within-site variability does not achieve 

convergence to the true value of 𝑅𝑅1/1500 because while the posterior parameters of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 

converge to the true values, posterior parameters of 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 do not. 

Results regarding the rate of convergence are presented in the second results row of 

Table 11, which lists the number of tests required to reduce the error in the posterior parameters 

by 75 percent. A range of values (numbers of tests) is listed for each parameter and for both 

deterministic and probabilistic within-site variability. The ranges are large, indicating the rate of 

convergence varies considerably among the different cases. Despite the size of the ranges, it is 

generally concluded that the mean parameters defining 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 (𝜇𝜇𝜇𝜇 and 𝜇𝜇𝜎𝜎) converge 

more quickly than the standard deviation parameters defining 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 (𝜎𝜎𝜇𝜇 and 𝜎𝜎𝜎𝜎). As 

noted in the detailed presentation of results earlier in this section, the parameters defining 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 

(𝜇𝜇𝜇𝜇 and 𝜎𝜎𝜇𝜇) generally converge more quickly when the ratio of within-site to among-site variability 
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is small. The parameters defining 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 (𝜇𝜇𝜎𝜎 and 𝜎𝜎𝜎𝜎) generally converge more quickly when the 

uncertainty in within-site variability is great. 

Table 11: Summary of posterior distribution trends. 

Trend 

𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 
𝝁𝝁𝝁𝝁 𝝈𝝈𝝁𝝁 𝝁𝝁𝝈𝝈 𝝈𝝈𝝈𝝈 

D1 P1 D P D P D P 
Convergence to True 

Value for Large 
Number of Tests 

Yes Yes Yes Yes No Yes N/A Yes 

Number of Tests 
Required to Reduce 

Error by 75% 
1-202 1-302 1-200 1-200 N/A 5-40 N/A 5-400 

1Within-site variability: D = Deterministic; P = Probabilistic 
2For 𝜇𝜇𝜇𝜇, the same rate of convergence was found, on average, for deterministic and 

probabilistic within-site variability. 

5.4 Summary 

The numerical tool described in Chapter 4 was used to evaluate the hypothesis and 

trends in posterior distributions of site specific mean, 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘, and within-site variability, 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘. 

The evaluations were based on a variety of cases. The cases were derived from 12 different sets 

of prior distributions of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘. The sets represent three levels of total variability, three 

levels of the ratio of within-site to among-site variability, and two levels of uncertainty in within-site 

variability. For each set of prior distributions of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘, nine different “true” site 

distributions were defined using all combinations of the tenth, fiftieth, and ninetieth percentiles of 

the distributions of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘. 

All cases were evaluated with the numerical tool using both deterministic and probabilistic 

within-site variability to within-site variability. The analyses were performed with different numbers 

of load tests (0, 1, 2, 3, 4, 5, 7, 10, 20, 30, 40, 50, 200, 400, 800) to evaluate the trends in the 

parameters with increasing numbers of tests. “Perfect” sampling was used so that the sample 

mean and sample standard deviation of the load test values were equal to the true values of 

mean and within-site variability in all cases and for all numbers of tests. 
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Results of the analyses support the hypothesis statements regarding analyses without 

load tests and with many load tests. For all analyses without load tests, deterministic within-site 

variability produces estimates of 𝑅𝑅1/1500 that are greater than estimates with probabilistic within-

site variability. Results suggest that 𝑅𝑅1/1500 with deterministic within-site variability is greater 

because it does not consider uncertainty in within-site variability; neglecting the uncertainty in 

within-site variability reduces the total variability of the predictive distribution of resistance. The 

difference between estimates of 𝑅𝑅1/1500 with deterministic within-site variability and 𝑅𝑅1/1500 with 

probabilistic within-site variability is greater for (1) greater uncertainty in within-site variability and 

(2) greater values of 𝑅𝑅1/1500. 

For analyses with many load tests, results also support the hypothesis: all estimates of 

𝑅𝑅1/1500 with probabilistic within-site variability converge to the true value of 𝑅𝑅1/1500, while for 

deterministic within-site variability, estimates of 𝑅𝑅1/1500 converge to the true value only when the 

prior estimate of within-site variability happens to be equal to the true value. Errors in estimates of 

𝑅𝑅1/1500 for the deterministic case are conservative (i.e. underestimates) when the within-site 

variability is overestimated and unconservative (i.e. overestimates) when the within-site variability 

is underestimated. Results also suggest the errors in 𝑅𝑅1/1500 for deterministic within-site variability 

are greater for greater within-site variability. The reliability implications of the errors in 𝑅𝑅1/1500 for 

deterministic within-site variability are evaluated in Chapter 6. 

Additional support for the hypothesis is provided by the trends in the posterior marginal 

distributions of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘. Probabilistic within-site variability achieves convergence to the 

true value of 𝑅𝑅1/1500 because the posterior parameters of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 all converge to the 

true values. Deterministic within-site variability does not achieve convergence to the true value of 

𝑅𝑅1/1500 because while the posterior parameters of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 converge to the true values, posterior 

parameters of 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 do not. 

The evaluation of posterior parameter trends also considered the rate of convergence to 

true values. In general, the mean parameters of both 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 (i.e. 𝜇𝜇𝜇𝜇 and 𝜇𝜇𝜎𝜎) achieve 
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convergence at fewer numbers of tests than the standard deviation parameters (i.e. 𝜎𝜎𝜇𝜇 and 𝜎𝜎𝜎𝜎). 

Considerable variability was noted in the rate of convergence for each parameter. The 

parameters defining 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 (𝜇𝜇𝜇𝜇 and 𝜎𝜎𝜇𝜇) generally converge more quickly when the ratio of within-

site to among-site variability is small. The parameters defining 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 (𝜇𝜇𝜎𝜎 and 𝜎𝜎𝜎𝜎) generally 

converge more quickly when the uncertainty in within-site variability is great, which is attributed to 

greater weight being placed on the new evidence when uncertainty in the prior value is great. 

Issues pertaining to the rate of convergence, particularly its impact on the reliability of designs 

based on load tests, are examined in Chapter 6. 
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6. Effect of Deterministic vs. Probabilistic Within-site 
Variability for Cases with Random Sampling of 
Load Test Results 
In Chapter 5, the numerical tool was used to evaluate cases with “perfectly” sampled load 

test results. The results supported the hypothesis: (1) deterministic within-site variability estimates 

of the 1/1500th value of resistance, 𝑅𝑅1/1500, were greater than estimates based on probabilistic 

within-site variability for situations without load tests (the prior), and (2) the posterior estimates of 

𝑅𝑅1/1500 with probabilistic within-site variability always converged to the true value whereas the 

estimates of 𝑅𝑅1/1500 for deterministic within-site variability were only correct when the prior 

estimate of within-site variability happened to be correct. 

In this chapter, the numerical tool is used to evaluate cases with randomly sampled load 

test results. Randomly sampled load tests are more realistic than perfectly sampled load tests. 

Trials with random sampling are therefore more appropriate for evaluation of the magnitude of 

errors that can be expected from the Bayesian analysis. Practically, the most meaningful errors 

are errors in the estimate of 𝑅𝑅1/1500 compared to the true value of 𝑅𝑅1/1500 since 𝑅𝑅1/1500 is akin to 

the factored or allowable resistance. Errors in 𝑅𝑅1/1500 are therefore a primary focus of the chapter, 

with a particular focus on how errors resulting from deterministic within-site variability compare 

with errors from probabilistic within-site variability. Errors in other parameters, specifically within-

site mean and within-site variability, are also considered, especially in the context of explaining 

the errors in 𝑅𝑅1/1500. Random sampling is also used to examine the difference between posterior 

estimates of 𝑅𝑅1/1500 and prior estimates of 𝑅𝑅1/1500. The difference is an important practical 

measure of the reliability benefits associated with load test information. 

The first section of this chapter presents the evaluation methodology. The methodology is 

largely similar to that for perfect sampling from Chapter 5, so the discussion primarily focuses on 

differences between the two methodologies. The second section of the chapter presents detailed 

results for Case 0.5-B, the case examined in detail in Chapter 5. Comparison of the results for 
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perfect sampling with those for random sampling is used to evaluate the effect of random 

sampling. Results for Case 0.5-B are also used to provide a detailed analysis of errors in 

estimates of 𝑅𝑅1/1500. The analysis of errors is generalized and applied to all analysis cases in the 

third section of the chapter, which includes a subsection that categorizes outcomes for different 

cases as either satisfactory, overreliable, or underreliable. The fourth section of the chapter 

presents an analysis of the difference between posterior and prior estimates of 𝑅𝑅1/1500 to evaluate 

the reliability benefits associated with load test information. The chapter closes with a summary 

that includes detailed findings. 

6.1 Evaluation Methodology 

As noted in the introduction to this chapter, the methodology used for the analyses of 

randomly sampled load test data follows closely the methodology used the analyses of perfectly 

sampled load test data from Chapter 5 (presented in detail in Section 5.1). The methodology 

employed to evaluate trials with random sampling of load tests is depicted in Figure 55. As listed 

atop the figure, the methodology includes three major steps: (1) simulate load test data from the 

prior distributions of mean and standard deviation of resistance, (2) use load test data to update 

the prior distributions, and (3) interpret reliability from the posterior distributions. Details of the 

second and third steps were provided in Chapter 4 (in Sections 4.2 and 4.3, respectively); this 

section focuses on the first step. 

The procedure used to simulate random load test results was designed to evaluate 

𝑅𝑅1/1500 under a range of conditions: site conditions, foundation design conditions, and load test 

result conditions. The parameters used to define the various site conditions are defined in Table 

12. The parameters are divided into two categories: parameters used to define the prior 

distributions of within-site mean, 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘, and within-site variability, 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘, and parameters used 

to define the “true” site conditions. The last row in the table, number of load tests, is the final 

parameter that was varied among the simulations. One subsection below is dedicated to each of 

the two categories of parameters. Another subsection presents information regarding random 

sampling of load test results. The final subsection discusses how the results of analyses are 
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interpreted. Additional details of the interpretations are included with the presentation of results 

throughout the chapter. 

Importantly, the random sampling routines employed throughout the methodology are all 

unbiased. For both the generation of sites by random sampling (Section 6.1.2) and the random 

sampling of load test values from the site distributions (Section 6.1.3), randomly sampled values 

conform to the true distributions; in other words, for large samples, the sample mean and sample 

standard deviation will match the true values. The implications of the unbiased sampling are 

discussed in Section 6.1.2. 

 

Figure 55: Overview of methodology used to evaluate trials with randomly sampled load 
tests via the numerical tool. 

Table 12: Summary of input parameters used to generate randomly sampled load test 
results. 

Parameter 
Input 

Levels Values 

Prior 
Distributions 
of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and  

𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 

Total variability of 
resistance, 𝜎𝜎𝑝𝑝𝑎𝑎𝑝𝑝𝑚𝑚𝑡𝑡 

3 

0.1 (Figure 30) 
0.3 (Figure 31) 
0.5 (Figure 32) 
All three shown together in Figure 56 

Ratio of within-
site to among-site 
variability, 
𝜇𝜇𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅/𝜎𝜎𝑚𝑚𝑚𝑚𝑎𝑎𝑛𝑛𝑎𝑎 

3 

Approximately 
0.2 (Case 0.5-A) 
1 (Case 0.1-B, Case 0.3-B, Case 0.5-B) 
2.0 (Case 0.5-C); 

“True” Site 
Condition 

𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 N/A Randomly sampled from prior distribution of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 
𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 N/A Randomly sampled from prior distribution of 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 

Number of Load Tests 8 0, 1, 2, 3, 5, 10, 50, 200 
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6.1.1 Parameters Defining Prior Distributions 

In Chapter 5, Section 5.1.1 is a detailed discussion of the prior distributions of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 

𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘, summarizing the importance of the parameters and explaining how 12 cases from the 

prior distributions were defined as the basis for evaluating results. The cases were defined from 

combinations of different levels of three parameters: nominal prior predictive 𝐶𝐶𝐶𝐶𝐶𝐶, 𝜎𝜎𝑝𝑝𝑎𝑎𝑝𝑝𝑚𝑚𝑡𝑡, the ratio 

of within-site to among-site variability, 𝜇𝜇𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅/𝜎𝜎𝑚𝑚𝑚𝑚𝑎𝑎𝑛𝑛𝑎𝑎, and the uncertainty of within-site variability. 

For the evaluation using randomly sampled load tests in this chapter, five of the 12 cases from 

Chapter 5 were selected: Case 0.1-B, Case 0.3-B, Case 0.5-A, Case 0.5-B, and Case 0.5-C. The 

cases are shown in the plot of among-site variability versus within-site variability in Figure 56, and 

details of the case parameters are presented in Table 13. Note that the plot of Figure 56 includes 

the same lines of nominal prior predictive 𝐶𝐶𝐶𝐶𝐶𝐶 as presented separately in Figure 30, Figure 31, 

and Figure 32 in Chapter 5; the combined presentation is useful for perspective on the magnitude 

of variability. All three levels of nominal prior predictive 𝐶𝐶𝐶𝐶𝐶𝐶 are represented by approximately 

circular lines centered about the origin, with the smaller 𝐶𝐶𝐶𝐶𝐶𝐶 values considerably closer to the 

origin than the greater values. 

The five cases were selected to focus evaluations on two factors: the nominal prior 

predictive 𝐶𝐶𝐶𝐶𝐶𝐶 and the ratio of within-site to among-site variability. Recall from Chapter 5 (Section 

5.1.1 and Section 5.2.1) that the term nominal is used to indicate that the target value of prior 

predictive 𝐶𝐶𝐶𝐶𝐶𝐶 is only perfectly satisfied for probabilistic within-site variability; for deterministic 

within-site variability, prior predictive 𝐶𝐶𝐶𝐶𝐶𝐶 is less than the nominal value because of not 

considering uncertainty in within-site variability. Evaluation of the effects of nominal prior 

predictive 𝐶𝐶𝐶𝐶𝐶𝐶 is facilitated by comparison of results from Cases 0.1-B, 0.3-B, and 0.5-B, which 

have nominal values of prior predictive 𝐶𝐶𝐶𝐶𝐶𝐶 of 0.1, 0.3, and 0.5, respectively, and which all have 

a value of the ratio of within-site to among-site variability of 1 and uncertainty in the magnitude of 

within-site variability corresponding to a 𝐶𝐶𝐶𝐶𝐶𝐶 of about 0.25. Evaluation of the effects of the ratio of 

within-site to among-site variability is facilitated by comparison of results from Cases 0.5-A, 0.5-B, 
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and 0.5-C, which have values of the ratio of within-site to among-site variability of 0.2, 1, and 2, 

respectively, and which all have a nominal value of prior predictive 𝐶𝐶𝐶𝐶𝐶𝐶 of 0.5. 

