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Spin Hall Drag
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We predict a new effect in electronic bilayers: the Spin Hall Drag. The effect consists in the
generation of spin accumulation across one layer by an electric current along the other layer. It
arises from the combined action of spin-orbit and Coulomb interactions. Our theoretical analysis,
based on the Boltzmann equation formalism, identifies two main contributions to the spin Hall drag
resistivity: the side-jump contribution, which dominates at low temperature, going as T 2, and the
skew-scattering contribution, which is proportional to T 3. The induced spin accumulation is large
enough to be detected in optical rotation experiments.

Double-layer structures consisting of two parallel quan-
tum wells separated by a potential barrier are an im-
portant class of nanoscale electronic devices. Each layer
hosts a quasi-two dimensional electron gas and electrons
interact across the barrier via the Coulomb interaction.
When an electric current is driven in one of the layers,
the Coulomb interaction causes a charge accumulation in
the other layer, in which the current flows. This phe-
nomenon is known as Coulomb drag (CD) [1]-[5] and
is depicted in Fig. (1a). The Coulomb drag resistiv-
ity ρCD = E2x/j1x depends on the rate of momentum
transfer between the layers and is largely independent of
the scattering mechanism in each layer. Because of the
requirements of momentum and energy conservation in
electron-electron scattering ρCD vanishes as T 2 at low
temperature T . A typical value in GaAs quantum wells
is ρCD ∼20 Ω at a temperature of a few Kelvin [6, 7].

Another effect of great current interest is the Spin Hall

Effect [8]-[25], i.e. the generation of a transversal spin
accumulation by an electric current in a single electron
layer. This effect, depicted in Fig. (1b), is due to spin-
orbit interaction with impurities in a single electron layer.
The analysis of the effect is greatly simplified by con-
sidering quantum wells of special orientation relative to
the crystallographic axes, e.g. [110] quantum wells in
zincblende semiconductors such as GaAs. In these quan-
tum wells the component of the electron spin perpendic-
ular to the plane (hereafter denoted by z) is essentially
conserved, i.e., spin-flipping interactions are known to be
weak. Due to spin orbit coupling, electrons are preferen-
tially scattered to the right or to the left of the impurity
according to their spin orientation. This spin-biased scat-
tering gives rise to “spin accumulation”, i.e. a gradient of
spin electrochemical potential E1σy = σE1y (σ = +1 or
−1 for spin up and spin down respectively) in the direc-
tion perpendicular to the current. The value of the spin
Hall resistivity ρSH,1 = E1y/j1x is weakly temperature
dependent and is typically found to be a small fraction
(10−3) of the Drude resistivity[15, 18, 24].

In this article we predict and analyze theoretically a
new effect arising from the combined action of spin-orbit
interaction in the layers and Coulomb interaction
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FIG. 1: (Color online) (a) In ordinary Coulomb drag the cur-
rent j1x in layer 1 induces, via inter-layer Coulomb interac-
tion, an electrochemical potential gradient E2x in layer 2. (b)
In spin Hall effect the current jx in a single layer induces,
via spin-orbit interaction, a spin-dependent electrochemical
potential gradient Ey(↑) = −Ey(↓) causing electrons of op-
posite spin orientation to accumulate on opposite edges. (c)
In Spin Hall drag the current j1x in layer 1 induces, via a com-
bination of inter-layer Coulomb interaction and spin-orbit in-
teraction, electrochemical potential gradients E2x along layer
2, and E2y(σ) across layer 2.

between the layers. The effect consists in the generation
of spin accumulation in one layer by an electric current
in the other layer, and is depicted in Fig. (1c). Because
there is no current flowing in layer 2 there is no question
of impurity scattering giving rise to an ordinary spin
Hall effect in this layer. However, we predict that a
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spin Hall accumulation, described by a gradient of spin
electrochemical potential E2σy = σE2y will still arise
due to mechanisms that involve the Coulomb interaction
between the two layers. In the absence of intrinsic spin
precession (the only case we consider here) there are two
such mechanisms, skew-scattering and side-jump, and
their relative importance will be discussed below. Our
calculations indicate that the induced spin accumulation
is large enough to be detected in optical rotation
experiments.

