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OPTIMAL DESIGN OF THE LIMB IN 
COMPOUND BOWS 

Szilard Bott 

Dr. Yuyi Lin, Thesis Supervisor 

ABSTRACT 

Most of the emphasis in research on compound bows was done on the kinetic 

analysis of the cam mechanics and their optimization. When the mechanics of the 

limbs are considered, many assumptions are made, and mostly experimental data 

are used. There is not an analytical model that provides a method for the design 

of the limb. A mathematical model is presented in this paper, which can accurately 

determine the deflection of the limb, the stored strain energy, and the stress in the 

material. While calculating these values, many parameters are considered which 

makes the model a realistic representation for the bow limb analysis. These 

parameters include the pre-strained condition of the limb in un-drawn state, the 

angle of the force acting on the tip of the limb, the characteristics of composite 

materials used in bows, and the variable cross section of the limb beam. The 

numerical model is programmed in Octave and the results are compared with a 

finite element analysis model in Ansys to show its accuracy. An optimization 

problem is set up to obtain the optimum design variables for the beam. The 

objective is to maximize the stored energy in the limb at its full-drawn position. It is 

shown that a beam with a variable cross section of a polynomial gives the 

maximum stored energy, and the optimum parameters are obtained. In another 
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optimization problem, different composite materials are compared according to 

their characteristics to show which provides the best properties. While all materials 

will result in the same strain energy, the compared properties are cost and weight. 

The data used in the optimization are taken with respect to measurements on real 

bows.     
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Chapter 1. 

Introduction 

In this chapter a brief introduction is given about the compound bow. The 

mechanics of its functionality are explained, and the constituent elements are 

introduced. A review of previous research papers on compound bows is presented, 

and the motivation for this thesis is explained. 

1.1 Introduction to the compound bow 

Many consider H. W. Allen as the inventor of the compound bow, who filed the first 

patent on it in 1969 [1]. The ultimate goal of his invention was to store more energy 

in the bow limbs, which in return allows for higher arrow velocity. Another 

achievement of this invention was to minimize the draw force at the end of the 

draw, which allows the archer for better aim at the target. These characteristics 

are especially beneficial when hunting, an area where compound bows have 

become very popular. In traditional bows, the draw force exerted by the archer is 

proportional to the draw length. This requires high strength from the archer when 

high arrow velocity is desired, and also makes the aiming challenging. The 

difference in the draw force curve for traditional and compound bows is shown in 

Figure 1. Allen’s design took advantage of the application of pulleys which are 

connected to both end of the bow limbs, thus influencing the drawing characteristic 

of the bow. Different cam configurations and profiles are used as pulleys in the 

compound bow. A modern compound bow is shown in Figure 2. 
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Figure 1: Comparison of draw force curve between traditional (left) and compound (right) bows [2] 

 

Figure 2: Modern compound bow [2] 
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The base of the bow is the riser which includes the handle. The riser must be rigid 

to withstand the forces during shooting, but also must be not too heavy for ease of 

carrying and holding of the bow. It is typically machined from aluminium, or 

magnesium. The limbs of the bow are connected to the riser on one end, while the 

other end is free to move, thus acting as a cantilever beam. In un-drawn position, 

the limb is already under stress. Its positioning is close to horizontal, which reduces 

the forward motion of the bow when shot, as the opposing forces on the upper and 

lower limbs get neutralized on the riser. The limbs are made of composite 

materials. Allen’s configuration of the bow was a twin-cam or dual-cam design 

according to today’s categorization. The purpose of the cams is to create a 

mechanical advantage ratio between the draw force and the limb’s spring force. In 

a typical dual-cam configuration, there are two cams rotating together through a 

common pivot shaft that is connected to the tip of the limb beam on both sides of 

the bow. The string that is directly pulled by the archer is connected to one of the 

cams, and another two cables, called the control cables are connected to the other 

cams and to the tip of the limb. Therefore, the control cables are the ones that 

directly pull the two limbs together. The mechanical advantage ratio is created by 

the varying distance between the tangent points of the string and the control cable 

on their respective cam profiles and the pivot point of the cams. At the beginning 

of the draw process it is desired to increase the required draw force more rapidly, 

as at this point the limb force is low. This allows the movement of the limb along a 

greater distance. At the middle portion of the draw process, as more limb force 

keeps building up, the mechanical advantage is towards the archer as the draw 
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force reaches its maximum and the limb moves less distance. At the final stage of 

the draw process, the mechanical advantage becomes even more significant, 

where the draw force decreases, allowing the archer for a more relaxed hold, while 

the limb displacement is almost zero. There are two distinctive cam profile shapes, 

circular and oval. The circular cam profile produces such a draw force 

characteristic, where the transition between draw forces along the draw length is 

more aggressive, the peak force is along a short range and the holding force can 

be very low. Bows with circular cams are typically less expensive due to their ease 

of manufacturing, however they can provide less strain energy storage in the limbs. 

On the other hand, the oval shaped cams provide more freedom in design, thus 

allowing for smoother transition between forces along the draw length. This 

characteristic provides a greater range for the peak force, thus allowing for greater 

energy storage, which produces higher arrow velocities. The compound bow 

matches the draw force characteristics of the bow with the physical strength 

capability of the archer, and thus provides a more stable and relaxed holding 

position for aiming, which increases shooting accuracy. For traditional bows, both 

these characteristics are not present. A lot of energy is not taken advantage of at 

the first half of the drawing processes and the maximum drawing force at the end 

of the draw length limits the accuracy of the shot. [1], [2] 

1.2 Review of research papers on bows 

The first notable engineering analysis on bows was done in the 1930’s by C. N. 

Hickman, who presented a mathematical model and analyzed the dynamics of the 
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bow and arrow. In his model, when deriving the equation of motion, he replaces 

the flexible limbs by rigid ones, which are connected to the grip by linear elastic 

hinges. He uses measurements from the real bow to represent the elastic behavior 

of the limbs in his model [3]. P. E. Klopsteg researched different limb materials and 

the optimal cross section area. In his paper, he investigates in bow efficiency and 

explains the energy losses that are not converted into the kinetic energy of the 

arrow. He also describes the archer’s paradox that results in the oscillation of the 

arrow about two nodal points [4]. W. C. Marlow, in his paper, discusses the 

efficiency of the bow in more detail by deriving the Euler-Lagrange equation of 

motion of the bow system for traditional bows. For the first time, it considers the 

string as an elastic element of the bow, creating a more realistic representation for 

the study [5]. B. W. Kooi, in his paper, solves the dynamics of the bow numerically 

for different types of traditional bows [6]. Tiermas published multiple papers on the 

kineto-static modelling of the bow [7], [8]. He proposes two methods to solve for 

the large deflection of the beam. One method is similar to Hickman’s, where the 

limb is considered to be rigid and rotates around an elastic hinge. The second 

method is based on the Euler-Bernoulli equation which was showed to be more 

accurate. However, it uses some measured data on an actual bow to match the 

model with the actual deflection.  

