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Starting from a collective description of the incompressible fractional quantum Hall liquid as an elastic
medium that supports gapped neutral excitations, I show that the one-electron spectral function of this system
exhibits a sharp peak at the lowest available excitation energy, well separated from the continuum spectrum at
higher energy. I interpret this peak as the signature of the integral charge quasiparticle recently predicted by
Peterson and Jain 关Phys. Rev. Lett. 94, 186808 共2005兲兴 and calculate its spectral weight for different filling
factors.
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The fate of one-particle excitations in strongly correlated
electronic systems is one of the most basic problems of
many-body theory. Normal electron liquids in threedimensional 共3D兲 and two-dimensional metals and semiconductors support one-particle excitations 共quasiparticles兲 in
spite of strong correlations. A one-dimensional electron liquid, on the other hand, does not support such quasiparticles.1
The two-dimensional electron liquid 共2DEL兲 at a magnetic field so high that all the electrons reside in the lowest
Landau level 共LLL兲 共filling factor  = N / NL ⬍ 1, where NL is
the degeneracy of the Landau level兲 is a perfect example of a
system in which electron correlations lead to qualitatively
new features.2 At filling factors of the form  = n / 共2np + 1兲,
with n and p integers, the electrons form an incompressible
quantum liquid with fractionally charged excitations3,4 which
obey unconventional statistics.5 At the same time, the neutral
excitation spectrum exhibits a gap.6 This and other striking
properties of the fractional quantum Hall states are now well
understood in terms of the composite fermion 共CF兲 model.7,8
The one-electron properties of the 2DEL at high magnetic
field have been intensively studied, both experimentally,
through measurements of the tunneling density of states,9,10
and theoretically, through analytical11,12 and numerical
calculations12–14 of the local spectral function. Neither the
experiments nor the early calculations showed any evidence
of the sharp peak in the tunneling density of states that would
indicate the existence of a localized quasiparticle excitation
of charge e. In a slightly later paper, Haussmann15 did find
such a peak, but dismissed it as an artifact of the independent
boson model on which his calculations 共as well as the calculations of Ref. 11 and mine below兲 are based. It was tacitly
assumed that integral charge quasiparticles must be absent in
the fractional quantum Hall liquid.
Yet, the composite fermion theory of the incompressible
quantum Hall liquid suggests a different picture in which
single-particle excitations of integral charge e can and do
exist as bound states of composite fermions.17 Consider for
example the incompressible liquid at filling factor  = 1 / 3. In
composite fermion theory, this corresponds to one full Landau level of composite fermions with two vortices attached
to each: the CF filling factor is thus * = 1. Let us remove
three CFs from the fully occupied Landau level: it can be
shown16 that the resulting CF wave function is just what one
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gets by applying the electron destruction operator to the
ground state. We will refer to the state obtained in this manner as the “single-hole state.” The perfect coincidence of the
single-hole state with the state of three CF holes implies that
the spectral function for removal of one electron has a single
peak at the energy required to remove three CFs. This is very
interesting because it suggests that a charge-e hole can exist
as a bound complex of three CF holes.
Recently, Jain and Peterson17 have extended the above
analysis to the case of electron quasiparticles at  = 1 / 3, as
well as electron and hole quasiparticles at  = 2 / 5 and 3 / 7
共corresponding, respectively, to two and three full CFLandau levels兲. By carefully extrapolating the results of their
calculations to the thermodynamic limit, they have found
that electron and hole quasiparticles exist in all cases and can
be identified with complex bound states of CFs in different
CF-Landau levels. In each case, they find that the strength Z
of the quasielectron peak is smaller than the strength of the
quasihole peak. Furthermore, the intensity of these peaks decreases rapidly as the size of the q = 0 gap in the collective
excitation spectrum decreases. This trend is consistent with
the expectation that there should be no quasiparticles in the
compressible state at filling factor  = 1 / 2—the gapless limit
of the Jain’s sequence.12,18 Ironically, it is precisely the presence of the quantum Hall gap—the most un-Fermi-liquidlike feature of the quantum Hall liquid—that “protects” the
electron and the hole quasiparticles from total collectivization. Jain and Peterson17 have further pointed out that the
existence of these quasiparticles could be observed in vertical tunneling experiments and discussed the reasons why
they may have been missed in the experiments carried out so
far.
The purpose of this report is to rederive the existence of
integral charge electron 共hole兲 quasiparticles in the LLL by
what appears to be a completely different approach, since it
does not make use of the notion of composite fermions. To
this end, I present an approximate calculation of the oneelectron spectral function in the sector of zero angular momentum. At the absolute zero of temperature, this function
splits into the sum of two nonoverlapping terms, one of
which vanishes for negative frequency and the other for positive frequency. The positive-frequency part is defined as follows:
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A⬎共兲 = 兺 兩具n兩â†0兩0典兩2␦共 − n0兲,