 

Figure 56: Among-site variability versus within-site variability, showing five cases 
analyzed for random sampling analysis. 

Table 13: Summary of 5 sets of prior distribution parameters used for random sampling 
analysis. 

Case 
𝝈𝝈𝒘𝒘𝒕𝒕𝒘𝒘𝒕𝒕𝒕𝒕
≈ 𝑪𝑪𝑪𝑪𝑪𝑪𝑹𝑹 𝝁𝝁𝑪𝑪𝑪𝑪𝑪𝑪𝑹𝑹/𝝈𝝈𝒕𝒕𝒎𝒎𝒕𝒕𝒘𝒘𝒈𝒈 𝝈𝝈𝑪𝑪𝑪𝑪𝑪𝑪𝑹𝑹/𝝁𝝁𝑪𝑪𝑪𝑪𝑪𝑪𝑹𝑹  

𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 
𝝁𝝁𝒕𝒕𝒎𝒎𝒕𝒕𝒘𝒘𝒈𝒈 𝝈𝝈𝒕𝒕𝒎𝒎𝒕𝒕𝒘𝒘𝒈𝒈 𝝁𝝁𝑪𝑪𝑪𝑪𝑪𝑪𝑹𝑹  𝝈𝝈𝑪𝑪𝑪𝑪𝑪𝑪𝑹𝑹

1 
0.1-B 0.1 1.01 0.25 -0.002 0.07 0.07 0.018 
0.3-B 0.3 0.97 0.25 -0.021 0.21 0.20 0.05 
0.5-A 0.5 0.22 0.25 -0.11 0.46 0.10 0.025 
0.5-B 0.5 1.02 0.23 -0.053 0.32 0.33 0.075 
0.5-C 0.5 1.97 0.25 -0.021 0.20 0.40 0.10 
1Values of 𝜎𝜎𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅  listed are for probabilistic within-site variability. For deterministic within-site 
variability, 𝜎𝜎𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅 = 0. 

6.1.2 Generation of Sites by Random Sampling 

For the perfect sampling analysis of Chapter 5, true site distributions were defined using 

all nine combinations of tenth, fiftieth, and ninetieth percentiles of the prior distributions of  𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 

and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 (with a set of prior distributions defined for each of the 12 cases). For the random 

sampling analysis used in this chapter, the true site parameters were sampled randomly from the 
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prior distributions, as shown in the left pane of Figure 55. For each of the five cases, 1,000 sites 

were generated by randomly sampling values of  𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 from the prior distributions 

discussed in Section 6.1.2 and defined in Table 13. Each site is defined by one randomly 

sampled value of  𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and one randomly sampled value of 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘. The pair of mean and 

standard deviation values are the “true” site parameters, which are used to define the true 

distribution of resistance for the site. Importantly, the true value of 𝑅𝑅1/1500 is calculated as the 

1/1500th value of the true distribution of resistance for each site. The approach for generating 

sites by random sampling is similar to the procedure used in the numerical tool to evaluate 

reliability from posterior distributions of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘. The numerical tool procedure is 

presented in Section 4.3. 

As noted in the introduction to this section, the random sampling of site parameters is 

unbiased; the collection of true site parameters conform to the prior distributions of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 

𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘. The implication is that errors in the site parameters result only from the variability and 

uncertainty in the parameters about the mean of the prior distributions and not from errors in the 

prior distribution parameters, themselves. The effect of errors in the prior distribution is not 

considered here. 

6.1.3 Randomly Sampled Test Results 

For each of the 1,000 sites generated by random sampling, load test results were 

randomly sampled from the true distribution of resistance for the site. The procedure for 

establishing the true distribution of resistance was presented in Section 6.1.2. The random 

sampling of load test results is depicted in the left pane of Figure 55. Throughout this chapter, 

evaluations are based on seven levels of the number of load tests: 1, 2, 3, 5, 10, 50, 200. 

Accordingly, sets of load test data with 1, 2, 3, 5, 10, 50, and 200 resistance values were 

randomly sampled for each of the 1,000 sites from each of the five cases. 

6.1.4 Parameters Used for Evaluation of Results 

Interpretation of results from the analysis of randomly sampled load test data is primarily 

based on two ratio values involving 𝑅𝑅1/1500, the 1/1500th value of the resistance distribution. The 
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first ratio, the ratio of estimated to true 𝑅𝑅1/1500, is defined mathematically in Eq. 6-1. The ratio is 

used to evaluate errors in the estimated values of 𝑅𝑅1/1500. Values of the ratio of estimated to true 

𝑅𝑅1/1500 less than one indicate the estimate of 𝑅𝑅1/1500 is less than the true value, a conservative 

outcome. Values of the ratio greater than 1 indicate the estimate of 𝑅𝑅1/1500 is greater than the true 

value, an unconservative outcome. 

�𝑅𝑅1/1500−𝑚𝑚𝑚𝑚𝑝𝑝𝑝𝑝𝑚𝑚𝑚𝑚𝑝𝑝𝑚𝑚𝑚𝑚�
𝑅𝑅1/1500−𝑝𝑝𝑚𝑚𝑚𝑚𝑚𝑚

 , where Eq. 6-1 

𝑅𝑅1/1500−𝑚𝑚𝑚𝑚𝑝𝑝𝑝𝑝𝑚𝑚𝑚𝑚𝑝𝑝𝑚𝑚𝑚𝑚  are estimates of the 1/1500th value of resistance from either 

the posterior or prior predictive distributions of resistance, and 

𝑅𝑅1/1500−𝑝𝑝𝑚𝑚𝑚𝑚𝑚𝑚 are the true values of the 1/1500th value of resistance from the 

true distribution of resistance as defined in Section 6.1.2. 

The second ratio, the ratio of posterior to true 𝑅𝑅1/1500, is defined mathematically in Eq. 

6-2. Since the posterior estimates vary within the cases (because of differences among the 

simulated sites as well as because of sampling load test values within each simulated site), the 

sample mean is used to represent an average value of posterior resistance. The ratio of Eq. 6-2, 

then, represents the average increase in resistance one might expect to achieve by load testing, 

maintaining satisfaction of 𝑝𝑝𝑓𝑓 = 1/1500 (without consideration of load variability) and expressed 

as a factor of the prior estimate. 

Mean�𝑅𝑅1/1500−𝑝𝑝𝑎𝑎𝑚𝑚𝑝𝑝𝑚𝑚𝑚𝑚𝑝𝑝𝑎𝑎𝑚𝑚�
𝑅𝑅1/1500−𝑝𝑝𝑚𝑚𝑝𝑝𝑎𝑎𝑚𝑚

 , where Eq. 6-2 

𝑅𝑅1/1500−𝑝𝑝𝑚𝑚𝑝𝑝𝑎𝑎𝑚𝑚 are prior estimates of the 1/1500th value of resistance 

𝑅𝑅1/1500−𝑝𝑝𝑎𝑎𝑚𝑚𝑝𝑝𝑚𝑚𝑚𝑚𝑝𝑝𝑎𝑎𝑚𝑚 are posterior estimates of the 1/1500th value of resistance, and  

Mean�𝑅𝑅1/1500−𝑝𝑝𝑎𝑎𝑚𝑚𝑝𝑝𝑚𝑚𝑚𝑚𝑝𝑝𝑎𝑎𝑚𝑚� is the sample mean of posterior values of 𝑅𝑅1/1500. 
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Details of how the two ratio quantities are interpreted are presented throughout the 

chapter. Specifically, criteria for categorizing values of the ratio of estimated to true 𝑅𝑅1/1500 are 

presented in the analysis of errors in Section 6.3.2. 

6.2 Results for Case 0.5-B 

In the previous chapter, results for perfect sampling of Case 0.5-B were presented for the 

sake of example (Section 5.3.1), prior to presenting average results for all cases (Sections 5.3.2 

through 5.3.6). In this section, a similar approach is adopted for random sampling: results for 

random sampling of Case 0.5-B are presented for the sake of example and to introduce the 

methodology used to evaluate the cases collectively in the rest of the chapter. First, the 

convergence plots for the four posterior parameters (𝜇𝜇𝜇𝜇, 𝜎𝜎𝜇𝜇, 𝜇𝜇𝜎𝜎 and 𝜎𝜎𝜎𝜎) are presented, updating 

the results from Section 5.3.1; second, histograms of the ratio of estimated to true value of 𝑅𝑅1/1500 

are presented. 

6.2.1 Convergence of Posterior Distribution Parameters 

In Section 5.3.1, plots of 𝜇𝜇𝜇𝜇, 𝜎𝜎𝜇𝜇, 𝜇𝜇𝜎𝜎, and 𝜎𝜎𝜎𝜎 versus number of load tests were presented 

for Case 0.5-B with perfect sampling (Figure 43 through Figure 46, respectively). To evaluate the 

effect of random sampling on posterior parameter convergence, the same parameters were 

interpreted from the random sampling analysis of Case 0.5-B. The analysis of Section 5.3.1 

considered results for a site with the true mean at the ninetieth percentile of the prior distribution 

of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and the true within-site variability at the tenth percentile of the prior distribution of 

𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘. To be consistent, the results presented in this section for random sampling are from one 

of the 1,000 randomly sampled sites (Section 6.1.2) with true site parameters at the same relative 

values with respect to the prior distributions. Results are presented in Figure 57 (𝜇𝜇𝜇𝜇 versus 

number of tests), Figure 58 (𝜎𝜎𝜇𝜇 versus number of tests), Figure 59 (𝜇𝜇𝜎𝜎 versus number of tests), 

and Figure 60 (𝜎𝜎𝜎𝜎 versus number of tests). The figures are updates of Section 5.3.1 figures; all 

plots include results from perfect sampling in solid lines and random sampling in dashed lines. 
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Results indicate the effect of random versus perfect sampling on the interpreted 

parameters is relatively limited, at least for Case 0.5-B. The biggest difference between 

parameters interpreted from perfect versus random sampling was found for the mean of site-

specific mean (𝜇𝜇𝜇𝜇 in Figure 57). For small numbers of tests, five or fewer, the interpreted mean 

for random sampling is greater than that for perfect sampling. The posterior 𝜇𝜇𝜇𝜇 from random 

sampling is higher than posterior 𝜇𝜇𝜇𝜇 from perfect sampling primarily because the randomly 

sampled resistance for the first load test, corresponding to ln𝑅𝑅𝑅𝑅𝑅𝑅 of 0.62, is significantly greater 

than the true mean, which corresponds to ln𝑅𝑅𝑅𝑅𝑅𝑅 of 0.36. For all numbers of tests, however, the 

posterior value of 𝜇𝜇𝜇𝜇 never exceeds the true value. 

Figure 57: Trend in 𝝁𝝁𝝁𝝁 versus number of tests for perfect and random sampling of Case 
0.5-B with true site mean at ninetieth percentile of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and true within-site variability at 

tenth percentile of 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘. 

For the other parameters, the effect of perfect versus random sampling is limited for Case 

0.5-B. For 𝜎𝜎𝜇𝜇, the interpretation based on random sampling is virtually indistinguishable from the 

interpretation based on perfect sampling. For the deterministic case, this is to be expected: the 

value of 𝜎𝜎𝜇𝜇 for deterministic within-site variability depends only on the value of within-site 

variability (an assumed constant), the prior value of 𝜎𝜎𝜇𝜇 (i.e. 𝜎𝜎𝑚𝑚𝑚𝑚𝑎𝑎𝑛𝑛𝑎𝑎, or among-site variability), and 

the number of tests, based on Eq. 2-9 from Zhang and Tang (2002) (Section 2.3.2). For 
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probabilistic within-site variability, the posterior value of 𝜎𝜎𝜇𝜇 for the randomly sampled 

interpretation is similar to but slightly higher than the values from the perfect sampling 

interpretation. It is possible uncertainty in the within-site mean is slower to converge to zero for 

random sampling because of the additional variability in the sampled load tests, but the effect 

appears limited. For the within-site variability parameters 𝜇𝜇𝜎𝜎 and 𝜎𝜎𝜎𝜎, the effect of random versus 

perfect sampling is also limited. Parameters interpreted from random sampling show more noise, 

alternating between being greater than and being less than parameters interpreted from perfect 

sampling but conforming to the same trends. 

 

Figure 58: Trend in 𝝈𝝈𝝁𝝁 versus number of tests for perfect and random sampling of Case 
0.5-B with true site mean at ninetieth percentile of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and true within-site variability at 

tenth percentile of 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘. 



144 

Figure 59: Trend in 𝝁𝝁𝝈𝝈 versus number of tests for perfect and random sampling of Case 
0.5-B with true site mean at ninetieth percentile of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and true within-site variability at 

tenth percentile of 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘. 

Figure 60: Trend in 𝝈𝝈𝝈𝝈 versus number of tests for perfect and random sampling of Case 
0.5-B with true site mean at ninetieth percentile of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and true within-site variability at 

tenth percentile of 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘. 

It is important to note, again, that the trends documented in this section apply only to 

Case 0.5-B. Nonetheless, the results provide some evidence that the effect of random versus 

perfect sampling is limited primarily to 𝜇𝜇𝜇𝜇. The similarity of results between random and perfect 
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sampling analyses also provides reassurance that the evaluation methodologies employed for the 

two sets of analyses are consistent with one another. 

6.2.2 Ratio of Estimated to true Value of 𝑹𝑹𝟏𝟏/𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏 

As explained in Section 6.1.4, the ratio of estimated to true 𝑅𝑅1/1500 is used to evaluate the 

accuracy and precision of estimates of 𝑅𝑅1/1500. The ratio was defined in Eq. 6-1. When the ratio of 

estimated to true 𝑅𝑅1/1500 is exactly 1, the estimate of 𝑅𝑅1/1500 is equal to the true value; the 

estimate is perfectly accurate. Values of the ratio less than 1 represent conservative estimates of 

𝑅𝑅1/1500, and values greater than 1 represent unconservative estimates. The further the value of 

the ratio is from 1 in either direction, the less accurate the estimate of 𝑅𝑅1/1500 is. For a collection 

of values of the ratio, it is also possible to evaluate the precision of the estimates by considering 

the variability of the ratio values. Less variable collections of ratio values indicate the estimates of 

𝑅𝑅1/1500 are more precise; more variable collections of ratio values indicate less precision. 

