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ABSTRACT 

This study examines students’ mathematical strategies within a novel 

technological environment designed to support understanding of relationships between 

quantities and adjustable measuring units. In particular, 30 elementary students (grades 3-

5) engaged in a series of fraction-as-measurement tasks to provide a cross-sectional 

snapshot of how they used a “dynamic virtual ruler” that could be continuously dilated. 

Screencast recordings were collected from a task-based clinical interview and analyzed to 

investigate children’s mathematical actions and mathematical ideas. Students’ strategy  

patterns were characterized using four distinct types (Not Attending, Estimating, 

Determining, and Commeasuring) based on their solution strategies. In addition, I 

attended to their change of strategy types depending on the characteristics of the tasks 

(within the same task series, across task series). I also articulated possible mechanisms 

for changing strategies across the tasks from both instrumental and semiotic approaches. 

My findings provide theory-driven, empirically-tested set of tasks that can be used to 

introduce fractions is an alternative way in elementary mathematics classrooms, and 

eventually drawing insight for students to use dynamic technology meaningfully. 
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CHAPTER 1: INTRODUCTION 

Fractions are prevalent throughout everyday life (e.g., half a gallon of milk, one 

quarter of a dollar). When teaching mathematics in school, the Common Core State 

Standards for Mathematics suggests a longitudinal focus for fraction instruction from 

third grade to middle school. A strong foundation of fraction concepts is essential 

because fractions help children understand the nature of numbers, their interactions, and 

even advanced mathematical content areas (e.g., algebra, probability). Despite the 

importance of these concepts, in elementary mathematics classrooms, fractions have been 

viewed for decades as one of the most challenging topics for instructors to teach as well 

as for students to learn (Charalambous & Pitta-Pantazi, 2007). 

To illustrate, consider the following: What do you imagine when you hear the 

term “half?” You might come up with a circle that has a shaded half (◐). Then, can you 

add one half and the other half (◐◐)? Which result do you get among the possible 

answers of one, two halves, and two fourths? Definitely, the answer is either one or two 

halves. Some younger children, however, reply with the answer two fourths. Why do the 

children think this way? What kind of knowledge or understanding do the children draw 

upon when adding two fractional amounts? Even though other children may visualize 

fractional amounts or use mental or physical models to arrive at the correct answer, they 

may inappropriately link this intuitive thinking to additive operations in the rational 

number system.   

The above example is an unsurprising story in mathematics classrooms. 

Researchers reported this intuitive understanding of fractions among younger students 

(Pitkethly & Hunting, 1996), secondary students (Siegler & Pyke, 2013), and even adults 
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(DeWolf & Vosniadou, 2015). In its 2008 final report, Foundations for Success, the 

National Mathematics Advisory Panel indicated that algebra is the gateway for later 

success in mathematics but also pointed out that U.S. students often struggle with algebra 

due to poor proficiency with fraction concepts.  

What influences children’s struggle to understand fractions? One possibility is the 

current dominant approach in textbooks of introducing fractions via a part-whole 

conception (Fuchs et al., 2013). Represented with static and pictorial representations, the 

part-whole conception describes a fraction as “a number of equal parts of a unit out of the 

total number of equal parts” (Lamon, 2012, p. 145). For example, the fraction 3∕5 would 

be interpreted as 3 parts out of 5 equal parts; a pair of numbers rather than a single value. 

Although research has shown cases where students seemed to achieve conceptual 

development through this interpretation (e.g., Piaget et al., 1960), other studies have 

provided counterexamples in which students struggled with flexibly applying the part-

whole conception to other fraction domains (Brenner et al., 1999; Kieren, 1993). Because 

textbooks play a significant role in providing an opportunity to learn (Schmidt et al., 

1997) and influencing achievement (e.g., Tarr et al., 2008), the dominant part-whole 

conception might limit children’s understanding of a fraction as a quantity, measure, or 

amount (Behr et al., 1992). 

Younger children especially might think of a fraction as an arrangement of two 

parts (e.g., its shaded parts and the equal-partitioned whole shown here: ◐) rather than a 

single number or quantity. Looking back at the task of adding two halves, some students 

might incorrectly see two fourths as the answer.  For these students, their visualized 

representation derived from the part-whole conception could limit their interpretations so 
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that they conceive ◐ ◐ as 2 out of 4 pieces without considering the referent unit (◯). 

Furthermore, these students might struggle to understand that two fourths are equivalent 

to other fractions, such as a half or four eighths. In addition, children might have a 

difficult time transferring their understanding of the whole-number system to the rational-

number system after learning counting, whole numbers, and basic arithmetic operations 

(Ni & Zhou, 2005). Students’ lack of opportunities to interpret the multifaceted concept 

of fractions might also constitute a negative influence on what students learn about 

advanced concepts and operations (Thompson & Saldanha, 2003). 

Measurement Approach to Fractions through Linear Representations 

To develop a more robust understanding of fractions, children need more 

opportunities to develop mathematical proficiency with them, including an understanding 

of units and adaptive reasoning to judge the relative sizes of fractions (National Research 

Council, 2001). Children must use concept-rich activities to fully comprehend the 

relationships between two quantities with the goal of understanding a fraction as one 

quantity (Barnett-Clarke et al., 2010). It would be helpful to identify a new hypothetical 

learning trajectory that deviates from the traditional emphasis on the part-whole 

conception so that children’s thinking about fractions develops into a more 

comprehensive understanding (Battista, 2012). In particular, there are reasons to expect 

that the use of linear representations and measurement tasks might support a more robust 

and flexible conception of fractions. 

The Common Core State Standards for Mathematics emphasize the use of visual 

fraction models, such as a tape diagram, a number line, and an area model. However, to 

be effective, the explicit goal for using the models must be to represent fractional 
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meanings; in other words, the students must purposefully use the models to demonstrate 

to themselves what a fraction means rather than just mechanically using the models 

(Webel et al., 2016). Providing rich experiences with various quantities (continuous and 

discrete) can play an important role in conceptualizing the meaning of fractions (Saxe 

et al., 2005). However, nonlinear continuous models (e.g., circle) have been found to 

promote limited understanding of fractions—for example, students have been found to 

develop an erroneous assumption that a fraction is always less than a whole (Pitkethly & 

Hunting, 1996). There has been a call for examining an alternative approach with a linear 

continuous quantity (e.g., a number line and a tape diagram) rather than a nonlinear one 

or a discrete one (e.g., collections of individual objects). For example, Moss (2005) 

suggested introducing fraction concepts by using linear models based on multiplicative 

reasoning because other models might have limitations when used in the context of 

improper fractions. In the current study, I focused on a linear model to explore 

relationships between units and quantities, which is useful in making and identifying 

proper and improper fractional quantities. 

A body of literature has investigated alternative approaches to developing a 

fundamental understanding of fractions as quantity, not merely an arrangement of whole 

numbers. Ni and Zhou (2005) identified two distinct alternative approaches in learning 

and teaching fractions: an equal sharing approach and a measurement approach. The 

equal sharing approach (Empson, 1999; Empson et al., 2006) focuses on the coordination 

of quantities (the number of items to be shared and the number of people sharing them). 

For example, students might engage in the following problem: If four children equally 

share 3 lbs of clay, how much clay does each child get? A student might solve this task 
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by first partitioning 2 lbs of clay into halves and then partitioning the last pound of clay 

into four parts. They would yield a half and a fourth per child as the solution. Another 

student might partition each pound of clay into four pieces and apportion three quarters as 

each child’s equal share. Students can learn fractions as a different kind of quantity with 

this equal sharing approach, which prompts students to map the action and the result of 

partitioning into fractions (Empson, 1999).  

In contrast, the measurement approach (Davydov & Tsvetkovich, 1991) 

emphasizes a fraction as a single quantity. There are various definitions of measurement 

approach to fractions. Kiren (1976) was the first to conceptualize the five interrelated 

subconstructs of fraction concepts, which include part-whole, measurement, quotient, 

ratio, and operator. From this fraction as measure interpretation, students might represent 

fractions on a number line with a subdivision of a length unit (Lamon, 2012). However, 

there are several distinctions from the instructional approach by Davydov and 

Tsvetkovich (1991) around the idea of fraction as measure compared to Kiren’s (1976) 

definition of fraction as measure.  

First, the researchers’ approach (Davydov & Tsvetkovich, 1991) was not 

restricted to only fraction content but penetrated the whole-number system and rational 

numbers. Consider, measuring the length A (Figure 1-left) with four iterations of a single 

unit (k). The length of A is 4 times the unit k (A = 4k or A/k = 4), so length A can be 

represented as the whole number 4 in terms of unit k. If length B (Figure 1-right) is 

measured with the unit m, there is a leftover part. This remainder could be measured with 

a new smaller unit (n) and compared with the original unit (m). If n = ½m, then 

B = m + m + n = 2m + n = 2m + ½m = (2 + ½)m = 2½m. In other words, the length of B 
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can be represented as the fraction 2½ in terms of the unit m. Both whole numbers (in the 

case of length A) and fractions (in the case of length B) have the same approach of 

generating numbers using measurement.  

  

Figure 1 

Measuring Length A With a Single Unit (Left) and B With Two Units (Right)  

 
 

Second, using the approach defined by Davydov and Tsvetkovich (1991), students 

can experience cognitive dissonance between whole numbers and fractions by exploring 

the relationships between units and quantities that cannot be measured using whole 

iterations of the unit. As in the example of length B (= 2½ m) in Figure 1, the initial 

fraction concept is introduced by defining the relationship between the original unit and a 

new unit.  

In this study, I drew upon the measurement approach to fractions (Davydov & 

Tsvetkovich, 1991), which focuses on the relationship between the units of measure and 

the magnitude of quantities. This approach not only emphasizes children’s experiences 

and the meaning of fractions but also mirrors the historical development of fractions as a 

consequence of measuring continuous quantities. As a long-term goal, the overarching 

question I had pursued was how we could provide meaningful learning opportunities for 

students to explore this quantitative relationship using a measurement approach. 

Therefore, in this study, I created a technological tool embedded the features of 
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measurement approach, then designed a series of measurement tasks, and examined how 

children were engaged fractional understandings with the tool.    

The Use of Dynamic Technology to Enhance Mathematical Understanding 

Due to the accelerating pace of social and technological change, students need to 

develop a deeper understanding through critical thinking, not just rote memorization. The 

incorporation of technological tools into classroom learning has been investigated as a 

way to help students visualize mathematical relationships and to provide a foreground for 

displaying, acting upon, and observing the relationships (Heid & Blume, 2008). These 

tools allow us to explore a new way to conceive math concepts that we could not explore 

without them (Hollerbrands, 2007; Webel & Otten, 2015). The National Council of 

Teachers of Mathematics (NCTM, 2014) emphasized tools and technology as one of the 

essential elements to support effective learning for all students. It also has been 

recommended that technology helps students make sense of mathematical ideas and 

reason mathematically.  

In a traditional pen-and-paper environment, students might generate a single 

fraction value at a time with a static representation (e.g., fraction strips). However, in a 

dynamic technology environment, students can generate multiple and continuous values 

merely by dragging a single point. During such manipulation, students could discover a 

certain property across the generated examples and could develop mathematical concepts 

through this mediation of tools (Roschelle et al., 2017). This dynamic technology 

environment can change the way students learn, including discourse and learning 

strategies (Jahnke, 2015). 
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To examine how technology enhances mathematical learning, the instrumental 

perspective and the semiotic perspective provide useful theoretical lenses. More 

specifically, the instrumental genesis considers how a tool changes from an artifact to an 

instrument in the hands of a student. Semiotic mediation refers to how a tool mediates the 

child’s mathematical understanding. They share the same starting point: the Vygotskian 

perspective, which posits that artifacts play an essential role in developing knowledge 

(Vygotsky, 1978). Each framework provides a distinctive construct to delineate a 

wholistic picture relevant to the instructional use of artifacts.  

Many researchers have discussed the importance of fraction learning using 

different approaches. Many have suggested that dynamic tools are promising in forming 

students’ conceptual understanding of fractions as well as their procedural knowledge. 

These researchers’ findings raise a question: How might technological tools support 

students’ learning about fractions through a measurement approach? Relatively little 

research has examined elementary students’ understanding of fractions from a 

measurement approach, and much less research has investigated elementary students’ 

understanding of fraction as measure within a technological environment (Simon et al., 

2018).  

Therefore, the current study examined how elementary students coordinate units 

and quantities in situations that measure length when solving a series of fraction tasks. 

The study used a dynamic tool as a new pathway for understanding fraction concepts. In 

terms of theoretical contributions, this study (a) initiates new discourse about how 

children construct fraction concepts in measurement situations, (b) identifies the potential 

use of dynamic technology in discovering mathematical properties with continuous 
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variation, and (c) develops a holistic framework for mathematical concepts and the use of 

dynamic technology for further study and analysis. From a practical perspective, this 

study may help practitioners to understand mathematical learning in a dynamic 

technology environment. Practitioners (e.g., teachers, researchers, and curriculum 

developers) could be ready for implementing this measurement approach to fractions via 

technology in their fields with basis on the understandings of the nature of students’ 

conceptualization of fraction as measure. Beyond instructional potential, this study can 

build a bridge between technology and educational access and equity by providing high-

quality learning opportunities for all students (Schoenfeld, 2002). 

Research Questions  

This study employed a series of tasks focused on eliciting and supporting fraction 

understanding through measurement situations (Davydov & Tsvetkovich, 1991). I 

developed tasks that employed Dynamic Rulers (Yeo, 2020)—a set of measurement tasks 

that I created for this dissertation with the New Cabri software (Laborde, 2016)—which 

allowed study subjects to explore mathematical relationships and properties with dynamic 

actions. Like a ruler, this tool was designed to measure unspecified lengths with 

adjustable units; adjustments to one unit of a Dynamic Ruler simultaneously changed the 

unit size throughout the whole ruler. From the instrumental and semiotic perspectives, I 

examined how students coordinated and described the relationship between quantities 

while using the Dynamic Rulers. In particular, I addressed the following questions: 

 1. What are the different ways that children use the Dynamic Ruler tool in 

approaching each fraction-as-measurement task? 
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 2. What patterns emerge in children’s strategies across the series of fraction-as-

measurement tasks? 

Researcher Positionality 

Since 2006, as a former elementary school teacher in South Korea, I have 

conducted a variety of research projects about how to use cognitive and social technology 

for better learning and teaching in mathematics classrooms. During my doctoral program, 

my positionality has shifted from that of a practitioner to a novice researcher who pursues 

research to focus on not only practical solutions but also theoretical ideas in order to 

contribute to both communities. Through these teaching and learning experiences, I have 

honed my abilities to develop my own tool for a specific purpose, to understand 

mathematical discourses emerged by the use of a tool with a wide range of individual 

students, and to analyze collected data with a rich and thick description from the 

viewpoint of both an insider and outsider.  

I came to the US to study mathematics education as an international student and 

observed plenty of elementary classrooms as a newcomer. These experiences forced me 

to reflect on what was taken for granted related to cultural and linguistic factors in 

learning. In this study, I ended up with recruiting a diverse set of participants from 

diverse ethnicities, however, I was not drawing conclusions from a population that only 

mirrored my own beliefs and background. Conversely, this diverse recruitment strategy 

might allow me to create new paths to understand complicated and abstract concepts in 

the fraction content area by investigating a variety of students’ strategies and 

mathematical actions, which brought to the surface their strategies with a tool more 

universally regardless of their ethnic backgrounds. Furthermore, I also could draw a 
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contextualized insight to support those students who have different cultural and social 

backgrounds.  
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CHAPTER 2: LITERATURE REVIEW 

The purpose of this study was to investigate how the children’s concept of 

fraction as measure emerged when working with dynamic technology. This study also 

focused on how the tool mediates such mathematical conceptions. In this chapter, I first 

describe an integrated framework for conceptualizing mathematical understanding that 

arises from the use of technology. I used two theories for the framework: instrumental 

genesis and semiotic mediation. I then elaborate on the challenge of a typical approach to 

fraction learning and teaching in schools. Afterward, I provide a synthesis of the 

theoretical and empirical literature concerning how the concept of fractions develops 

through a measurement approach. Then I elucidate the dynamic features of technology 

and review the use of digital tools to develop fraction understandings.  

The conceptual framework first described in this chapter relates to the integration 

of the study’s technological tool with an understanding of mathematical concepts from 

both instrumental and semiotic perspectives. The synthesized literature is describing how 

students can build up mathematical concepts by using a dynamic technology 

environment.  

Conceptual Framework 

This study’s conceptual framework relates to the interaction between students and 

technological tools for developing mathematical understanding, largely inspired by 

Drijvers et al. (2010). They provided a historical overview of theoretical frameworks 

regarding the integration of technology in learning and teaching mathematics, which has 

contributed to a new perspective in the mathematics education field (e.g., the perspective 

of a microworld within the digital environment where mathematical concepts can be 
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explored). Drijvers et al. (2010) specifically focused on the theory of an instrumental 

approach and the theory of semiotic mediation “to guide the design of teaching, to 

understand learning, and to improve mathematics education” (p. 90). Both theories have 

the same starting point: the Vygotskian learning theory, which leverages the impact of 

tools. The instrumental perspective (Verillon & Rabardel, 1995) emphasizes the 

transformation of an artifact to an instrument in relation to students’ action schemes and 

the tool’s affordances and constraints. The semiotic perspective (Bartolini Bussi & 

Mariotti, 2008) focuses on how a psychological tool mediates children’s mathematical 

meaning making. Therefore, building an understanding of mathematical concepts with 

tools can be thought of as analogous to considering the iterative interactions between 

students and tools (Figure 2).  