共1兲

uជ̂ 共rជ兲 =

n

where â†0 is the creation operator for the state of angular
momentum m = 0 共in the circularly symmetric gauge兲, the
sum runs over the exact eigenstates 兩n典 共兩0典 being the ground
state兲, and បn0 are excitation energies. The negativefrequency part 关A⬍共兲兴 is obtained by replacing â†0 with â0
and  with − in the above formula. I will show that this
function contains a ␦-function peak at the lowest available
excitation energy in the m = 0 sector, and that this peak is
well separated from the rest of the excitation spectrum—a
fact already noticed by Haussmann15 and dismissed by him
as an artifact of the “independent boson model.” Since, by
construction, the spectral function measures the distribution
of charge-±e excitations over exact eigenstates of the system,
I believe that the split-off ␦-function peak should be interpreted as the signature of a long-lived quasiparticle of charge
±e—the Peterson-Jain quasiparticle.17 Notice that this quasiparticle has more energy than the “conventional” fractionally
charged quasielectron or quasihole, but it can nevertheless be
produced 共if sufficient energy is available兲 with a probability
proportional to the height of the peak. The process is analogous to the production of complex bound states of elementary particles in high energy physics.
One may ask why the peculiar structure of A共兲 described
above was not noticed in earlier theoretical calculations of
the spectral function. These calculations fall into two classes:
exact diagonalizations of few-electron systems12,13 and approximate calculations for the infinite system.11,12 The
former are exact but, by their very nature, produce an output
that consists of a discrete set of spectral lines separated by
gaps. It is therefore impossible to notice the presence of a
single spectral line separated from a continuum, for the
simple reason that there is no continuum. The analytical calculations, on the other hand, were based on approximate
bosonization schemes in which the dispersion of the
“bosons” was assumed to be gapless or, in one case, diffusive. The calculation presented below 共as well as that of
Haussmann15兲 is also based on an approximate bosonization
scheme, but the crucial difference is that the bosons 共which
represent the neutral collective density oscillations of the liquid兲 are gapped. As I show below, the presence of the gap in
the boson spectrum is the single feature that causes the appearance of the split-off peak in the spectral function.
Our starting point is the collective description of the
quantum Hall liquid as an elastic medium that supports
gapped collective excitation.19 The Hamiltonian 共projected in
the LLL兲 has the form
Ĥ0 = 兺 បqb̂q†ជ b̂qជ ,
qជ

共2兲

where q is the frequency of the collective modes at wave
vector qជ , and we assume the dispersion has a gap, i.e., q
⬎ min for all qជ . The boson operators b̂qជ and b̂q†ជ are related to
the components of the elastic displacement field operator
uជ̂ 共rជ兲 in the following manner:

ᐉ

冑n0A 兺qជ 共b̂qជ u共q兲e
ជ ជ

iqជ ·rជ

+ b̂q†ជ uជ *共qជ 兲e−iqជ ·rជ兲.

共3兲

Here n0 is the average density, ᐉ = 冑បc / eB is the magnetic
length, A is the area of the system, and uជ 共qជ 兲—the eigenfunction of the associated classical dynamical problem1—is given
by
uជ 共qជ 兲 = − iqជ ᐉ