For Case 0.5-B, the ratio of estimated to true 𝑅𝑅1/1500 was computed for each of the 1,000 

simulated sites, for both deterministic and probabilistic within-site variability, and for all numbers 

of tests evaluated: 0 (the prior case), 1, 2, 3, 5, 10, 50, and 200. For each of the eight numbers of 

tests evaluated, two histograms of the ratio of estimated to true 𝑅𝑅1/1500 are presented in Figure 

61, one for deterministic within-site variability and one for probabilistic within-site variability. A 

lognormal distribution was fit to each set of 1,000 values; the lognormal distributions are 

represented by the curves in Figure 61, and the lognormal parameters associated with each 

curve are listed in textboxes next to the histograms. Also listed in the textboxes are the sample 

mean and sample standard deviation for each set of 1,000 values of the ratio. The sample mean 

and sample standard deviation are the parameters that would be used to define a normal 

distribution for each dataset. The lognormal distribution fits the ratio data better than the normal 

distribution, but the normal parameters are clearer for interpretation. Consistent with the previous 

paragraph, the value of the mean is interpreted to represent accuracy, and the value of the 

standard deviation is interpreted to represent precision. Values of the mean closer to one indicate 

greater accuracy, and smaller values of standard deviation indicate greater precision. 
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For the prior case without load test information (Figure 61(a)), estimates of 𝑅𝑅1/1500 are 

highly variable and, on average, conservative. For both deterministic and probabilistic within-site 

variability, the 𝐶𝐶𝐶𝐶𝐶𝐶 of the ratio of estimated to true 𝑅𝑅1/1500 is about 0.4, indicating considerable 

variability and low precision in the estimates. The mean value of the ratio is 0.71 for the 

deterministic case and 0.65 for the probabilistic case; the deterministic case is slightly less 

conservative. That prior estimates of 𝑅𝑅1/1500 are less conservative for deterministic within-site 

variability is consistent with deterministic within-site variability neglecting uncertainty in the within-

site variability, as discussed in Chapter 5 (Section 5.2.1). 

As load test information is considered, estimates of 𝑅𝑅1/1500 become less conservatively 

biased and more accurate. This is evident from the histograms in Figure 61, which shift to the 

right and toward ratio values of 1.0 as the number of load tests increases. The shift toward a ratio 

of estimated to true 𝑅𝑅1/1500 is noted for both deterministic and probabilistic within-site variability. 

The trend of increasing value of the ratio of estimated to true 𝑅𝑅1/1500 is also shown in Figure 62, a 

plot of sample mean versus the number of tests, with the number of tests plotted on a logarithmic 

scale. For both deterministic and probabilistic within-site variability, the mean value of the ratio 

increases with the number of tests, and the mean value is approximately 1.0 for the posterior 

estimates of 𝑅𝑅1/1500 based on 200 load tests. The mean for deterministic within-site variability is 

greater than the mean for probabilistic within-site variability for all numbers of tests, although the 

difference diminishes with increasing numbers of tests. The difference is again likely due to 

deterministic within-site variability neglecting uncertainty in the within-site variability. 

As additional tests are considered, there is less similarity between outcomes from 

deterministic and probabilistic within-site variability. As noted previously, estimates of 𝑅𝑅1/1500 for 

deterministic and probabilistic within-site variability are similarly variable and imprecise for the 

prior case, with 𝐶𝐶𝐶𝐶𝐶𝐶 of ratio values near 0.4. As load test information is considered, probabilistic 

within-site variability produces more precise estimates of 𝑅𝑅1/1500, as indicated by the reduced 

variability evident in histograms of Figure 61. For deterministic within-site variability, the estimates 

of 𝑅𝑅1/1500 are similarly variable for all numbers of tests. The difference in precision between 
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estimates from deterministic and probabilistic within-site variability is particularly stark when 

multiple load tests are considered; for 50 and 200 load tests, the probabilistic histograms are 

considerably less variable than the deterministic histograms. The trends in variability versus 

numbers of tests are also evident in Figure 63, a plot of sample standard deviation versus the 

number of tests, with the number of tests on a logarithmic scale. The standard deviation of the 

ratio of estimated to true 𝑅𝑅1/1500 decreases significantly with increasing numbers of tests for 

probabilistic within-site variability, approaching zero for the estimates based on 200 load tests. 

For deterministic within-site variability, there is only a slight reduction in standard deviation as the 

number of tests increases, from 0.3 at one test to 0.25 at 200 tests. 

The difference in precision between estimates of 𝑅𝑅1/1500 with deterministic and 

probabilistic within-site variability, especially for large numbers of tests, is likely due to the 

observation from Section 5.3 that for probabilistic within-site variability, posterior within-site 

variability converges to true within-site variability for large numbers of tests, whereas deterministic 

within-site variability assumes a constant value equal to the prior estimate. The finding was 

confirmed for random sampling of Case 0.5-B in Section 6.2.1. Because all posterior parameters 

for probabilistic within-site variability converge to the true values, the posterior predictive 

distribution of resistance for probabilistic within-site variability converges to the true distribution of 

resistance at the site. For deterministic within-site variability, the error in the prior estimate of 

within-site variability is present regardless of the number of tests, resulting in imprecision in the 

estimates of 𝑅𝑅1/1500 that only diminishes slightly with greater numbers of tests. 
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Figure 61: Histograms with fitted lognormal distributions for ratio of estimated to true 
𝑹𝑹𝟏𝟏/𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏, with one dataset for deterministic within-site variability and another for 

probabilistic within-site variability. Results for prior are shown in (a). Posteriors are 
defined after (b) one load test, (c) two load tests, (d) three load tests, (e) five load tests, (f) 

ten load tests, (g) fifty load tests, and (h) 200 load tests.. 

(b) (a) 

(d) (c) 

(f) (e) 

(g) (f) 
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Figure 62: Sample mean of values of ratio of estimated to true 𝑹𝑹𝟏𝟏/𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏 versus number of 
load tests for Case 0.5-B with random sampling. 

Figure 63: Sample standard deviation of values of ratio of estimated to true 𝑹𝑹𝟏𝟏/𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏 versus 
number of load tests for Case 0.5-B with random sampling. 

6.3 Errors and Convergence Trends in 𝑹𝑹𝟏𝟏/𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏 

The analysis of results for Case 0.5-B in Section 6.2.2 revealed important trends in the 

accuracy and precision of estimates of 𝑅𝑅1/1500 for different numbers of tests. The Case 0.5-B 

results generally indicate prior estimates of 𝑅𝑅1/1500 are on average conservative, and that the 
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conservatism is diminished with greater numbers of tests, eventually producing estimates of 

𝑅𝑅1/1500 that are accurate, on average. The precision of prior estimates of 𝑅𝑅1/1500 was generally 

low. For deterministic within-site variability, only minor improvements in precision were noted as 

additional tests were considered; in contrast, considerable improvements were noted for 

probabilistic within-site variability, with the standard deviation of the ratio of estimated to true ratio 

of 𝑅𝑅1/1500 diminishing to almost zero for 200 tests. 

This section applies the same methodology to other cases (i.e. to collections of sites with 

different proportions of within-site and among-site variability and to collections of sites with 

different total variability) to evaluate if similar trends in accuracy and precision are observed. The 

five cases considered in this section were introduced in Section 6.1.1. One of the five cases is 

Case 0.5-B from Section 6.2. Three sets of evaluations are presented: (1) sample mean and 

sample standard deviation of the ratio of estimated to true 𝑅𝑅1/1500 (similar to Section 6.2.2); (2) 

satisfaction of target reliability, which is a practical interpretation of the accuracy and precision 

data, and (3) explanation of trends via correlation of errors with true site parameters. 

6.3.1 Sample Mean and Sample Deviation of the Ratio of Estimated to true 𝑹𝑹𝟏𝟏/𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏 

In Section 6.2.2, histograms of the ratio of estimated to true 𝑅𝑅1/1500 were presented for 

Case 0.5-B for various numbers of load tests (Figure 61), and sample mean and sample standard 

deviation were then plotted versus the number of tests, as presented in Figure 62 and Figure 63, 

respectively. The same evaluation was completed for analyses of Cases 0.5-A, 0.5-C, 0.3-B, and 

0.1-B, with each evaluation based on 1,000 sites generated by random sampling, each evaluation 

considering results from both deterministic and probabilistic within-site variability, and each 

evaluation considering the same numbers of load tests (0, 1, 2, 3, 5, 10, 50, and 200). Results of 

the evaluation are presented in Figure 64, a plot of the sample mean versus the number of tests 

on a logarithmic scale, and Figure 65, a plot of the sample standard deviation versus the number 

of tests on a logarithmic scale. In each figure, different colors are used to denote the five cases, 

solid lines are used to denote deterministic within-site variability results, and dashed lines are 

used to denote probabilistic within-site variability results. 
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The trends in the mean value of the ratio of estimated to true 𝑅𝑅1/1500 shown in Figure 64 

are generally similar to those discussed in Section 6.2.2 for Case 0.5-B. For all cases, estimates 

of 𝑅𝑅1/1500 for relatively small numbers of tests, say less than 10 or so, are conservatively biased. 

The conservatism is a result of uncertainty in the mean value of resistance (represented by 𝜎𝜎𝜇𝜇) 

and, for probabilistic within-site variability, uncertainty in the within-site variability (represented by 

𝜎𝜎𝜎𝜎). As discussed previously (e.g. Section 5.1.3), the true values of uncertainty are zero (𝜎𝜎𝜇𝜇 =

𝜎𝜎𝜎𝜎 = 0). Including nonzero values of 𝜎𝜎𝜇𝜇 and/or 𝜎𝜎𝜎𝜎 produces additional variability in the posterior 

predictive values of resistance, which, in turn, reduces the value of posterior 𝑅𝑅1/1500. The effect of 

reduced posterior 𝑅𝑅1/1500 is the conservatively biased ratio values shown in Figure 64. For 

deterministic within-site variability, the conservatism is considerably reduced with just two or three 

tests and is essentially eliminated by about ten load tests. This implies the uncertainty in the 

mean, 𝜎𝜎𝜇𝜇, is diminished with relatively few tests, an observation that is consistent with the results 

presented in Section 5.3.3. For probabilistic within-site variability, additional tests are required to 

achieve the same reduction in conservative bias; 50 tests are required to achieve a mean value 

of the ratio equal to 0.95. One possible explanation is that the number of tests required to 

effectively eliminate uncertainty in within-site variability, 𝜎𝜎𝜎𝜎, is significantly greater than the 

number of tests required to eliminate uncertainty in the mean. This explanation is also consistent 

with the findings of Chapter 5 (Section 5.3.5). 

Differences in the mean value of the ratio of estimated to true 𝑅𝑅1/1500 in Figure 64 among 

the five cases are also noteworthy. As the prior predictive variability decreases (i.e. from 0.5-B to 

0.3-B to 0.1-B), the mean value of the ratio increases, most likely because the uncertainty in both 

the mean and within-site variability parameters are less for cases with smaller prior predictive 

variability. For the cases with different proportions of within-site to among-site variability, there is 

no clear trend in the mean value of the ratio of estimated to true 𝑅𝑅1/1500. One might expect the “A” 

cases with relatively low within-site variability to have greater values of the ratio since for these 

cases, the uncertainty is predominately in the mean, which diminishes with even one test. 

However, for these cases, the true value of 𝑅𝑅1/1500 is also greater (since within-site variability is 
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lower; among-site variability has no effect on the true site distribution). The effect of low within-

site variability and greater true 𝑅𝑅1/1500 may offset one another. 

 

Figure 64: Sample mean of values of ratio of estimated to true 𝑹𝑹𝟏𝟏/𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏 versus number of 
load tests for all cases with random sampling. 

The trends in the mean value of the ratio of estimated to true 𝑅𝑅1/1500 shown in Figure 65 

are also generally similar to those discussed in Section 6.2.2 for Case 0.5-B. For deterministic 

within-site variability, the standard deviation of the ratio of estimated to true 𝑅𝑅1/1500 is relatively 

constant, decreasing only slightly as the number of tests increases. This suggests the magnitude 

of errors in 𝑅𝑅1/1500 with deterministic within-site variability is relatively constant. For probabilistic 

within-site variability, the standard deviation is initially similar to the value from deterministic 

within-site variability, but the standard deviation decreases significantly as additional tests are 

considered, diminishing to near zero for 200 tests. This suggests the magnitude of errors is 

decreasing, i.e. the precision of the estimates of 𝑅𝑅1/1500 is improved for greater numbers of tests 

with probabilistic within-site variability. As explained in Section 6.2.2, the finding of relatively 

constant errors for the deterministic case but diminishing errors for probabilistic within-site 

variability is consistent with the finding from Chapter 5 that results for probabilistic within-site 

variability eventually converges to the true value of within-site variability for all cases. In contrast, 
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any prior error in within-site variability for deterministic within-site variability remains for all 

posteriors, regardless of the number of load tests. 

Unlike the results for the mean of the ratio of estimated to true 𝑅𝑅1/1500, trends in the 

standard deviation of the ratio among the five cases are relatively straightforward. The standard 

deviation values are consistent with the magnitude of within-site variability (𝜇𝜇𝜎𝜎) among the cases, 

with the least precision noted for the case with greatest within-site variability (Case 0.5-C) and the 

greatest precision noted for the case with least within-site variability (Case 0.1-B). This finding is 

consistent with the explanation in the previous paragraph that errors in the estimate of 𝑅𝑅1/1500 are 

predominately a result of errors in the within-site variability parameter, especially for large 

numbers of tests.  The relative magnitude of precision among the cases is independent of 

whether deterministic or probabilistic within-site variability is used. However, for probabilistic 

within-site variability, the difference among cases diminishes for large numbers of tests as the 

estimated within-site variability improves. For deterministic within-site variability, the difference 

among cases is independent of the number of tests. 