For this study, I integrated the two theories into the conceptual framework 

because they had a complementary relationship with each other (Maschietto, 2015). First, 

the instrumental genesis theory took into account students’ cognitive processes when they 

are involved in tool-based mathematical activities. Second, the semiotic mediation theory 

supported how tool-based mathematical tasks can foster the emergence of mathematical 

meanings through the use of signs.  
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Figure 2 

Conceptual Framework 

 
 

The Importance of Tools  

Vygotsky (1978, 1981, 1987, 1997) elaborated a theory about how children learn, 

how they develop their minds, and the interconnection. He said that children’s minds 

develop through social experience with special psychological tools (e.g., language, 

symbols, and signs) rather than through individual growth. Such tools are provided by 

more knowledgeable people through joint activities. The children use the tools at the 

external type and then internalize the lessons learned. Vygotsky (1978) illustrated this 

development with the example of pointing a finger. A child might initially perceive the 

pointing motion as meaningless. However, if other friends and adults respond to the 

gesture, it becomes a sign that has meaning, such as going to the pointed direction. In 

particular, the pointing gesture represents an interpersonal connection between 

individuals with shared meaning. Vygotsky (1997) elaborated upon how children make 

meaning, explaining that meaning making is the unification of thinking and speech:  
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Meaning is not the sum of all the psychological operations which stand behind the 

word. Meaning is something more specific—it is the internal structure of the sign 

operation. It is what is lying between the thought and the word. Meaning is not 

equal to the word, nor equal to the thought. This disparity is revealed by the fact 

that their lines of development do not coincide. (p. 133)  

Therefore, the acquisition of psychological tools is a critical factor that impacts the 

development of children’s minds and meaning making. Teachers can support this 

acquisition process by organizing appropriate learning activities for children to acquire 

and effectively use psychological tools, such as language and symbols. 

Building on the Vygotskian foundations, in the following sections, I elucidate two 

main theories: instrumental genesis and semiotic mediation. Then I integrate the two 

theories to form the conceptual framework for this study.  

Instrumental Genesis 

The theory of instrumental genesis is the first part of the framework. It refers to 

the process of an artifact transforming into an instrument (Artigue, 2002; Drijvers & 

Gravemeijer, 2005; Drijvers & Trouche, 2008; Trouche, 2004). For example, if an 

artifact influences a student’s mental processes and impacts the student’s actions (e.g., 

mathematical activity), then the artifact can be connected to the students’ cognitive 

processes and becomes an instrument (artifact + scheme). Here, it is important to 

distinguish between the artifact and the instrument (Verillon & Rabardel, 1995). The 

artifact is a physical or psychological object that has an apparent and practical role for 

achieving a given task, whereas an instrument is transformed from the artifact when it is 
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used purposefully. Drijvers et al. (2013) exemplified the difference between an artifact 

and an instrument:  

As long as we have no idea about what letters stand for, a pen is a useless artefact 

for writing. As soon as we learn to write, the pen becomes more than an artefact 

for drawing, and changes into an artefact that we also use for writing. Together 

with the developing skills, the pen becomes an instrument for writing (p. 26).  

Then what is the process of becoming an instrument from an artifact? Consider a 

child who is measuring the length of a pen with a ruler that features inches on one side 

and centimeters on the other. The child measures the pen and finds out that the length is 3 

in. (7.62 cm). This finding guides the child’s thinking toward seeing the measurement of 

the pen as three iterations of inch units. Later, the child measures the same pen with the 

centimeter side of the ruler, encountering an opportunity to realize the unit relation 

between inches and centimeters. Furthermore, the child decided to mark millimeters at 

the side of centimeters to measure the length of the pen more precisely, then come to 

realization of the relationship between inches, centimeters, and millimeters. During 

instrumental genesis, the artifact (e.g., a ruler) and the child establish a bidirectional 

relationship: instrumentation and instrumentalization. Instrumentation is when the child’s 

understanding of mathematical concepts is shaped by the tool’s affordances and 

constraints. In the above example, this could be seen when the child first measured the 

pen in inches to quantify the length with the ruler only. Then, the student had an 

opportunity to perceive a relationship between the size of the initial unit, the measure, 

and alternative units by comparing the measurement in centimeters as well as 

millimeters. That is, the child’s knowledge guided how the tool is used and shaped the 
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tool for the purpose, which is known as instrumentalization. During this process of 

instrumental genesis, the child’s thinking can be shaped by the artifact and shape the 

artifact as well (Hoyles & Noss, 2003).  

In addition to an individual type of the instrumental approach, students construct 

their own instrumental genesis then collaborate with their classmates in a classroom. 

Trouche (2004) coined the term instrumental orchestration, which means that teachers 

intentionally and systematically organize various artifacts to develop students’ 

instrumental geneses. Therefore, in digital technology learning environments, it is 

required for teachers to design instrumental orchestration to use a given tool 

meaningfully. 

When students are given an artifact to solve a mathematical task, the process of 

internalizing (instrumentation) and externalizing (instrumentalization) is reflexive 

between the student and the artifact. For example, Freiman et al. (2017) investigated how 

computer-based story problems help students analyze mathematical structures and 

relationships with algebraic thinking rather than with calculations. They believed younger 

children could solve a story problem with generalized strategies using letters in the 

expressions. Within the computer environment, students solved a task: “Sarah had s 

apples. She ate f apples in d minutes. How many apples does she have now?” The task’s 

goal was to make a mathematical expression by dragging the letters (s, f, d) and 

operational symbols (+,−, ×, ÷) into the correct equation. The solution of the task was 

𝑠 − 𝑓. This computer-based environment situated students so that they could construct an 

algebraic expression with variables without any calculation (instrumentation). Even 

though students had an option to replace the letters with numerical values, some of them 
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were able to keep focusing on the analysis of the problem and the general additive 

structure with the algebraic expressions. The computer environment could shift students’ 

attention from numerical computations to figuring out algebraic relationships. As the 

process of instrumentalization, before moving to the algebraic expression on the 

computer, students drew a number line model to understand the underlying relationships 

between a minuend, a subtrahend, and a difference in the problem situation. This was 

helpful to understand mathematical structure of the given problem and eventually 

influenced the way to solve the computer tasks by using letters.  

In another example, Soury-Lavergne and Maschietto (2015) studied the use of a 

digital graphical space as a bridge between the physical space and the geometrical space. 

They examined the use of the digital space designed by the Cabri Elem software 

(graphical space) to connect a green-carpet activity (physical space) in the classroom to 

the concepts of lines and intersections (geometrical space), focusing on grids. In the 

actual classroom, students solved a spatial problem by tracking the position or path of an 

object using a grid on a green carpet. Subsequently, the students solved digital tasks 

grouped under the title “Cabri and the Frog,” manipulating a frog through the digital grid 

to reach Cabri (cabri means “goat” in French). Through these tasks, the students 

recognized the grid as an object that belongs to the digital graphical space and explored 

potential obstacles (e.g., gray squares and clouds) and affordances (e.g., changing the 

point of view from 2D to 3D and vice versa) via instrumentation. The students could 

utilize their strategies gleaned from the classroom green-carpet activities via 

instrumentalization. For example, some students used a reference-points strategy to 

navigate Cabri using black lines or gray squares at the corners. In this example, the use of 
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digital technology supported instrumental genesis by constructing connections between 

the physical carpet activity and the geometrical concept of a grid.  

In summary, prior studies related to the instrumental approach highlighted the 

process of instrumentalization and instrumentation. The studies evidenced ways to utilize 

technology according to one’s own purpose and understanding of mathematics and 

identified affordances and limitations to influence their understanding. In this study, I 

also focused on how children’s strategies about fraction concepts influenced the 

manipulation of a dynamic tool. This study further examined which of the tool’s 

affordances and limitations impacted the children’s understanding of fractions.    

Semiotic Mediation 

In the second part of the framework, semiotic mediation refers to the process of 

meaning making from signs. Vygotsky (1978) differentiated between tools and signs as 

follows: “The sign acts as an instrument of psychological activity in a manner analogous 

to the role of a tool in labor” (p. 52). Signs are symbolic tools (e.g., speech, number) to be 

used in mental work while tools are practical, material tools (e.g., computer, ruler) to be 

used in physical work. These symbolic and material tools can mediate children’s 

understanding. Let us suppose that a child is solving an addition problem. The child 

might manipulate a snap cube (material tool) or use a number expression with 

mathematical signs (symbolic tool).  

When it comes to the use of technology in particular, the signs generated by 

manipulating technological tools are internalized and directed to other signs (e.g., words, 

drawings, and gestures) in the social activity. Bartolini Bussi and Mariotti (2008) 

described semiotic mediation as a process of meaning making through internalizing the 
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signs that are produced from external, interpersonal activities. In the case of drawings 

with Dynamic Geometry Software (DGS), a goal-oriented activity such as dragging and 

tracing in DGS can be internalized to construct individual meanings. The use of dragging 

and tracing tools also facilitates whole-class discussions to mediate the collaborative 

meaning-making process in the activities.  

Extending the Vygotskian perception that signs are symbolic tools, Bartolini 

Bussi and Mariotti (2008) suggested three categories of signs: artifact, mathematical, and 

pivot signs. Artifact signs are generated in the context of using an artifact and are close to 

the artifact itself. Mathematical signs are generated in abstract mathematical contexts. 

Pivot signs “express a first detachment from the artefact, but still [maintain] the link to it 

in order not to lose the meaning” (Bartolini Bussi & Mariotti, 2008, p. 757). In other 

words, pivot signs form a bridge between artifact signs and mathematical signs. In the 

classroom community, certain words and tools can mediate the meaning-making process. 

Arzarello and Robutti (2008) termed this collection of signs and their reciprocal 

relationships as the semiotic bundle. Therefore, the goal of teaching can be to transform 

tool-generated signs to mathematical signs through learners’ meaning-making processes. 

Semiotic mediation through technological tools is illustrated by a teaching 

experiment by Bartolini Bussi and Baccaglini-Frank (2014), who investigated the use of a 

programming robot (the bee-bot) to transition children’s perceptions of paths from a 

dynamic perception to a geometric perception (i.e., seeing paths as geometric figures 

such as squares and rectangles). They analyzed three different signs from the 

programming activities. On a paper, children wrote down arrows (↶, ↑, ↓, ↷), which 

stemmed from the command-icons on the bee-bot’s back (i.e., artifact signs). The arrows 
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that the children wrote on paper represented paths as sequences of commands (e.g., a 

square: ↑↑↷↑↑↷↑↑↷↑↑↷). Here, corresponding mathematical signs (e.g., a right angle of 

a square), the turning arrow (↷) become the pivot sign that derived from the artifact signs 

(e.g., the command-icons on the bee-bot, the action of turning right in a path on the 

floor). Children could enhance their perceptions of a path with the periodic eye-blinking 

and beep sounds of the bee-bot. Because the bee-bot produced the blinking and beeps at 

starting and ending points, those visual and audible patterns prompted children to reflect 

on the action of the bee-bot related to geometrical objects. 

Digital tools can generate dynamic mediators that invoke mathematical 

relationships and properties to support students’ understanding. Ng and Sinclair (2015) 

investigated how children’s geometric conceptions of symmetry emerged and 

transformed through language, gestures, and the use of technology. They studied the 

semiotic role that dynamic digital technology has in learning symmetry. Children 

manipulated squares and/or a symmetry line in an activity titled “The Symmetry 

Machine.” The children dragged squares and observed what happened to corresponding 

symmetry points, which were positioned on the other side of the line of symmetry on an 

interactive whiteboard. The actions of moving the squares served as the pivot signs and 

produced both artifact signs (the movement of a particular square) and mathematical 

signs (the square as a mathematical object with the line of symmetry). The following 

statement from one of the participants in Ng and Sinclair’s study (2015) provided an 

example of how their dynamic digital technology enhanced the participant’s concept of 

symmetry: “It will move like opposite, like this one will move to the windows, and this 

one will move to the wall” (p. 432). 
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In the process of semiotic mediation, visual representations, gestures, spoken 

words, and written languages are obviously crucial mediators to facilitate discussions 

among the whole classroom (Battista, 2008; Kaur, 2015). More importantly, the use of 

technology can activate new types of potential mediators. The dragging tool used in Ng 

and Sinclair’s study (2015) mediated children’s comprehension using the dynamic action 

of the line of symmetry and the image squares. This tool allowed the children to attain an 

understanding of the main features of symmetry. The shape of a component on one side 

of the line of symmetry is the same as its counterpart on the other side of the line; a 

component is the same distance away as its counterpart; the preimage and image make a 

pair.  

Findings from these studies highlighted the important role of words and mediators 

in semiotic activities when solving tasks in technological environments. In this study, I 

investigated how children transformed and evolved visual representations into 

mathematical words to make a mathematical meaning by manipulating a dynamic tool in 

a digital environment. 

Instrumented Mediation  

The integrated framework that connects instrumental genesis to semiotic 

mediation provides a useful way of understanding of children’s use of digital tools. In 

this study, I called this integrated approach instrumented mediation. When solving 

technology-embedded tasks, the students who participated in my study needed to solve 

the tasks based on their mathematical knowledge and to manipulate a digital tool within a 

digital microworld. As a result of the manipulation, the students generated new signs 
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such as words, symbols, and visual representations. The new signs allowed them to make 

mathematical meaning through instrumented actions.  

Instrumental genesis has a strong orientation toward the cognitive process of how 

the use of instruments mediates mathematical learning and teaching. In contrast, semiotic 

mediation is a theoretical approach focused on how the process of meaning making 

occurs through the internalization of different types of signs. However, some researchers 

have investigated ways to use both theories as one framework. For example, Drijvers et 

al. (2013) used the two theories to analyze one episode of students’ learning with a 

computer algebra system. By comparing the two theories’ principles and methods, they 

reflected on the potential benefits and pitfalls of applying the theories to analyze the 

learning episode. For example, from the instrumental perspective, manipulation was 

presented as the observable part of a student’s mental scheme, which the student used to 

solve a given type of task. On the other hand, from the semiotic perspective, the meaning-

making process was understood as a sequence of actions governed by rules and oriented 

toward a goal. Even though the notion of manipulating tools was focused on the use of 

tools, the notion of meaning making was broader. Therefore, Drijvers et al. (2013) 

concluded that the notions of manipulation and meaning making could provide a 

comprehensive view of how students use tools to develop understanding. 

Similarly drawing on the relationships between the two theories, Maschietto and 

Soury-Lavergne (2013) used teaching experiments to examine the use of a physical 

manipulative (the Pascaline) and a digital counterpart (the e-Pascaline). Manipulating a 

gear train of five wheels, both tools allow numbers to be written in the decimal position 

system and arithmetical operations to be performed. When analyzing the use of the tools, 
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the authors identified how a participant could use a forefinger to turn wheels (one-tooth-

at-a-time gesture). This manipulation could support some mathematical meanings (e.g., 

place value and operations), and the tools also provided a chance to make meaning from 

linguistic expressions (e.g., turn n times), which were related to iteration. This evidence 

suggested that tools could help the researchers understood how participants were 

constructing mathematical meaning through instrumental genesis (i.e., asking a 

participant to manipulate the machine) and semiotic mediation (i.e., prompting the 

participant to argue why they chose the manipulation that the did). 

Following prior studies’ efforts to integrate the two theories, this study also 

focused on how children derive mathematical meaning from the relationship between 

mathematical ideas arising during situated tasks and mathematical actions performed 

within a dynamic digital environment. In other words, this study focused on instrumented 

mediation which integrated theories of instrumental genesis and semiotic mediation. 

In the next sections, I discuss research on the development of fraction concepts 

from measurement approach and the features of dynamic technology. Then, I reviewed 

relevant studies to develop fractions concepts with digital technology.   

A Measurement Approach to Fractions 

Challenges and Alternative Approaches for Learning Fractions    

Many mathematics education researchers have documented that learning fractions 

are one of the most complicated areas for younger students (Charalambous & Pitta-

Pantazi, 2007). When fractions are initially introduced, students sometimes struggled 

with applying concepts and properties transferred from the whole-number system and had 

a limited understanding of fractions as a relationship between two numbers rather than as 



25 

 

 

a single quantity (Behr et al., 1992; Clarke & Roche, 2009; Ni & Zhou, 2005; Tzur, 

1999). The difficulty in learning fractions arises from whole-number bias (Ni & Zhou, 

2005) and confusion about the referent unit (Tzur, 1999). For example, due to their lack 

of understanding that a fraction is a quantity, children may see the numerator and 

denominator as an arrangement between two separate numbers, not as a single quantity, 

amount, or measure. Consequently, they may only pay attention to the number of objects, 

not the size—1 out of 4 objects rather than one part that is one fourth of the size of the 

whole.  

Instruction can exacerbate such inherent difficulty by employing the double-

counts treatment in the classroom (i.e., the denominator is counting how many parts in 

the total and the numerator is counting how many parts are shaded; Kieren, 1994). This 

type of instruction focuses only on the part-whole meaning of fractions (Lamon, 2007; 

Mack, 2001; Olive & Vomvoridi, 2006). The double-counts treatment seems to have 

intuitive effects for students, from which they can build fraction understanding of an 

existing counting scheme and can introduce fractional words (e.g., “three over five”, 

“three out of five”. or “three fifths”). Chval et al. (2013) illustrated how the double counts 

approach causes confusion about discrete quantities. Their Fraction Hexagonal Task (p. 

50, Figure 3) illustrated the different ways that students understand fractions by 

perceiving a hexagon and its subcomponents as an area model. For example, one student 

named Diana answered the question and agreed with Mary’s statement that the green 

triangle represented one third of the pieces: “Yes, there are 3 pieces and the triangle takes 

up 1 part.” However, Diana disagreed with Michelle’s statement: “No, there are not 6 

pieces total, she said”. The student seemed to think of the model as discrete that the 
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triangle is 1∕3 of the pieces rather 1∕3 of the area and to interpret the denominator as the 

number of pieces rather than as an equal-partitioned area. The lack of opportunities for 

students to interpret fractions in other ways (measure, ratio, operator, and quotient) might 

be a negative influence on what students learn about advanced concepts and operations 

(Ni, 2001; Thompson & Saldanha, 2003).  

 

Figure 3 

Fraction Hexagonal Task  

Q. Read what Mary and Michelle say about the green triangle. 
 

 
 
Mary: The green triangle represents 1/3 of the pieces.  
Michelle: The green triangle represents 1/6 of the hexagon. 
 
(a) Do you think Mary is correct? Explain your thinking.  
(b) Do you think Michelle is correct? Explain your thinking.  

  

 

Researchers have explored alternative instructional interventions to develop a 

fundamental and conceptual understanding of fractions. Two distinguished approaches 

have emerged. One is the equal sharing approach (Empson, 1999; Empson et al., 2006; 

Streefland, 1991, 1993), which emphasizes the coordination of quantities in equal sharing 

problems (e.g., 4 children share 5 pancakes so that everyone gets that same amount. How 

much pancakes can each child have?). The other is the measurement approach (Davydov 

& Tsvetkovich, 1991; Morris, 2000; Simon et al., 2018), which emphasizes mathematical 

generalities across whole numbers and rational numbers. More specifically, the 

fundamental idea for the equal sharing approach is partitioning with multiplication and 
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division. Empson and Levi (2011) suggested that students require the opportunity to 

understand the meaning of fractions prior to introducing fractional notation. Focusing on 

the development of children’s mathematical thinking, they posed equal sharing problems 

and studied how students constructed fraction concepts by “slicing, splitting, distributing, 

measuring, and combining quantities” (Empson & Levi, 2011, p. xxii). Equal sharing 

tasks generate the fractional amount as shares and allow students to reflect on the 

relationship between the denominator (the number of pieces in a whole object) and the 

numerator (the number of pieces each sharer gets).  