At the University of Missouri multiple papers have been written on compound 

bows. In Lin’s paper, an analytical derivation of the cam kinematics and string 

forces is presented for the dual-cam with circular and oval cam profile type 

mechanisms [9]. Kincy modelled a bow from an early design using a numerical 
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method by Seames and Conway [10] to calculate the large deflection of the beam. 

The beam is broken into segments to calculate the small deflection of each 

segment and the results are then summarized [11]. In Yang’s thesis, the limb 

deflection is calculated in a similar way and it is incorporated in the kineto-elastic 

model to simulate an actual bow [12]. In another thesis by He, the kineto-static 

solution for an actual bow is presented and solved for a dual-cam system type. 

The beam deflection trajectory is obtained by experiment and the spring coefficient 

of the limb is assumed to be constant. This paper also gives an introduction to the 

elasto-dynamic analysis of the bow to analyze its efficiency [13]. In Su’s course 

project, the effect of the twist angle is investigated for the dual-cam bow type with 

circular cam profiles. The optimum values for the twist angles are obtained for 

different scenarios using Sequential Quadratic Programming. [14] 

1.3 Motivation for the thesis 

As presented above, many of the papers already published on compound bows 

deal with the kinetic analysis of different cam designs. When the bow string is being 

pulled, the cams start to rotate as the limbs are being deflected. The accurate 

determination of the position of the limb and the corresponding force, stress, and 

strain energy is an important part of the analysis of the bow. So far, models, when 

calculating deflections, relied on experimental data of an actual bow to match the 

calculations the best, without consideration about the material and geometrical 

properties of the limb. The motivation of this paper is to propose such a model that 

can accurately determine the limb behavior based on its geometry and material, 
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while considering other design parameters relevant to compound bows. The 

purpose of this work is to help the design process of a bow limb, which can be then 

incorporated in the kinetic analysis of the compound bow for a more complete 

analysis. This should save time and money on experiments when developing new 

compound bow designs.
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Chapter 2. 

Deflection of Beams 

In this chapter a review of the derivation of the beam deflection due to bending is 

presented. Mathematical models for numerical solutions are discussed, which are 

applicable for the cantilever beam problem. The properties of composite materials 

relevant to beam bending are reviewed. These findings will serve as building 

blocks for the model derived in the later chapter. 

2.1 Deflection of beams due to bending 

When analyzing the deflection of a beam due to bending, the Bernoulli-Euler law 

is in place, which states that the bending curvature is proportional to the bending 

moment and the flexural rigidity of the beam. Therefore, the equation for the 

curvature can be written as follows: 

=
1

= =
∗

 (2.1) 

Figure 3 shows the deflection of a cantilever beam due to an upward force at the 

tip of the beam. Where, “κ” is the curvature of the beam, “v” is the vertical 

displacement, “ρ” is the radius of the curvature, “θ” is the angle of the slope, “s” is 

the arc length distance along the beam, “M” is the bending moment, “E” is the 

modulus of elasticity and “I” is the moment of inertia of the beam cross section. 

The product of “E” and “I” is the flexural rigidity of the beam. According to equation 
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2.1, the curvature is the reciprocal of the radius of the curve and equals to the arc 

length derivative of the slope of the beam at any point. [15] 

 

Figure 3: Deflection of a cantilever beam due to an upward force [15]  

In many engineering applications the components are designed to be rigid and 

undergo only very small deflections. In such applications the following assumptions 

can be made about the slope and arc length: 

≈  (2.2) 

≈  (2.3) 

Therefore, the following equation for the curvature can be obtained, considering 

the deflection is small: 

=  (2.4) 
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Equation 2.4 is a second order linear differential equation, which can be solved by 

simple integration with the initial conditions. This equation doesn’t account for the 

deflection parallel to the beam, therefore, it considers that the bending moment is 

a linear function of the beam length. [15] 

In some engineering applictaions, where the deflections are large, the assumptions 

made in equations 2.2 and 2.3 will result in significant errors during the 

calculations. The current study of this paper is subject to such an application, as 

the lateral deflection of the limb is significant relative to its length. In this case, the 

exact values for the slope and arc length must be considered by the following 

geometrical relations: 

=  (2.5) 

= ( + )  (2.6) 

After combining equations 2.1, 2.5 and  2.6 the following differential equation can 

be derived for the curvature: 

=
[1 + ( ) ]

 (2.7) 

Equation 2.7 is a second order nonlinear differential equation. [15] 

The calculation of strain energy and the stress in the material caused by bending 

are important parts of the model developed in the later chapter, therefore their 

calculation for isotropic materials are shown here: 
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=
∗
2

∗ (2.8) 

= − ∗ ∗
ℎ
2

 (2.9) 

Equation 2.8 is for the calculation of strain energy, where “L” is the length of the 

beam. Equation 2.9 is for the calculation of stress in the material, where “h” is the 

distance from the neutral axes of bending.  

2.2 Solution to the large deflection of beams 

Due to the nonlinearity of equation 2.7, it presents some difficulties to solve for the 

deflection. Fay, in his book called Flexible Bars [16], thoroughly investigates the 

solution for the large deflection of beams. He provided an analytical solution for 

the deflections, involving the calculation of elliptical integrals. Although this method 

is quite complex and therefore other numerical methods will be investigated, his 

analytical solution will serve as a mean of comparison for the validation of the 

model presented in this thesis.  

Multiple papers have been published by Belendez, who investigates the large 

deflection of cantilever beams and proposes a numerical solution [17]. The beam 

in his study has a uniform rectangular cross-section. The results in the paper are 

validated by experiment. Due to the similarity to the problem in this paper, the 

method by Belendez will be followed. Figure 4 shows the setup for the problem. 
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Figure 4: Large deflection of a cantilever beam problem setup by Belendez [17] 

In the derivation of the solution the “w” term will be neglected, which represents 

the weight distribution of the beam. The reason for this, is that in case of the bow, 

the weight of the limb is neglectable compared to the force at the tip of the beam. 

First, the derivative of equation 2.1 is taken. Using the nomenclature from Figure 

4, the following equation is derived for the derivative of the curvature: 

= =
1
∗

∗  (2.10) 

Where, “φ” is the slope of the beam. The bending moment along the beam length 

is the following: 

( ) = ∗ ( − − ) (2.11) 
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The only variable in equation 2.11 is “x”. The following geometrical relation is used 

for the derivative of “x”: 

= cos  (2.12) 

Therefore, the derivative of equation 2.11 is the following: 

= − ∗  (2.13) 

From equations 2.10, 2.11, 2.12 and 2.13 the following can be derived for the 

derivative of the curvature of the beam: 

=
−

∗
∗ cos  (2.14) 

This equation is a second order nonlinear differential equation, which can be 

solved numerically. Belendez uses the 4th order Runga-Kutta method to solve this 

differential equation. An experiment is performed on a thin, steel beam to validate 

the calculations. The obtained results are proven to be accurate, where the error 

is between 0.5% and 1% on average. [17] 