 

Figure 65: Sample standard deviation of values of ratio of estimated to true 𝑹𝑹𝟏𝟏/𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏 versus 
number of load tests for all cases with random sampling. 
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6.3.2 Satisfaction of Target Reliability 

To consider the implications of errors in estimates of 𝑅𝑅1/1500, the ratios of estimated to 

true 𝑅𝑅1/1500 were assigned to one of three categories describing agreement between the estimate 

of 𝑅𝑅1/1500 and the true value. The three categories are shown in Figure 66, which presents 

conceptual distributions of the ratio of estimated to true R1/1500. In the categorization, satisfactory 

outcomes are defined as values of the ratio of estimated to true 𝑅𝑅1/1500 between 0.9 and 1.1. In 

other words, satisfactory outcomes occur when the estimate of 𝑅𝑅1/1500 is within 10 percent of the 

true value. When the estimate of R1/1500 is less than 90 percent of the true value (ratio value less 

than 0.9), the outcome is overreliable. When the estimate is greater than 110 percent of the true 

value (ratio value greater than 1.1), the outcome is underreliable.  

The three categories are each shown on the two histograms of the ratio of estimated to 

true 𝑅𝑅1/1500 in Figure 66. In Figure 66(a), the categories are depicted on a relatively uniform 

distribution of the ratio of estimated to true 𝑅𝑅1/1500; in Figure 66(b), the categories are depicted on 

a more variable distribution. The former represents a relatively precise collection of estimates 

while the latter represents a comparatively imprecise collection of estimates. For both 

distributions of the ratio, the width of the shaded band representing satisfactory outcomes is the 

same, but a considerably greater proportion of the precise estimates fall into the satisfactory band 

compared to the imprecise estimates. It is important to note that both of the histograms shown in 

Figure 66 are centered at a ratio value of 1.0, indicating the estimates of 𝑅𝑅1/1500 are accurate, on 

average. In other words, the estimates of 𝑅𝑅1/1500 are unbiased with respect to the true value. As 

discussed in Section 6.3.1, unbiased estimates of 𝑅𝑅1/1500 are generally only achieved for large 

numbers of load tests. For small numbers of tests, uncertainty in the mean and standard 

deviation produces conservatively biased estimates associated with overreliable outcomes. 
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Figure 66: Depiction of overreliable, satisfactory, and underreliable outcomes for (a) 
relatively uniform and (b) relatively variable distributions of the ratio of estimated to true 

𝑹𝑹𝟏𝟏/𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏. 

The categories of Figure 66 are applied to the results of Case 0.5-A in Figure 67, Case 

0.5-B in Figure 68, Case 0.5-C in Figure 69, Case 0.3-B in Figure 70, and Case 0.1-B in Figure 

71. Each figure is a plot of the percent of outcomes in each category versus the number of tests 

on a logarithmic scale. Each plot includes six lines, one for each category in blue for deterministic 

within-site variability and one for each category in red for probabilistic within-site variability. The 

percent of outcomes in each category for the prior analyses is listed in a textbox at the right of 

each figure. 

The proportion of outcomes for the prior evaluations is instructive. For Case 0.5-A, with 

relatively small within-site variability compared with among-site variability, the prior outcomes are 

nearly all overreliable. In contrast, for Case 0.5-C, with relatively high within-site variability 

compared with among-site variability, only about half of the prior outcomes are overreliable, with 

a significant proportion of underreliable outcomes (27 percent for deterministic within-site 

variability, 12 percent for probabilistic within-site variability). The difference in outcomes is 

consistent with the nature of variability for each case. Both Case 0.5-A and Case 0.5-C have the 

same prior predictive distribution with 𝐶𝐶𝐶𝐶𝐶𝐶 = 0.5; therefore, they have the same prior estimate of 

𝑅𝑅1/1500. However, the true value of 𝑅𝑅1/1500 is significantly less for Case 0.5-C because the true 

sites associated with the case have significantly more variable distributions of resistance. For 
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Case 0.5-A, the total variability is primarily due to among-site variability, which is uncertainty in 

the mean. For Case 0.5-C, the total variability is primarily due to within-site variability. In reality, 

the only variability in the true distribution of resistance is within-site variability; the site has one 

value for the mean, and it does not vary across the site, by definition. Accordingly, for Case 0.5-A, 

the estimate of 𝑅𝑅1/1500 is primarily accounting for a source of uncertainty that does not really exist 

at the site, and the true distribution of resistance at the site is relatively uniform. In contrast, the 

estimate of 𝑅𝑅1/1500 for Case 0.5-C accounts for a real source of variability at the site, and the true 

distribution of resistance at the site is relatively variable. 

For all cases, common trends are observed in the plots, although the magnitudes of the 

proportions of outcomes in each category vary widely among the cases and between results for 

deterministic and probabilistic within-site variability. In general, outcomes for each case are 

dominated by overreliable outcomes for the prior analysis and for analyses based on relatively 

small numbers of tests. As additional tests are considered, the proportion of satisfactory 

outcomes increases as the proportion of overreliable outcomes decreases, indicating load testing 

is reducing conservatism. For the prior and for all numbers of load tests, the proportion of 

underreliable outcomes is typically small compared with the proportion of overreliable outcomes, 

although Case 0.5-C is an exception. 

For probabilistic within-site variability, in all cases the proportion of satisfactory outcomes 

achieves or at least approaches 100 percent for large numbers of tests. For small numbers of 

tests, the trend toward all satisfactory outcomes is dominated by reducing the proportion of 

overreliable outcomes; for greater numbers of tests, the proportion of underreliable outcomes is 

also diminished. For all cases with probabilistic within-site variability, the proportion of 

underreliable outcomes is relatively small, less than 15 percent for any number of tests, and the 

proportion of underreliable outcomes never increases as additional tests are considered. 

For deterministic within-site variability, a similar trend toward a greater proportion of 

satisfactory outcomes with increased numbers of load tests is noted. As for probabilistic within-

site variability, the trend toward a greater proportion of satisfactory outcomes is driven by a 
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reduction in the proportion of overreliable outcomes. However, deterministic within-site variability 

also produces an increase in underreliable outcomes for greater numbers of tests, whereas the 

proportion of underreliable outcomes generally decreases (and never increases significantly) with 

additional tests for probabilistic within-site variability. In fact, for all cases considered and for all 

numbers of tests, deterministic within-site variability produces a greater proportion of 

underreliable outcomes than probabilistic within-site variability. The proportion of underreliable 

outcomes for deterministic within-site variability is greater than that for probabilistic within-site 

variability by about a factor of two for small numbers of tests, and the difference increases as 

additional tests are considered. The finding of more underreliable outcomes for deterministic 

within-site variability is consistent with the finding from Chapter 5 that deterministic within-site 

variability generally produces greater estimates of 𝑅𝑅1/1500 than probabilistic within-site variability 

because deterministic within-site variability neglects uncertainty in within-site variability. 

The trends observed in the preceding paragraphs are consistent with previous 

discussions of trends in posterior parameters and differences between deterministic and 

probabilistic within-site variability. For relatively small numbers of tests, the proportion of 

overreliable outcomes is reduced with additional tests because load test information generally 

produces significant decreases in uncertainty in the mean (𝜎𝜎𝜇𝜇) for small numbers of tests (Section 

5.3.3). Reducing uncertainty in the mean reduces variability of the posterior predictive distribution, 

increasing 𝑅𝑅1/1500. This occurs for both deterministic and probabilistic within-site variability. 

Reducing the other source of uncertainty, uncertainty in within-site variability (𝜎𝜎𝜎𝜎), is only 

accomplished with probabilistic within-site variability and generally only for large numbers of load 

tests (Section 5.3.5), which explains why satisfactory outcomes continue to increase for 

probabilistic within-site variability for large numbers of tests, approaching 100 percent 

satisfactory, while the proportion of satisfactory outcomes for deterministic within-site variability 

stagnates after uncertainty in the mean has been diminished. 

The differences among the cases in Figure 67 through Figure 71 are also consistent with 

previous observations regarding the influence of within-site variability. The differences among the 



 158 

cases generally indicate more favorable results when within-site variability is small. The more 

favorable results include a greater proportion of satisfactory outcomes, a smaller proportion of 

underreliable outcomes, and, for probabilistic within-site variability, convergence to 100 percent 

satisfactory outcomes at fewer load tests. These findings are consistent with the discussion of the 

role of within-site variability on posterior parameter convergence in Section 5.3, and with the 

discussion of the role of within-site variability on precision in Section 6.3.1. Comparison of the “B” 

cases (Figure 68 versus Figure 70 versus Figure 71) indicates similarly favorable results (greater 

proportion of satisfactory outcomes, smaller proportion of underreliable outcomes, and 

convergence to 100 percent satisfactory outcomes at fewer load tests) are produced when the 

total variability decreases, although the reduction of total variability is associated with decreases 

in within-site variability, so it is difficult to differentiate between the effect of total variability and 

within-site variability. 

 

Figure 67: Percent of underreliable, overreliable, and satisfactory outcomes versus 
number of load tests for Case 0.5-A. 
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Figure 68: Percent of underreliable, overreliable, and satisfactory outcomes versus 
number of load tests for Case 0.5-B. 

 

Figure 69: Percent of underreliable, overreliable, and satisfactory outcomes versus 
number of load tests for Case 0.5-C. 

 

Figure 70: Percent of underreliable, overreliable, and satisfactory outcomes versus 
number of load tests for Case 0.3-B. 
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Figure 71: Percent of underreliable, overreliable, and satisfactory outcomes versus 
number of load tests for Case 0.1-B. 

6.3.3 Correlation of Errors with True Site Parameters 

The findings in Chapter 5 were based on perfect sampling with the true site mean and 

true site standard deviation set to the tenth, fiftieth, and ninetieth percentiles of the prior 

distributions of within-site mean, 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘, and within-site variability, 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘. The findings indicated 

significant differences between convergence of posterior parameters and 𝑅𝑅1/1500 for different 

values of the true site mean and true within-site variability. In this section, the effect of true site 

mean and true within-site variability on the ratio of estimated to true 𝑅𝑅1/1500 are examined with 

random sampling. 

The effect of true site mean and true within-site variability on outcomes for Case 0.5-A 

are shown in Figure 72 and Figure 73, respectively. The figures are plots of the ratio of estimated 

to true 𝑅𝑅1/1500 for the 1,000 sites generated by random sampling of Case 0.5-A (Section 6.1.2) 

versus true values of 𝜇𝜇𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛 and 𝜎𝜎𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛, respectively. In both figures, different point symbols are 

used for different numbers of tests (including zero tests, the prior) and to distinguish between 

deterministic and probabilistic within-site variability results. 

The results shown in Figure 72 indicate a clear trend of decreasing values of the ratio of 

estimated to true 𝑅𝑅1/1500 with increasing within-site mean, 𝜇𝜇𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛. As explained previously 

(Sections 6.1.4 and 6.2.2), ratio values less than 1 indicate the estimate of 𝑅𝑅1/1500 is 
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conservative, with conservatism increasing as the ratio approaches zero. Accordingly, the trend in 

Figure 72 can be interpreted to indicate that the prior estimate of 𝑅𝑅1/1500 is generally conservative 

(less than 1 for all but one of the 1,000 sites), and especially conservative for sites with relatively 

strong foundation resistance (i.e. high 𝜇𝜇𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛). Meanwhile, the results shown for the prior in 

Figure 73 indicate only random scatter with no discernable effect of within-site variability on the 

ratio of estimated to true 𝑅𝑅1/1500. This is perhaps confounding, since less conservative results 

might be anticipated for sites with greater within-site variability. However, Case 0.5-A has a small 

ratio of within-site variability to among-site variability (0.2). Most of the variability of the prior 

predictive distribution of resistance is a result of among-site variability, or uncertainty in the mean 

parameter, which explains the strong effect in Figure 72 and the lack of effect in Figure 73. 

Bayesian updating for just one load test essentially eliminates the effect of true 𝜇𝜇𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛 on 

the ratio of estimated to true 𝑅𝑅1/1500. For deterministic and probabilistic within-site variability, there 

is no discernable trend in the ratio with 𝜇𝜇𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛 in Figure 72. In addition, the magnitude of the ratio 

values has increased compared to the prior, with nearly every value above 0.6 compared to some 

values near zero for the prior. For one load test, a trend of increasing ratio values with true 𝜎𝜎𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛 

also emerges, indicating more variable sites do produce less conservative outcomes. The trend is 

more evident in the results for deterministic within-site variability. 

Results for Bayesian updating with 200 load tests indicate probabilistic within-site 

variability produces estimates of 𝑅𝑅1/1500 that are within about five percent of the true value for all 

sites, regardless of 𝜇𝜇𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛 or 𝜎𝜎𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛. This is consistent with previous findings that all posterior 

parameters eventually converge for probabilistic within-site variability, producing an accurate and 

precise posterior predictive distribution. For deterministic within-site variability, values of the ratio 

of estimated to true 𝑅𝑅1/1500 range from 0.79 to 1.36. There is no trend with 𝜇𝜇𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛, indicating the 

deterministic posterior mean parameter is equal to the true value. However, there is a clear trend 

with 𝜎𝜎𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛: sites with greater within-site variability have greater values of the ratio, indicating less 

conservative (in fact, unconservative) outcomes for these sites. The trend with within-site 

variability for the case of 200 load tests reflects errors in within-site variability estimates for 
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deterministic within-site variability, which, unlike probabilistic within-site variability, does not 

update 𝜎𝜎𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛 to reflect results. 

 

Figure 72: Ratio of estimated to true 𝑹𝑹𝟏𝟏/𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏 versus within-site mean for Case 0.5-A. 

 

Figure 73: Ratio of estimated to true 𝑹𝑹𝟏𝟏/𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏 versus within-site variability for Case 0.5-A. 

To extend the analysis based on Figure 72 and Figure 73 to other cases, linear 

regression was applied to similar plots prepared for Case 0.5-A, Case 0.5-B, and Case 0.5-C, 

with consideration of additional numbers of load tests (1, 2, 3, 5, 10, 50, 200). The resulting linear 

regression parameters, slope and intercept, are plotted versus the number of load tests in Figure 

74 and Figure 75. Figure 74 shows the slope and intercept from regression of the ratio versus 
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true site mean (𝜇𝜇𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛), and Figure 75 shows the slope and intercept from regression of the ratio 

versus true within-site variability (𝜎𝜎𝑤𝑤𝑝𝑝𝑝𝑝ℎ𝑝𝑝𝑛𝑛). 

Consider the example of Figure 72 and Figure 73. Regression against the site mean 

(Figure 72) would produce a negative slope for the prior, increasing to zero slope for small 

numbers of load tests. The intercept would be significantly less than one for the prior, but 

increase to near 1.0 for one test. Regression against the within-site variability (Figure 73) would 

produce slope values near zero for the prior. For deterministic within-site variability, the slope 

would increase as additional load tests are considered, reflecting the dependence on within-site 

variability discussed above. For probabilistic within-site variability, the slope would remain near 

zero for all numbers of tests. For both deterministic and probabilistic within-site variability, the 

intercept value would be relatively low for the prior and small numbers of tests, and increase to 

about 1.0 for large numbers of tests. 