On the other hand, the measurement approach is based on the concepts of 

measurement units and unit hierarchies, which draws not only on children’s experience 

and the meaning of fractions but also on the historical development of fractions through 

measurement (Davydov & Tsvetkovich, 1991). This interpretation emphasizes the 

relationship between the units of measure and the magnitude of quantities. To illustrate, 

suppose a student measured length A with unit k (Figure 4). After two iterations of unit k, 

the student found a smaller unit was necessary to measure the remainder, and this new 

unit was a third of the size of the original unit. This approach might be helpful for 

children to understand fractions with an emphasis on the concept of measurement units 

and the relationships between them.  
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Figure 4 

Measuring A With Unit k and a Partial Unit  

 
 

Theoretical Learning From a Measurement Approach  

Some researchers have argued for considering measurement as the source of 

number concepts, including all number systems in general and fractions in particular 

(Davydov & Tsvetkovich, 1991; Brousseau et al., 2014). Historically, fractions were 

invented to measure quantities or amounts, such as how many grains or how much liquid, 

which have been measured since ancient Egypt (Ifrah et al., 2000). In school 

mathematics, the units of measure and the magnitude of quantities remain fundamental 

constructs to understand the relationships between numbers and operations (Kaput, 1985; 

Schwartz, 1988). However, this idea of measurement as the source of number concepts 

has been supplanted in school by the part-whole interpretation due to the development of 

modern algebra from integers to rational numbers. In addition, as the field of modern 

algebra grew in prominence, rational numbers became more formalized by holding their 

consistent properties as a new number system across integers and real numbers. As a 

result, educators came to view measurement as unnecessary to contribute to the formation 

of rational number concepts, which obfuscated their practical origins. 

Davydov and Tsvetkovich (1991) focused on promoting students’ understanding 

of mathematical structure rather than extending number systems in a prescribed order 

(e.g., whole number, then rational number, etc.). That is, if students learn a generalized 
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and abstract structure of a mathematical number system from experiences that focus on 

essential and conceptual understanding, they might apply this structure across all number 

systems. For example, students might approach the following operations differently using 

conventional number systems: 1 + 2, 1∕3 + 2∕3, 0.1 + 0.2, 𝑥 + 2𝑥. However, these 

operations have the same structure across different number systems: one unit + two units.  

The idea to approach problems in a general way is supported by Davydov’s 

(1988) two basic ways to develop students’ learning: empirical learning and theoretical 

learning. Empirical learning includes comparing various objects, figuring out 

commonality, and formulating a general concept (Karpov & Bransford, 1995). As a 

constraint, this empirical approach might result in erroneous concepts. For example, 

preschoolers might tend to believe that “all small objects sink,” and younger elementary-

school students might believe that “the whale is a fish” (Karpov & Bransford, 1995, 

p. 62). On the other hand, theoretical learning provides psychological tools, which are 

general and essential methods for solving concrete problems and would be internalized 

by students in the process of the application. For example, kids could investigate the 

importance of density to understand why the size of objects does not matter when 

considering its propensity to sink. They also could think about the criteria for classifying 

mammals and fishes: respiration, circulation, reproduction, etc. Students need to not only 

acquire scientific knowledge as they explore their world but also master the processes 

underlying the concepts they have begun to formulate. It is essential for students to be 

able to apply the concepts to concrete problems.  

Drawing on this theoretical learning perspective, Davydov and Tsvetkovich 

(1991) implemented a teaching experiment based on the measurement of quantities as the 
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origin of the fractional number system. Children first explored direct comparison in the 

context of length, width, height, or weight. They compared two quantities by recording 

the results with mathematical symbols such as +, >, =, <. Then, the children were 

introduced by new situations that made it difficult for the children to use direct 

comparisons. So, the children were encouraged to measure the quantity with concrete 

objects (e.g., stick, pieces of string). The relationship between the quantity and unit was 

represented with whole numbers. Next, the children encountered situations where they 

could not measure with whole numbers alone but had to measure a remainder with a new 

partial unit. If a smaller unit fitted a quantity to be measured n times and the original unit 

m times, the ratio between m and n could be noted as n/m. This measurement approach 

provided an abstraction of the relationship between quantities to introduce fractions as 

theoretical learning. The children could learn to appreciate generalized ideas across the 

whole- and rational-number systems, such as measure and unit of measure.   

Drawing upon the measurement approach (Davydov, 1975; Minskaya, 1975), 

researchers developed a curriculum called Measure Up and explored elementary 

mathematics in grades 1–5 (Dougherty et al., 2004). A body of studies investigated the 

use and impact of the innovative curriculum for a variety of topics, including early 

algebra (Dougherty, 2008), unit concept development (Dougherty & Venenciano, 2007), 

fraction multiplication (I et al., 2015), and proportional reasoning (I et al., 2018). The 

studies introduced children to the concept of numbers in the context of measurement by 

using continuous and nonspecified quantities (e.g., water, paper strips). Children explored 

the combination of physical, diagrammatic, and symbolic representations in measuring 

activities, which provided them with an opportunity to understand the structure and 
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properties of mathematics. For example, Dougherty and Venenciano (2007) designed a 

series of comparison tasks (e.g., length, mass, volume, area) suggesting three steps for 

representing quantitative relationships through algebraic expressions: (1) comparing 

various quantities by direct measuring (e.g., A > B, C = D); (2) assessing the extent, 

quality, and value (e.g., A > B, B > C, so A > C); and (3) quantifying continuous 

quantities with a certain standard (e.g., A + A + A + A = B, 4A = B, 3A = B-A). From the 

symbolic expressions, children recognized the relationship between units (e.g., A/B = 4, 

and A/C = 6, so B is bigger than C) and even between unit and measure (e.g., the bigger 

the unit, the fewer units are needed to measure).  

Extending this body of studies, other researchers have incorporated a 

measurement approach for fraction learning in teaching experiments (e.g., Simon et al., 

2018) and classroom settings (e.g., Schmittau, 2005; Schmittau & Morris, 2004). For 

example, Simon et al. (2018) designed a curriculum for teaching fractions based on a 

measurement approach and conducted a one-on-one teaching experiment with fourth 

graders. One task they posed was to measure a beam with a given length unit. Then a 

prepartitioned unit was used to measure the leftover in relation to the given unit. For 

example, a child copied a unit A (one of the gray units) to measure the given beam and 

figured out that the length was seven units of A. Then, the child measured another unit, 

called unit B (the yellow bar), determining it equaled 4 times unit A. With this 

information, the child could figure out the length of the beam with various units: seven 

units of A, or 1 unit of B plus 3 units of A, or 1¾ units of B.   

Students in the Simon et al. study (2018) developed an initial concept of fraction 

as a measure, and they were invited to further consider the relationship between 
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measurement and iteration. For example, Kylie was able to conceive of a unit fraction as 

a partial unit that measured a whole unit (fraction as measure), “It’s one third. … 

Because, I’m measuring that— three of these measures one unit.” She also conceived that 

the unit fraction was a part that iterates to a unit a particular number of times.  

Findings from such studies highlight the promise of measurement approaches to 

fraction concepts. Students who have developed a concept of fraction as measure can 

think about fractions quantitatively rather than numerically (Thompson & Saldanha, 

2003). 

Key Constructs of Fraction as Measure 

From the measurement approach, the key constructs are related to how children 

think about units, measures, and the relationships between units and/or measures. The 

measures could be represented as whole numbers or rational numbers. However, in the 

case of a rational number, it would be necessary to use a smaller unit to precisely express 

a given quantity. When relating the new unit to the original unit, it would be an entry 

point to introduce the concept of fraction as a way of describing this relationship. In this 

section, I briefly describe which measurement concepts are crucial to extend children’s 

understanding to fractions: length measurement, unit coordination, and multiplicative 

reasoning. I review the literature concerning these concepts in this section. Also, I used 

these concepts as the foundation for this study’s preliminary data analysis framework, 

which is described in Chapter 3.  

Length measurement consists of three parts: identifying a unit length, partitioning 

the object by that unit, and placing that unit iteration alongside the object (Clements & 

Stephan, 2004). Unitizing is the mental process of assigning a unit to measure a given 
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quantity (Lamon, 1996). In a length measurement situation, students must determine the 

size of one unit so that they can coordinate the unit to quantities. Partitioning means 

mentally or physically slicing an object into same-sized units. Unit iteration is the ability 

to think of the unit length as part of the length of the object to be measured and to place 

the unit length repeatedly along with the object to obtain the object’s length (Kamii & 

Clark, 1995). 

Unit coordination refers to students’ ability to build units and maintain their 

relationships with other units that they contain (Steffe, 1992). In order to conceptualize 

fractions, students must perceive the appropriate unit hierarchy (Hackenberg & Tillema, 

2009). At more sophisticated reasoning levels, students must operate with a number as a 

composite unit, which refers to a unit of units because the units might have multiple 

layers in the hierarchy.  

Thompson and Saldanha (2003) emphasized a multiplicative structure in fraction 

concepts, which refers to quantifying an object with identical copies of some quantity 

(Vergnaud, 1994). In more sophisticated reasoning levels, students must understand a 

fraction as scaling (m/n = m of 1/n unit) rather than additive reasoning (m/n = 1/n +1/n 

+1/n +…+1/n). The measurement approach to fraction also provide the opportunity to 

consider the denominator as a unit and the numerator as a result of measuring. Therefore, 

students could develop multiplicative reasoning in solving the measurement tasks. 

Dynamic Mathematics and Principles of Dynamism 

Digital technology has been increasingly integrated into mathematics classrooms. 

This integration has piqued researchers’ interests in understanding the role of technology 

in teaching, learning, and doing mathematics. Studies have given plenty of evidence that 
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digital technology supports students’ abilities to visualize mathematical ideas (e.g., 

Moreno-Armella et al., 2008), organize and analyze data (e.g., Konold et al., 2007), and 

investigate various content areas (e.g., Dick & Hollerbrands, 2011).  

Researchers have also investigated which fundamental characteristics of 

technology enhance students’ understanding. Kaput (1992) argued that this would be 

possible because “the new electronic media now afford a whole new class of dynamic, 

interactive notations of virtually any kind” (p. 522). He stated that dynamic media make 

it easy to offer students a multitude of variations; interactive media generates an instance 

followed by a user’s physical action. It could be argued that watching a video is more 

dynamic than reading a written a book because as video combines generic dynamic 

factors (e.g., digital, interactive, multimedia) to help students engage in the activity. 

However, dynamic mathematics requires a particular principle of dynamism. Jackiw and 

Sinclair (2009) proposed two principles: dynamism’s mathematical aspect and 

pedagogical aspect. In dynamic mathematics software, mathematical representations are 

powerful and temporalized with continuity and continuous change (mathematical aspect) 

and embodied immediately with direct interaction (pedagogical aspect). For example, 

using a dynamic graphing tool (e.g., Desmos), a student explores the property of a slope 

in a linear graph by manipulating a slider. When the student moves the slider to the 

bigger number, the slope becomes steep closed to y-axis. When moving to the negative 

number, the direction of graph becomes opposite. Here, such visual representations of the 

graphs are dynamically changed (mathematical aspect) through the immediate interaction 

with the use of the slider (pedagogical aspect).  
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Building on Kaput’s foundation, Roschelle et al. (2017) asserted that such 

dynamism helps students attain a clear mathematical relationship as a new path to 

conceptual understanding. For example, geometry is a representative domain for dynamic 

mathematics software such as GSP (e.g., Hollebrands, 2007) and Cabri (e.g., Laborde, 

1993). Through the use of dynamic geometry software (DGS), students can construct 

geometrical figures, measure lengths or angles of the figures, or manipulate elements of a 

figure that holds the same geometrical features. In addition to geometry, there are other 

content areas enhanced by dynamic representation, such as algebra (e.g., SimCalc; 

Roschelle et al., 2000) and statistics (e.g., TinkerPlots; Konold et al., 2007). However, 

there is few empirical studies about the meaningful use of technology in elementary 

mathematics classrooms compared to its use in secondary classrooms (Young et al., 

2018). Some researchers extended the use of DGS for elementary students to support 

their understanding of geometrical concepts (e.g., Ng & Sinclair, 2015) and early 

numbers (e.g., Sinclair & Crespo, 2006). But these explorations are limited, applying in 

only a few specific content areas such as plane geometry.   

 

Developing Fraction Concepts With Digital Technology  

In the domain of fractions, several studies have used digital technology. Although 

hands-on manipulatives (e.g., fraction strips, pattern blocks) are more likely to be 

available to children in the classrooms, digital technology distinctively provides a 

powerful and flexible environment for them to represent fractions in different modes 

(Kaput, 1992). For example, Hunting et al. (1996) conducted a teaching experience with 

young children to investigate fraction learning and the role of their whole-number 
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knowledge. They provided an operator-like technology called Copycat, which 

instantiated the fraction as an operator interpretation of rational numbers. Children were 

encouraged to determine which fraction was the appropriate numerical input and 

corresponding output or to determine what would be a possible input (or output) through 

the operation with selected fractions in the Copycat environment. This study showed that 

the technological environment could help stimulate and extend children’s whole- and 

rational-number knowledge. Even though this study used discrete representations, such as 

dots, the children had measurement- and partition-based understandings of fractions. 

Suh et al. (2005) also conducted a teaching experiment in a fifth-grade classroom 

through virtual fraction manipulatives from the National Library of Virtual Manipulatives 

(http://matti.usu.edu/nlvm/index.html). Also, the researchers used one applet from the 

NCTM online resources (https://www.nctm.org/Classroom-Resources/More-Online-

Resources-from-NCTM/). The researchers examined students’ learning of equivalent 

fractions (e.g., 5∕7 = 10∕14 = 15∕21) through circular representations. Students could 

manipulate up- and down-arrow buttons to change the number of partitions of the whole. 

When using the arrow buttons, students could explore multiple representations very 

quickly and make connections to symbolic representations. In addition, students could 

test their conjectures about patterns in fractions related to the changing number of pieces. 

Ultimately, this tool allowed fifth graders to identify a mathematical relationship related 

to factors and multiples in denominators and numerators.   

Steffe and Olive (2002) designed JavaBars (Figure 5), which is software primarily 

aimed at examining the type of representations of fractions constructed by children and 

related understandings. Students could use menu buttons to operate and create bars of any 

http://matti.usu.edu/nlvm/index.html
https://www.nctm.org/Classroom-Resources/More-Online-Resources-from-NCTM/
https://www.nctm.org/Classroom-Resources/More-Online-Resources-from-NCTM/
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size to represent a specific quantity through unitizing, segmenting, partitioning, and 

iterating. A physical model could not manipulate part of a partitioned whole, leaving the 

whole intact, whereas JavaBars enabled students to operationalize the part-to-whole 

relation (Olive & Labato, 2008). A number of studies have used JavaBars to examine its 

effects on students’ learning of fractions (Tirosh, 2000; Tzur, 1999), multiplicative 

relationships (Hackenberg, 2010), preservice teachers’ fraction knowledge (Chinnappan, 

2000), and teachers’ pedagogical content knowledge (Taylan & da Ponte, 2016). 

 

Figure 5 

JavaBars Software 

 
 

In terms of dynamic principles, JavaBars and other technologies seem to pertain 

to the pedagogical aspect of dynamic mathematics through immediate feedback; 

however, the methods of manipulating objects are less direct and less intuitive than the 



38 

 

 

manipulations typical in the real world. When children use a physical tool (e.g., ruler or 

compass), they can directly operate and maneuver the tool with their own actions and 

intentions. However, the digital tools in those studies often required children to click 

menu buttons or to operate function keys to manipulate and generate objects on the 

screen. For example, in JavaBars, students often need to already decide the number of 

partitions they want in order to input the number. In this study, I provided a dynamic 

digital environment that allowed participants to manipulate representations directly 

through their actions (the pedagogical aspect of dynamism). In addition, I included 

continuous changes of representations (the mathematical aspect), which the previous 

studies lacked. From such continuous variation of mathematical objects, students have 

new opportunity to explore mathematical concepts more dynamically. The tool is 

described in detail in Chapter 3. 

To sum up, students strive to understand fraction meaning with their prior 

knowledge even though fractions have an innate complexity. However, one critical 

problem with the current instructional approach seems to be the emphasis placed on the 

part-whole interpretation stemming from whole-number knowledge. It might reinforce 

students’ limited understanding of fractions. An alternative approach would be to focus 

on measurement as a source of fraction concepts. 

 In this study, I devised a dynamic tool to examine children’s thinking about 

fractions based on the measurement approach and investigated how elementary students 

engaged in a series of technology-based tasks. I also used this study’s digital tool to help 

children extend their unit concept not only with prepartitioned measurement tools but 

also with flexible units that could vary continuously. The tool was mainly developed to 
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support children’s fraction understanding by allowing them to dynamically explore the 

relationships between quantities and units. The dynamic tool has the potential to provide 

a vehicle for students to understand fraction conceptions generally. Also, it presents an 

opportunity for students to experience something new about fractions by exploring the 

fundamental but long-neglected epistemological origin of fraction concepts: 

measurement.  

However, more fundamentally, I wondered how children were influenced by the 

characteristics of this study’s dynamic tool. What kinds of knowledge and skills would 

they draw on to solve tasks? How did they build up the meaning of fractions from the 

dynamic representations and mathematical actions provided in the dynamic tool’s 

environment? Therefore, to understand how children develop the concepts of fraction as 

measure using digital technology, the theoretical framing in this study was instrumented 

mediation, which integrated the theories of instrumental genesis and semiotic mediation. 

This framework allowed me to see the tool’s impact on fraction concepts, assessing both 

the technology and mathematical meaning at the same time. I could appreciate the whole 

picture of how students used and interpreted dynamic representations.  