冑

S
2បqn0

+

eជ z ⫻ qជ
q 2ᐉ

冑

ប  qn 0
,
2S

共4兲

where eជ z is the unit vector perpendicular to the plane of the
two-dimensional electron gas, and S is the dynamical shear
modulus. Notice that, in order to have a collective dynamics,
the medium must be assigned a finite shear modulus: this
assignment is consistent with the liquid nature of the system
as long as we work at finite frequencies, comparable to gap.
Also notice that the bosonic commutation relation 关b̂qជ , b̂q†ជ ⬘兴
= ␦qជ qជ ⬘ is simply a way of saying that the x and y components
of the projected displacement field are canonically conjugate
variables: 关ûx共rជ兲 , ûy共rជ⬘兲兴 = −i共ᐉ2 / n0兲␦共rជ − rជ⬘兲.
In order to investigate the possible existence of electron
and hole quasiparticles, we consider the behavior of a single
“test electron” added to the system in the coherent state of
angular momentum m = 0 in the LLL. This electron interacts
with the density fluctuations of the medium via the Coulomb
interaction, and since the density fluctuation is related to the
ជ · uជ̂ 共rជ兲, we see that the
displacement field by ␦n̂共rជ兲 = −n0ⵜ
complete Hamiltonian for the test electron plus the electron
liquid has the form
†
†
Ĥ = 兺 បqb̂q†ជ b̂qជ + 兺 M q共b̂qជ + b̂−q
ជ 兲â0â0 ,
qជ

qជ

共5兲

where M q is an “electron-phonon matrix element,” which,
for Coulomb interaction, has the form
Mq = −

2e2qᐉ2

⑀b冑A

冑

S
2បq

e−q

2ᐉ2/2

.

共6兲

It was shown in Refs. 1 and 19 that, for states described
by the Laughlin wave function at filling factor  = 1 / M,
where M is an odd integer, the dynamical shear modulus is
related to the q = 0 gap, ⌬ = limq→0 បq, by the simple formula
S
n 0⌬

=

1−
.
4

共7兲

For different filling factors, we can either continue to use this
relation or use the shear modulus of the classical Wigner
crystal, which is given by S / n0 = 0.0977冑共e2 / ⑀bᐉ兲.20
It should be noted at this point that the Hamiltonian Ĥ is
formally similar to the polaron-problem Hamiltonian in
which a free electron interacts with optical phonons. When
the polaron Hamiltonian is generalized to describe a gas of
free electrons interacting with collective density and spin
fluctuations, it yields a pseudo-Hamiltonian which can be
solved 共to second order in the “electron-phonon interaction”兲
leading to the standard theory of the normal Fermi liquid in
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3D, with long-lived electron and hole quasiparticles of effective mass m*.1,21 The present Hamiltonian has the crucial
advantage that virtual transitions of the test electron to different single-particle states in the LLL are not allowed: the
electron can never be scattered out of the m = 0 state. It is
therefore possible to obtain a complete analytic solution of
the model Hamiltonian and to calculate the spectral function
exactly.
It must also be noted that the form of the Hamiltonian 共5兲
is such that only the spectral function of charge-e excitations,
i.e., the one-electron spectral function, can be studied with it.
This is because the operator â†0 is the standard creation operator, which adds one electron to the ground state. Fractionally charged excitations cannot be created in this manner.
Therefore, this method cannot be used to study the spectral
distribution of fractionally charged quasiparticles.
The solution of the Hamiltonian 共5兲 is well known.1 The
electron-phonon coupling is eliminated by a unitary transformation. The new Hamiltonian 共still written in terms of the
original operators兲 takes the form
ˆ
H̄ = 兺 បqb̂q†ជ b̂qជ + E pâ†0â0 ,
qជ

1 −  e2
,
¯ ⑀ bᐉ
16⌬

冕

+⬁

−⬁

dt i共− 兲t+兺 共M /ប 兲2共e−iqt−1兲
p
q
q
e
,
qជ
2

qជ

共9兲

共10兲

where  p = E p / ប. A⬍共兲 is just the mirror image of A⬎共兲
with respect to  = 0.
A more effective way to write Eq. 共10兲 is
⬁

k=1

g k共  −  p兲
,
k!