The ideal regression parameters for both site mean and within-site variability are slope 

parameters equal to zero and intercept parameters equal to one. The ideal slope is zero because 

the ratio of estimated to true 𝑅𝑅1/1500 – a measure of the accuracy and precision of estimates of 

𝑅𝑅1/1500 – should ideally be independent of the site characteristics. Given the ideal slope 

parameter of zero, the ideal value of the intercept is equal to 1 because values of the ratio equal 

to 1 indicate the posterior estimate of 𝑅𝑅1/1500 is equal to the true value of 𝑅𝑅1/1500. 

For regression of the ratio versus site mean, the slope (Figure 74(a)) converges to zero 

for all cases and for both deterministic and probabilistic within-site variability. Convergence is 

achieved for significantly fewer tests for Case 0.5-A, which has the smallest ratio of within-site to 

among-site variability (0.2), than for the cases with greater values of the ratio. For Case 0.5-A, the 

slope is relatively small even for one test; for the other two cases, the slope decreases to zero 

logarithmically, with convergence requiring 50 to 200 tests. Convergence toward a slope of zero 

indicates success in achieving independence of the average accuracy of posterior 𝑅𝑅1/1500 from 

the site mean. Independence from the site mean indicates the mean parameter has been 

correctly updated. This is consistent with findings presented in Chapter 5, which indicated both 
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deterministic and probabilistic within-site variability produce successful convergence to the mean. 

That convergence was achieved for fewer numbers of tests when within-site variability is 

relatively low is also consistent with the findings from Chapter 5 and with other findings in this 

chapter. The significantly greater number of tests required for convergence for Cases 0.5-B and 

0.5-C is most likely a result of high within-site variability resulting in less weight being applied to 

the evidence from load tests. There could also be an effect from highly variable load test results 

producing slower convergence. 

 The intercept from regression of the ratio versus site mean (Figure 74(b)) also converges 

to the ideal value, 1, for both deterministic and probabilistic within-site variability. (Deterministic 

within-site variability for Case 0.5-C is a possible exception; after 200 load tests, it is still 

decreasing but within 10 percent of 1.) The convergence of both the slope and intercept 

parameters toward the ideal values is consistent with the findings from Chapter 5 that the 

posterior parameters for the mean converge to true values for both deterministic and probabilistic 

within-site variability. 

Figure 74: (a) Slope and (b) intercept parameters versus number of load tests for all cases 
with 𝑪𝑪𝑪𝑪𝑪𝑪𝒘𝒘𝒕𝒕𝒘𝒘𝒕𝒕𝒕𝒕 = 0.5. Parameters are from linear regression of ratio of estimated to true 

𝑹𝑹𝟏𝟏/𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏 versus true site mean (𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘). 

Unlike for regression versus the site mean, regression of the ratio of estimated to true 

𝑅𝑅1/1500 versus true within-site variability (Figure 75) produces starkly different results for the 

deterministic and probabilistic within-site variability. For deterministic within-site variability, the 
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slope parameter is positive and essentially constant for all numbers of tests, with the slope values 

increasing with the ratio of within-site to among-site variability. The slope values reflect the 

influence of errors in prior estimates of within-site variability on all results with deterministic within-

site variability: the errors produce more unconservative results when true within-site variability is 

greater. For probabilistic within-site variability, the slope values are positive for small numbers of 

tests, converging to zero for large numbers of tests. Fifty to 200 tests are required to achieve 

convergence. The large number of tests required for convergence to the true within-site variability 

(and therefore slope values of zero) is consistent with findings from Chapter 5 (Section 5.3.4). 

For the intercept parameter of regression of the ratio versus true within-site variability, a 

similar trend is noted: the intercept values are relatively constant for all numbers of tests for 

deterministic within-site variability, whereas probabilistic within-site variability intercept values all 

converge to the ideal value of 1. As for the other regressions considered in this section, 

convergence is achieved for fewer tests when the ratio of within-site to among-site variability is 

small. The convergence to a slope of zero and intercept of one for probabilistic within-site 

variability indicates accuracy, on average, for all true values of within-site variability. For 

deterministic within-site variability, the intercept values are less than one, indicating the 

deterministic target resistance values are conservative for true values of within-site variability less 

than the assumed value, which is a rational finding. Since the slope values for deterministic 

within-site variability are all positive, the conservatism is reduced as true within-site variability 

increases. Based on the findings in Section 6.3.2, the reduction in conservatism can produce a 

significant proportion of underreliable outcomes. 
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Figure 75: (a) Slope and (b) intercept parameters versus number of load tests for all cases 
with 𝑪𝑪𝑪𝑪𝑪𝑪𝒘𝒘𝒕𝒕𝒘𝒘𝒕𝒕𝒕𝒕 = 0.5. Parameters are from linear regression of ratio of estimated to true 

𝑹𝑹𝟏𝟏/𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏 versus true within-site variability (𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘). 

6.4 Increase in 𝑹𝑹𝟏𝟏/𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏 with Load Tests 

The analyses described in this chapter have thus far focused on the accuracy and 

precision of estimates of 𝑅𝑅1/1500, i.e. how the estimated values compare to true values. It is also 

useful to consider the magnitude of estimates of 𝑅𝑅1/1500 for different numbers of tests with respect 

to the prior 𝑅𝑅1/1500 without load tests. Considering the magnitude of estimates of 𝑅𝑅1/1500 is a 

method for evaluating the practical value of load test information, since the estimate of 𝑅𝑅1/1500 is a 

comparable to reliability-based estimates of factored resistance in LRFD. 

To compare magnitudes of 𝑅𝑅1/1500, the quantity expressed in Eq. 6-2 is used. As 

explained in Section 6.1.4, the quantity is the ratio of posterior and prior estimates of 𝑅𝑅1/1500. 

Since the posterior estimates vary within the cases (because of differences among the simulated 

sites as well as because of sampling load test values within each simulated site), the sample 

mean is used to represent an average value of posterior resistance. The quantity in Eq. 6-2, then, 

represents the average increase in resistance one might expect to achieve by load testing, 

maintaining satisfaction of 𝑝𝑝𝑓𝑓 = 1/1500 (without consideration of load variability) and expressed 

as a factor of the prior estimate. 
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For example, consider a prior estimate of predicted resistance (𝑅𝑅𝑝𝑝) of 1,000 kips. 

Uncertainty in the prior estimate results in a value of 𝑅𝑅1/1500 = 0.3, corresponding 300 kips. If 

Bayesian updating with load test information yields a value of 𝑅𝑅1/1500 = 0.6, corresponding 600 

kips, the posterior estimate of 𝑅𝑅1/1500 is twice the prior value, producing a value of 2 for the 

quantity of Eq. 6-1. 

The quantity in Eq. 6-2 was computed for all results of random sampling, including all five 

cases (Section 6.1.2), all numbers of load tests, and both deterministic and probabilistic within-

site variability. As explained in the definition of Eq. 6-1, one value was reported for each 

combination of case, number of load tests, and deterministic-vs.-probabilistic within-site variability 

by averaging the 1,000 posterior values associated with each combination. Results are presented 

in Figure 76 through Figure 79. Figure 76 and Figure 77 are results for Cases 0.5-A, 0.5-B, and 

0.5-C, which are considered jointly to evaluate the effect of the ratio of within-site to among-site 

variability on the increase in estimated 𝑅𝑅1/1500 associated with load testing. Figure 78 and Figure 

79 are results for Cases 0.5-B, 0.3-B, and 0.1-B, which are considered jointly to evaluate the 

effect of nominal prior predictive COV on the increase in estimated 𝑅𝑅1/1500. 

The ratio of posterior to prior estimates of 𝑅𝑅1/1500 (i.e. the quantity of Eq. 6-1) is plotted 

versus the number of tests for Cases 0.5-A, 0.5-B, and 0.5-C in Figure 76. All three cases have a 

nominal prior predictive 𝐶𝐶𝐶𝐶𝐶𝐶 of 0.5. Each case is shown in a different color, with solid lines 

representing results from deterministic within-site variability and dashed lines representing results 

from probabilistic within-site variability. The most striking result from the figure is how much 

greater the ratio of posterior to prior estimates of 𝑅𝑅1/1500 is for Case 0.5-A than for Cases 0.5-B or 

0.5-C: values for Case 0.5-A are between 2.0 and 2.7, while values for the other cases are 

between 0 and 0.7. The difference suggests the ratio of within-site to among-site variability has a 

large influence on the increase in estimated 𝑅𝑅1/1500 from load testing. The influence is supported 

by Figure 77, which is a plot of the same data but with the ratio of posterior to prior estimates of 

𝑅𝑅1/1500 plotted against the ratio of within-site to among-site variability rather than number of tests. 

In Figure 77, the different numbers of tests are represented by different color lines, and again 
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solid lines are used to represent deterministic within-site variability while dashed lines represent 

probabilistic within-site variability. The results of Figure 77 indicate a steep decrease in the ratio 

of posterior to prior estimates of 𝑅𝑅1/1500 between values of the ratio of within-site to among-site 

variability of 0.2 and 1.0, and a less pronounced decrease between values of 1 and 2.  

It is important to note that differences in values of the ratio of posterior to prior estimates 

of 𝑅𝑅1/1500 represented by the data in Figure 76 and Figure 77 are due only to increases in the 

estimated value of 𝑅𝑅1/1500 between the prior and the posterior. All three cases have the same 

prior predictive 𝐶𝐶𝐶𝐶𝐶𝐶 and therefore the same prior values of 𝑅𝑅1/1500 (approximately 0.22 for 

deterministic within-site variability and 0.20 for probabilistic within-site variability). It is also 

important to emphasize the significance of the difference in results between the case with a low 

ratio of within-site to among-site variability (Case 0.5-A) and the cases with high ratios of within-

site to among-site variability (Cases 0.5-B and 0.5-C). For Case 0.5-A, one load test increases 

the prior estimate of 𝑅𝑅1/1500 by a factor of 3, on average. For the other cases, one load test 

increases the prior estimate of 𝑅𝑅1/1500 by a factor of at most 1.25 (again using average posterior 

results). The difference between the results has practical implications: the expense and 

complications of load testing are significantly easier to justify when the factored (or allowable) 

resistance increases by a factor of 3 compared to when the increase corresponds to a factor of 

1.25. 

The two other factors that can be evaluated from Figure 76 and Figure 77, number of 

tests and deterministic-vs.-probabilistic within-site variability, have considerably more modest 

effects on the increase in estimated 𝑅𝑅1/1500 from the prior to the posterior. For all levels of the 

ratio of within-site to among-site variability and for both deterministic and probabilistic within-site 

variability, the effect of number of tests is relatively modest beyond the first test. For instance, for 

Case 0.5-B, the first test provides a considerable improvement compared to the prior case, 

increasing the prior estimate of 𝑅𝑅1/1500 by a factor of 3. Subsequent tests increase the estimate of 

𝑅𝑅1/1500 significantly less; for 200 tests, the estimate of 𝑅𝑅1/1500 is about 3.7 times the prior 

estimate, with the increase between one test and 200 tests approximately linear on a logarithmic 
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scale. Indeed, the shape of the increase versus number of test lines in Figure 76 suggests 

diminishing returns with increasing numbers of tests; on average, additional tests always increase 

the estimated value of 𝑅𝑅1/1500, but the increases are smaller for each additional test. This finding 

is consistent with current practices for load testing, which commonly involve only one test per 

project site. 

The effect of deterministic versus probabilistic within-site variability on the estimated 

value of 𝑅𝑅1/1500 is also modest, with similar increases in estimates of 𝑅𝑅1/1500 noted for both. An 

exception is for large numbers of tests, say more than 10, for the case where within-site variability 

is twice among-site variability (Case 0.5-C). For large numbers of tests with Case 0.5-C, 

probabilistic within-site variability produces greater increases in 𝑅𝑅1/1500 relative to the prior 

estimate compared with deterministic within-site variability. 

 

Figure 76: Increase in 𝑹𝑹𝟏𝟏/𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏 versus number of tests for different values of the ratio of 
within-site to among-site variability. Nominal predictive 𝑪𝑪𝑪𝑪𝑪𝑪 is 0.5 for all cases. 



 170 

 

Figure 77: Increase in 𝑹𝑹𝟏𝟏/𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏 versus ratio of within-site to among-site variability for 
different numbers of tests. Nominal predictive 𝑪𝑪𝑪𝑪𝑪𝑪 is 0.5 for all cases. 

The ratio of posterior to prior estimates of 𝑅𝑅1/1500 (i.e. the quantity of Eq. 6-1) is plotted 

versus the number of tests for Cases 0.1-B, 0.3-B, and 0.5-B in Figure 78. All three cases have a 

ratio of within-site variability to among-site variability of 1. Each case is shown in a different color, 

with solid lines representing results from deterministic within-site variability and dashed lines 

representing results from probabilistic within-site variability. The results support the findings from 

Figure 76 and Figure 77 regarding the relatively modest effects of deterministic-vs.-probabilistic 

within-site variability approach and number of tests. The number of tests factor does look more 

significant when plotted on the expanded vertical axis scale of Figure 78 versus Figure 76, but the 

increases are still relatively modest (i.e. the steepest increase is from a ratio of 1.2 to 1.3 from 

one to two tests when nominal predictive 𝐶𝐶𝐶𝐶𝐶𝐶 is 0.5), and the increase is still linear on a 

logarithmic scale for the number of tests. 

The difference in the ratios of posterior to prior estimates of 𝑅𝑅1/1500 among the three 

cases in Figure 78 suggest a significant effect of nominal prior predictive 𝐶𝐶𝐶𝐶𝐶𝐶 on the relative 

increase in 𝑅𝑅1/1500 from prior to posterior. For Case 0.1-B, with the smallest value of nominal prior 

predictive 𝐶𝐶𝐶𝐶𝐶𝐶 (0.1), the ratio of posterior to prior estimates of 𝑅𝑅1/1500 is small, less than about 
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1.1 for all numbers of tests. For Case 0.5-B, with the greatest value of nominal prior predictive 

𝐶𝐶𝐶𝐶𝐶𝐶 (0.5), the ratio is greater, ranging from 1.2 for one test to 1.8 for 200 tests. The influence of 

nominal prior predictive 𝐶𝐶𝐶𝐶𝐶𝐶 is supported by Figure 79, which is a plot of the same data as Figure 

78 but with the nominal prior predictive 𝐶𝐶𝐶𝐶𝐶𝐶 rather than the number of tests. In Figure 79, the 

different numbers of tests are represented by different color lines, and again solid lines are used 

to represent deterministic within-site variability while dashed lines represent probabilistic within-

site variability. The results of Figure 79 indicate a linear increase in the ratio of posterior to prior 

estimates of 𝑅𝑅1/1500 with increasing values of nominal prior predictive 𝐶𝐶𝐶𝐶𝐶𝐶. This suggests load 

testing provides greater benefits in terms of factored (or allowable) resistance when total 

variability is great. 