Through the comprehensive framework, I interrogated the interactions between 

children and the tool and the process of meaning making from the signs generated by the 

tool. With regard to the theory of instrumental genesis, I examined first how children 

appropriated the dynamic tool’s different affordances or constraints when solving a series 

of tasks. Then I analyzed how they reasoned quantitatively between units and measures 

with the tool and drew mathematical knowledge (e.g., fractions, measurement). I also 

scrutinized how the use of the tool was connected to their understanding of fractions. 
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Specifically, I delved into how the student produced visual, artifactual, and mathematical 

signs within a dynamic software program (e.g., long and short bars, fraction words) and 

how those signs contributed to making meanings related to fractions. This analysis 

provided insights into how students make sense of fraction concepts via the tool’s 

dynamic representations.  
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CHAPTER 3: METHODOLOGY  

In this chapter, I describe how I gathered and analyzed data to answer the research 

questions. There are five sections in this chapter. The first section contains a description 

of and reflection on my pilot study, in which I tested a prototype of the tasks and tool 

used in the study. The second section is a description of the study’s participants for this 

dissertation study. The third contains a description of the dynamic tool, including 

technological features and targeted mathematical content. The fourth describes the 

sources of the data collected. Finally, the last section explains the multiple rounds of 

analysis and the various analytical methods used in this study.  

I employed an exploratory case-study method (Yin, 2014) to investigate 

children’s understanding of fraction as measure. The case studies examined how 

understanding might change by using the dynamic tool developed for this study across a 

series of task-based clinical interviews. I hypothesized that the dynamic task would 

influence different types of strategy so that each solution was regarded as a unique case 

of mediated understanding. During the interviews, two kinds of data were collected 

primarily: transcribed explanations and screencast videos to track students’ manipulations 

on the computer screen. The data were analyzed to identify both what kinds of 

mathematical ideas children have and how they use a dynamic tool.  

Pilot Study 

Prior to the dissertation study, I piloted a prototype of a digital tool and an 

interview protocol with an initial group of participants to gain insights about the tool’s 

design and implementation, and also began to test an approach to data analysis (the first 

pilot: March 2019, the second pilot: April 2019). Because little research has been 
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conducted on how children conceptualize the meaning of fraction as measure through the 

use of dynamic tools, it was crucial to investigate plausible ways to use the tool and to 

think about mathematical concepts prior to the main study.  

From the first pilot study, I obtained feedback on how to revise the digital tools’ 

prototype and the interview protocol, and I contemplated the best way to analyze the data. 

As a prototype, I had devised 10 tasks to examine children’s basic measurement concepts 

(Tasks 1–3), their conceptualization of a fraction as a measure (Tasks 4–6), and fraction 

operations (Tasks 7–10). Young children, who did not have a formal instruction of 

fractions at schools, tried to solve all tasks during individual interview. After 

interviewing, I noted several structural and technical issues to be solved before 

implementing the main dissertation study. For example, in the first three tasks about 

measurement concepts, I designed the tasks to measure virtual objects with prepartitioned 

or size-adjustable rulers. When measuring a pencil (Task 1; Figure 6-left), some students 

initially estimated the length of the pencil in centimeters (“4 centimeters”). When asked 

to use a prepartitioned ruler tool to measure the pencil, they did not manipulate the tool 

directly because they were not familiar with the tasks and the tool. When directed to use 

the tool, a second-grade student described one red segment of the ruler tool this way: “It 

was a half of the length of the pencil. So, two red strips.” This particular interview 

informed me of the children’s potential to internalize basic fractional terms from 

everyday situations (e.g., time and money contexts) or from other mathematics content 

areas (e.g., measuring length). Although this task contained the prepartitioned tool to 

measure the pencil with little cognitive demands, I noted that the children needed a 
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tutorial before solving the main series of tasks so that they could become familiar with 

the tool’s environment.  

In addition, the first pilot study influenced the written prompt and interview 

protocol. For example, in Task 4 (Figure 6-right), the written prompt was “Measure the 

difference between length S and T through Dynamic Ruler.” Corresponding to this 

prompt, children often utilized a measuring strategy with fractional units by counting the 

number of segments for each length and identifying the difference between two 

quantities. One second-grade student measured S and T with the red ruler tool. The 

student indicated the difference between S and T was four red segments. Then, the 

student was asked to measure S with T as a unit. This student pulled up the green ruler 

tool, adjusted a segment with the same length as T, and concluded three green segments 

were needed to measure S. Here, I noted the prompt was not direct enough to use T as the 

unit. What would be a better way to prompt children to demonstrate their understanding 

of fractions? I decided to ask more directive questions to focus on the meaning of a unit 

(T) and the measurement of a length (S)—e.g., “How many yellow rods (T) are needed to 

fit into the blue rod (S)?” Also, in the interview protocol, I included diverse questions to 

fully utilize the dynamic tool and to elicit the students’ mathematical thinking relevant to 

fractions. For example, if a child did not adjust the size of a ruler, I would ask whether 

the child was able to change the size of the ruler to measure the given length.    
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Figure 6 

Tasks 1 and 2 in the First Pilot Study 

   
 

Prior to the second pilot study, I reduced the number of tasks to focus exclusively 

on how to conceptualize and develop children’s concept of fraction as measure (what 

were Tasks 4 through 6 in the first pilot study). For that, I devised four tasks for each task 

series with different number combinations.  

During the second pilot study, I further investigated interview methods by piloting 

interviews with a group of children and others with an individual child. In the case of the 

group of children, I recruited four third graders and interviewed with individual devices. I 

also recruited two third graders for individual interviews.  

When observing the group interaction, it was interesting to see different 

interpretations of the same representations and actions with verbal exchanges. However, 

some students did not have a chance to explain how they approached a task and used the 

tool. Because my theoretical underpinning was related to the mediation process between 

mathematical words and the use of tools, I concluded that a group approach might not be 

ideal for collecting and subsequently analyzing how the students used words to describe 

their mathematical conceptualization. For this reason, for the main dissertation study, I 

chose to conduct interviews with individual children as they worked on a personal device. 
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Participants 

In this study, participants were recruited from a single school district in the 

Midwest region. From nine elementary schools, a total of 30 students participated in this 

study: 13 students in grade 3, eight in grade 4, and nine in grade 5. Potential participants 

were recruited through a digital flyer (https://peachjar.com/), and I interviewed individual 

kids after receiving the online consent from parents. In this study, because 43% of 

participants (N = 13) were English language learners (ELLs), it was more essential to 

reveal how their thinking when manipulating technology, even if their academic English 

was not perfect.  

Children from multiple grade levels were recruited for maximum variation in test 

subjects (Table 1). This diversity provided a cross-sectional snapshot of how students 

thought about fractions when using the tool. After interviewing 30 students, I reached 

data saturation (Guest, Bunce, & Johnson, 2006), as the remaining pool of potential 

subjects seemed to be generating strategies similar to those already analyzed. All 

participants were expected to have informal and formal knowledge of fractions drawn 

from everyday life and school mathematics (Mack, 2001). The duration of each one-time 

interview ranged from 45 to 81 minutes. The interviews were conducted after regular 

school hours in the school facility or outside of school to work with students’ schedules.  

 

https://peachjar.com/
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Table 1 

Participants by Grade Levels 

Grade 3 (N = 13) Grade 4 (N = 8) Grade 5 (N = 9) 

Brian 

Chansue 

Emily 

Fran 

Jack 

Kijin 

Lauren 

Mary 

Minki 

Peter 

Rogan 

Sewoong 

Youngjun 

Anthony 

Arim 

Charim 

Eric 

Richard 

Sumin 

Sungho 

Teo 

 

Alex 

Darim 

Gina 

Hunter 

Juli 

Kein 

Molly 

Sandol 

Semi 

 

Note. All names are pseudonyms. 

 

Dynamic Ruler Tool  

In this study, I designed a series of tasks (see Appendix A) focused on building 

the mathematical structure to support students’ understanding of fractions from 

measurement situations (Davydov & Tsvetkovich, 1991; Dougherty, 2008). The tasks 

were designed to use the interactive software New Cabri (Laborde, 2016), which allows 

users to explore mathematical relationships and properties with interactive actions. I 

called this tool the Dynamic Ruler (Yeo, 2020).  

Dynamic Features of the Tool  

Like a physical ruler, this Dynamic Ruler was designed to measure a length 

displayed on a computer screen. What makes this tool dynamic? What is different from 

other manipulatives, such as fraction strips or Cuisenaire rods? Four interactive features 

were offered in the Dynamic Ruler environment (Figure 7): (a) adjusting the size of a 
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unit, (b) moving a Dynamic Ruler, (c) trimming (or recovering) the number of pieces 

comprising a Dynamic Ruler, and (d) selecting other Dynamic Rulers from the menu of 

rulers. Each element is described in more detail in Figures 8–11.  

 

Figure 7 

Screenshot of the Tutorial 

 
 

 

First, by adjusting the size of a unit by moving the designated point (Figure 8), all 

the units on the given ruler through dilation. For example, in Figure 8, the Blue Dynamic 

Ruler is below length Y and above G. All units on the Blue Dynamic Ruler are resized 

when the designated point is used to adjust the size of just one blue unit. Students could 

use this feature to explore various relationships between the measure and the units. The 

sequence of the study’s tasks was also designed to encourage the eventual use of partial 

units to describe the multiplicative relationship between the unit and the measured 

quantity by adjusting the size of the units in the Dynamic Rulers.  

 

Selecting 
other 

Dynamic 
Rulers 

Adjusting 
the size of a 

unit 

Trimming (or 
recovering) 

the number of 
pieces 

Moving a 
Dynamic Ruler 

to any place 
on the screen 
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Figure 8 

Adjusting Feature 

     
 

Second, students could move Dynamic Rulers from one place to another on the 

screen (Figure 9). They might measure a given length by putting a Dynamic Ruler next to 

an object. Because the color of a Dynamic Ruler was translucent, it was possible to place 

a Dynamic Ruler in the background of an object and overlap multiple Dynamic Rulers 

(Figure 9- right).  

 

Figure 9 

Moving Feature 

     

Note. The gray rod overlapped by the Red Dynamic Ruler, which is why the letter G 

appears in horizontal alignment with the ruler.  

Click and drag left to  
make smaller sized units 

Click and drag 
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Third, students could choose the number of pieces to display on the ruler by 

clicking a part of a Dynamic Ruler (Figure 10) to trim it. For example, when a student 

needed to represent exactly five pieces, the student could click the fifth piece, and then 

the segments to the right of the fifth one would disappear. By clicking the fifth one again, 

the rest of the Dynamic Ruler would appear once again.  

 

Figure 10 

Trimming Feature 

     
 

The fourth and final feature of the Dynamic Ruler environment was that a student 

could use multiple Dynamic Rulers (Figure 11) to compare units (or a unit and a part). 

Students were empowered to decide for themselves if one Dynamic Ruler was enough to 

complete the given tasks. Students could choose from four Dynamic Rulers (red, green, 

blue, and purple) at the bottom of the screen and pull up whichever rulers they wanted 

whenever they wanted to use them.  

 

Click to trim the ruler to only five 
units 

Click again to recover the 
full length of the ruler 
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Figure 11 

Selecting Feature 

     
 

Overview of the Tasks 

The tasks (Table 2) stemmed from prior research on the teaching and learning of 

fractions from a measurement approach (Davydov & Tsvetkovich, 1991; Dougherty, 

2008; Morris, 2000; Simon et al., 2018) and were refined through the two pilot studies 

with individual students as well as a group of students. I developed four task series, 

including the Tutorial Task (exploring major features of the tool: adjusting, moving, 

trimming, and selecting), Task Series 1 (using units to measure a length), Task Series 2 

(using partial units to measure a length less than two whole units; the leftover part as a 

unit fraction of the given unit), and Task Series 3 (using partial units to measure a length 

greater than two whole units; the leftover part as non-unit fraction). Each task series 

consisted of four tasks. The first task in Task Series 1, Task Series 2, and Task Series 3 

was an entry task and used an initially longer adjustable unit of the Dynamic Ruler. The 

second task in each of the series was more difficult in terms of the fractional part and 

encouraged students to use shorter adjustable units to explore different sizes of units 

compared to the first task. The third task in each series was an optional task for students 

Click for Green Ruler 
Click for Blue Ruler 
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who were struggling with previous tasks. It provided a pair of fixed rulers to ensure that 

students examined two possibilities when selecting Dynamic Rulers and considered the 

relationship between the two rulers. The fourth task in Task Series 1–3 used a longer 

adjustable unit and presented a more difficult ratio, such as one third. 

 

Table 2 

Summary of Fraction as Measure Tasks 

Structure  

of tasks within a 

series 

Task Series 1 Task Series 2 Task Series 3 

Prompt How many [unit] rods are needed to fit into the [quantity] rod? 

Unit hierarchy 
Multiple whole  

units 

Single whole unit + 

single partial unit 

Multiple whole units +  

multiple (or single)  

partial units 

[quantity] : [unit] Blue : Yellow Orange : Brown Pink : Gray 

First Task   

(default > unit) 

 

4    

1    
 

3   

2   
 

5   

2   
 

Second Task 

(default < unit) 

 

3   

1   
 

5     

4     
 

11     

4     
 

Third Task 

(default = fixed) 

 

4    

1    
 

3   

2   
 

5   

2   
 

Fourth Task 

(default > unit) 
5     

1     
 

4    

3    
 

8    

3    
 

Note. The default size of the Dynamic Ruler varies by the task. 

 

The tasks were designed with the idea of participatory and anticipatory stages 

(Simon et al., 2016; Tzur & Simon, 2004). In the participatory stage, “learners develop 

an abstraction based on engagement in a particular activity” (Simon et al., 2016, p. 64). 

These activities include mental actions and physical manipulations. Students might 
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develop mathematical knowledge but not need to possess established knowledge to 

anticipate the result. On the other hand, in the anticipatory stage, the learner can use the 

tool more purposefully. Prior to engagement with the tool, they might call upon the 

abstraction, then implement the abstraction with the tool. The distinction between the two 

stages is based on a reflective abstraction when learning mathematical concepts.  

From this perspective, a student’s work is defined by the situation in a sequence 

of tasks and by the given tool’s environment, rather than by a written prompt on a paper 

or screen. The participatory stage might not require students to use relevant abstractions 

that were cued by a specific task situation. For example, Task 2-1 (Figure 12-top) begins 

by asking the user to treat the bottom rod as a unit size and to determine how many units 

are needed to measure the longer rod: “How many orange rods are needed to fit into the 

brown rod?” Students were asked to use the Green Dynamic Ruler (or other Dynamic 

Rulers) to figure out the relationship between the orange and brown rods. Students might 

learn by trial and error that they can make a Dynamic Ruler with units that approximate 

the length of the orange rod and then use that ruler to measure the brown rod. 

Furthermore, they might continue to explore and discover that they can use partitions of 

the orange rod to measure the brown rod. Because they did not start by strategically 

creating equipartitions of the orange rod, we would consider their work to be in the 

participatory stage; they were playing within the environment without a specific plan in 

might.   

On the other hand, the anticipatory stage uses more general questions without a 

hint of how to solve the tasks. Students working in the anticipatory stage must summon a 

mathematical abstraction before they use the dynamic tool. Building on the previous 
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example, once successfully employed in Task 2-1, students might begin to use 

anticipatory reasoning by applying the same strategy on subsequent tasks, strategically 

testing different partitions of the given unit to measure the given length. I designed 

specific features of the Dynamic Ruler environment to encourage students to develop 

various strategies as they used the tool. For example, students could use optional fixed 

rulers (Task 2-3, Figure 12-middle), which prompted students to measure lengths using 

units that are already formed as equipartitions of the given unit. In these tasks, they might 

develop and solidify the idea of equipartitioning the unit (participatory) in a way that 

could be applied to later tasks (anticipatory). In Task 2-4 (Figure 12-bottom), students 

might try to use the knowledge gained from the previous task to solve the length 

measurement task with anticipatory reasoning. However, if the previous strategy (or 

knowledge) did not work, students could return to the participatory stage by exploring 

other possible ways to solve the task.   

 

Figure 12 

Examples of Task in Series 2 (2-1, 2-3, and 2-4) 
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Before delving into each task series, I describe the meaning of key terms related 

to units and measurement in the fraction-as-measurement tasks (Figure 13). A quantity is 

a linear object to be measured which is static and placed on the top of the screen (pink 

rod). A given original unit refers to the unit-sized rod which is also static and placed 

under the quantity (gray rod). A leftover refers to a remaining length that does not equal a 

whole given unit (the length difference between the pink and gray rods)—i.e., it is too 

short or too long to measure with exactly a given unit. A partial unit refers to a scaled 

unit length (a piece of the red ruler). This partial unit could measure a quantity as well as 

a given original unit. An intermediate unit refers to a unit for measuring a leftover part 
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only (a piece of the green ruler). Students can generate a given-sized original unit, a 

partial unit, an intermediate unit with the Dynamic Ruler tool as measuring units (a blue 

piece, a red piece, a green piece).  

 

Figure 13 

Key Terms in Fraction-as-Measurement Tasks  

 

 

Drawing upon participatory and anticipatory ideas, I developed four tasks series 

for task-based interviews: Tutorial, Task Series 1, Task Series 2, and Task Series 3. In the 

Tutorial Task, children could explore the tool freely at first (Figure 14). Because the 

yellow and the gray rods were static, students had to use the Red Dynamic Ruler for the 

comparison. If they did not recognize the interactive features of the tool (adjusting, 

moving, trimming, and selecting), I indirectly asked them to use some of these features 

by questioning (e.g., If the student did not independently realize that they could adjust the 

units on a Dynamic Ruler, I asked, “What does the black point do on the Dynamic 
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Ruler?”). In addition, the Tutorial Task mathematically involved the concept of informal 

measurement by using nonstandard units.  

 

Figure 14 

Tutorial Task 

 
 

In Task Series 1, the children were asked to measure the linear quantity with the 

given unit length to elicit a fundamental idea of measuring length (Figure 15). If they 

unitized the yellow rod, the measure was a whole-number result with no leftover length. 

Aligning and matching the Dynamic Ruler with the bottom yellow rod in Figure 15, the 

students might have counted the number of the pieces by indicating pieces with their 

mouse cursor or using skip counting. In so doing, students could recognize that the 

number obtained from length measurement was dependent on the size of the unit. This 

approach gave the students a chance to reason that the smaller the unit used to measure, 

the larger the number of the units needed for the measure. The ratio between the two rods 
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in each task varied: the ratio in Task 1-1 was 4:1; Task 1-2, 3:1; Task 1-3, 4:1; and Task 

1-4, 5:1.  