共11兲

2

2

␦共 − q兲,

g k共  兲 =

冕

⬁

d⬘g1共 − ⬘兲gk−1共⬘兲,

共13兲

共14兲

for k ⬎ 1. From this, we see that the spectral function consists
of two parts: a ␦-function peak at  =  p 关first term on the
right-hand side of Eq. 共11兲兴 and a continuum 共second term兲.
The continuum is a sum of terms gk共 −  p兲 / k! which can be
evaluated recursively from Eqs. 共13兲 and 共14兲. The kth term
of this sum 共k 艌 1兲 differs from zero in a range of frequencies
going from  p + kmin to  p + kmax, where min and max are
the minimum and maximum values of qជ . Assuming that the
“bandwidth” of the collective mode, max − min is larger
than min, we see that contributions with different k overlap,
resulting in a smooth variation of the spectral function for
 ⬎  p + min. However, the ␦ function at  =  p is split off,
since  p is lower than  p + min. In other words, the presence
of an isolated spectral line at  =  p is inescapable and independent of the details of the collective mode dispersion, as
long as the latter has a gap. This is the quasiparticle peak. Its
strength Z is the probability of the electron entering the system in the lowest energy state, with all the magnetoplasmon
oscillators remaining in their ground state. On the other
hand, the area under the kth term of the sum in Eq. 共11兲 is the
probability of the electron entering the system in an excited
state containing k quanta of the density oscillation field.
An analytical evaluation of Eq. 共11兲 becomes possible if
one neglects the dispersion of the density oscillations, setting
q = ⌬ / ប. The result is then
⬁

A ⬎共  兲 = Z 兺

冉 冊

1 兩E p兩 k
␦共 − k⌬/ប −  p兲,
k! ⌬

共12兲

共15兲

where
Z = e−兩Ep兩/⌬ .

where
Z = e−兺qជ 共M q/បq兲 ,

Mq
បq

and

k=0

A ⬎共  兲 = Z ␦ 共  −  p兲 + Z 兺

冉 冊

0

¯ is the gap ⌬ expressed in units of e2 / ⑀ ᐉ兲. Notice
共where ⌬
b
that E p is the addition energy of our model, i.e., the difference between the ground-state energies of the system with
and without the “test electron.” Its value is not expected to
be quantitavely accurate since the elastic model is only valid
at long wavelengths and certainly misses much of the shortrange correlations that control the value of the ground-state
energy.
Let us now proceed to the calculation of the spectral function. A standard calculation leads to the following result for
A⬎共兲:
A ⬎共  兲 =

g 1共  兲 = 兺

共8兲

where E p ⬅ −兺qជ M 2q / បq is the polaron shift. E p can be calculated analytically if one approximates បq ⯝ ⌬, by making
use of the Laughlin-wave-function-based expression 共7兲 for
S / n0⌬.23 The result is
Ep = −

FIG. 1. The spectral function calculated from Eq. 共15兲 at 
¯ = 0.15 共black bars兲 and  = 2 / 5 , ⌬
¯ = 0.087 共white bars兲.
=1/3, ⌬

共16兲

In this approximation, and only in this approximation, the
spectral function consists of a series of sharp spectral lines,
as shown in Fig. 1. All these sharp lines are artifacts of the
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¯ , the dimensionless
TABLE I. The dimensionless q = 0 gap ⌬
polaron shift Ē p, and the quasiparticle renormalization constant Z
for three different values of the filling factor . Ē p is E p in units of
¯ are from Ref. 22.
e2 / ⑀bᐉ. The values of ⌬



¯
⌬

Ē p

Z

1/3
2/5
3/7

0.15
0.087
0.069

-0.477
-0.431
-0.525

0.156
0.007
0.0004

dispersionless approximation, with the notable exception of
the zero-phonon line, which, as discussed above, is present
even when the dispersion of the collective modes is fully
taken into account. Notice that the excitation probability attains its maximum when the total number of excitations is as
close as possible to E p / ⌬. As the gap 共⌬ in the present approximation兲 tends to zero, the injected electron produces, on
the average, larger and larger numbers of collective excitations: the strength of the zero-magnetoplasmon line tends to
zero as the peak of the spectral function shifts to higher and
higher excitation levels.
Table I shows the q = 0 gap and the renormalization constant calculated from Eqs. 共9兲 and 共16兲 for three different
values of  = 1 / 3 to 2 / 5 to 3 / 7. The rapid decrease of Z with
decreasing gap is consistent with the trend observed by Jain
and Peterson in their calculation.17 However, in contrast to
that calculation, our model does not distinguish between the
electron and the hole excitation. In linear elasticity theory,
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