Theory The linearized Boltzmann equation offers a
convenient framework for analyzing the spin Hall drag.
For electrons in layer 2 (the passive layer) we have

− eE2(σ) ·
∂f

(0)
2 (ǫkσ)

∂k
= I[f2kσ] , (1)

where f
(0)
2 (ǫkσ) is the equilibrium distribution in layer

2, E2(σ) is the gradient of electrochemical potential for
spin-σ and I[f2kσ] is the “collision integral”, which in-
cludes both electron-impurity collisions in layer 2 and
Coulomb collisions with electrons in layer 1. The “spin
Hall drag accumulation” is given by

∆µSHD = [E2y(↑) − E2y(↓)]w (2)

where w is the width of the layers. The fields E2(σ) are
easily obtained from Eq. (1) as

E2(σ) =
1

en2σA

∑

k

kI[f2kσ] , (3)

where niσ is the electron density in layers i and A is the
area of each layer.

The collision integral is the sum of an electron-impurity term and an electron-electron term: I = Iei + Iee. The
electron-impurity term is

Iei[f2kσ] = −
∑

k′

(

W ei
kσ,k′σf2kσ − W ei

k′σ,kσf2k′σ

)

δ(ǫ̃2kσ − ǫ̃2k′σ) , (4)

where W ei
kσ,k′σδ(ǫ̃2kσ − ǫ̃2k′σ) is the transition rate from |2kσ〉 to |2k′σ〉 under the influence of the electron-impurity

potential. Similarly, the electron-electron term is

Iee[f2kσ] = −
∑

k′,p,p′,τ

δk+p,k′+p′

{

W ee
kσ,pτ ;k′σ,p′τf2kσf1pτ (1 − f2k′σ)(1 − f1p′τ )

− W ee
k′σ,p′τ ;kσ,pτf2k′σf1p′τ (1 − f2kσ)(1 − f1pτ )

}

δ(ǫ̃2kσ + ǫ̃1pτ − ǫ̃2k′σ − ǫ̃1p′τ ) ,

(5)

where W ee
kσ,pτ ;k′σ,p′τ δ(ǫ̃2kσ + ǫ̃1pτ − ǫ̃2k′σ − ǫ̃1p′τ ) is the transition rate from |2kσ, 1pτ〉 to |2k′σ, 1p′τ〉 under the

influence of the interlayer Coulomb interaction.

The spin-orbit interaction enters the above expressions in
two distinct ways. First, the conservation of energy is not

formulated in terms of the ordinary energy ǫk = k2/2m,
but in terms of the modified energy [18, 20]

ǫ̃ikσ ≡ ǫk + 2eασ(k × Ei(σ))z , (6)

where i = 1, 2 denotes the layer and α is the spin-orbit
coupling constant for the conduction band of the semi-
conductor (αh̄ = 4.4 × 10−20 m2 in GaAs) [26]. The
reason for this is that the energy of an electron in the
presence of the electric field is given by ǫk + eE · r +
eασ(k × E)z, and the last two terms in this expression
change by equal amounts during a collision process. The
replacement of ǫk by ǫ̃k is the mathematical expression
of the “side jump effect” [27]. Second, the scattering
probabilities, calculated beyond the first Born approxi-
mation but to first order in α, are not symmetric under
interchange of the initial and final momenta. Taking into

account time-reversal invariance, we can write

W ei
kσ,k′σ = W ei,s

k,k′ + ασW ei,a
k,k′ (7)

where W ei,s
k,k′ and W ei,a

k,k′ are, respectively, symmetric and

antisymmetric upon interchange of k and k′: W ei,s
k,k′ =

W ei,s
k′,k and W ei,a

k,k′ = −W ei,a
k′,k. Similarly we can write

W ee
kσ,pτ ;k′σ,p′τ = W ee,s1

k,p;k′,p′ + στW ee,s2
k,p;k′,p′

+
α

2
(σ + τ)W ee,a

k,p;k′,p′ , (8)

where W ee,s1 and W ee,s2 are symmetric under inter-
change of the initial and final states and W ee,a is an-
tisymmetric: W ee,a

k,p;k′,p′ = −W ee,a
k′,p′;k,p. The presence of

the antisymmetric component W ei,a (Eq. (7)) is respon-
sible for the skew-scattering contribution to the ordinary
Hall effect in layer 1. And the presence of the antisym-
metric component W ee,a (Eq. (8)) is responsible for the
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Coulomb skew scattering contribution to the spin Hall
drag effect in layer 2.