In a thesis by Visner [18], the analysis of the large deflection of cantilever beams, 

applicable to compound bows are investigated. The work closely follows the work 

of Belendez, but it also includes an angle for the force in the model. The setup of 

the problem is shown below. 
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Figure 5: Problem setup by Visner for the large deflection of cantilever beam [18] 

Visner defines the bending moment as seen in the following equation: 

( ) = ∗ sin ∗ ( − − ) + cos ∗ −  (2.15) 

The following geometrical relation also applies: 

sin =  (2.16) 

The derivative of equation 2.15 is the following: 

= − ∗ (sin α ∗ cos + cos ∗ sin ) (2.17) 

The following equation is obtained for the derivative of the curvature, which is used 

in the numerical solution to solve for the coordinates of the deflected beam: 

=
−

∗
(sin α ∗ cos + cos ∗ sin ) (2.18) 
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Where “α” is the angle between the force and the horizontal axes. This equation is 

solved by the Euler’s numerical method to obtain the deflection curve. An 

experiment is conducted in the paper to compare with the numerical solution. An 

error of 2.34% is presented for the tip deflection. [18] 

2.3 Properties of composite materials relevant to beam bending 

Composite materials have the anisotropic property, therefore they require a more 

complex description to analyze their behavior, than isotropic materials. To describe 

the behavior of an isotropic material, only two independent material related 

constants (Elastic modulus and Poisson ratio) are required. The use of composite 

materials by the means of reinforcement fibers and matrix, enables one to tailor 

the composition of a structure in such a way that a desired mechanical 

characteristic can be achieved. Orthotropic materials have three mutually 

perpendicular planes of symmetry. Orthotropic materials that have one of their 

principal planes as a plane of isotropy, meaning that in that plane all the 

mechanical properties are the same in all directions, are called transversely 

isotropic materials. In many composite material applications, where unidirectional 

fibers are packed in a hexagonal array, this property is valid. These materials have 

five independent elastic constants to describe their behavior. Figure 6 shows a 

transversely isotropic material, where the plane of isotropy is the x1-x2 plane. 
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Figure 6: Transversely Isotropic Material [19]  

The stress in orthotropic materials, which are under plane stress only (their most 

common application), can be calculated according to the following matrix equation: 

=
0
0

0 0
 (2.19) 

Where, the matrix containing the “Q” elements is called the stiffness matrix. The 

elements of the stiffness matrix can be determined by the following equations, 

containing the engineering constants of the composite materials: 

=
1 −

 (2.20) 

=
1 −

 (2.21) 

= =
1 −

=
1 −

 (2.22) 

=  (2.23) 
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Where the term “ν12” is the major Poisson ratio of the material, “ν21” is the minor 

Poisson ratio, ”E1” is the longitudinal elastic modulus (parallel to the reinforcement 

fibers) and ”E2” is the transverse elastic modulus. The minor Poisson ratio is 

obtained by the following equation: 

= ∗  (2.24) 

Composite laminates consist of multiple layers of lamina with various orientation, 

thickness and mechanical properties. Therefore, the mechanical behavior of the 

laminates is a function of the properties of the individual layers, their orientation 

and stacking sequence. Figure 7 shows the representation of a composite laminate 

with multiple layers. Where, there are “n” number of layers, “h” represents the 

height of the layers from the mid-plane of the laminate and “tk” is the thickness of 

the kth layer. 

 

Figure 7: Representation of a composite laminate with multiple layers [19] 
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In this study, only laminates with identical layers and orientation will be considered. 

This category of laminates belongs to the symmetric balanced type laminates. This 

is realistic for bow limbs, as they are under load in one particular direction. This 

load is bending along the principal axes of the beam, which is normal to the plane 

of isotropy. In that direction, the fibers in the laminate dominate the strength of the 

material, which is desired as they are the stronger constituent of the composite 

compared to the matrix material. When analyzing the mechanical behavior of 

laminates, it is more convenient to relate forces and moments to laminate 

deformation. When considering a narrow bean, the strains due to the Poisson’s 

ratio effect can be ignored. Transverse shear deformations are also ignored in this 

study. Given the above stated assumptions, the following moment to curvature 

relation can be obtained:  

= ∗  (2.25) 

Where “Mx” is the bending moment per unit beam width length and “κx“ is the 

curvature of the beam due to bending. The term “D11” is the first element of the 

bending stiffness matrix of the laminate and it can be obtained by the following 

general formula: 

=
1
3

ℎ − ℎ  (2.26) 

However, when the laminate consists of the same layer of material, with the same 

orientation and thickness, the above formula can be simplified to the following 

expression: 



19 
 

=
1

12
∗ ∗ ∗  (2.27) 

Where “n” is the number of layers and “t” is the thickness of a single layer. Equation 

2.28 shows the relation for the flexural rigidity between a composite beam and a 

beam of an isotropic material.  

∗ = ∗  (2.28) 

Where “w” is the width of the beam. This expression can be directly substituted 

into the equation for the strain energy, therefore the strain energy of bending a 

composite beam is the following: 

=
∗
2

∗ (2.29) 

The stress in the kth layer can be calculated by the following equation: 

( ) = −ℎ ∗ ( ) ∗  (2.30) 

In Table 1 below, the properties of three composite materials are shown, which will 

be used in the calculations in the later chapters. These composite materials are 

relatively common. In all three cases, epoxy is considered for the matrix resin 

system. It has very common applications and has relatively high mechanical 

properties. E-glass has relatively low elastic modulus and low strength, whereas 

S-glass has somewhat better properties. Carbon-SM represents carbon 

reinforcement with standard modulus. It has superior properties over both E-Glass 

and S-Glass, however it is also significantly more expensive than the other two. 

For all three reinforcement materials, a layer of 300 grams per square meter is 
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considered for the thickness and price. It should be noted that all composites 

possess significantly less compressive strength as tensile. The reason for this is 

that in compression, the properties of the matrix system dominates, which is 

considerable weaker as the reinforcement material. Whereas in tension, the 

properties of the reinforcement material will dominate the strength of the composite 

laminate. This is of great importance when analyzing bending, as the fibers above 

the neutral axes of the beam are in tension, whereas the fibers below are under 

compression, when considering a horizontal cantilever beam with a downward 

vertical force at its tip. [19] [20] [21] [22] 

 
Unidirectional Composites 

E-Glass / 
Epoxy 

S-Glass / 
Epoxy 

Carbon-SM / 
Epoxy 

E1, Longitudinal modulus (GPa) 41.00 45.00 147.00 

E2, Transverse modulus (GPa) 10.40 11.00 10.30 

ν12, Major Poisson’s ratio (-)  0.28 0.29 0.27 

F1t, Longitudinal tensile strength 
(MPa) 1140 1725 2280 

F2t, Longitudinal compressive 
strength (MPa) 620 690 1725 

ρF, Density of fibres (g/cm3) 2.54 2.49 1.81 

FVf, Fibre volume Fraction (-) 0.55 0.50 0.63 

t, Thickness of cured ply (mm) 0.22 0.24 0.26 

Price ($/m2) 2.0 7.0 15.0 

Table 1: Properties of three common composite materials [19] [20]
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Chapter 3. 