 

Figure 15 

Task Series 1 
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In Task Series 2, children were supposed to use partial units to measure a length, 

and the measure was less than two whole units of the given unit with the leftover as a unit 

fraction (1/n) of the given unit (e.g., the orange rod in Figure 16). Students might have 

known easy fractional terms before this section (e.g., a half). However, the tasks were 

designed to elicit more complicated fractional amounts and to represent a difference 

between two quantities by reasoning multiplicatively. Students were required to use a 

new unit to measure the leftover length between two quantities (the orange and brown 

rods). When measuring the longer rod with the shorter rod as the given unit, it was 

insufficient to use whole-number multiples of the shorter rod because a leftover length 
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remained when the students attempted to fit one or more whole “short-rod units” into the 

longer rod. This feature of the tasks pressed students to make unit relations between the 

given units of measure and the leftover parts. The ratio between two rods varied by task: 

the ratio in Task 2-1 was 3:2; Task 2-2, 5:4; Task 2-3, 3:2; and Task 2-4, 4:3.  

In solving Task Series 2, students were encouraged to think about the relationship 

between the given unit length defined in each question (e.g., the shorter orange rod in 

Figure 16), the quantity to be measured (the longer brown rod), and the new unit (the 

leftover). For example, in Task 2-1, students could use a mixed number (e.g., 1½) or 

improper fractions (e.g., 3∕2), or to describe the difference in terms of whole-number ratios 

(e.g., “It takes two blues to measure the orange rod and three blues to measure the brown 

rod.”). Whenever students use the fractional terms, I asked them to clarify the referent 

unit for the fractions (e.g., “Half of what?”) and where the fractional terms came from.  

 

Figure 16 

Task Series 2 
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The last set of tasks in the Dynamic Ruler environment comprised Task Series 3, 

which challenged students to use partial units to measure a length. Each correct answer 
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was greater than two whole units with the leftover as a non-unit fraction (n/m) of the 

given unit (Figure 17). Task Series 3 was an extended version of Task Series 2 in many 

ways. The most striking difference between the two series centered on the ratio between 

the two lengths in each task. The ratios increased the difficulty type of determining the 

correct length when compared to Task Series 2. From a perspective of iterating multiple 

units (Steffe & Olive, 2010), Task Series 3 might seem easier than the previous series. 

However, using the Dynamic Ruler tool is not the same as using unit iteration because of 

the Dynamic Ruler’s adjusting feature. As one of the main interactive features of a 

Dynamic Ruler, children are able to adjust the size of one of the ruler’s pieces and, thus, 

simultaneously adjust the size of the rest of its pieces.  

In addition, the leftover lengths in Task Series 3 were not easy to estimate by 

merely eyeballing the differences in the rods’ lengths because the leftover part was not a 

unit fraction that equipartitioned the given unit. In Task Series 2, the given unit length 

(e.g., the orange rod in Figure 17) might not directly measure the requested quantity 

(brown rod) through unit iteration. Still, children could measure both rods with the 

leftover as a new partial unit (the leftover equals half of the orange rod; the orange rod 

equals two halves; the brown rod is 3∕2). On the other hand, the leftovers in Task Series 3 

made it hard to estimate a fractional amount and were even longer than the gray rod (see 

Figure 17; e.g., the leftover part is 3∕2 of the gray rod). Therefore, there was the potential 

that the students might not measure any rod using only the given unit length. These 

characteristics of the tasks pushed students to try different partitions and to relate the 

leftovers and the given unit lengths by finding new partial-measure units. 
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If a student struggled with the initial task in Task Series 3, then I had the option of 

skipping to Task 3-3, which included a predetermined partial-measure unit that equaled 

the leftover length. By presenting a ruler at the beginning of the task that equaled the 

leftover length, Task 3-3 lessened the students’ cognitive load and allowed them to make 

connections between the given unit length, the available Dynamic Rulers, and the longer 

rod that the students must measure. The ratios between the two rods in each task were 

more complicated than Task Series 2: Task 3-1 (5:2), Task 3-2 (11:4), Task 3-3 (5:2), and 

Task 3-4 (8:3).   

 

Figure 17 

Task Series 3 
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Data Sources 

In this study, task-based clinical interviews (Ginsburg, 1997) were conducted with 

individual students during their one-time interviews. Following the suggestions of 

Ginsburg (1997), I delved into students’ understanding by requiring reflection, asking 

clarifying questions, and challenging the students with extending questions. In addition, 

the follow-up questions were nondirective, and the interview protocol (Appendix A) 

included as many contingencies as possible (Goldin, 1997). These contingencies were 

mainly drawn from the two pilot studies.  

As a primary data source, each interview was recorded by a screencasting tool 

(QuickTime Player) and transcribed to track how individual students interacted with the 

dynamic tool when they were engaged in the tasks. During the transcription of the video, 

I tentatively marked instances that seemed to involve mathematical words relevant to 

fraction concepts as well as mediated understanding through the use of the dynamic tool. 

I used MaxQDA2020 software to include the time dimension in transcriptions, which 

allows for every single statement to be transcribed with the exact time connected to the 

recorded videos (Figures 18 and 19). I also collected field notes throughout the 

interviews, focusing on students’ potential to understand the tasks and on their nonverbal 

expressions.  
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Figure 18 

Example of Coding Video Data 

 
 

Figure 19 

Example of Coding Transcription 

 
 

Data Analysis 

I conducted multiple phases of analysis in order to focus on two major aspects of 

the data, mathematical actions and mathematical ideas. Mathematical actions are related 
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to an observable part of how children solve a given task involving the instruments. 

During the children’s initial activity, I paid attention to their purposeful actions to explore 

the Dynamic Ruler tool and to manipulate the tool in approaching the measurement tasks. 

The mathematical actions are varied by the users’ previous knowledge 

(instrumentalization) and influenced by affordances and limitation of the tool 

(instrumentation) (Trouche, 2004). Mathematical ideas represented mathematical objects 

in discourse (e.g., fractions, measurement concepts) and connoted mathematical thinking 

related to the concept of fraction as measure. After the initial exploration of the Dynamic 

Ruler tool, children were asked to describe their strategy to solve the tasks with verbal 

explanations. This activity invites them to produce their personal artifact signs and 

mathematical signs (Bartolini Bussi & Mariotti, 2008). Because the artifact signs use 

their reference to their artifact directly and relate to mathematical meanings, they are 

centralizing on the use of the artifact and contributing to the process of meaning making. 

The mathematical signs are related to mathematical meaning as commonly shared in 

school mathematics and including mathematical terminology, definitions, and properties. 

In the following section, I describe the three phases of the data analysis: the iterative 

process of coding, the development of a framework about strategy types, and the design 

of conceptual profiling.  

Coding Scheme 

I used iterative methods of coding (Miles et al., 2013) in this study. In the first 

phase of coding, I analyzed interview data in terms of mathematical actions and 

mathematical ideas with open coding (Corbin & Strauss, 2015). In the second phase, I 

employed axial coding by analyzing episodes of coding cooccurrences, and I identified a 
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relationship between mathematical actions and ideas. This iterative coding was a cyclic 

process of questioning and reflecting on the data while comparing and refining categories 

and subcategories.  

In the first phase of coding, I watched videos of the interviews several times. 

Then I coded each student’s interview data to categorize their understanding of fractions 

while they used the Dynamic Ruler. The categories were based on an initial coding 

scheme (Appendix B) that was drawn from relevant literature and were as follows: 

fraction and assigning a number to a quantity (Webel & Deleeuw, 2016), unit 

coordination (Steffe, 1992), partitioning (Confrey, 1994; Empson, 1999), additive 

reasoning (Carpenter et al., 2014), multiplicative reasoning (Thompson & Saldanha, 

2003), and clicking and dragging (Hollebrands, 2007).  

The coding scheme was iteratively refined by reviewing transcripts of the 

students’ tasks and by assessing the actual coding process. The final coding scheme 

consisted of mathematical actions and mathematical ideas. For the mathematical actions, 

I used process coding, using gerunds to present actions in the data to look for ongoing 

actions and interactions as responses to situations or problems. I used descriptive coding 

for the mathematical ideas. It “summarizes in a word or short phrase—most often as a 

noun—the basic topic of a passage of qualitative data” (Saldaña, 2016, p. 88). In Table 3, 

I briefly describe the categories, subcategories, and codes of the refined final coding 

scheme.  
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Table 3 

Refined Final Coding Scheme 

Category  Subcategory Codes and description 

Mathematical 

actions 

Hovering Counting ones: counting one by one  

Grouping: clustering a set of units 

Indicating the edges: moving vertically to 

check the alignment between edges 

 

   Dragging Lining up: positioning the Dynamic Ruler to 

align the edges of the rods (lining up one of 

two rods, lining up both rods) 

Changing size: adjusting the size of pieces of 

the Dynamic Ruler by dragging the black 

dot (making the piece longer or shorter than 

the default size, adjusting) 

Commeasuring: measuring the given unit 

length and quantities at the same time 

Mathematical 

ideas 

Unit 

 

Unitizing: assigning a unit to measure a given 

length (whole, double, partial, random) 

Unit relation: relationships between units (two 

units, three units) 

Partitioning: partitioning the object by the unit 

(partitioning objects; n parts make a whole) 

 

 Fractions Fraction notation: the way to express 

fractional values (proper fraction, improper 

fraction, mixed number, decimal)  

Equivalent fractions: recognizing the same 

value between different notations 

(equivalence between notations, same size) 

Fraction operations: constructing fractions 

based on various operations (additive, 

multiplicative, proportional) 
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Category  Subcategory Codes and description 

 Fraction as  

measure 

Unit fraction: identifying one segment as 1/nth 

(halving; n of nth = 1) 

Unit coordination: assigning the selected unit 

length to measure the given length (using a 

singleton unit, composite unit) 

 

As shown in Table 3, the mathematical actions category focused on the 

purposeful use of technological tools: hovering and dragging. Students’ hovering of the 

mouse cursor was related to counting the pieces of a Dynamic Ruler one by one, 

grouping them, and checking the alignment between rods. First, children moved the 

mouse cursor to count the number of pieces of the Dynamic Ruler (e.g., “So that’s one, 

two, three, four, five, six, seven, eight.”; Figure 20). Hovering on each piece of the 

Dynamic Ruler, they drew a circle or a check-mark with the mouse cursor to figure out 

the number of the pieces.   

 

Figure 20 

Hovering: Counting One by One 

    
 

circling 
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Note. The gray rod overlapped by the Blue Dynamic Ruler, which is why the letter G 

appears in horizontal alignment with the ruler.  

 

Second, when counting the number of pieces, they moved the cursor to form a 

circular shape to group the pieces (e.g., “Three of the thirds, that’s equal to one [of] the 

oranges.”; Figure 21). One group of pieces that a student circled was often the same as 

the one whole unit.  

 

circling 

circling 
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Figure 21 

Hovering: Grouping 

    
 

 

Note. The orange rod overlapped by the Green Dynamic Ruler, which is why the letter O 

appears in horizontal alignment with the ruler.  

 

Third, the children moved the mouse cursor vertically to check whether one edge 

of the longer rod was matched with the Dynamic Rulers’ pieces (e.g., “There’s an edge 

that lines up.”; Figure 22). 

 

circling 

circling 
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Figure 22 

Hovering: Indicating the Edges 

    
 

 

Note. The gray rod overlapped by the Blue Dynamic Ruler, which is why the letter G 

appears in horizontal alignment with the ruler.  

 

Student’s dragging involved lining up Dynamic Rulers related to units or 

quantities, changing the size of one piece of a Dynamic Ruler, and measuring the given 

unit length and quantities at the same time (commeasuring).  

First, children dragged the Dynamic Ruler over the bottom rod and the top rod (or 

to the blank middle space between the two rods) to line up the ruler with rods (e.g., “So, 

Moving up 
and down 

Moving up 
and down 
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if we move it up, there are five of the blue sections to fit into the pink rod.”; Figure 23). 

The students performed a similar action when they placed the zero unit mark on the ruler 

at one end of the object to be measured to facilitate measuring the length of the object. 

 

Figure 23 

Dragging: Lining Up 

    
 

 

Note. In the top image of this figure, the gray rod overlapped by the Blue Dynamic Ruler, 

which is why the letter G appears in horizontal alignment with the ruler. In the bottom 

image, the pink rod is in alignment with the Blue Dynamic Ruler. 

 

Moving up 
and aligning  
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Second, children could vary the size of the Dynamic Ruler’s pieces by 

horizontally dragging a black dot that was a feature of the tool. If a child dragged the 

black dot left, the length of the pieces got smaller. If they dragged the dot to the right, the 

pieces got longer. For example, a child made the pieces on the Red Dynamic Ruler the 

same size as the yellow rod (Figure 24-top; in this image, the Red Dynamic Ruler is 

behind the yellow rod). The child made the Green Dynamic Ruler’s pieces double the 

size of the yellow rod by dragging the ruler’s black dot right (Figure 24-middle) and the 

Purple Dynamic Ruler’s pieces half the size of the yellow rod by dragging its black dot 

left (Figure 24-bottom). I only counted as this dragging action when children had a 

purpose to quantify the length with an adjusted size of the Dynamic Rulers rather than 

just random manipulations.  

 

Figure 24 

Dragging: Changing Sizes 

    
 

Dragging left 
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Note. In the top image of the figure, the Red Dynamic Ruler is only one piece long and 

behind the yellow rod. In the middle image, the blue rod overlapped by the Red Dynamic 

Ruler, which is why the letter B appears in horizontal alignment with the ruler. In the 

bottom image, the blue rod and Red Dynamic Ruler remain in alignment. Also, the 

yellow rod is in alignment with the Purple Dynamic Ruler, which is why the letter Y 

appears in horizontal alignment with the ruler (somewhat obscured by the tool’s cursor in 

the leftmost unit of the Purple Dynamic Ruler). 

 

Third, some children manipulated a Dynamic Ruler’s pieces to find out what 

specific size was best by commeasuring both rods at the same time. This commeasuring 

Dragging right 

Dragging left 
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action with the Dynamic Ruler was not a single action but a series of continuous actions: 

changing the size and checking the alignment of the Dynamic Ruler with two rods. For 

example, when a fifth grader was asked to justify their answer in Task 3-2 (Figure 25), 

she articulated how she arrived at a fractional expression through a commeasuring action: 

“I tried to make this blue block [fit] to one gray rod, but it can’t fit into the pink rod. And 

I have tried to make gray rods a half, but it can’t fit. So, I make more smaller than the 

half, and it can’t fit. So, more, tinier. I can make four of them. It can fit. The four of blue 

rods are one whole gray rod. So, four is one whole. One, two— one, two, three, four 

[indicating that four of the Blue Dynamic Ruler’s pieces fit into the gray rod]. Two and 

three fourths [indicating that 23∕4 gray units fit into the pink rod].” 

 

Figure 25 

Dragging: Commeasuring 

 
 

Dragging left 
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Note. The gray rod overlapped by the Blue Dynamic Ruler, which is why the letter G 

appears in horizontal alignment with the ruler.  

Dragging left 

Dragging left 
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Mathematical ideas consisted of unit, fractions, and fraction as measure. Each 

subcategory had several codes. The unit subcategory contained three codes: unitizing, 

unit relation, and partitioning. First, when the children participating in the study 

verbalized their answers for the tasks, they had to decide which size was the unit of 

measurement. (For example, in the interviews, one student said, “So, if I move this or use 

this, I make something that’s half the size.” Episodes of the verbatim interviews are 

reported in Chapter 4.) There were various types of unitizing: whole size, double size, 

partial size, and random size. Second, children articulated unit relations (e.g., “If you use 

your purple, it takes two purple to make up the yellow.”). There were two types of 

relationships between units: the given unit to a new unit and a new unit to the given unit. 

To solve the tasks, the students had to distinguish between the two types by identifying 

which part was the whole unit that served as the referent unit. In the former case, the 

whole was the new unit size, whereas, in the latter case, the given unit was the whole size 

need to compare the lengths of the two rods. Within the unit subcategory, the third code 

was partitioning, which refers to physically or mentally slicing an object into same-sized 

units to facilitate length measurement (e.g., “So, one whole nothing lines up with that. 

Half. When you go to half, you can see that that line right there, the end of the one, two, 

three— the fifth section lines up with the end of the pink rod.”).  

The second subcategory in the coding scheme’s mathematical ideas category was 

fractions. This subcategory involved fractional notations, the concepts of equivalence and 

equivalent fractions, and arithmetic operation with fractions. First, the children expressed 

a partial amount with fractional notations (e.g., “One and one fourth orange rods are 

needed to fit into the brown rod”). They used multiple types of fractions, such as proper 
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fractions, improper fractions, and mixed numbers (even sometimes decimals). Second, 

children described the equivalence between two values (e.g., “I mean four of the green 

sections fit into the brown, which is, um, four thirds. Um, and if you change that to a 

mixed number, one and one third.”) and even equivalent fractions (e.g., “That means 

they’re two eighths more filling that, and that’s equal to one fourth more.”). Third, 

children demonstrated their understanding of arithmetic operations with fractions, such 

as multiplication and addition (e.g., “One section of the red is equal to one half of the 

orange section. So, one half. It goes one half plus one half. You do that three times: one 

half plus one half and one half. That’s your equation. So that gets to one and a half.”). 

The children’s conceptions of fraction as measure included how they used and 

thought about unit fractions and how they coordinated units to measure quantities. First, 

the children recognized a fractional part as a unit fraction. They often understood the 

relationship between whole units and unit fractions (e.g., “So, let’s say we do half. And 

you know it’s half because there are two sections, and each one of them is one of the two 

sections. Um, and that one is half of two”). Second, the units might have multiple layers 

as a composite unit, which refers to a unit containing another unit. The children explained 

how a partial unit coordinates with a whole unit to measure the whole unit’s size and, 

subsequently, how the composite unit could measure the quantity (e.g., “So that means 

that there would be eight sections, and since three blue sections are equal to one gray 

section, there will be one that would be—this would be one gray, two grays—two grays 

and then two thirds of a gray. So, two and two thirds.”). 

In the second phase of coding, I used axial coding to identify the relationship 

between mathematical ideas and mathematical actions. This axial coding related 
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categories to subcategories and showed the links between them as I learned about the 

study subjects’ experiences to represent the categories (Charmaz, 2014, p. 61). The 

distinct categories (mathematical ideas mathematical actions described in Table 3), 

subcategories (unit, fractions, fraction as measure, hovering, dragging), and links 

reflected how I made sense of the data (Figure 26).    