Following the standard procedure for steady-state
transport, we assume that the non-equilibrium distribu-
tion in layer 1 has the form of a shifted Fermi distribution

f1kσ = f
(0)
1 (ǫkσ) − f

(0)′

1 (ǫkσ)k ·V1 , (9)

where V1 is the average drift velocity of electron gas in

layer 1, and f
(0)′

1 denotes the derivative of the equilibrium
distribution with respect to energy. At the same time we
set

f2kσ = f
(0)
2 (ǫkσ) , (10)

meaning that the distribution of electrons in layer 2 re-
mains unshifted from equilibrium, so that, in particular,
the current is zero [29].

To first order in α the anomalous energy and the
asymmetric scattering probability give independent
contributions to the spin Hall drag accumulation, so we
can study them separately.

Coulomb side jump To calculate the Coulomb side-
jump contribution we treat the scattering probability to
zero-th order in α, so only its symmetric component
survives. However, we retain the spin-orbit coupling
terms in the conservation of energy. We rewrite the non-
equilibrium distribution functions (9,10) as follows:

f1kσ = f
(0)
1 (ǫ̃1kσ)

− f
(0)′

1 (ǫkσ) [k · V1 − 2eασ(E1(σ) × k)z ] ,

f2kσ = f
(0)
2 (ǫ̃2kσ) + f

(0)′

2 [2eασ(E2(σ) × k)z ] . (11)

The “zero-th order terms”, f
(0)
i (ǫ̃kσ), are annihilated by

the collision integral and can be discarded. The remain-
ing terms are of first order in the deviation from equilib-
rium and their contribution to the collision integrals (4-5)
can be calculated neglecting the difference between ǫ̃ by
ǫ in the δ-function that expresses the conservation of en-
ergy. A direct calculation of the spin Hall drag resistivity
gives

E
sj
2 (σ) = −2σρ2nσe2αρCDj1 × z , (12)

where ρ2 is the Drude resistivity per spin channel in layer
2 and ρCD is the Coulomb drag resistivity [30]. The ex-
pression for ρCD is well known (as is the fact that it
vanishes at low temperature as T 2) and needs not be
reproduced here. More important for the present dis-
cussion is the fact that the spin Hall drag resistivity
ρSHD = |E2y(σ)/j1x| is related to the Coulomb drag re-
sistivity by

ρSHD =
2eα

µ2
ρCD , (13)

where µ2 is the mobility of electrons in layer 2. Notice
that the resistivity is inversely proportional to µ2: thus
the effect will be larger in low-mobility samples provided
disorder is not so strong as to cause a breakdown of
the Fermi liquid picture, e.g. localization. In order
to give a conservative estimate of ρSHD we assume
ρcd =20 Ω[31] and µ2 =0.1 m2/(V.s): then, with
αh̄ = 4.4 × 10−20 m2, we obtain ρSHD ≃ 0.026 Ω. For
a current density j1x ∼ 1 A/m in the active layer this
implies a spin-splitting of the chemical potential of about
5×10−3 meV over a transverse width w = 100 µm. This
splitting is about 200 times smaller than the splitting of
approximately 1 meV previously observed in spin Hall
effect measurements in GaAs quantum wells, but should
be within the reach of modern spin detection techniques.