Numerical Solution of the Large Deflection of Cantilever Beams 

In this chapter, the developed numerical model for the deflection of the cantilever 

beam relevant to compound bows is described. The model presented in section 2 

by Belendez will be followed, and the addition of the angle for the force will be 

included as by Visner. The chosen numerical method for solving the ordinary 

differential equation is the 4th order Runga-Kutta method. After the description of 

the solution for the basic equation, the model is modified to account for beams with 

a variable cross section and the orthotropic property of composite materials. The 

model is encoded in the open source computer program Octave. The solution is 

compared to an analytical solution from Fay for the steel beam with constant cross 

section. For the composite beam bending, the model is compared to a simulation 

conducted in the finite element analysis program, Ansys. These comparisons will 

serve to validate the accuracy of the presented numerical model. 

3.1 Description of the model for the numerical solution of the beam deflection 

First, the numerical solution of the general equation will be introduced as described 

in section 2, which considers a constant cross section, constant angle for the force 

and the properties of an isotropic material. The equation for the derivative of the 

curvature is shown again below: 

= =
−

∗
(sin α ∗ cos + cos ∗ sin ) (3.1) 
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This is a second order, nonlinear, ordinary differential equation. The boundary 

conditions for a cantilever beam are the following: 

(0) = 0 (3.2) 

= = 0        =  (3.3) 

Where L is the length of the beam. This means, that the beam at the fixed end has 

a slope of zero and the curvature at the free end is zero. First, equation 3.1 needs 

to be converted into a system of first order differential equation for the numerical 

solution. The system of equation comprises of the following two equations: 

=  (3.4) 

=  (3.5) 

These are the two unknows which need to be solved simultaneously. In the 4th 

order Runga-Kutta method, the values of these unknowns are determined by 

taking a four-point approximation of their derivatives at each step size. The step in 

the method, in this case represents the arc length of the beam. Therefore, the 

derivatives of the above equations are the followings: 

=  (3.6) 

=
−

∗
(sin α ∗ cos + cos ∗ sin ) (3.7) 
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According to the boundary conditions, the following equations need to be satisfied 

for the two unknowns: 

(0) = 0 (3.8) 

( ) = 0 (3.9) 

This represents a mixed boundary value problem. Problems of this type can be 

solved by the iterative shooting method. In this case an initial guess for the 

curvature is chosen at the fixed end of the beam, which is iteratively improved to 

produce a zero curvature at the free end of the beam, which will then satisfy the 

boundary in equation 3.9. In every scenario, the slope will start from zero at the 

fixed end to satisfy equation 3.8. For the shooting method algorithm, the bisection 

technique was chosen. The structure of the algorithm is presented in Figure 8 

below. It is known, that for the cantilever beam problem with a downward force, 

the curvature at the fixed end is a positive number, which then converges to zero 

at the free end. The bisection method allows to choose a range for the initial guess 

for the curvature at the fixed end of the beam. If the lowest number is chosen to 

be zero and the highest limit is set to a maximum curvature that can be predicted, 

the method will guarantee to converge to the solution, thus resulting in a stable 

algorithm. The stopping criteria for the bisection algorithm is set for the curvature 

to be zero within a certain tolerance at the free end of the beam. The “x” and “y” 

coordinates at any point of the beam can be obtained by the equations 3.10 and 

3.11 respectively. In the numerical program, these integrals are evaluated by the 

trapezoidal rule to obtain the deflection curve. 
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( ) =   (3.10) 

( ) =   (3.11) 

 

Figure 8: Shooting method algorithm to solve the large deflection of cantilever beam 

3.2 Deflection of a steel cantilever beam with constant cross section 

In this section, the above described numerical model will be tested on an example 

problem, which was solved analytically by Fay, using elliptical integral calculations 
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for a steel beam with a constant cross section and an inclined load at the tip. The 

problem setup from Fay’s book is shown below. 

 

Figure 9: Cantilever beam problem setup with inclined load by Fay [16] 

Table 2 shows the data for the example problem:  

 Imperial units Metric Units 

Beam length 260 [in.] 6.604 [m] 

Beam height 0.25 [in.] 6.35*10-3 [m] 

Beam width 2.5 [in.] 6.35*10-2 [m] 

Elastic modulus 30*106 [lb/in2] 206.84 [GPa] 

Force 5 [lb] 22.24 [N] 

Force angle 45 [degree] 45 [degree] 

Table 2: Data for the example problem by Fay 

In Fay’s book, the data are given in imperial units, which are converted to metric 

units here. Due to the large length of the beam, this deflection will result in a 

relatively large lateral displacement, which provides a good opportunity to test the 



26 
 

accuracy of the model for an extreme case. To determine the moment of inertia of 

a rectangular cross section in equation 3.7, the following equation is used. 

=
∗ ℎ
12

 (3.12) 

The program prepared in Octave was run with the following parameters.  

Step size 100 

Initial min. curvature at s=0,  0.0 

Initial max. curvature at s=0,  5.0 

Tolerance for the curvature at the free end 0±0.0001 

Table 3: Parameters of the numerical algorithm 

The graph of the obtained result after running the program in Octave is shown in 

Figure 10 below. The comparison between the analytical result by Fay and the 

result from the numerical solution is shown Table 4 below. The bisection algorithm 

required 14 iterations to converge to the right initial curvature, which is 0.46280. 

As shown below, the obtained results produce an error around 0.5 % for the 

coordinates at the tip of the beam. This validates the accuracy of the model. The 

step size for this result was set to 100, which means that the function in equations 

3.4 and 3.5 are evaluated at every 66.04 mm along the length of the beam. It 

should be also noted that by further increasing the step size or reducing the 

tolerance will not noticeably improve the solution, therefore this setup is considered 

to be the optimum for the numerical model, and will be used in later example 

problems. 
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Figure 10: The deflected beam shape from the numerical solution 

Coordinates of 
deflected beam at 

the free end 

Analytical solution 
by Fay [m] 

Numerical 
solution [m] Error [%] 

x 3.1496 3.16435 0.47 

y 5.0546 5.08230 0.55 

Table 4: Comparison of the results 

3.3 Deflection of a composite cantilever beam with constant cross section 

In this section, the model is modified to account for the orthotropic property of a 

composite material. Equation 3.1 needs to be modified to the form seen below, 

where the flexural rigidity of the beam for isotropic material is replaced by the 

flexural rigidity of the composite material.  
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=
−
∗

(sin α ∗ cos + cos ∗ sin ) (3.13) 

An example problem is demonstrated using the parameters in Table 5: 

Beam length [m] 0.25 

Beam width [m] 0.04 

Force [N] 1200 

Force angle [degree] 70 

Material s-glass/epoxy 

Number of plies 40 

Table 5: Parameters of Example problem #2  

As already derived in section 2.3, the term “D11”, representing the first element of 

the stiffness bending matrix of the laminate, can be obtained by the following 

equations. The material properties of the s-glass/epoxy composite are taken from 

Table 1. 