 

Figure 26 

Axial Coding 

 

Development of the Strategy Types Framework 

The coding scheme provided a tool for in-depth analysis of children’s fraction 

understanding and use of technology. However, it was unrealistic to expect that posing 

the tasks would only elicit either mathematical thinking or mathematical action; the 

fraction-as-measurement tasks simultaneously involved fraction understanding as well as 

actions that required the use of technological features.  

I developed a framework based on the axial coding to analyze the students’ types 

of strategy concerning fraction as measure (Table 4). This framework also considered the 

context—the fact that the students’ strategies interacted with the dynamic tool. The core 
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idea central to solving the tasks was the relationship between the leftover piece and the 

original unit, which the children described by using the Dynamic Ruler. Commeasuring 

the given quantities with partial units, the students could interpret the result in terms of a 

fractional value with the given unit as the referent whole. As mentioned earlier in this 

chapter, I began developing the conceptual framework by running pilots. Based on two 

pilot studies, I developed the holistic analytic framework revealed by the pilot subjects’ 

specific actions, operations, and verbal descriptions. The unit of analysis was a student’s 

initial solutions in each fraction-as-measurement task.  

As shown in Table 4, I classified solution strategies in terms of the extent of 

interaction between a child and a tool. If students are categorized in Type A of the 

framework, it means that the students might be careless about the relationship between 

the leftover and the unit size. Students also might not use the Dynamic Ruler at all to 

solve the given tasks. In Type B, students might visually notice the relationship between 

the leftover and the given unit and identify the result in terms of simple ratios, such as 

one half and one fourth. However, they do not explore the relationship with the Dynamic 

Ruler. In Type C, students might estimate the simple ratios (even the less obvious ratios, 

such as one third) with the Dynamic Ruler to test the relationship between the leftover 

and the original unit, but they do so inconsistently. In Type D, students begin to use the 

Dynamic Ruler consistently for situations where the ratio is 1/n into a proper fraction 

(m/n). Students might move to more abstract types of strategy and operate three-level 

composite units (original unit, 1/n, and n/m). In Type E, students can use the Dynamic 

Ruler to commeasure both a given length and a unit without first making a copy of the 

leftover and placing it next to the original unit.  
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During the actual analytic procedure, I refined and redefined the framework. 

Table 4 focuses on the preliminary framework, but the refined framework will be 

introduced in the first part of Chapter 4.  

 

Table 4 

Preliminary Framework for Strategy Types of Fraction as Measure  

Type Students’ strategies for solving the Fraction as Measure tasks 

Type A Gives little attention to relating the leftover to the original unit (e.g., “I need one 

orange rod”) 

Type B Estimates simple ratios (one half, one fourth) only 

Type C Estimates simple and less obvious ratios (one third); may use the Dynamic Ruler 

inconsistently to check the relationship 

Type D Consistently uses the Dynamic Ruler to determine the relationship between the 

leftover and the unit for 1/n 

Type E Generalizes the use of the Dynamic Ruler by commeasuring both quantities 

 

Furthermore, I identified how students approached different tasks as they worked 

with the tool and analyzed the changes of strategy types across multiple tasks. I used the 

strategy types framework to analyze the individual solution within and across Task Series 

2 and 3 and focused on the changes in strategy types by examining consecutive tasks as 

the unit of analysis. With this approach, I could also identify qualitative changes by 

observing each case and documenting critical interactions. For the documentation, I 

employed analytic memos, each of which was “a brief or extended narrative that 

documents the researcher’s reflections and thinking processes about the data” (Miles et 

al., 2013, p. 97). I documented the most salient features in each task and reviewed pairs 
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of memos to identify what strategies students’ employed and how they changed their 

strategies between tasks (Figure 27). I also used color-coding for specific memos to find 

representative cases to represent important variations (blue), typical cases to represent a 

common example (green), and special cases to represent interesting, unusual, or special 

attributes (yellow). For example, as a representative case, I highlighted the memo about 

Semi solving Task 1-2. Semi’s initial strategy in Task 1-1 was to match the size of the 

given unit to the size of the Dynamic Ruler’s pieces. However, after exploring various 

unit sizes, she used the halves as a unit to measure the given length in Task 1-2. She also 

had a clear understanding of the reverse relationship between the unit and the length with 

the same representations. When asked how much of a longer rod was needed to measure 

the shorter rod, she articulated the answer would be a third of a blue rod (“reverse 

problem: 1∕3 of blue rod” noted in her analytic memo in Figure 27). 

 

Figure 27 

Analytic Memos 
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I looked for evidence of how students’ mathematical thinking changed as they 

used the Dynamic Rulers in successive scenarios. For that, my analysis focused on 

identifying and refining the mediated conceptions that children expressed across the 

tasks. I had particular questions to focus the analysis, such as, “How does a technological 

tool differently mediate children’s understanding of fractions within the Dynamic Ruler 

environment?” I compared various patterns to identify themes in how the children 

engaged with the tasks and how they reasoned about unit and measure with the dynamic 

tool. Through this comparison, three themes emerged: (1) Different types of tasks impact 

different types of strategy; (2) Technological features have reciprocal relationships with 

mathematical understanding; (3) Mathematical actions with a tool mediate the way 

participants conceptualize mathematical meaning. This analysis illuminated new aspects 

of the measurement approach to fractions and has considerable implications for how 

mathematical thinking is mediated by the use of technology.  
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CHAPTER 4: FINDINGS 

As a reminder, the two research questions of the study are as follows: What are 

the different ways that children use the Dynamic Ruler tool in approaching each fraction-

as-measurement task? What patterns emerge in children’s strategies across the series of 

the fraction-as-measurement tasks? 

 To answer the first research question, I developed a framework based on strategy 

types indicated by children’s solutions to a series of tasks within the Dynamic Ruler 

environment and stemmed from the mathematical actions in manipulating the tool. The 

framework was focused primarily on how children unitized the segments of the Dynamic 

Rulers and how they coordinated those units to measure linear quantities. Each strategy 

type consisted of distinctive features of the children’s interaction with the Dynamic Ruler 

and was accompanied by detailed descriptions of the actions and descriptions of 

participants involved in the tasks.  

In this chapter, I first present the framework used to investigate how children 

engaged in different types of strategy in fraction-as-measurement tasks. After providing 

an overview of the framework, I present a detailed analysis of each type. Afterward, I 

present case analyses of how different types of strategy emerged from different tasks. 

Students’ Strategy Types Framework on Fraction as Measure 

Developing a Framework for Students’ Strategies  

Based on two pilot studies, children’s strategies to solve the tasks were 

categorized by their strategy types. Determined by specific actions, operations, and verbal 

descriptions, a strategy type framework of fraction as measure emerged from the analysis 

of Task Series 2 and 3 (Table 5). As described in Chapter 3, in Task Series 2 and 3, a 
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quantity could not be precisely measured by the given unit length due to a leftover piece 

of intermediate length between the two rods’ lengths in contrast to Task Series 1. This 

leftover piece was the major component children were asked to interpret in the tasks. 

There were four types of strategy about unit relation that emerged, which I described as 

not attending to the relationship, estimating the relationship, determining the relationship, 

and commeasuring to find the relationship. Even though children used similar types of 

strategy, the way they dealt with the units varied based on their understanding of 

fractions, length measurement, and technological features. Note that I used this strategy 

type framework to analyze their initial solution strategy in solving each task as the unit of 

analysis in order to capture their own strategies without the interviewer’s probing and 

questioning. I will address the effect of such questioning in the findings for Research 

Question 2. 

 

Table 5 

Types of Children’s Strategies for Fraction as Measure Tasks 

Types Description 

Not Attending Pays little attention to the leftover part 

 

Estimating Pays attention to the relationship of (or even measurement of) the 

leftover part but still estimates using the given original unit size 

 

Determining Determines the relationship between the given unit and 

intermediate units using Dynamic Rulers 

 

Commeasuring Measures the given unit and quantity subsequent to (or 

simultaneously with) the scaled partial unit sizes of Dynamic 

Rulers 
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In the following sections, I describe each strategy type in detail, providing 

examples of how children manipulated Dynamic Rulers to coordinate unit lengths within 

each task.   

Fraction as Measure Using the Dynamic Ruler 

Table 6 summarizes the different types of strategy evidenced in Task Series 2 and 

3. In the category type labeled Not Attending, although students might have adjusted the 

unit size of the Dynamic Ruler relative to the given unit, students paid little attention to 

the leftover amount and counted only the whole number of units. In the type designated 

Estimating, children took visual notice of the relationship between the leftover length and 

the given unit and then identified the result using simple ratios, such as one half and one 

fourth. However, they chose not to explore the relationship using Dynamic Rulers 

between the original unit and the leftover length. In the type designated Determining, 

students measured the whole-number parts using pieces of a Dynamic Ruler that were the 

same size as the given unit. Then they generated a new intermediate unit to measure the 

leftover. In the type called Commeasuring, students began to use a scaled size unit 

compared to the given unit. For example, some students first measured the given unit 

with a newly generated partial unit and then figured out the size of the partial unit in the 

quantity to be measured. Others partitioned the given unit and the quantity 

simultaneously by finding a unit of measure on the Dynamic Ruler that was able to 

measure both. These students at this type could use the Dynamic Ruler to commeasure 

both a quantity and a unit length without having to make a copy of the leftover and place 

it alongside the original unit. Some children even anticipated various equivalent fractions 

based on multiplicative reasoning. 
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Table 6 

Types of Students’ Strategies About Fraction as Measure 

Type  Description and example 

Not Attending   Pays little attention to the leftover length and measure unit  

  Child measures 

the quantity (P) 

with a ruler piece 

the same size as 

the given unit (G) 

but does not 

recognize the 

leftover part as a 

number (e.g., 

“two blues”). 

 
 

Estimating   Notes the relationship (or even measures) the leftover length 

but still estimates using the given original unit size 

  Child notes the 

leftover related to 

the given unit (G) 

by estimating 

how much the 

leftover is or how 

much more it 

needs to be a 

whole unit (e.g., 

“two and a half,” 

“need a half for 

3”).   
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Type  Description and example 

Determining  Determines the relationship between the given unit and 

intermediate units using Dynamic Rulers 

  After measuring 

the leftover with 

the Green 

Dynamic Ruler, 

child figures out 

the fractional 

amount by 

measuring the 

given unit size 

(G) with a new 

partial unit size 

(Green; e.g., “two 

and a quarter”). 

 

 

Commeasuring  Measures the given unit and quantity subsequent to (or 

simultaneously with) the scaled partial units of Dynamic 

Rulers 

  Child adjusts the 

size of a Dynamic 

Ruler to partition 

both the given 

unit (G) and the 

quantity (P) 

evenly. Then the 

adjusted unit size 

(half) is used to 

count the number 

of halves in the 

pink rod (e.g., 

“five of one half” 

or “five halves”).  

 

 

Students’ strategies to solve fraction-as-measurement tasks were analyzed and 

categorized into the four types of strategy framework (Table 7). I did not include the third 

task in each series, which included prepartitioned rulers because there was not an 

opportunity for children to explore unit relationships by manipulating the Dynamic 

Rulers.  
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Table 7 

Distribution of Strategy Types by Tasks and Grade Levels 

Grade Task Not Attending Estimating Determining Commeasuring 

Grade 3 2-1 4 7 0 2 

(N=13) 2-2 3 5 0 4 

 2-4 1 4 1 3 

 3-1 0 9 2 2 

 3-2 2 4 0 6 

 3-4 1 2 0 4 

Subtotal 11 31 3 21 

Grade 4 2-1 1 5 0 2 

(N=8) 2-2 1 1 2 4 

 2-4 0 1 2 4 

 3-1 0 3 1 4 

 3-2 1 1 3 3 

 3-4 0 1 3 3 

Subtotal 3 12 11 20 

Grade 5 2-1 0 3 2 4 

(N=9) 2-2 0 1 2 6 

 2-4 0 0 2 6 

 3-1 0 1 2 6 

 3-2 0 1 2 6 

 3-4 0 0 2 6 

Subtotal 0 6 12 34 

Total 14 49 26 75 

 

Table 7 summarizes the distribution of strategy types in Task Series 2 and 3. The 

Not Attending Type appeared dominantly with third graders, and the frequency was lower 

than at other types overall. In fifth grade, this type of strategy was not present. Most of 

students began to gain some familiarity with how to manipulate the Dynamic Ruler tool 
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as they proceeded through the series of tasks, though one or two students continued to 

struggle with measurement concepts (such as unitizing and unit coordination). The 

strategy type of those in the Estimating Type was the most straightforward, with 49 

examples among the student respondents. To be specific, third-grade children frequently 

used this type of strategy by matching the Dynamic Ruler pieces to the given length. 

When they solved the simple ratio fraction (e.g., one half, one fourth), students could 

determine the leftover amount based on estimation. There were fewer examples of third 

and fifth graders included in the Determining Type than fourth graders. Fourth-grade 

students utilized additional Dynamic Rulers to measure the leftover with a new partial 

unit size. The Commeasuring Type was the most common strategy (75 examples) used to 

solve fraction-as-measurement tasks, and the percentage of those at this type increased as 

the grade levels went up. Among the instances noted, three fifth-grade students 

demonstrated a further potential use of the Dynamic Ruler tool when they generalized 

mathematical invariant properties, such as equivalence and the relation between unit size 

and measure. 

Illustration of Strategy Types for Fraction as Measure Tasks 

In this section, I describe examples of each type of strategy as determined by six 

tasks (2-1, 2-2, 2-4, 3-1, 3-2, and 3-4).  

Not Attending Unit Relation 

Some students only used the default size of the Dynamic Ruler to measure a 

quantity. The default size matched neither the given unit nor the quantity to be measured. 

When designing the Dynamic Ruler tool, I intentionally established this feature so that 

students might be motivated to adjust the size of the Dynamic Ruler, but some students in 
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the Not Attending Type did not feel a need to change the size of the units or otherwise 

failed to characterize the relationship between the leftover and the original unit size. In 

the following section, I include two students’ exemplified strategies: Mary and Sungho. 

Mary used the default size of the Dynamic Ruler to measure the top rod without 

adjustment of the size of the ruler, and Sungho matched the given unit size by adjustment 

of the tool but did not pay attention to a referent unit.  

In Task 2-1, Mary used a strategy that used the default size of the Dynamic 

Rulers. Lining up the Green Dynamic Ruler between two rods with the dragging action, 

she counted the number of green pieces to determine the difference between the orange 

rod and the brown rod (Figure 28). She only paid attention to adjacent parts and stated: 

“One, two. Just two.” However, the two pieces she indicated were of different lengths. 

The length of the first piece was the difference between the second green piece and the 

right end of the orange rod, while the length of the second piece was the difference 

between the right end of the brown rod and the two green pieces. (See the red rectangles 

in Figure 28-top.) Later, I asked her to make the orange rod the same size. The purpose of 

this directive was to prompt her to take the leftover into account, which was a fractional 

amount. However, her understanding of length measurement did not change, and she did 

not attempt to count the leftover using a partial unit. Her concluding answer to the 

number of pieces was “One.” (See Figure 28-bottom.) 

 



93 

 

 

Figure 28 

Mary’s Use of the Default Size Unit 

      
 

 
 

Mary was struggled to identify appropriate unit sizes to measure in the task 

(unitizing). She used only a default size of Dynamic Rulers in her initial approach to 

Tasks 2-1, and she counted the number of pieces in a pattern similar to that used in 

previous tasks. She needed two more green pieces, but the two pieces were of different 

sizes. The first piece was much shorter than the second one. This difference meant that 

her understanding of unit size was not fully established, and she perceived measuring as 
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object-counting. She merely counted the number of pieces in the Dynamic Rulers without 

regard for their sizes.  

When children solved Task Series 2 and 3, most of them began to measure the 

same size of a unit length by matching it to the Dynamic Ruler. However, some only 

considered the number of parts of the Dynamic Rulers, paying little attention to the 

relationship with the given unit. When Sungho, a fourth grader, was solving Task 2-1, he 

showed his strategy with the use of a partial unit through the dragging actions (i.e., lining 

up, changing size). After adjusting the size of the Green Dynamic Ruler (Figure 29), his 

initial response was three, “This rod B is three.” Without making any relation to the 

orange rod, he just counted the number of green pieces. When pushed to use the orange 

rod to get the solution of the original prompt, he did not pay attention to the leftover and 

concluded that the answer was one orange rod.  

 

Figure 29 

Sungho’s Estimation of the Length With a Partial Unit  
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Even though children like Sungho understood measuring as unit-counting, they 

might have little foundation for understanding that the referent unit is significant to 

measure and the units must be exhausted in order to measure a quantity. He might have 

intuitively known that the length of the Dynamic Ruler could be varied by exploring size 

adjustment. However, he did not pay attention to the leftover amount and the unit 

relation.  

In summary, in the Not Attending Type, there are two types of examples: 1) using 

the default size and counting the difference, ignoring partial pieces, and 2) making some 

adjustment to the Dynamic Ruler, maybe even matching the given unit, but still ignoring 

the partial pieces and answering with whole numbers. 

Estimating Unit Relation 

The most straightforward method of strategies that the children used to solve 

fraction-as-measurement tasks (Task Series 2 and 3) was to measure a given unit length 

through the dragging actions (e.g., lining up and changing size) and then to estimate the 

leftover as a fractional amount. When students measured a quantity with a unit length, 

they felt obliged to represent the leftover amount in relation to the original unit length. 

This approach was the main entry point by which the dynamic digital environment could 

introduce rational numbers in length measurement situations. In everyday experience, the 

terms “half” or “quarter” are well-known fraction expressions, and it is therefore 

expected that one would use these fraction words when comparing units and quantities. In 

the following section, I include four student examples from interviews with Lauren, Eric, 

Sumin, and Peter.  
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Lauren, a third grader, matched the size of the Green Dynamic Ruler’s pieces 

with the size of the orange rod in Task 2-1 (changing size). Then she moved the Dynamic 

Ruler up over the brown rod (lining up) and said, “Let’s see. One and a half.” When 

asked where the half was, she pointed to the leftover amount through the hovering action 

which indicated the middle of the second green piece with the cursor (Figure 30-top). She 

further explained the reason why the leftover was half of the unit length by making the 

same unit size with the Red Dynamic Ruler. She overlapped the red piece with the green 

piece (Figure 30-bottom), then pointed to the middle of the green piece and noted it was 

half of the original unit: “Cause estimating. I measure this big orange one because all of 

them lay out. Click there, and then you pull this one up here like that. And then this is— 

this is a half right there.” 

 

Figure 30 

Lauren’s Estimation of the Leftover 
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Note. The brown rod overlapped by the Green Dynamic Ruler, which is why the letter B 

appears in horizontal alignment with the ruler.  