Coulomb skew scattering To estimate the skew-
scattering effect we consider the contribution of the an-
tisymmetric components of the scattering probabilities
W ei,a and W ee,a to the collision integrals (4-5). In
this calculation the difference between ǫ̃ and ǫ can be
ignored. It is readily seen that the electron-impurity
skew scattering gives no contribution because there is
no current in layer 2. The Coulomb skew scattering
term can be expressed compactly under the assumption
that W ee,a

k,p;k′,p′ depends only on the magnitude of the
momentum transfer q = |q| = |k′ − k| = |p − p′|,
and on the sine of the angle between k and k′, where
both |k| and |k′| are close to the Fermi momentum kF :
W ee,a

k,p;k′,p′ = W ee,a(q)(kxqy − kyqx)/k2
F . A straightfor-

ward calculation leads to the formula

Ess
2y(σ) = −

h̄j1x

e2

ασ

64n2σ

∫

∞

0

dqqW ee,a

∫

∞

0

dh̄ω

kBT

(

h̄ω

2EF

)2
S0(q, ω)Γ0(q, ω)

sinh2(h̄ω/2kBT )
,

(14)

where the spectra S0(q, ω) and Γ0(q, ω) are defined as

S0(q, ω) =
∑

k

(f
(0)
2k − f

(0)
2k+q)δ(ǫk − ǫk−q − ω) (15)

(the dynamical structure factor of the electron gas at zero
temperature) and

Γ0(q, ω) =
∑

p,τ

(f
(0)
1pτ − f

(0)
1p−qτ )δ(ǫp − ǫp−q + ω)

×

{(

tanh
ǫp

2kBT
+ tanh

ǫp−q

2kBT

)

+
h̄q2

2mω

(

tanh
ǫp−q

2kBT
− tanh

ǫp

2kBT

)}

.

(16)

The important point is that S0(q, ω) vanishes linearly
with ω (independent of temperature), while Γ0(q, ω) van-
ishes as h̄ω/kBT for ω → 0 (h̄ω ≪ kBT ). Since



4

1 2 3
0

200

400

600

0.5 1.0

0.5

1.0
2 x 1014 m-2

n=18 x 1014 m-2

 

 

sj
 [m

]

T/TF

3.8 x 1014 m-2

T/TF

 

 

ss
sj

FIG. 2: Side-jump contribution to the spin Hall drag resistiv-
ity vs temperature T/TF . The calculation includes dynami-
cal screening, static exchange-correlation, and quantum well
width effects along the lines of Ref. 7. The width of the quan-
tum well is 18 nm and the distance between the centers of the
wells is 28 nm. The solid, dashed, and dotted lines correspond
to the electron sheet densities of 18 × 1014 m−2, 3.8 × 1014

m−2 and 2× 1014 m−2. The inset shows the ratio of the skew
scattering resistivity, evaluated from Eq. (14) with W ee,a, to
the side-jump resistivity. The value of W ee,a is chosen so that
this ratio is 1 at T = TF . The linear increase at low tempera-
tures illustrates the T 3 behavior of skew-scattering resistivity,
in contrast to the usual T 2 dependence of side-jump drag.

the sinh2(h̄ω/2kBT ) restricts the frequency integral in

Eq. (14) to h̄ω
<
∼ kBT we can immediately conclude that

the skew-scattering contribution to the resistivity van-
ishes as T 3 in the low-temperature limit. A comparison
between skew-scattering and side-jump contributions to
the spin Hall drag resistivity is shown in the inset of Fig.
2.

In summary, we have presented a theoretical analy-
sis of a new many-body effect in coupled bilayer sys-
tems: the spin Hall drag. We have considered only the
simplest situation, in which the so-called intrinsic spin
Hall effect[11] is absent. Under these conditions we have
identified the side-jump effect as the dominant contribu-
tion to the spin Hall drag resistivity, varying as T 2 in
the low-temperature Fermi liquid regime. By contrast,
the Coulomb skew-scattering mechanism vanishes as T 3.
From a theoretical point of view it is remarkable that
the two contributions are distinguished by different tem-
perature dependences. From an experimental point of
view, the spin Hall drag accumulation can be measured
by optical rotations techniques, which do not require the
fabrication of separate electrical contacts for layer 2. Our
numerical estimates indicate that the prospects for obser-
vation of the extrinsic effect are quite good. By experi-
menting on samples grown in different directions it should
also be possible to study the interplay between intrinsic
and extrinsic contributions to the spin Hall drag.
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