= ∗ = 11 ∗
0.29
45

= 0.07 [−] 

=
1 −

=
45

1 − 0.29 ∗ 0.07
= 45.94 [ ]  

=
1

12
∗ ∗ ∗ =

1
12

∗ 45.94 ∗ 35 ∗ 0.00024 ∗ 10 = 2269.3 [ ∗ ]  

The resulted deflection curve of the beam is shown in the figure below. 
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Figure 11: The deflected beam shape for the s-glass/epoxy composite with constant cross section 

The results of the numerical solution are shown in Table 6 below: 

x coordinate (at s=L) 0.24502 

y coordinate (at s=L) 0.04527 

Slope (at s=L) 0.27435 

Curvature (at s=0) 2.17621 

Strain energy [Joule] 27.121 

Maximum stress [MPa] 479.93 

Table 6: Results of example problem #2 

For a beam with constant cross section, the maximum stress in the material occurs 

where the curvature is the maximum, which is always at the fixed end of the beam. 

Furthermore, the stress linearly increases with the distance from the neutral axis 

of the beam, therefore the maximum stress will always occur at the outer surface 

of the beam. 



30 
 

3.4 Deflection of a composite cantilever beam with variable (linearly) cross 

section 

In this section, the equation is modified to account for the variable cross section of 

the beam. The height of the beam will be defined by a linear function, while the 

width of the beam remains constant. In the case of composites, the linear function 

will apply to the number of composite layers. Therefore, the height (“h”) of the beam 

will vary according to the following equation: 

ℎ( ) = ( ) ∗  (3.14) 

( ) = − ∗  (3.15) 

= −  (3.16) 

Where “n0” is the number of plies at the fixed end of the beam and “nL” is the 

number of plies at the free end. The number of plies will always be more at the 

fixed end of the beam and will linearly decrease towards the free end. This is 

because the maximum bending moment occurs at the fixed end of the beam, thus 

requiring more material strength at that point. First, equation 2.1 is modified to 

include the bending stiffness of the composite and the variable cross section: 

=
( )

∗ 1
12 ∗ ∗ ( ) ∗

 (3.17) 

After rearranging the equation, the following form is obtained: 
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( ) ∗ =
( )

∗ 1
12 ∗ ∗

  (3.18) 

Next, the derivative of the function is taken. The only function of arc length on the 

right side of equation 3.18 is the bending moment. Its derivative was already solved 

in equation 2.17. On the left side of equation 3.18, the chain rule of derivation 

needs to be applied. After taking the derivative and rearranging the equation, the 

following expression is obtained for the derivative of the curvature (2nd derivative 

of the slope): 

=
− ∗ (sin α ∗ cos + cos ∗ sin )

∗ 1
12 ∗ ∗ ∗ ( )

+
3 ∗
∗ ( ) ∗  (3.19) 

Now, the same numerical method can be applied to this equation as already 

described in section 3.1. However, this equation now includes terms of the arc 

length (“s”) and the curvature (“ ”), which must be considered when calculating 

the coefficients in the Runga-Kutta method. The strain energy in the beam can be 

obtained by the following equation: 

=
∗ ∗

24
∗ ∗ ( )   (3.20) 

The stress in the material along the outer surface can be calculated by the following 

expression: 

=
∗ ∗ ( )

2
∗  (3.21) 
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The functionality of the model is presented through another example problem. The 

data used for the problem is shown in Table 7 below: 

Beam length [m] 0.25 

Beam width [m] 0.04 

Force [N] 1200 

Force angle [degree] 70 

Material s-glass/epoxy 

n0 40 

nL 20 

Table 7: Parameters of example problem #3 

It should be noted that the data used is the same as for the previous problem; only 

that the number of plies linearly decreases toward the free end of the beam to 20 

plies. Figure 12 shows the graph of the deflected shape of the beam from the 

numerical solution. The obtained results are shown in Table 8. An important finding 

of these results is how the strain energy almost doubled compared to the energy 

from the last problem, whereas the maximum stress in the material is about the 

same. This is due to the fact that the stress in the material is more evenly 

distributed along the beam length and that the strain energy is proportional to the 

stress in the material. This is very important, because one of the goals of designing 

a limb for the bow is to increase the stored energy without breaking the material. 

This shows that a linearly varying cross section is a superior design compared to 

a constant cross section for a limb of a bow. 
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Figure 12: Deflected beam shape of a composite with linearly varying cross section 

x coordinate (at s=L) 0.23541 

y coordinate (at s=L) 0.07251 

Slope (at s=L) 0.54752 

Curvature (at s=0) 2.17876 

Strain energy [Joule] 44.352 

Maximum stress [MPa] 481.25 

Table 8: Results of example problem #3 

3.5 Deflection of a composite cantilever beam with variable (2nd degree 

polynomial) cross section 

In this section the height of the beam is defined by the following 2nd degree 

polynomial: 

ℎ( ) = ( ) ∗  (3.22) 
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( ) = ∗ + ∗ +  (3.23) 

Similarly to the last section, equation 2.1 needs to be modified to account for the 

variable cross section. After the derivation, similarly to the last section, the 

equation for the derivative of the curvature is the following: 

=
− ∗ (sin α ∗ cos + cos ∗ sin )

∗ 1
12 ∗ ∗ ∗ ( )

−
3 ∗ (2 ∗ ∗ + )

( ) ∗  (3.24) 

To obtain the strain energy and the stress in the beam, the same expressions can 

be used as in the last section, only the N(s) function needs to be changed to the 

one presented here. The model’s functionality is presented through another 

example problem. To validate the model, the results are also compared to a 

simulation performed in the finite element analysis software, Ansys. The used data 

for the problem is shown in Table 9 below:  

Beam length [m] 0.25 

Beam width [m] 0.04 

Force [N] 1200 

Force angle [degree] 70 

Material s-glass/epoxy 

a 95.4 

b -108.7 

c 41.2 

Table 9: Parameters of Example problem #4 
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The height function with the defined parameters in Table 9 is shown in equation 

3.25, and the plot of this function along the beam length can be seen in Figure 13. 

ℎ( ) = (95.4 ∗ − 108.7 ∗ + 41.2) ∗ 0.24 ∗ 10  [ ] (3.25) 

 

Figure 13: Height function of the beam 

After running the program in Octave, the deflection curve shown in Figure 14 was 

obtained. Next, a simulation is set up in Ansys with the same data. Figure 15 shows 

the setup for the simulation. 

 

Figure 14: Deflected shape of the beam with a varying cross section (2nd degree polynomial) 
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Figure 15: Cantilever beam simulation setup in Ansys 

The geometry of the beam was created in Solidworks with the exact curve 

equation, and then it was imported to Ansys. The predefined material properties in 

Ansys of the Epoxy S-glass UD material were used as a basis and then modified 

to match the data shown in Table 1. The figure below shows the stress distribution 

in the beam after running the simulation. Table 10 below shows the comparison of 

the results between the numerical model and Ansys. 