 

Eric, a fourth grader, used the same type of strategy to solve Task 3-1. He first 

matched one unit of the Blue Dynamic Ruler with the gray rod (lining up), making them 

the same size (changing size), and estimated the unit measurement size of the pink rod 

using a fraction term (Figure 31-top): “I’d say two and one half.” When I asked where the 

half came from, he answered by resizing the Blue Dynamic Ruler into halves: “Because 

when I’d split the gray into a half, then I count one, two, three, four, five— Because if I’d 

measured the gray, I’d have two and then one left, and then that’d be a half.” 
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Figure 31 

Eric’s Estimation of the Leftover 

      
 

 

Note. The pink rod overlapped by the Blue Dynamic Ruler, which is why the letter P 

appears in horizontal alignment with the ruler.  

 

In both cases, the children set out to measure the given unit length (unitizing), 

then compared the leftover amount in the other rod to the original unit size (unit relation). 

This strategy was not anticipated because the students usually paid more attention to 

matching the size of Dynamic Rulers with the unit length, and they thus easily 

coordinated the whole-number parts with the use of Dynamic Rulers. Still, they finished 
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the tasks by estimating the leftovers. These estimations might have produced incorrect 

answers. This might be because some third-grade students do not learn all fraction 

terminology (such as one-third), and the Dynamic Ruler tool requires precision to adjust 

the sizes of units. 

Children who conceived whole-number parts as obvious often used multiple 

Dynamic Rulers to figure out the relationship between the leftover part and the unit 

length. Students with this type of strategy used one Dynamic Ruler to represent the whole 

number (i.e., one or two), then used the dragging action by resizing a different colored 

Dynamic Ruler to measure the leftover part as intermediate units. In so doing, they could 

estimate the measured part in relation to the original unit size. Sumin, a fourth grader, 

measured the orange rod with the Green Dynamic Ruler in Task 2-1. She trimmed the 

number of pieces of the Dynamic Ruler and left only one of the green units under the 

brown rod (Figure 32-top). Sumin then decided to pull out the Blue Dynamic Ruler and 

measured the leftover amount with one blue piece (Figure 32-top). Her final answer to 

the problem was, “One orange and a half.” To determine the size of a half, Sumin moved 

the blue piece over the orange rod (Figure 32-bottom) to compare sizes and estimated the 

size of the blue piece in relation to the orange rod.  
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Figure 32 

Sumin’s Use of an Intermediate Unit 

     
 

 
 

Peter, a third grader, at first matched the size of the Green Dynamic Ruler with 

the orange rod, then had one green piece left in Task 2-2 (Figure 33-top). He measured 

the leftover part with the Purple Dynamic Ruler and decided to trim the ruler to make 

only one purple piece. Peter manipulated the purple piece by making it half of the orange 

rod and shortening the size half again next to the green piece (Figure 33-middle). His first 

answer to the question was “one,” but I pressed him to explain the meaning of the purple 

piece. He articulated the process of how he determined the size of the purple piece: “So, I 
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took like half of it, like took half, put it right here [next to the green piece]. See that’s 

about, like, half of half.” He seemed to measure the leftover amount with the Purple 

Dynamic Ruler and ended up with a half-of-half-sized piece by estimating from the half 

size of the purple piece (Figure 33-bottom).  

 

Figure 33 

Peter’s Use of an Intermediate Unit 
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At this type, children could manipulate an additional Dynamic Ruler to measure 

the leftover part. They could not measure the size of the remainder using the original unit 

size. Therefore, this task provided crucial evidence of children’s recognition of the 

leftover amounts as unique units. Even though some students used this intermediate unit 

size (Sumin and Peter), their ideas were as less straightforward as students who used the 

given unit size (Lauren and Eric). This similarity is because both groups of students 

estimated the leftover using fractional terms. However, using the intermediate unit might 

be preferable in the long term because it might allow students to develop a fundamental 

concept of fraction as measure through a dynamic direct comparison between the partial 

unit and the original unit.   

Determining Unit Relation 

Children carried out two processes in this type of strategy. First, they figured out 

the whole-number part by measuring a unit length (changing size of one ruler). Second, 

they measured the leftover with another smaller unit as an intermediate unit (changing 

size of the other ruler). They partitioned the unit length with partial units, then eventually, 

they have come to understand the relationship between the partial units and the given unit 
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length. In the following section, I discuss two students, Charim and Sewoong. After 

measuring the whole-number part, Charim used multiple Dynamic Rulers to partition the 

given unit length with various sizes. Similarly, Sewoong used an additional Dynamic 

Ruler to verify the relationship between the given unit length and the leftover part.  

Charim, a fifth-grade student, at first started to match the Green Dynamic Ruler’s 

pieces to the orange rod in Task 2-2, then moved it up below the brown rod (Figure 34). 

She did the same manipulation with the Purple Dynamic Ruler and placed it next to the 

orange rod. She further partitioned the purple piece into halves with the Blue Dynamic 

Ruler and into fourths with the Red Dynamic Ruler. Finally, she answered: “One and one 

fourth,” When asked why she said a fourth, she explained her way of measuring with 

fourths: “Because if it has two orange rods, it will be over the brown rod. And I so break 

the orange into a half, and I break the half into half. And it got me on the one fourth. If I 

add up one orange, which is one whole and one fourth, one and one fourth is the answer.” 

 

Figure 34 

Charim’s Use of an Intermediate Unit 
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Sewoong, a third grader, initially manipulated the size of the Green Dynamic 

Ruler so that one unit on the ruler was the same size as the orange rod, as he did in 

previous tasks (2-1 and 2-2). Then, he pulled out the Red Dynamic Ruler to measure the 

leftover part (Figure 35). While he used additional Dynamic Rulers when I asked him to 

use those for probing, this was the first time he used multiple Dynamic Rulers of his own 

volition to figure out the leftover length more precisely. Sewoong used fourths to 

measure the leftover like in previous tasks, but it was not enough to measure the new 

leftover. Therefore, he decided to iterate the same strategy to measure the difference 

between the leftover and one red piece by using the Blue Dynamic Ruler (Figure 35). 

This type of an iterative measuring is clearly a distinctive action compared to 

Commeasuring type which generates new unit size to measure the leftover and the given 

unit simultaneously. He partitioned a fourth of the orange rod into four pieces and 

generated a unit on the Blue Dynamic Ruler that was 1∕16 the size of a unit on the Green 

Dynamic Ruler. Finally, his solution for the task was the sum of three different unit sizes 

(green: one whole, red: one fourth, blue: 1∕16).  

 

Figure 35 

Sewoong’s Use of Intermediate Units 

 

Note. The brown rod overlapped by the Green Dynamic Ruler, which is why the letter B 

appears in horizontal alignment with the ruler.  
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Students in the Determining Type used recursive measurement to figure out 

whole numbers and fractional parts separately. The first measurement was to match the 

size of the unit length with one piece of the Dynamic Ruler. Subsequently, the leftover 

part was measured by new partial units, such as halves or fourths. This strategy required 

multiplicative thinking between two different unit sizes. The relation between units was 

proportional because children had to determine the partial unit size in relation to the 

original unit length. However, two different units were contained in the answer at the 

same time. 

Unlike students in the prior strategy type (Estimating Type), these children did 

not use an estimate to figure out the leftover amount. Their use of fraction words derived 

from a second measurement process with partial units. This strategy could correspond to 

the next type of strategy that measures the quantity with only scaled (or partial) units. 

Commeasuring  

Children who have a strong idea of length measurement can use a single Dynamic 

Ruler to measure both a unit length and a quantity by partitioning them into similar 

partial units through resizing. They might already realize the unit length is not 

appropriate to measure the given quantity because there is a leftover when using the unit 

length. Then, they looked for a partial unit that could partition both rods evenly through 

the dragging action. Therefore, this type of strategy, which uses scaled units, can be 

viewed as anticipatory reasoning. The children in the Commeasuring Type had an 

intentional goal for their actions, which was to partition the unit length as well as the 

given quantity with common smaller units. In the following section, I include examples 

of four students: Teo, Arim, Gina, and Alex. Teo and Arim found one specific case of 
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partial units to partition both rods. Gina and Alex found various equivalent fractions with 

the same value by continuously manipulating the Dynamic Rulers. 

In Task 2-1, Teo, a fourth grader, gave an initial answer with an eyeballed 

approximation: “One and a half.” He then explained how he arrived at that answer with 

the Green Dynamic Ruler (Figure 36): “If I take this off here, and I make it the same size 

[with two halves], it’s, it’s already going to be half of it. And then you take this you 

pulled up here. That’s a full one and a half.” When asked why he made a half size of the 

Green Dynamic Ruler, he said, “Well, why I decided to make this [is] because you can’t 

make it bigger. You have to either stick with this or cut it into pieces or half.” He also 

argued that only a smaller size could work to measure the unit.  

 

Figure 36 

Teo’s Use of Partial Units 

 
 

Arim, a fourth grader, manipulated the Blue Dynamic Ruler in Task 3-4 and, at 

first, matched it with the gray rod. She kept adjusting the size of the Dynamic Ruler, first 

as a half of the gray rod and then a third. Deciding to use thirds as a new partial unit, she 
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marked groups of three blue pieces like rectangular shapes with the hovering action. She 

made the first rectangle with the three blue pieces (Figure 37-top) and marked the second 

one with six pieces (Figure 37-middle). The third group did not contain three pieces, so 

her final answer was “two and two third” (Figure 37-bottom). She also explained the 

relationships between both quantities and the Blue Dynamic Ruler: “[One blue piece unit] 

divides pink into eight pieces.” She further explained that one gray rod is equivalent to 

“times three” of one blue piece. 

 

Figure 37 

Arim’s Use of the Partial Units  
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In the type labeled Determining, students could partition a unit length into equal 

parts and then fit the leftover part using the smaller unit size. The focus of the child in the 

Determining Type was to determine the relationship between one piece of Dynamic 

Rulers and an original unit. However, in the Commeasuring Type, students could 

partition not only the given original unit length but also the quantity to be measured. 

After coordinating both quantities with the same size of partial units, children could 

determine the appropriate one-unit size in Dynamic Rulers, compare it to the original 

gray rod, and measure the length with the newly adjusted unit in the quantity.  

If students have already established this type of understanding, they can also think 

about the inverse relationship, such as, “How much pink rod is needed to fit into the gray 

rod?” Because they could see the structures of partitioned pieces, the inverse 

relationships were the same as the reciprocal fractions (e.g., Task 3-4, original measure: 

8∕3, inverse measure: 3∕8). 

Within the type of Commeasuring, a few students even demonstrated a 

generalized use of Dynamic Rulers by measuring both quantities with multiple scaled 

units. Coming to this strategy, children might already have established an idea of how to 
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partition a unit length and a quantity with the same partial units. They further anticipated 

other possibilities for measuring quantities using different unit sizes through 

multiplicative reasoning.  

Gina, a fifth grader, matched the right end line of the gray rod as well as the pink 

rod using the Blue Dynamic Ruler in Task 3-2 (Figure 38-top) and figured out that the 

answer was “two and four fifth of gray rods.” When asked why she made the unit size of 

the Blue Dynamic Ruler the length that it was, she explained her intention to “fit” the 

right end of both rods with a new adjusted unit. She also claimed that the pink rod and the 

gray one should be partitioned into the same-sized partial units to measure the quantities. 

In addition, Gina was trying to “partition into little groups.” She could anticipate 

what she was going to do: “I can partition this into 10 and this [pink rod], too.” She 

adjusted the size of the Blue Dynamic Ruler and matched 10 pieces of the Purple 

Dynamic Ruler to fit within the gray rod (Figure 38-bottom). She tested her anticipation 

using the Purple Dynamic Ruler and continued to explain her strategy:  

I mean, this is one fifth, and this is two tenth ’cause I partitioned this into 10 

groups. 10 pieces. I mean, 10 parts. So, that means two tenths is equal to one fifth. 

So, I said this [gray rod] is equal to five of one fifth, and it also means 10 of, I 

mean, kind of one tenth. I mean, yeah. So, you can do the same thing with this.  

She decomposed the unit length into equal parts, and this subpartitioned unit could 

measure the given quantities properly. She also had a clear understanding of the 

relationship between whole and unit fractions (e.g., 5 one-fifths make a whole, 10 one-

tenths make a whole). Her approach aligned well with her perception of equivalent 

fractions using multiplication operations. Connecting her memorized facts, she further 
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generated 2∕10 by multiplying two to the denominator and the numerator of one fifth (“I 

knew that…five times two which is 10…one times two equals two”). 

 

Figure 38 

Gina’s Use of the Given Unit 

    
 

 
 

Alex, a fifth grader, tested the different sizes of the Blue Dynamic Ruler to match 

up its pieces with the gray rod in Task 3-4 (Figure 39-top). He first tried to make the 

same size with the unit length, but it did not match up with the pink rod: “One section 

doesn’t line up on the edge.” Finally, he noticed that thirds could partition the pink and 
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gray rods equally: “Three, that’s when it first time works.” Counting the number of 

pieces, he concluded the answer was “two and two thirds.”  

Alex also tried to use a different unit size, a sixth. Because he already proved his 

understanding of using multiple unit sizes in Tasks 3-2, he could apply a similar strategy 

to the current task. He conjectured that a sixth would work to solve the task without 

actual manipulations and operations: “If you do this, you could do this, like, with sixth. 

Since it’s, like, double, you can do that same thing I was talking about earlier, how you 

can double the number or double the amount since there are eight. It would be 16 if it 

was, like, split up into six.” He had a clear understanding of the relationship between 

numerators and denominators in a fraction. If there were an equal amount, the fraction 

notation could vary by the size of units. As the number of partitions of the unit length 

increased (increasing a denominator), the number of pieces in the measurement increased 

as well (increasing a numerator). Alex then tested that his conjecture was correct by using 

the Blue Dynamic Ruler: “If we were to do that just to, like, see if that would work.” 

 

Figure 39 

Alex’s Use of Partial Units 
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Note. The pink rod overlapped by the Blue Dynamic Ruler, which is why the letter P 

appears in horizontal alignment with the ruler. 

 

Children who have experience solving tasks and finding mathematical meanings 

can extend their strategies further through generalization. The first two examples (Teo, 

Arim) of strategies were more focused on commeasuring with one unit size. However, 

these most recent examples demonstrate how some of the students (Gina, Alex) applied 

to multiple unit sizes. The students made a conjecture in advance to use different unit 

sizes to measure both quantities and tested the conjecture using the Dynamic Rulers. 

They explored one of the key mathematical concepts by investigating equivalent 

fractions, which represented the same value with different fractional notations. 

Traditionally, students might learn this concept through multiplication or division or by 

dividing both numerators and denominators. However, by adjusting the size of Dynamic 

Rulers’ units, the students in this study could explore other unit sizes continuously (e.g., 

thirds, fourths, fifths, and sixths) and make sense of the multiplication operation related 
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to measurement (e.g., A half size unit is a half as big to the original size, so it fits in twice 

as many times. Therefore, I need to double both the numerator and the denominator).  

Patterns of Strategy Types Across Fraction-as-Measurement Tasks 

This study’s second research question is, “What patterns emerge in children’s 

strategies across the series of the fraction-as-measurement tasks?” To answer it, case 

study analyses were conducted. It was not surprising that many students showed 

consistency in how they solved tasks across their interviews. Some students used a 

strategy type at the beginning of their interview, and they kept using a similar pattern to 

solve the tasks that followed. However, others approached the series of the fraction-as-

measurement tasks with different types of strategy that they employed. Based on the 

developed framework, I found various changing patterns in the children’s strategy type 

which emerged from different characteristics of the tasks: within Task Series 2 and 3, 

across Task series 2 and 3. 

This analysis is important because it highlights the affordances and constraints of 

the tool, and it indicates directions for improvement to the environment and tasks. At the 

same time, I want to be careful not to claim that using the tool leads to students’ learning. 

It may be that the sequence of tasks elicited increasingly detailed evidence of student 

thinking, or that repeated use of the tool enabled students to increasingly take advantage 

of its features, rather than that they developed new mathematical understandings.  

The focus of this section is to document how students’ strategies varied across the 

series of tasks. In the previous section, I analyzed children’s initial strategies to 

categorize their strategy types. However, in this section, I further analyze potential 

factors, including the in-between tasks (i.e., the third task in each series with 
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prepartitioned rulers); the prompts asked by me, the interviewer; and my extended 

probing after students’ initial attempts to solve the tasks.  

In order to examine how the changing patterns occurred, I identified a critical 

moment between two consecutive tasks and selected and compared the tasks as the unit 

of analysis to capture the ongoing transitions (Table 8). Drawing upon the analysis from 

the analytic memo, I identified representative cases as follows. Within Tasks Series 2, 

eight children changed types of strategy across Task 2-1 and 2-2 (e.g., Emily - Estimating 

to Commeasuring) and four children approached differently Task 2-2 and 2-4 (e.g., 

Sewoong - Estimating to Determining). Within Task Series 3, nine children were engaged 

in Task 3-1 and 3-2 with distinct strategies (e.g., Fran - Determining to Estimating). 

Although there was no one who changed the way to solve both Tasks 3-2 and 3-4, some 

children like Alex solved two tasks with different types of commeasuring (typical to 

generalized commeasuring). Across Task Series 2 and 3, seven showed changing strategy 

types between Task 2-4 and 3-1 (e.g., Charim - Determining to Commeasuring). In the 

following section, I illustrate the cases of shifting strategy types with exemplary episodes.  

Table 8 

Patterns of Strategy Types by Task Series 

Tasks Series 
Changed  

Strategy Types 

Same  

Strategy Types 
Total 

Task Series 2    

2-1  2-2 8 21 29 

2-2  2-4 4 24 28 

Task Series 3    

3-1  3-2 9 20 29 

3-2  3-4 0 22 22 

Across Task Series 2 and 3    

2-4  3-1 7 21 28 



115 

 

 

Emily’s Case: Within Task Series 2 (2-1 to 2-2)  

Emily, a third grader, was chosen as a case which showed different types of 

strategy across Tasks 2-1 and 2-2. The main difference between two tasks was the length 

of the leftover part. In Task 2-1, the leftover was 1∕2 of the original unit (orange rod). On 

the other hand, in Task 2-2, the leftover was ¼ of the unit. A half would be the most 

familiar fraction for children but a fourth requires smaller unit to measure. When solving 

Tasks 2-1 and 2-2, she showed substantial differences in her strategy types while the 

Dynamic Ruler tool (Estimating to Commeasuring). In Task 2-1 (Figure 40-top), she 

measured the size of the orange rod with the Blue Dynamic Ruler and estimated the size 

of the leftover as a half (Estimating Type). However, in Task 2-2 (Figure 40-bottom), she 

used fourths to measure the brown rod (Commeasuring Type).  