 

Figure 78: Increase in 𝑹𝑹𝟏𝟏/𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏 versus number of tests for different values nominal prior 
predictive 𝑪𝑪𝑪𝑪𝑪𝑪. Ratio of within-site to among-site variability is 1.0 for all cases. 
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Figure 79: Increase in 𝑹𝑹𝟏𝟏/𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏 versus ratio of nominal prior predictive 𝑪𝑪𝑪𝑪𝑪𝑪 for different 
numbers of tests. Ratio of within-site to among-site variability is 1.0 for all cases. 

6.5 Summary 

The numerical tool from Chapter 4 was used to perform Bayesian updating and interpret 

the 1/1500th value of resistance, 𝑅𝑅1/1500, for five different cases with randomly sampled load test 

results. Each case represents a different combination of nominal prior predictive 𝐶𝐶𝐶𝐶𝐶𝐶 and the 

ratio of within-site variability to among-site variability; the same five cases were analyzed (along 

with seven additional cases) in Chapter 5 for perfect sampling. Each of the five cases was 

analyzed for different numbers of load tests: 0 (the prior), 1, 2, 3, 5, 10, 50, and 200. For each 

combination of case and number of load tests, 1,000 sites were generated by random sampling. 

The sites were generated by pairing (1) a value of mean foundation resistance randomly sampled 

from the prior distribution of site specific mean, 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘, with (2) a value of within-site variability 

randomly sampled from the prior distribution of within-site variability, 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘. The resulting pair of 

mean and within-site variability defines the “true,” site specific distribution of resistance. Load test 

results were randomly sampled from the true distribution for each site. For each site generated by 

random sampling, Bayesian updating was performed using the randomly sampled load test 
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results, and the posterior results of Bayesian updating were used to interpret 𝑅𝑅1/1500 from 

posterior predictive distributions of resistance. 

A variety of analyses were used to interpret the resulting collections of 𝑅𝑅1/1500 estimates. 

Primarily, the interpretations focus on the accuracy, precision, and errors associated with 

posterior estimates of 𝑅𝑅1/1500 compared with the true value of 𝑅𝑅1/1500, which is defined from the 

site-specific distribution. Interpretations are based on the ratio of estimated to true 𝑅𝑅1/1500. A 

value of the ratio exactly equal to 1 indicates a perfectly accurate prediction from the posterior; 

ratio values less than 1 indicate conservative estimates and ratio values greater than 1 indicate 

unconservative estimates. The variability of a collection of ratio values is used to interpret the 

precision of a set of 𝑅𝑅1/1500 estimates, with more variable results indicating less precision. 

For all cases, results indicate both deterministic and probabilistic within-site variability 

produce, on average, conservative estimates of 𝑅𝑅1/1500 for the prior evaluation (without load 

tests). For both deterministic and probabilistic within-site variability, the accuracy of estimates of 

𝑅𝑅1/1500 increases (i.e. conservatism is reduced) for greater numbers of load tests, eventually to 

the position where estimated 𝑅𝑅1/1500 is, on average, nearly equal to the true value. The precision 

of the estimates of 𝑅𝑅1/1500 differs for deterministic and probabilistic within-site variability. For the 

prior, both deterministic and probabilistic within-site variability produce relatively imprecise 

estimates of 𝑅𝑅1/1500, as indicated by high variability of the distributions of the ratio of estimated to 

true 𝑅𝑅1/1500. For deterministic within-site variability, the variability is relatively constant for all 

numbers of load tests; in other words, the precision of the deterministic estimates of 𝑅𝑅1/1500 does 

not improve significantly with additional load tests. For probabilistic within-site variability, the 

variability decreases with increasing numbers of load tests, approaching zero for large numbers 

of tests. The increase in precision noted for probabilistic within-site variability is attributed to the 

Bayesian updating of within-site variability. Results for deterministic and probabilistic within-site 

variability both indicate convergence to the true value of the site-specific mean for all sites. 

Because results for probabilistic within-site variability also include convergence to the true value 
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of within-site variability, the posterior predictive distribution of resistance converges to the true 

distribution at the site. In contrast, any errors in the prior estimate of within-site variability for 

deterministic within-site variability are present regardless of the number of load tests. 

The implications of the finding that estimates of 𝑅𝑅1/1500 with deterministic within-site 

variability produce greater errors than the same estimates from probabilistic within-site variability 

were investigated by dividing outcomes into categories of satisfactory, overreliable, and 

underreliable. The categories are defined with respect to the ratio of estimated to true 𝑅𝑅1/1500. 

Outcomes with values of the ratio between 0.9 and 1.1 are deemed satisfactory, outcomes with 

values of the ratio less than 0.9 are deemed overreliable, and outcomes with values of the ratio 

greater than 1.1 are deemed underreliable. 

For the prior, the proportion of outcomes depends on the ratio of within-site variability to 

among-site variability. When the prior predictive variability is mainly due to among-site variability, 

the outcomes are predominately overreliable. When the prior predictive variability is mainly due to 

within-site variability, significantly more underreliable outcomes are noted. In the evaluation 

documented in this chapter, both cases have the same prior predictive distribution, so the 

estimates of 𝑅𝑅1/1500 are the same. The difference in outcomes is therefore due to the true value of 

𝑅𝑅1/1500, which is significantly less for the case dominated by within-site variability. The true value 

of 𝑅𝑅1/1500 is less for the case of significant within-site variability because within-site variability is 

the true, inherent variability at the site, whereas among-site variability is uncertainty in the mean – 

a Bayesian construct that is critical in reliability evaluations but which does not manifest itself as 

true variability at any particular site. 

For both deterministic and probabilistic within-site variability, outcomes for small numbers 

of load tests are dominated by overreliable estimates of 𝑅𝑅1/1500. As additional tests are 

considered, the proportion of satisfactory outcomes increases as the proportion of overreliable 

outcomes decreases. For probabilistic within-site variability, the proportion of satisfactory cases 

converges to 100 percent or near 100 percent for all cases. Deterministic within-site variability 
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outcomes do not converge to 100 percent satisfactory for any of the cases; for the cases with 

prior predictive COV of 0.5, deterministic within-site variability achieves 80 percent satisfactory 

cases when within-site variability is low and less than 40 percent satisfactory cases when within-

site variability is high. 

For all cases with probabilistic within-site variability, the proportion of underreliable 

outcomes is relatively small, less than 15 percent for any number of tests, and the proportion of 

underreliable outcomes decreases to near zero for large numbers of tests. In contrast, the 

proportion of underreliable cases for deterministic within-site variability with small numbers of load 

tests was 10 percent for the case with a low ratio of within-site variability to among-site variability 

and 30 percent for the case with a high ratio of within-site variability to among-site variability. In 

addition, and importantly, the proportion of underreliable cases generally increased with 

additional tests for deterministic within-site variability. For all cases considered and for all 

numbers of tests, deterministic within-site variability produces a greater proportion of 

underreliable outcomes than probabilistic within-site variability. The proportion of underreliable 

outcomes for deterministic within-site variability is greater than that for probabilistic within-site 

variability by about a factor of two for small numbers of tests, and the difference increases as 

additional tests are considered. 

To better understand the sources of errors in the estimates of 𝑅𝑅1/1500, the ratio of 

estimated to true 𝑅𝑅1/1500 was plotted versus the true (randomly sampled) site parameters, mean 

and within-site variability, for the different cases. Evaluation of the results indicates that for 

deterministic and probabilistic within-site variability with small numbers of tests, errors are 

generally correlated with both true site mean and true within-site variability. For both deterministic 

and probabilistic within-site variability, the correlation of errors with the mean diminish for 

relatively small numbers of tests. For greater numbers of tests, correlation of errors with true 

within-site variability is undiminished for deterministic within-site variability but near zero for 

probabilistic within-site variability. The difference is consistent with the finding that results for 
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probabilistic within-site variability converge to true within-site variability compared with persistent 

errors in within-site variability for deterministic within-site variability. 

In addition to the analyses performed to evaluate the accuracy, precision, and errors 

associated with posterior estimates of 𝑅𝑅1/1500, analyses were also completed to evaluate the 

increase in estimated 𝑅𝑅1/1500 from the prior evaluations without load tests to the posterior 

evaluations with load tests. The results indicate the average increase in 𝑅𝑅1/1500 from the prior to 

posterior depends on many factors but is dominated by the ratio of within-site variability to 

among-site variability. When the ratio of within-site variability to among-site variability is small (i.e. 

the total variability results primarily from among-site variability), equal to 0.2, the posterior 

estimate of 𝑅𝑅1/1500 after one load test is greater than the prior estimate of 𝑅𝑅1/1500 by a factor of 

three on average. When the ratio of within-site to among-site variability is greater, equal to 1.0, 

the posterior estimate of 𝑅𝑅1/1500 after one load test is greater than the prior by a factor of 1.25 on 

average. The finding that load testing increases 𝑅𝑅1/1500 considerably more when total variability is 

primarily caused by among-site variability rather than within-site variability is consistent with the 

findings regarding posterior parameters. The analysis of posterior parameters revealed that 

among-site variability is effectively diminished by load testing, and that among-site variability is 

generally diminished with relatively few tests. In contrast, the magnitude of within-site variability 

generally is not reduced by load testing. 

The average increase in 𝑅𝑅1/1500 from the prior to posterior is also sensitive to the nominal 

prior predictive 𝐶𝐶𝐶𝐶𝐶𝐶, although the effect was less significant than that of the ratio of within-site to 

among-site variability. The ratio of posterior to prior 𝑅𝑅1/1500 increased linearly between nominal 

predictive 𝐶𝐶𝐶𝐶𝐶𝐶 values of 0.1 and 0.5. The number of load tests has a relatively modest influence 

on the average increase in 𝑅𝑅1/1500 from the prior to posterior. When the ratio of within-site to 

among-site variability is 0.2 (i.e. the smallest value evaluated), the ratio of posterior to prior 

𝑅𝑅1/1500 is 3 for one test and increases to 3.7 after 200 load tests: the vast majority of the increase 

in 𝑅𝑅1/1500 is realized for the first test. The increase in the ratio of posterior to prior 𝑅𝑅1/1500 is 
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approximately linear when the number of tests is on a logarithmic scale. For cases with greater 

ratios of within-site to among-site variability, the first test has less effect, but similarly flat slopes 

are observed when the ratio of posterior to prior 𝑅𝑅1/1500 is plotted versus the number of tests on a 

logarithmic scale. Finally, the effect of the deterministic-vs.-probabilistic within-site variability on 

the increase in estimated 𝑅𝑅1/1500 is limited. The difference between ratios of posterior to prior 

𝑅𝑅1/1500 for deterministic and probabilistic within-site variability were similar for all cases and 

numbers of tests. 
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7. Summary, Conclusions, and Recommendations 
The research described in this dissertation focuses on the effect of how within-site 

variability is considered on the interpreted reliability of foundation designs based on load tests. In 

the course of examining the effect of within-site variability consideration, findings regarding 

several related topics were revealed. Among the related topics are the magnitude and uncertainty 

in within-site variability estimates, the accuracy and precision of reliability-based foundation 

designs based on load tests, and the magnitude of increases in allowable resistance that can be 

expected from consideration of site-specific load test information. In this chapter, findings from 

the research are summarized, conclusions from the findings are discussed, and 

recommendations for practice and for future research are presented. 

7.1 Summary of Research and Significant Findings 

Previous work to evaluate reliability of foundation designs based on load test information 

have predominately adopted a Bayesian approach. In the Bayesian approach, estimates of 

foundation resistance from an empirical design method are used to define a prior distribution of 

resistance, and the distribution is updated based on site-specific load test information. The 

distribution of resistance is updated by treating its mean parameter as a probabilistic input 

defined by its own probability distribution. The mean of the distribution of the mean characterizes 

the average resistance; the standard deviation of the distribution of the mean characterizes 

among-site variability. Among-site variability represents the uncertainty associated with the 

empirical technique of applying results from other sites to a new site. Application of Bayes 

theorem to the prior distribution of the mean with site-specific load test information produces an 

updated estimate of average resistance (i.e. the mean of the mean) and an updated estimate of 

the uncertainty in the mean. In most cases, the uncertainty in the mean is reduced upon updating 

with site-specific information; in many cases, the reduction is considerable. 

The approach for updating the mean described in the previous paragraph is applied in all 

of the previous work regarding Bayesian updating with load test information (e.g. Kay, 1976; 
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Baecher and Rackwitz, 1982; Zhang and Tang, 2002). Where the approaches differ is in 

treatment of the standard deviation parameter of the resistance distribution. The standard 

deviation parameter of the resistance distribution characterizes within-site variability. Within-site 

variability results from geologic variation across a site and from variation in construction 

outcomes from one foundation element to another. The value of within-site variability for a given 

site and a given set of construction practices is generally fixed but strictly unknown. While all of 

the previous work reviewed addresses the concept of within-site variability, consideration of 

within-site variability is divided between two approaches. In the first approach, within-site 

variability is treated deterministically: a constant value that is considered known and is not 

updated based on load test results. Deterministic within-site variability has been adopted in most 

of the previous efforts (e.g. Kay, 1976; Zhang and Tang, 2002; Najjar et al., 2017). In the second 

approach, within-site variably is treated as a probabilistic parameter with its own probability 

distribution that is updated based on load test results. The mean of the distribution is the average 

value of within-site variability, and the standard deviation of the distribution is the variability and 

uncertainty in the value of within-site variability. Probabilistic within-site variability was introduced 

for foundation load tests by Baecher and Rackwitz (1982), but has not been commonly applied. 