 

Figure 16: Stress distribution in the beam 
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 Octave model Ansys Error [%] 

x coordinate at s=L [m] 0.23431 0.23418 0.05 

y coordinate at s=L [m] 0.07433 0.07486 0.71 

Strain energy [Joule] 45.5 46.7 2.55 

Maximum stress [MPa] 480.3 487.8 1.56 

Table 10: Comparison of results between the numerical model and the simulation in Ansys 

As seen from the table above, the results from the numerical solution match very 

well with the Ansys simulation, within acceptable errors. This further validates the 

accuracy of the numerical model.
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Chapter 4. 

Design Optimization of the Bow Limb 

In this chapter an optimization design model is presented for the limb of a 

compound bow. The general setup for the problem is shown Figure 17 below, 

where two states of the bow limb are considered. One is, when the bow is in un-

drawn state and the seconds is when the bow is in full-drawn position. 

 

Figure 17: General setup for the optimization problems 

The goal of any optimization is to either minimize or maximize an objective 

function, while choosing the optimal design variables and satisfying all the design 

constraints. An experiment on two compound bows is also presented and the 

results are used as reference for the optimization problem. The optimization 

algorithm is performed in the program Octave. The “octave sqp” embedded 

optimization algorithm is used, which utilizes the sequential quadratic 

programming method. The optimization is initiated through the “fmincon” function, 
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which can account for the nonlinear constraint functions. Two scenarios are 

investigated for the design optimization. In the first case, the goal is to maximize 

the strain energy in the limb. The optimization algorithm will be run separately for 

the linearly variable cross section and the cross section defined by a second-

degree polynomial. The result of these two will be compared. In the second 

optimization problem, the goal will be to minimize the material volume in the limb 

while achieving a preset strain energy. The three composite materials in Table 1 

will be compared. As a performance measure the price and weight of the limb will 

be compared for the three materials. 

4.1 Design constraints for the limb of a compound bow 

First, the design constraints are described, which will be common for both 

optimization problems. These constraints are specific for the functionality of the 

compound bow. First, when the bow is in un-drawn state, the limbs are already in 

a pre-strained condition. This can be represented by the lateral displacement of 

the pre-strained condition (Figure 17). Therefore, one of the constraints is to 

ensure a minimum pre-strained displacement according to the following inequality: 

≥  (4.1) 

Where “yps” is the lateral displacement of the limb’s tip in the un-drawn position 

and “c1” is the minimum displacement constraint. As described in section 1.1, the 

mechanical advantage in the compound bow is accomplished by the continuous 

rotation of the cam pulleys attached to the tip of the bow limb. The rotation of the 
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cams and the deflection of the limbs are simultaneously happening during the draw 

process. Therefore, a minimum range of deflection for the beam must be ensured 

so the cams are enabled to provide the necessary mechanical advantage. This 

range of deflection is also influenced by the design of the cams. Since, that is not 

the subject of this thesis an assumption will be made for this range of deflection. 

The constraint can be defined by the inequality shown below. Where “yf” is the 

lateral displacement of the limb at full-drawn position.  

( − ) ≥  (4.2) 

Next, a constraint must be defined for the maximum allowable limb force. This 

allowable force is a function of limb displacement, the mechanical advantage 

provided by the cam design and the maximum pulling force of the archer.  

≤  (4.3) 

Another constraint is the maximum allowable stress in the material. As discussed 

in section 2.3, composite materials possess less strength in compression as in 

tension. Therefore, the limit for allowable stress will be set according to the 

strength of the material under compression. The constraint is defined according to 

the inequality below. 

≤  (4.4) 

Where, “σall” represents the allowable stress of the material in compression and 

“SF” is the factor of safety. 
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4.2 Experiment on compound bows 

One of the most important characteristics of the compound bow is the draw force 

curve. It is known that the area below the curve is the potential energy. An 

experiment was taken to measure the draw force characteristic of two different 

type of bows for reference. The setup for the experiment is shown in Figure 18 

below.  

 

Figure 18: Experiment on the bow 

A metal frame was used as a stance which enables the stable positioning of the 

bow and also includes a mechanical crank to draw the bow string. Between the 

crank and the string, a force measurement device is mounted to capture the draw 
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force. The draw length can be obtained from the ruler that is mounted on the 

stance. For both experiments, the draw force was captured after one inch of draw 

length. Three measurements were taken for each bow and the average values 

were used to draw the draw force curve. The plot of the draw force curve for the 

two bows is shown in Figure 19 and Figure 20. From the two plots, it can be seen 

that the draw force characteristics are very different for the two bows. The first bow 

has a relatively smooth draw force buildup and the peak force is only for a short 

range. This curve has a peak force of 183 Newtons, a holding force of 72 Newtons 

and a total potential energy of 54.3 Joules. 

 

Figure 19: Draw force curve of bow #1 

On the other hand, the second bow has a more abrupt buildup of draw force, which 

is then kept for the majority of the draw length. This bow has a maximum draw 
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force of 211 Newtons, a holding force of 68 Newtons and a stored potential energy 

of 78.7 Joules. The draw length is 50 centimeters for each bow. Because of the 

higher energy, the second bow will also provide a higher arrow velocity. Since this 

energy is distributed between two limbs, the stored strain energy per limb is 39.4 

Joules in the case of the second bow. It was also obtained that the limb force for 

both bows at full-drawn position was around 1500 Newtons. 

 

Figure 20: Draw force curve of bow #2 

4.3 Design optimization to maximize strain energy 

In the optimization problem presented in this section, the objective function is to 

maximize the useful strain energy of the bow limbs, which can be obtained by the 

equation below: 
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= −  (4.5) 

Where, “SEf” is the strain energy of the limb at full-drawn position and “SEps” is the 

strain energy in un-drawn position. The useful energy, “SEu” is the one that is 

transformed into the kinetic energy of the arrow after the release of the string. First, 

the optimization is performed on a limb with a linearly variable height function. For 

the optimization algorithm, the constant parameters (Table 11), the design 

variables with the boundaries (Table 12) and the nonlinear constraints (Table 13) 

need to be defined. The geometrical parameters, the boundaries on the design 

variables and the nonlinear constraint values were taken with respect to the 

experiment above. The factor of safety, which affects the allowable stress in the 

material was chosen to be 1.6.   

Length of the beam [m] 0.25 

Width of the beam [m] 0.05 

Limb material S-glass/epoxy 

SF 1.6 

Table 11: Parameters used in the optimization problems 

Design variables Notation Boundaries 

Limb force at un-drawn state [N] x1 0 ≤ x1 ≤ 1500 

Limb force at full-drawn state [N] x2 0 ≤ x2 ≤ 1500 

Angle of the force [degree] x3 30 ≤ x3 ≤ 80 

Number of plies at the fixed end of the beam x4 0 ≤ x4 ≤ ∞ 

Number of plies at the free end of the beam x5 0 ≤ x5 ≤ ∞ 

Table 12: Design variables with boundary constraints in optimization problem #1 
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Pre-strained limb tip displacement (cm) ≥ 3 

Limb tip displacement along the drawn process (cm) ( − ) ≥ 4 

Maximum allowable stress in the limb (MPa) ≤ 431.25 

Table 13: Nonlinear design constraints in the optimization 

The structure of the optimization algorithm is shown in Figure 21 below. The 

algorithm is initiated through the inbuild “fmincon” function. With the initial values 

of design variables, first the slope ( ) and curvature ( ) are obtained.  