With probabilistic within-site variability, the mean and the standard deviation parameters of 

foundation resistance are jointly updated via Bayes theorem to reflect site-specific load test 

information. Updating both parameters is more complicated computationally compared with the 

case of deterministic within-site variability, which updates only the mean parameter. Updating 

both parameters requires either application of strict distributional requirements (as in Baecher and 

Rackwitz’s approach) or use of numerical methods to perform Bayesian computations (as in this 

research). A detailed review of previous approaches for Bayesian updating of foundation 

resistance is presented in Chapter 2. 

The focus of this research is to evaluate the difference in the interpreted reliability of 

foundation designs between deterministic and probabilistic within-site variability. Specifically, the 

hypothesis is that 
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(1) deterministic within-site variability yields greater estimates of 𝑅𝑅1/1500, the 1/1500th 

value of resistance, than probabilistic within-site variability for prior evaluations 

without load tests and  

(2) results for probabilistic within-site variability will converge to the true value of 𝑅𝑅1/1500 

for all cases whereas results for deterministic within-site variability will converge to 

the true value only when the prior estimate of within-site variability happens to be 

correct. 

Deterministic within-site variability is based on a constant value of within-site variability, 

frequently assumed to be represented by a coefficient of variation (𝐶𝐶𝐶𝐶𝐶𝐶) of 0.2 (e.g. Zhang and 

Tang, 2002; Zhang, 2004; Najjar et al., 2017). Probabilistic within-site variability requires a 

distribution of within-site variability values. For context on the difference in reliability between 

deterministic and probabilistic within-site variability, it is instructive to evaluate existing information 

regarding the magnitude and variability of observed values of within-site variability. Data 

supporting the estimate of 𝐶𝐶𝐶𝐶𝐶𝐶 of 0.2 are fairly limited, originating from about 10 sites. Many of 

the load tests used to conclude 𝐶𝐶𝐶𝐶𝐶𝐶 = 0.2 were terminated at working loads without significant 

displacement. Information for about one third of the sites originates from dated sources that are 

no longer available, and supporting information, specifically displacement information, is missing 

for other sites. The distribution of within-site variability implemented by Baecher and Rackwitz has 

a mean value that corresponds to 𝐶𝐶𝐶𝐶𝐶𝐶 = 0.27. The data used to develop the distribution mostly 

overlaps with the data used to support Zhang and Tang’s deterministic value of 0.2. 

Because the published information regarding within-site variability is relatively limited, 

new data regarding within-site variability of micropile foundations were compiled. Data from 

micropile load tests at five sites were used to estimate the 𝐶𝐶𝐶𝐶𝐶𝐶 of resistance at each site. For 

three of the sites, the estimates of 𝐶𝐶𝐶𝐶𝐶𝐶 were based strictly on load tests that achieved failure, 

with failure loads for the three sites equal to the values reported in literature. At one of the sites, 

the Davisson Offset Limit (1972) was used to define failure; for the other two sites, the failure load 

was defined according to the Fuller and Hoy (1970) criterion. For the three sites where tests 
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achieved failure, 𝐶𝐶𝐶𝐶𝐶𝐶 was estimated as the ratio of unbiased sample standard deviation to 

sample mean. For another site, the estimate of 𝐶𝐶𝐶𝐶𝐶𝐶 was based on fitting a normal distribution to 

resistance data based on a proof load test program of 177 micropiles, 17 of which achieved 

failure. The distribution fitting was based on maximum likelihood estimation with censored 

observations for the tests that did not achieve failure. For the remaining site, the estimate of 𝐶𝐶𝐶𝐶𝐶𝐶 

was based on analysis of interpolated values of applied loading at 1.5 in. displacement for 536 

load tests documented by Vanderpool et al. (2002). 

Results from each site were compiled, and a normal distribution was fitted to the 

collection of 𝐶𝐶𝐶𝐶𝐶𝐶 estimates. The normal distribution has a mean parameter of 0.15 and a 

standard deviation of 0.06. The estimated value of within-site 𝐶𝐶𝐶𝐶𝐶𝐶 for micropiles is considerably 

less than the previous estimates, i.e. 𝐶𝐶𝐶𝐶𝐶𝐶 = 0.20 from Zhang and Tang (2002) and 𝐶𝐶𝐶𝐶𝐶𝐶 = 0.27 

from Baecher and Rackwitz (1982). A likely explanation for the reduced variability interpreted in 

this research for micropiles is the use of load test results that achieved failure; the previous 

estimates were based on load tests that were generally performed with maximum loads equal to 

working or service loads. The explanation that reduced within-site variability is observed for 

greater displacement is consistent with the trend observed for interpretations of data from 

Vanderpool et al. (2002), which suggested ultimate resistance is less variable than stiffness. 

Importantly, the investigation of within-site variability documented in this research indicates there 

is significant uncertainty in within-site variability, as evidenced by the standard deviation of 0.06, 

which corresponds to a 𝐶𝐶𝐶𝐶𝐶𝐶 of the value of within-site variability equal to 0.4. Note the 𝐶𝐶𝐶𝐶𝐶𝐶 of 0.4 

represents uncertainty in the value of within-site variability, rather than the magnitude of within-

site variability, itself. Additional information regarding the analysis of within-site variability for 

micropiles is presented in Chapter 3. 

To facilitate comparisons of reliability interpretations between deterministic and 

probabilistic within-site variability, a numerical tool for Bayesian updating and reliability analysis 

was developed for this research. The tool can be used to perform Bayesian updating with either 

deterministic or probabilistic within-site variability. Because the tool uses numerical methods to 
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perform Bayesian updating, there are no distributional requirements for the prior distributions of 

within-site mean or within-site variability. The prior distributions of the site-specific mean and site-

specific within-site variability are input for the tool, along with site-specific load test information. 

The prior distributions and load test information are used to perform two numerical 

analyses. The first numerical analysis of the tool is Bayesian updating, which yields a posterior 

joint distribution of the site-specific mean and site-specific within-site variability parameters. (For 

deterministic within-site variability, the within-site variability is a constant value that is not 

updated, rather than a distribution.) The posterior joint distribution is used as input for the second 

numerical analysis of the tool, which is a reliability analysis. The posterior joint distribution of the 

mean and standard deviation is used to develop a posterior predictive distribution that represents 

the magnitude and variability of new predictions of foundation resistance at a site with load test 

information. A primary output of the tool is 𝑅𝑅1/1500, the 1/1500th value of resistance, which 

characterizes the left tail of the posterior predictive resistance distribution. In this research, 𝑅𝑅1/1500 

is used to evaluate the reliability implications of Bayesian updating with deterministic and 

probabilistic within-site variability under different scenarios. Additional details of the numerical 

tool, including the equations used to perform Bayesian updating, are presented in Chapter 4. 

Two sets of analyses were completed with the numerical tool, one with “perfect” sampling 

and one with random sampling. In perfect sampling, the sample statistics perfectly match the 

parameters of the distribution from which the data are sampled, i.e. the sample mean equals the 

site-specific mean and the sample standard deviation equals the within-site variability parameter. 

Perfect sampling results, the topic of Chapter 5, were used to evaluate the hypothesis and to 

evaluate trends in posterior parameters without the effect of random sampling noise. Random 

sampling results, the topic of Chapter 6, were used to evaluate the magnitude of errors in 

Bayesian estimates of 𝑅𝑅1/1500, with a particular focus on how errors resulting from deterministic 

within-site variability compare with errors from probabilistic within-site variability. Random 

sampling was also used to examine the difference between posterior estimates of 𝑅𝑅1/1500 and 
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prior estimates of 𝑅𝑅1/1500. The difference is an important practical measure of the reliability 

benefits associated with load test information. 

Twelve cases representing a variety of different prior distributions of the within-site mean, 

𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘, and within-site variability, 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘, were evaluated with perfect sampling. The distributions 

varied both in total variability (the combined effect of within-site and among-site variability) and in 

the ratio of within-site variability to among-site variability. For each set of prior distributions of 

𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘, nine different “true” site distributions were defined using all combinations of 

the tenth, fiftieth, and ninetieth percentiles of the distributions of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘. All true site 

distributions were evaluated with the numerical tool using both deterministic and probabilistic 

within-site variability. The analyses were performed with different numbers of load tests (0, 1, 2, 

3, 4, 5, 7, 10, 20, 30, 40, 50, 200, 400, 800) to evaluate the trends in the parameters with 

increasing numbers of tests. 

Results of the analyses support the hypothesis statements regarding analyses without 

load tests and with many load tests. For all analyses without load tests, deterministic within-site 

variability produces estimates of 𝑅𝑅1/1500 that are greater than estimates from probabilistic within-

site variability. Results suggest that 𝑅𝑅1/1500 from deterministic within-site variability is greater 

because it does not consider uncertainty in within-site variability; neglecting the uncertainty in 

within-site variability reduces the total variability of the predictive distribution of resistance. For 

analyses with many load tests, results also support the hypothesis: all estimates of 𝑅𝑅1/1500 for 

probabilistic within-site variability converge to the true value of 𝑅𝑅1/1500, while for deterministic 

within-site variability, estimates of 𝑅𝑅1/1500 converge to the true value only when the prior estimate 

of within-site variability happens to be equal to the true value. Errors in estimates of 𝑅𝑅1/1500 for the 

deterministic case are conservative (i.e. underestimates) when the within-site variability is 

overestimated and unconservative (i.e. overestimates) when the within-site variability is 

underestimated. 
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Additional support for the hypothesis is provided by the trends in the posterior 

distributions of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘. Results for probabilistic within-site variability achieve 

convergence to the true value of 𝑅𝑅1/1500 because the posterior parameters of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 

all converge to the true values. Deterministic within-site variability does not achieve convergence 

to the true value of 𝑅𝑅1/1500 because while the posterior parameters of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 converge to the true 

values, posterior parameters of 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 do not. In general, the mean parameters of both 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 

and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 (i.e. 𝜇𝜇𝜇𝜇 and 𝜇𝜇𝜎𝜎) achieve convergence at fewer numbers of tests than the standard 

deviation parameters (i.e. 𝜎𝜎𝜇𝜇 and 𝜎𝜎𝜎𝜎). 

The numerical tool was used with random sampling to evaluate the magnitude of errors in 

Bayesian estimates of 𝑅𝑅1/1500. The evaluations are based on five of the 12 sets of prior 

distributions of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 evaluated for the perfect sampling trials. For each case, 1,000 

sites were generated by pairing one randomly sampled value of 𝝁𝝁𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 and one randomly 

sampled value of 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 from the respective prior distributions. The pair of parameters define the 

true distribution of resistance for the random site. Load test results were randomly sampled from 

the true distribution for each site. Bayesian updating was performed using the randomly sampled 

load test results, and the posterior results of Bayesian updating were used to estimate 𝑅𝑅1/1500 

from the posterior predictive distributions of resistance. 

Evaluation of the accuracy, precision, and errors associated with the posterior estimates 

of 𝑅𝑅1/1500 compared with the true value of 𝑅𝑅1/1500 are based on the ratio of estimated to true 

𝑅𝑅1/1500. A value of the ratio exactly equal to 1 indicates a perfectly accurate prediction from the 

posterior; ratio values less than 1 indicate conservative estimates and ratio values greater than 1 

indicate unconservative estimates. The variability of a collection of ratio values is used to interpret 

the precision of a set of 𝑅𝑅1/1500 estimates, with more variable results indicating less precision. 

For all cases, results indicate both deterministic and probabilistic within-site variability 

produce, on average, conservative estimates of 𝑅𝑅1/1500 for the prior evaluation (without load 

tests). For both deterministic and probabilistic within-site variability, the accuracy of estimates of 
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𝑅𝑅1/1500 increases (i.e. conservatism is reduced) for greater numbers of load tests, eventually to 

the position where estimated 𝑅𝑅1/1500 is, on average, nearly equal to the true value. The precision 

of the estimates of 𝑅𝑅1/1500 differs for deterministic versus probabilistic within-site variability. For 

the prior, both deterministic and probabilistic within-site variability produce relatively imprecise 

estimates of 𝑅𝑅1/1500, as indicated by high variability in the distributions of the ratio of estimated to 

true 𝑅𝑅1/1500. The precision of the deterministic estimates of 𝑅𝑅1/1500 does not improve with 

additional load tests. In contrast, for probabilistic within-site variability, the variability decreases 

with increasing numbers of load tests, approaching zero for large numbers of tests. The increase 

in precision noted for probabilistic within-site variability is attributed to the Bayesian updating of 

within-site variability. 

The implications of the finding that estimates of 𝑅𝑅1/1500 with deterministic within-site 

variability produce greater errors than estimates with probabilistic within-site variability were 

investigated by dividing outcomes into categories of satisfactory, overreliable, and underreliable. 

The categories are defined with respect to the ratio of estimated to true 𝑅𝑅1/1500. Outcomes with 

values of the ratio between 0.9 and 1.1 are deemed satisfactory, outcomes with values of the 

ratio less than 0.9 are deemed overreliable, and outcomes with values of the ratio greater than 

1.1 are deemed underreliable. 

For the prior, the proportion of outcomes depends on the ratio of within-site variability to 

among-site variability. When the prior predictive variability is mainly due to among-site variability, 

the outcomes are predominately overreliable. When the prior predictive variability is mainly due to 

within-site variability, significantly more underreliable outcomes are noted. In the random 

sampling analysis, both cases have the same prior predictive distribution, so the estimates of 

𝑅𝑅1/1500 are the same. The difference in outcomes is therefore due to the true value of 𝑅𝑅1/1500, 

which is significantly less for the case dominated by within-site variability. The true value of 

𝑅𝑅1/1500 is less for the case of significant within-site variability because within-site variability is the 

true, inherent variability at the site, whereas among-site variability is uncertainty in the mean – a 
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Bayesian construct that is critical in reliability evaluations but which does not manifest itself as 

true variability at any particular site. 

For both deterministic and probabilistic within-site variability, outcomes for small numbers 

of load tests are dominated by overreliable estimates of 𝑅𝑅1/1500. As additional tests are 

considered, the proportion of satisfactory outcomes increases as the proportion of overreliable 

outcomes decreases. For probabilistic within-site variability, the proportion of satisfactory cases 

converges to 100 percent or near 100 percent for all cases. Deterministic within-site variability 

outcomes do not converge to 100 percent satisfactory for any of the cases; for the cases with 

prior predictive COV of 0.5, deterministic within-site variability achieves 80 percent satisfactory 

cases when within-site variability is low and less than 40 percent satisfactory cases when within-

site variability is high. 