 

Figure 21: Structure of the optimization algorithm 
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The design variables are plugged into equation 3.19 to obtain the below seen two 

equations (4.6, 4.7). The only difference between the two equations is the 

magnitude of the force (x , x ). These two equations are solved separately 

according to the model described in section 3 to obtain the slope and curvature 

along the arc length of the limb in the two states (un-drawn and full-drawn) of the 

bow. 

d φ
ds

=
−x ∗ (sin x ∗ cos φ + cos x ∗ sin φ )

w ∗ 1
12 ∗ Q ∗ t ∗ x − (x − x ) ∗ s

L
+

3 ∗ (x − x )

L ∗ x − (x − x ) ∗ s
L

∗
dφ
ds

 (4.6)

 

d φ
ds

=
−x ∗ (sin x ∗ cos φ + cos x ∗ sin φ )

w ∗ 1
12 ∗ Q ∗ t ∗ x − (x − x ) ∗ s

+
3 ∗ (x − x )

L ∗ x − (x − x ) ∗ s ∗
dφ
ds

 (4.7)

 

The next step in the optimization algorithm is to check whether any of the nonlinear 

constraints (Table 13) are violated. The tip coordinates of the beam are calculated 

based on the obtained slope values, according to the following two equations. 

=  ( )  (4.8) 

= sin (φ )  (4.9) 
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When evaluating the constraint for the maximum allowable stress, the design 

variables and the above obtained curvature values are plugged into equation 3.21 

to obtain the following expression.  

=
∗ ∗ x − (x − x ) ∗

2
∗

dφ
ds

 (4.10) 

This equation will result a maximum stress distribution along the arc length of the 

limb. Here, only the beam in full-drawn position is evaluated, as the stress in the 

un-drawn position will always be less due to the smaller magnitude of the limb 

force. If any of these constraints are violated, then the design variables are 

modified according to the sequential quadratic method and the algorithm will start 

again from the beginning. If none of them are violated, then the objective function 

is evaluated. The strain energy in the two states of the limb are obtained by 

plugging in the curvature and the actual values of the design variables to equation 

3.20. Therefore, the following equations need to be evaluated. 

=
∗ ∗

24
∗

φ
∗ x − (x − x ) ∗ (4.11) 

=
∗ ∗

24
∗

φ
∗ x − (x − x ) ∗ (4.12) 

Given these values, now the objective function (Equation 4.5) can be calculated. 

If this function is at a local maximum, then the algorithm is terminated and the 

solution is found, otherwise the design variables are corrected and the algorithm 

will start from the beginning. The “fmincon” function only finds local minimums, 
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therefore when implementing the algorithm, the negative value of equation 4.5 is 

taken. This, however does not affect the obtained solution. Since, the SQP 

optimization algorithm only finds local minimum values, initiating the algorithm with 

different initial values of design variables might result in different solutions. 

Therefore, the program was run multiple times with different initial values to find a 

global minimum. Although it is still not guaranteed that an objective function with a 

larger strain energy could not be found, a significant improvement is not expected. 

The highest value of objective function was found when the program was run with 

the initial values listed in Table 14 below.  

x1 1350 

x2 450 

x3 60 

x4 50 

x5 20 

Table 14: Initial design variable values in optimization #1 

After running the optimization algorithm with the initial values above, the optimized 

design variables in Table 15 were obtained. With the resulted number of plies at 

each end of the limb, the thickness at the fixed end of the limb is 10.08 mm, 

whereas the thickness at the free end is 3.36 mm. The corresponding objective 

function and constraints for the limb displacement are listed in Table 16. It is noted 

that the constraints on the limb tip displacements are active constraints. The 

constraint on the maximum allowable stress in the limb is also active, and its 

distribution along the length of the limb is shown in Figure 22 below. 
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x1 1398.9 

x2 561.7 

x3 80 

x4 42 

x5 14 

Table 15: Optimum design variables of optimization #1 

Useful strain energy (Joules) 40.11 

Pre-strained limb tip displacement (cm) 3 

Limb tip displacement along the drawn process (cm) 4 

Table 16: Results of optimization #1 

 

Figure 22: Maximum stress distribution along the arc length of the limb 

In the next optimization problem, the beam with a second-degree polynomial 

height function is considered, while all the constant parameters (Table 11) and 
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constraints (Table 13) are kept the same as in the last problem. The design 

variables with the boundaries are shown in Table 17 below: 

Design variables Notation Boundaries 

Limb force at un-drawn state [N] x1 0 ≤ x1 ≤ 1500 

Limb force at full-drawn state [N] x2 0 ≤ x2 ≤ 1500 

Angle of the force [degree] x3 30 ≤ x3 ≤ 80 

Parameter “a” in the height function x4 -∞ ≤ x4 ≤ ∞ 

Parameter “b” in the height function x5 -∞ ≤ x5 ≤ ∞ 

Parameter “c” in the height function x6  -∞ ≤ x6 ≤ ∞ 

Table 17: Design variables with boundary constraints in optimization problem #2 

The structure of the optimization algorithm is the same as in the last problem. 

When solving the slope and curvature values along the arc length, the design 

variables are plugged into equation 3.24 to obtain the following expressions for the 

two states of the bow limb: 

φ
=

− ∗ (sin ∗ cos φ + cos ∗ sin φ )

∗ 1
12 ∗ ∗ ∗ ( ∗ + ∗ +  )

−
3 ∗ (2 ∗ ∗ + )

∗ + ∗ +  
∗

φ
 (4.13)

 

φ
=

− ∗ (sin ∗ cos φ + cos ∗ sin φ )

∗ 1
12 ∗ ∗ ∗ ( ∗ + ∗ +  )

−
3 ∗ (2 ∗ ∗ + )

∗ + ∗ +  
∗

φ
 (4.14)
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Similarly to the last problem the following equations are used to obtain the 

maximum stress distribution (equation 4.15) and the energy values (equation 4.16 

and 4.17) of the limb: 

=
∗ ∗ ( ∗ + ∗ + )

2
∗

dφ
ds

 (4.15) 

=
∗ ∗

24
∗

φ
∗ ( ∗ + ∗ + ) (4.16) 

=
∗ ∗

24
∗

φ
∗ ( ∗ + ∗ + ) (4.17) 

The highest value of objective function for the problem was found with the initial 

design values listed in Table 18 below. 

x1 1350 

x2 450 

x3 60 

x4 -150 

x5 -100 

x6 50 

Table 18: Initial design variable values in optimization #2  

With these initial values the obtained optimum design variables from the 

optimization algorithm are listed in Table 19 below. The obtained parameters for 

the polynomial result in the height function shown in Figure 23 below. The 

corresponding objective function and constraints for the displacement are listed in 

Table 20. 
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 x1 1496.0 

x2 606.8 

x3 71.2 

x4 -202.4 

x5 -72.8 

x6 42.1 

Table 19: Optimum design variables from optimization #2 

 

Figure 23: Height function of the beam obtained from optimization #2 

Useful strain energy (Joules) 45.22 

Pre-strained limb tip displacement (cm) 3 

Limb tip displacement along the drawn process (cm) 4.1 

Table 20: Results from optimization #2 

It can be seen that a larger value for the objective function was achieved with a 

difference of 5.11 Joules, which results in a 12.7% increase. Therefore, it can be 

concluded that this limb design is superior over the linearly variable height function. 
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Figure 24 shows the distribution of the maximum stress in the cross section along 

the arc length. It also explains the increase in the stored energy. The strain energy 

is proportional to the stress distribution in the beam. From Figure 24, it can be 

clearly seen that the stress in the material, in this case, closely follows the 

allowable stress over a larger range as compared to stress distribution in the 

previous optimization problem (Figure 22). 