For all cases with probabilistic within-site variability, the proportion of underreliable 

outcomes is relatively small, less than 15 percent for any number of tests, and the proportion of 

underreliable outcomes eventually decreases to near zero, although the decrease to zero 

requires as many as 200 load tests. In contrast, the proportion of underreliable cases for 

deterministic within-site variability with small numbers of load tests was 10 percent for the case 

with a low ratio of within-site variability to among-site variability and 30 percent for the case with a 

high ratio of within-site variability to among-site variability. In addition, and importantly, the 

proportion of underreliable cases generally increased with additional tests for deterministic within-

site variability. For all cases considered and for all numbers of tests, deterministic within-site 

variability produces a greater proportion of underreliable outcomes than probabilistic within-site 

variability. The proportion of underreliable outcomes for deterministic within-site variability is 

greater than that for probabilistic within-site variability by about a factor of two for small numbers 

of tests. The difference in underreliable outcomes between deterministic and probabilistic within-

site variability increases as additional tests are considered. As additional tests are considered, 

results for probabilistic within-site variability converge to the true value of within-site variability 
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whereas errors associated with deterministic within-site variability persist and result in 

underreliable outcomes. 

In addition to the analyses performed to evaluate the accuracy, precision, and errors 

associated with posterior estimates of 𝑅𝑅1/1500, analyses were also completed to evaluate the 

increase in estimated 𝑅𝑅1/1500 from the prior evaluations without load tests to the posterior 

evaluations with load tests. The results indicate the average increase in 𝑅𝑅1/1500 from the prior to 

posterior depends on many factors but is dominated by the ratio of within-site variability to 

among-site variability. When the ratio of within-site variability to among-site variability is small (i.e. 

the total variability results primarily from among-site variability), equal to 0.2, the posterior 

estimate of 𝑅𝑅1/1500 after one load test is on average greater than the prior estimate of 𝑅𝑅1/1500 by a 

factor of three. When the ratio of within-site to among-site variability is greater, equal to 1.0, the 

posterior estimate of 𝑅𝑅1/1500 after one load test is greater than the prior by a factor of 1.25. The 

finding that load testing increases 𝑅𝑅1/1500 considerably more when total variability is primarily 

caused by among-site variability rather than within-site variability is consistent with the findings 

regarding posterior parameters. The analysis of posterior parameters revealed that among-site 

variability is effectively diminished by load testing, and that among-site variability is generally 

diminished with relatively few tests; in contrast, the magnitude of within-site variability generally is 

not reduced by load testing. The implications of this finding are discussed in the 

recommendations for practice below. 

The average increase in 𝑅𝑅1/1500 from the prior to posterior also increased with increasing 

nominal prior predictive 𝐶𝐶𝐶𝐶𝐶𝐶, but the effect was less significant than that of the ratio of within-site 

to among site variability. The number of load tests has a relatively modest influence on the 

average increase in 𝑅𝑅1/1500 from the prior to posterior. For the case of relatively low within-site 

variability, most of the increase in the posterior estimate of 𝑅𝑅1/1500 is observed for the first test, 

with diminishing returns for additional testing. Finally, the effect of deterministic-vs.-probabilistic 

within-site variability on the increase in estimated 𝑅𝑅1/1500 is limited. The difference between ratios 
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of posterior to prior 𝑅𝑅1/1500 for deterministic and probabilistic within-site variability were similar for 

all cases and numbers of tests. 

7.2 Conclusions 

Findings from this research highlight significant differences in outcomes between 

deterministic within-site variability, which treats within-site variability as a known, constant 

parameter, and probabilistic within-site variability, which treats within-site variability as an 

uncertain parameter subject to updating based on load test results. The findings support the 

hypothesis: (1) deterministic within-site variability produces greater estimates of 𝑅𝑅1/1500 than 

probabilistic within-site variability for evaluations without load tests and all other parameters equal 

and (2) for evaluations with many load tests, the posterior estimate of 𝑅𝑅1/1500 with probabilistic 

within-site variability converges to the true value of 𝑅𝑅1/1500 while the posterior estimate of 𝑅𝑅1/1500 

with deterministic within-site variability generally does not. 

The differences in estimates of 𝑅𝑅1/1500 between deterministic and probabilistic within-site 

variability produce considerable consequences on satisfaction of the target reliability. Simulations 

comparing the posterior estimates of 𝑅𝑅1/1500 to the true value were characterized as underreliable 

when the estimated value of 𝑅𝑅1/1500 was more than ten percent greater than the true value. For all 

prior distributions evaluated, which included 12 combinations of site parameters ranging from 

relatively high capacity and uniform to relatively low capacity and variable, deterministic within-

site variability produces a significantly greater proportion of underreliable outcomes than 

probabilistic within-site variability. For small numbers of tests, the proportion of underreliable 

outcomes for deterministic within-site variability ranged from 10 percent with low within-site 

variability to 30 percent with high within-site variability. In all cases, the proportion of underreliable 

cases from deterministic within-site variability was about twice the proportion from probabilistic 

within-site variability. The prevalence of underreliable outcomes for deterministic within-site 

variability is attributed to its neglect of uncertainty in within-site variability. As the evaluation of 
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within-site variability from load test data in Chapter 3 documented, estimates of within-site 

variability are, in fact, subject to considerable uncertainty. 

The analysis of micropile load test results from five different sites to develop a distribution 

of within-site variability values validates the premise of the hypothesis. The distribution is 

relatively variable (i.e. the value of within-site variability is, itself, variable), which demonstrates 

that there is, in fact, considerable variability and uncertainty in the value of within-site variability. 

The variability and uncertainty of estimates of within-site variability means that within-site 

variability is truly a probabilistic quantity, and it is therefore worthwhile to examine the 

consequences of treating within-site variability deterministically. 

 The distribution of within-site variability values developed for micropile foundation 

systems is also useful in its own right. The distribution indicates the value of within-site variability 

commonly cited in literature corresponding to 𝐶𝐶𝐶𝐶𝐶𝐶 = 0.2 is an overestimate, at least for micropile 

foundations, which were observed across five sites to have an average within-site 𝐶𝐶𝐶𝐶𝐶𝐶 of 0.15. In 

addition, the data analysis used to develop the distribution of within-site variability suggests the 

stiffness of foundation load-displacement curves is more variable than the ultimate resistance. 

To evaluate the value of foundation load testing from a reliability perspective, it is 

instructive to consider the four parameters used in the Bayesian construction of predictive 

distributions of resistance: 𝜇𝜇𝜇𝜇, the mean of within-site mean; 𝜎𝜎𝜇𝜇, the standard deviation of within-

site mean; 𝜇𝜇𝜎𝜎, the mean of within-site variability; and 𝜎𝜎𝜎𝜎, the standard deviation of within-site 

variability. Of the four, only 𝜇𝜇𝜇𝜇 and 𝜇𝜇𝜎𝜎 define the “true” distribution of resistance at a particular 

site. The other two parameters, 𝜎𝜎𝜇𝜇 and 𝜎𝜎𝜎𝜎, are used to represent the uncertainty associated with 

applying empirical results (values of average resistance and within-site variability, respectively) to 

a new site. Both of the uncertainty parameters, 𝜎𝜎𝜇𝜇 and 𝜎𝜎𝜎𝜎, are zero for the true distribution of 

resistance at a site. The uncertainty parameters are non-zero for empirical design methods. For 

highly variable empirical datasets – a description that applies to most empirical foundation design 

methods – the uncertainty parameters can dominate the total variability of the prior predictive 

resistance.  



 190 

From a reliability perspective, the objective of load testing is to reduce the variability of 

the predictive distribution. Consider the case of unbiased prior information: the prior estimates of 

𝜇𝜇𝜇𝜇 and 𝜇𝜇𝜎𝜎 are correct for an “average” site. In this case, the results of load testing for any given 

site are just as likely to reduce the value of 𝜇𝜇𝜇𝜇 as they are to increase it; likewise, the results of 

load testing are just as likely to increase the value of 𝜇𝜇𝜎𝜎 as they are to decrease it. Accordingly, 

the more dependable reliability benefit of load testing is to reduce the values of 𝜎𝜎𝜇𝜇 and 𝜎𝜎𝜎𝜎. As 

site-specific information regarding the mean and within-site variability of resistance is collected 

through load testing, the uncertainty in the parameters is reduced, and the variability of the 

predictive distribution is reduced in turn. 

Results from this research support this explanation of load test reliability benefits. 

Moreover, the results suggest that the practically achievable load test benefit is to reduce 𝜎𝜎𝜇𝜇, the 

effect of among-site variability. The results indicate significant reductions in 𝜎𝜎𝜇𝜇 can be achieved 

for one load test. In fact, when the ratio of within-site variability to among-site variability is 0.2 and 

the nominal prior predictive 𝐶𝐶𝐶𝐶𝐶𝐶 is 0.5, the prior value of 𝑅𝑅1/1500 was increased by a factor of 

three, on average, after Bayesian updating from one randomly sampled load test. While a ratio of 

within-site to among-site variability of 0.2 and total 𝐶𝐶𝐶𝐶𝐶𝐶 of 0.5 was the most favorable case of any 

evaluated with respect to load test reliability benefits, the conditions are certainly feasible. Three 

of the five sites considered in the evaluation of micropile within-site variability had within-site 

variability corresponding to about 𝐶𝐶𝐶𝐶𝐶𝐶 = 0.1. Additional simulations suggest the reliability benefit 

of load testing is significantly greater when total variability is dominated by among-site variability 

rather than within-site variability. Reducing 𝜎𝜎𝜎𝜎, the uncertainty in within-site variability, can have a 

significant benefit, but is practically unachievable in many cases since many load tests are 

required to produce a significant reduction in the uncertainty surrounding within-site variability. 

For circumstances when the predictive distribution of resistance is dominated by within-

site variability, the value of load testing may be limited. Performing a great number of load tests at 

a site can effectively characterize the value of within-site variability (and therefore reduce 𝜎𝜎𝜎𝜎), but 

performing the load tests will not reduce the magnitude of within-site variability, itself, except 
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inasmuch as the experience of installing test foundations may improve the precision of 

construction outcomes. 

The increase in 𝑅𝑅1/1500 due to load testing is most significant for the first test, with 

diminishing increases for subsequent tests. This finding is largely consistent with common load 

testing practices for most types of deep foundations; designs based on load tests commonly 

include only one test. 

7.3 Recommendations for Practice 

Each of the major conclusions leads to a corresponding recommendation for foundation 

engineering practice. Because probabilistic within-site variability yields more satisfactory and 

considerably fewer underreliable outcomes compared with deterministic within-site variability, it 

should be used for any reliability-based evaluation of designs based on site-specific load tests. 

The simplicity of deterministic within-site variability is appealing, but the numerical methods used 

in this research are not overly-complicated. An alternative to the numerical techniques used here 

is the approach by Baecher and Rackwitz, which involves equations that can be computed with a 

calculator. 

Until and unless additional studies of within-site variability for other foundation systems 

are performed, the distribution developed in this research for micropiles (with average 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅 = 

0.15 and standard deviation of 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅 = 0.05) is recommended for use in Bayesian analysis of 

load test information. Although the distribution is specific to micropiles, the distribution is based 

on results of tests achieving failure or at least significant displacements. Evidence suggests the 

commonly used value of within-site variability corresponding to 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅 = 0.2 is an overestimate, 

likely because few of the load tests that serve as its basis achieved failure. 

The finding that site-specific load test information is of most value from a reliability 

perspective when within-site variability is small relative to among-site variability is also instructive. 

Foundation engineers should consider the sources of variability and uncertainty in their designs 

and formulate their design methodology appropriately. For a given foundation type, if a precise 



 192 

empirical method is available (i.e. among-site variability is low) and construction outcomes or the 

design site are known to be variable, load test information is not likely be to be of significant value 

from a reliability perspective. Precise empirical methods are sometime available, for instance 

when an empirical method is based on a considerable amount of data for a specific type of 

foundation in a specific set of geologic conditions. However, if empirical methods are subject to 

significant uncertainty and within-site variability is relatively small, load test information can 

greatly increase reliability-based design resistance. Highly uncertain empirical methods are the 

norm, not the exception in foundation engineering, and the analysis of micropile within-site 

variability data from this research suggests within-site variability is relatively low, at least 

compared to among-site variability. It is therefore reasonable to expect that for many foundation 

design scenarios, collecting load test information is worthwhile. 

7.4 Recommendations for Future Research 

This research revealed several topics that would be worthy of future study. First, to build 

on the micropile within-site variability analysis presented here, it would be useful to gather and 

evaluate information regarding within-site variability for other types of foundation systems. 

Ground anchors are a feasible target for such an analysis, since, like micropiles, they are 

commonly load tested. Driven piles would be a particularly useful type of deep foundation for 

which to characterize within-site variability, in part because of their prevalence among foundation 

systems. Moreover, comparison of within-site variability between micropiles and driven piles 

could facilitate an interesting comparison of variability between drilled and driven foundations. 

It would also be worthwhile to perform an evaluation of within-site variability that 

considers side resistance and end resistance separately. The evaluation of micropile load test 

data in Chapter 3 is based on load-displacement results at the top of micropiles, without 

consideration of the force distribution within the foundation. Considering the results of this 

research, knowledge of the relative variability between side and end resistance would be useful 

for planning load test programs. For instance, if within-site variability of end resistance were 

revealed to be significantly greater than that of side resistance, load test programs could perhaps 
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be more effective by focusing on measuring side resistance. Considering the prevalence of bi-

directional testing for drilled shafts and, to a lesser extent, auger-cast piles, such a conclusion 

would be meaningful since bi-directional tests typically only achieve ultimate conditions in either 

side resistance or end resistance, not both. 

As noted in Chapter 6, the effect of errors in the prior distributions of average resistance 

and within-site variability were not evaluated in this research; the random sampling was unbiased. 

Evaluation of posterior outcomes with biased sampling would be useful. Because bias in the prior 

distributions would be associated with greater errors between the prior and true conditions, it is 

likely that evaluation of biased priors would reveal even greater differences in outcomes between 

deterministic and probabilistic within-site variability. 

Finally, this research and the previous efforts it builds on provide a framework for 

combining empirical and site-specific information for reliability-based design, but foundation load 

testing is hardly the only application of such an approach. It would be worthwhile to apply the 

methods from this effort to other geotechnical and civil engineering systems: anchored earth 

retention systems, levees and dams with monitoring systems, solid waste disposal sites, and 

water distribution networks, to name just a few. Considering the increasing emphasis on data 

collection and monitoring, an emphasis on thorough and precise consideration of the site-specific 

data with respect to past performance seems prudent. 
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