 

Figure 24: Maximum stress distribution along the arc length of the limb from optimization #2 

In the next optimization problem, instead of the s-glass/epoxy material, the 

properties of the carbon/epoxy material were applied, the 2nd degree polynomial 

was considered, while everything else was kept the same. The optimum design 

variables are shown in the table below. 
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x1 1500.0 

x2 540.0 

x3 56.1 

x4 -116.1 

x5 -39.1 

x6 24.2 

Table 21: Optimum design variables of optimization #3 

These design variables will result in a useful energy of 58.8 Joules. This is an 

additional 13.6 Joules, which is a 30% percent increase compared to the s-

glass/epoxy material. This result shows how carbon fiber is more superior than 

glass fiber in this application when maximizing the strain energy.  

4.4 Design optimization to minimize material volume 

In this section the three materials in Table 1 are compared. The objective function 

of the optimization is to minimize the material used for the limb, while achieving a 

pre-set strain energy. A beam with a varying cross section of a polynomial is 

considered. The structure of the optimization algorithm is the same as in the 

previous problems, only the objective function is different and an additional 

constraint is defined for the strain energy. The design variables with the boundaries 

are the same as listed in Table 17. To calculate the material volume of the beam, 

equation 4.18 is applied, where the term in the integral represents the layer 

distribution of the composite ply along the length of the beam. 
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= ∗ ( + + ) =
∗ ∗ ∗ (2 + 3 + 6 )

6
 [ ] (4.18) 

After plugging in the design variables in this equation the following form is obtained 

for the objective function. 

=
∗ ∗ ∗ (2 ∗ ∗ + 3 ∗ ∗ + 6 ∗ )

6
 [ ] (4.19) 

Other than the constraints listed in section 4.3 (Table 13), a constraint for the strain 

energy is defined according to the inequality below. 

≥ 40 [ ] (4.20) 

The width and length of the limb and the design safety factor are taken from Table 

11. As a means of comparison, the weight and the material price of the limb will be 

considered for the three composites. To obtain the weight of the beam, first the 

density of each composite material needs to be calculated. The density of epoxy 

resin is 1.2 g/cm3. The steps of the calculation are shown below. 

=
∗

+ ( − ) ∗
 (4.21) 

= ∗ + 1 − ∗  (4.22) 

Where, “FWf” is the fiber weight fraction in the laminate, “ρm” is the density of the 

matrix material and “ρL” is the density of the composite material. After these 

calculations the density values for the three composite materials can be obtained. 
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/ = 2.17 [ / ] 

/ = 2.07 [ / ] 

/ = 1.64 [ / ] 

After running the optimization algorithm, the obtained optimum design variables 

are listed in Table 22 below. The results from the optimization are shown in Table 

23. In all three cases, the constraint on the minimum strain energy is active, 

meaning that they will all achieve a useful energy of 40 Joules. Since composite 

materials are manufactured in sheets, to determine their required area, the volume 

is divided by the thickness of the respective composite sheet.  

 E-Glass / 
Epoxy 

S-Glass / 
Epoxy 

Carbon-SM / 
Epoxy 

Limb force at un-drawn state [N] 1397.0 1073.1 699.6 

Limb force at full-drawn state [N] 556.3 361.4 120.7 

Angle of the force [degree] 79.7 70.6 69.0 

a -269.8 -222.6 -90.5 

b -76.7 -54.4 -30.8 

c 46.7 35.5 16.1 

Table 22: Optimum design variables of optimization problem #4 

From the results obtained, it can be concluded that the e-glass/epoxy composite 

will result in the least expensive material price for the limb and the carbon/epoxy 

composite will result the lightest limb design. The s-glass/epoxy composite is not 

recommended for this application according to the above results, as it is both 
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heavier and more expensive than the carbon/epoxy composite. Since, the 

carbon/epoxy composite produces three times less heavy and two and a half times 

more expensive limb design compared to the e-glass/epoxy, it is a question of, 

whether the bow is designed for advanced performance or affordable price when 

choosing the material. 

 E-Glass / 
Epoxy 

S-Glass / 
Epoxy 

Carbon-SM / 
Epoxy 

Material volume [cm3] 86.5 72.1 33.6 
Limb weight [gram] 187.7 149.2 55.1 
Material area [m2] 0.393 0.300 0.129 
Material price [$] 0.79 2.10 1.94 

Table 23: Results of optimization problem #4 

4.5 Assumptions made in the design optimization 

The assumptions and simplifications made in the design proposal are noted here. 

It is known, that when the bow is being drawn, the cams are continuously rotating, 

therefore the mechanical advantage, the angle and the magnitude of the limb force 

continuously varies. However, these parameters are considered to be constant in 

the optimization model presented in this section, and only two states of the draw 

process are analyzed, the un-drawn state and the full-drawn state of the bow. 

Therefore, when considering the boundaries for the design variables and the 

constraint parameters, a larger range of possible designs was allowed compared 

to the measured data in the experiments in section 4.2. Therefore, the results 

obtained from the optimizations should not be directly compared to the energy 
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values obtained in the experiments. Also, the factor of safety was arbitrarily chosen 

to be 1.6. Without knowing what the industry standard for this value is, different 

values could also be analyzed to either relax or tighten the constraint on the 

maximum allowable stress. The main purpose of this design optimization proposal 

was to show the comparison between limbs of different height function and the 

performance of the different composite materials. 
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CONCLUSION 

The numerical model presented in this thesis was shown to be accurate for solving 

the large deflection of cantilever beams relevant to compound bows. When a 

varying cross section over the length of the limb is utilized, a significant increase 

in strain energy can be achieved compared to a limb design with constant cross 

section. It was shown that, when the height function is represented by a 2nd degree 

polynomial, more strain energy is achieved compared to a linear height function. 

The orthotropic property of composite materials was also considered in the model. 

After the comparison of three different composite materials, it was shown that 

carbon fiber will result in the most strain energy and the lightest limb. 

Recommendations for future research on compound bows are noted here. In this 

thesis the magnitude and angle of the limb force was considered to be constant. 

For further studies, the model presented here could be incorporated into the kineto-

elastic model of the bow for a more complete design analysis. Other design 

variables could also be added to the optimization. These can include the length 

and the width of the limb.   
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