 

Figure 40 

Emily’s Change in Strategy Types, From Unit Length to Partial Units 
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Note. The brown rod overlapped by the Blue Dynamic Ruler in the top image, which is 

why the letter B appears in horizontal alignment with the ruler. The brown rod 

overlapped by the Green Dynamic Ruler in the bottom image. 

 

Estimating Type. In the following episode, Emily solved Task 2-1 by comparing 

the size of the orange rod to the brown rod (Figure 41). 

 

Figure 41 

Emily’s Measurement With a Whole Unit and a Partial Unit 

      

Note. The brown rod overlapped by the Blue Dynamic Ruler, which is why the letter B 

appears in horizontal alignment with the ruler.  

  

Emily: Uh, one and one half. 

Sheunghyun Yeo (Y; i.e., me, the interviewer, researcher, and author of this 

dissertation): Okay. How did you know one and one half? 
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Emily: Because there, this is one whole for the orange, and I tried putting it in a 

brown but in a whole entire another one. But it fit, but it was pretty much 

almost exactly halfway in the center. So, I just rounded it up to halfway 

and, so, one and one half. 

Y: Can you convince me, too. Is it a half of orange? You can use the different 

color. 

Emily: Like again by doing this. I make the next line go right there. Then I put it 

on this, then, since these are all a half. Then, um, this is one, and this is one 

half. 

Y: How many halves are there then? 

Emily: Three halves. 

Y: Okay. Then the first answer you just said is like one and a half. One and a half 

and three halves are the same? 

Emily: Yeah. 

Y: Why are they the same? 

Emily: Because two halves make a whole. (Taken from Emily’s transcript. This 

episode appears on Lines 151–174 of the transcriptions. Future notations 

such as this one will be abbreviated in this format: “Emily, 151–174.”)  

Emily approached this task similarly to how she approached previous tasks (Task 

Series 1), by measuring the original unit length (orange rod). However, Task 2-1 included 

a leftover, which was a portion of the brown rod that was of an indeterminate size less 

than one orange rod. Therefore, Emily estimated the size of the leftover and expressed it 
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as a half (Figure 41-left). When asked to confirm that the size of the leftover was a half, 

she adjusted the size of the Blue Dynamic Ruler’s units (Figure 41-right) and matched 

two blue pieces with the length of the orange rod (“I make the next line go right there. 

Then I put it on this, then, since these are all a half.”). She also demonstrated her 

understanding of the equivalence between a mixed number (1½) and an improper fraction 

(3∕2): “Because two halves make a whole.”  

In terms of unit coordination, Emily’s measurement strategy changed from single 

level to composite level. When she used the orange rod as the unit of measure and found 

its relationship to both the brown rod and the Blue Dynamic Ruler, she was able to 

measure one by one through the Blue Dynamic Ruler. However, when she used half the 

size of the orange rod with the Blue Dynamic Ruler, the shorter blue piece was the 

smallest unit size (a half), and the orange rod was a composite unit (1 = 2∕2) comprising 

two blue pieces. She further measured the brown rod with the blue pieces (3∕2) and 

demonstrated the concept of equivalence between different fractions verbally. Emily’s 

unit coordination was more sophisticated in the following episode. 

 

Figure 42 

Emily’s Measurement With Other Partial Units 

    

Note. The orange rod overlapped by the Blue Dynamic Ruler, which is why the letter O 

appears in horizontal alignment with the ruler.  
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Y: Can you try to use a different size? 

Emily: Different size? Hmm. 

Y: It could be much longer. It could be much shorter. 

Emily: I’m going to make this [an] even number. 

Y: Can you tell me more? Why you are trying to make it even? 

Emily: Because if I make it an odd number, then there will be a half of that 

hanging off, and I won’t know the exact answer, and I won’t know if that’s 

an exact half. Yup. I still got three halves. 

Y: How much of this, one piece of the blue? 

Emily: That’s one third. 

Y: One third of? Can you say one more time? 

Emily: It’s like, it’s, um, that piece is one third of a half but one sixth of the 

whole. 

Y: One third of one half is one sixth of the orange rod? 

Emily: Of the whole. Yeah. 

Y: Of the whole? Why is that one sixth? One third of one half is one sixth? 

Emily: I’d like to imagine, like, a candy bar. So, if you have a candy bar that has, 

like, six little parts into it. Then the whole piece is just the candy bar. Then 

it’s divided into six parts. So, each one of those pieces is a sixth. But you 

break it exactly in half. Um, and then, so, you have two halves. There’s 
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three in one half. So, it’s one third of that part. Like, if that was the new 

whole, then there would be one third of that half of the whole. 

Y: So, can you also use that strategy to explain with the Dynamic Ruler? So, if 

this is one candy bar, how can you explain that one third of one half is one 

sixth? Can you click here? 

Emily: Yeah. 

Y: So, if this is one candy bar, like the orange rod, how can you explain one third 

of one half is one sixth? 

Emily: So, I’m going to break this half. This is my half of the candy bar, and this 

part of the half of this was the whole. Then this is one third of it. Then this 

is the whole, so this piece is now one second. But if we broke it in half 

again, they don’t see one third. One third. (Emily, 175-210) 

This exchange began with my question about other possible sizes of units. Emily 

matched seven pieces of the Blue Dynamic Ruler with the orange rod (Figure 42-left). 

However, she realized that an odd number of pieces did not work because the pieces 

could not be equally partitioned if she had an odd number of them. Then, she partitioned 

the orange rod into six pieces (Figure 42-right) and measured the brown rod with sixths 

(i.e., “one third of one half”). Interestingly, she demonstrated an understanding of a 

partial unit of a partial unit (fraction of fraction). When asked about the sixth, she was 

reminded of the candy bar analogy and explained how she could get a sixth with 

subdivision. I also asked her to use a Dynamic Ruler representation to elicit the same 

meaning. She explained that a half of the orange rod was three blue pieces, and a sixth 
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was one of the three blues that constitute a half. This explanation had three types of unit 

structure—one blue (one sixth of the orange rod), three blues (one half of the orange rod), 

and one orange (six of one blues = two of three blues = one). To measure one brown rod, 

Emily combined the concepts in these three structures: three of one sixth makes one half; 

three of one half makes 3∕2. This size (one sixth) was not achieved with a fraction that is 

common among third-grade students. Other students in grade 3 were more familiar with 

fractions that include denominators as a power of two (e.g., ½, ¼, ⅛), but Emily used one 

third and one sixth in Task 2-1.  

Furthermore, in this exchange, the role of the tool was slightly changed from 

exploring mathematical relationships to demonstrating mathematical knowledge. In the 

beginning of the tasks, Emily matched the Dynamic Ruler to make the unit length and 

figured out the leftover part as a half of the unit. However, in the latter case, she used the 

tool to represent and check her understanding of unit relations.   

Commeasuring Type. In the following episode, Emily solved Task 2-2. She did 

not match the unit length with an existing piece on a Dynamic Ruler but, instead, 

adjusted the ruler’s black dot to make a partial unit size that would measure both the 

given unit and the given length (Figure 43).  

 

Figure 43 

Emily’s Measurement With a Partial Unit 
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Note. The orange rod overlapped by the Green Dynamic Ruler, which is why the letter O 

appears in horizontal alignment with the ruler.  

 

Emily: One and one fourth. 

Y: Um, what I am curious is, like, when you find one piece of this size, you’re 

trying to change the size, but you seem to be, like, looking for something. 

Emily: How I decided was [that] I was trying to make these two lines. [Emily 

aligns the edges of the brown and orange rods with the edge of the Green 

Dynamic Ruler.] If there was another line in between [that could] line up so 

that I knew that … there would actually be a correct amount of chunk that 

would fit into that, that would be a certain amount of these pieces. But let’s 

say I just did it like that; there isn’t a line lining up, so I won’t know if it’s 

exactly, like, a half or what. So, that’s why I carefully decided that it had to 

be like that. And also, this line also matched up with the end of that. So, 

then it would be easy for me to know that there were four pieces in one, but 

then there was one extra that would fit into the brown, too. (Emily, 223-

228) 

Because the default size of a piece of the Green Dynamic Ruler was shorter than 

the orange rod, Emily explored the different sizes that the unit could be, from halves of 

the orange rod to thirds to fourths (Figure 43). She explained how she found the 

appropriate size for the green pieces: “I was trying to make these two lines.” She actually 

lined up the right edge of the brown rod with the edge of the orange rod and aligned both 

with the edge of one of the ruler’s units (“And also this line also matched up with the end 
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of that.”). This alignment allowed her to recognize how many pieces of the Green 

Dynamic Ruler needed to fit into the brown rod (“It would be easy for me to know that 

there were four pieces in one, but then there was one extra that would fit into the 

brown.”).  

In this episode, Emily’s unit coordination was demonstrated through her 

manipulation and explanation. Changing the size of the Green Dynamic Ruler’s pieces, 

she seemed to unitize a piece as a new partial unit to measure the orange rod and the 

brown rod. Simultaneously, she aligned the Green Dynamic Ruler with both the brown 

and orange rods. When she dragged the black dot to change the size of the Green 

Dynamic Ruler’s units, she was actually looking for a way to partition the brown rod and 

the orange rod at the same time with the same unit size. This commeasuring was why a 

half or a third would not work (i.e., it could not partition both rods). A half of the orange 

rod or a third could partition the orange rod but could not appropriately partition the 

brown rod using full unit lengths. Therefore, when she found a fourth as a new unit of 

measure, she could partition both rods: the orange rod was four fourths and the brown rod 

was five fourths. Through her interpretation of the manipulated representations, she could 

fully understand the relationships between units in measuring the brown rod with a partial 

unit size (“There were four pieces in one, but then there was one extra.”). 

Sewoong’s Case: Within Task Series 2 (2-2 to 2-4)  

Sewoong, a third grader, was a representative case of children who solved Tasks 

2-2 and 2-4 differently. Task 2-2 involved ¼ and Task 2-4 involved 1∕3. Because children 

tend to experience difficulty to represent 1∕3 with appropriate terms or symbols, Sewoong 

struggled a little in the latter task. Here, his strategy type changed between two tasks 
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(Estimating to Determining). In Task 2-2, (Figure 44-top), Sewoong measured the length 

of the orange rod by making the pieces of the Green Dynamic Ruler the same size and 

estimated the leftover part as a half (Estimating). However, in the next task, Task 2-4 

(Figure 44-bottom), he initially made the pieces of the Green Dynamic Ruler the same 

size as the orange rode, then partitioned one green piece evenly into four red pieces using 

the Red Dynamic Ruler. To measure the additional difference between the green piece 

and the red piece, he used the Blue Dynamic Ruler by partitioning the red piece into four 

blue pieces (Determining Type).  

Figure 44 

Sewoong’s Unit Partitioning 
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Note. The brown rod overlapped by the Green Dynamic Ruler, which is why the letter B 

appears in horizontal alignment with the ruler. 

 

Estimating Type. In the next episode, Sewoong solved Task 2-2 by measuring the 

brown rod with the Green Dynamic Ruler, in which the pieces were the same size as the 

orange rod (Figure 45). 

 

 

Figure 45 

Sewoong’s Method of Checking the Leftover Length With an Additional Dynamic Ruler 

        

Note. The orange rod overlapped by the Red Dynamic Ruler in the image on the left, 

which is why the letter O appears in horizontal alignment with the ruler. 

 

Sewoong: One and a quarter. 

Y: Can you tell me more? How did you get that? One and a quarter of what? 

Sewoong: So, one and a quarter of orange. 

Y: Okay. So, can you tell me? How did you get that? 

Sewoong: Wait, let me check. Yeah, it’s a one and a quarter, I think. 

Y: Hmm. How do know this is a quarter of the orange? 
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Sewoong: Because this is the half of orange rods and then there’s two, two 

quarters in the one half. So, this is one and, and the quarter. 

Y: Okay. Can you use like a red ruler to show this is a quarter? 

Sewoong: What’s red? 

Y: Red ruler. So, do not delete that. Yeah, you can use this tool and then know 

this much is a quarter of the orange. I’m just curious about that 

relationship. How can you make me convinced that? 

Sewoong: Like this. So, this is a half and then one quarter. 

Y: Okay. Then this is one quarter too? 

Sewoong: Yeah. Oh yeah. 

Y: How? 

Sewoong: You can use it to check it. Yes. (Sewoong, 376-404) 

It was not surprising when Sewoong made the orange rod and a piece of the 

Green Dynamic Ruler the same size because he utilized the same strategy in Task 2-1. He 

explained how he got the quarter size by halving the green piece and halving the half of 

the green piece. He was able to estimate the leftover size as a quarter (“one and a 

quarter”). When asked to verify the size of the leftover with the Red Dynamic Ruler, he 

created the length of one red piece by partitioning the orange rod into four pieces (Figure 

45). He indicated that two red pieces were half of the orange rod, and one was a quarter. 

And Sewoong matched the leftover size and one red piece’s size by placing the Red 

Dynamic Ruler below the green one (“You can use it to check it”).  
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Determining Type. Even though he estimated the leftover part with the Green 

Dynamic Ruler, Sewoong demonstrated his further understanding of how to measure the 

leftover that equals a partial unit size by using the Red Dynamic Ruler. This partial unit 

concept arose from the size of the leftover. Because he already knew the size of the 

leftover was a quarter by estimating the size of the remaining part with double-halving 

(partitioning a half into two parts), he seemed to decide to directly partition the orange 

rod into four quarters. Such a partitioning idea was evidenced even more during the 

following episode in Task 2-4 (Figure 46). 

 

Figure 46 

Sewoong’s Subsequent Partitioning 

     
 

 

Sewoong: Wait, what is— I need to check. I need to check the quarter. Hmm? Did 

I even measure it right? Yes, I did. What is the— Oh wait, I think I know. 

One quarter and one and the half of quarter— One half— I mean one full 

quarter and one and a quarter of a quarter. 

Y: One and a quarter of a quarter. Okay. Why do you think this is— 

Sewoong: Wait, I want to check if that’s right. What is the quarter of a quarter? 

Y: Yeah. I am curious about it. 
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Sewoong: How long is it? Oh my. Nope. Wait, is that right? No, no. Oh, I think I 

know. Four quarters and a quarter of a quarter and the quarter. 

Y: How many quarters are there? 

Sewoong: Look, look. So, four quarters equal one orange rod. And then one 

quarter. Plus, I just did four quarters of the quarters. And then I just look at 

it, and then it kind of looks like there’s a quarter in a quarter of a quarter. 

Y: Interesting. Why did you use the third ruler? 

Sewoong: This. To check how many quarters there are, I mean, how— To check 

how long the quarter is in the quarter. (Sewoong, 442-458) 

Sewoong changed the size of the Green Dynamic Ruler so that one unit on the 

ruler was the same size as the orange rod, as he did in previous tasks (2-1 and 2-2). Then, 

he pulled out the Red Dynamic Ruler to measure the leftover part (Figure 46-left). While 

he usually used additional Dynamic Rulers when I asked him to use those for probing, 

this was the first time he used multiple Dynamic Rulers of his own volition to figure out 

the leftover length more precisely. Sewoong used fourths to measure the leftover like in 

previous tasks, but it was not enough to measure the new leftover. Therefore, he decided 

to iterate the same strategy to measure the difference between the leftover and one red 

piece by using the Blue Dynamic Ruler (Figure 46-right). He partitioned a fourth of the 

orange rod into four pieces and generated a unit on the Blue Dynamic Ruler that was 1∕16 

the size of a unit on the Green Dynamic Ruler. Finally, his solution for the task was the 

sum of three different unit sizes (green segment: one whole, red segment: one fourth, blue 
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segment: 1∕16). The expected solution was 4∕3 (1.3333), but his answer was close enough 

given the limitations of the Dynamic Ruler environment (1 + ¼ + 1∕16 = 21∕16 = 1.3125). 

 When Sewoong first noticed the leftover between two rods, he used the Red 

Dynamic Ruler in Task 2-4. He subsequently used the Blue Dynamic Ruler to measure 

the new leftover between the brown rod and five red pieces. He drew three different unit 

sizes with a full understanding of the relationship: green equals one, red equals a quarter, 

and blue equals a quarter of a quarter. And this reciprocal relationship was based on the 

understanding of the whole and fractional units (“four quarters is equal to one orange 

rod”).  

In the following exchange, from his work on Task 2-2, he seemed to feel it was 

necessary to use partial unit sizes instead of the same-sized unit length.  

Y: Then, which ruler do you prefer using to get the number of orange rods 

between blue, green, and red, and why? 

Sewoong: Red. 

Y: Why? 

Sewoong: Because the quarters are easier to see, because if you don’t see the 

quarters, it’ll be like, what is this? 

Y: That is a question. What is that? The answer on this problem. 

Sewoong: If you go like that, you see, you’ll see what the quarter is, but if you 

only see the green, it’s gonna be way longer. So, you’ll be like, what? 

What? Like. 

Y: It’s hard to figure it out, right? 
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Sewoong: Yeah. (Sewoong, 426-440) 

Between the Green Dynamic Ruler (with one whole piece equaling the length of 

the orange rod) and the Red Dynamic Ruler (four red pieces partitioning the length of the 

orange rod), Sewoong selected the Red Dynamic Ruler (Figure 47), because he was 

wondering how to measure the leftover part with the whole size unit (“Because the 

quarters are easier to see, because if you don’t see the quarters, it’ll be like, what is 

this?”). Even though he was able to estimate the size of the leftover, it might not have 

been enough to solidify his concept of partitioning. His approach could have triggered the 

use the of partial units with subsequent partitioning in the following task (2-4).  

 

Figure 47 

Sewoong’s Comparison Between the Given Unit Size and the Equally Partitioned Size 

 
 

Fran’s Case: Within Task Series 3 (3-1 to 3-2) 

Fran, who was a third grader, used Dynamic Rulers with intermediate units in 

Task 3-1 (Determining), but changed to using estimation to figure out the size of a 

leftover length in Task 3-2 (Estimating). The size of the leftover in Task 3-1 was 3∕2 of the 
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gray rod but the size was getting longer in Task 3-2 as 7∕4 of the gray rod. Both improper 

fractions might be not easy but 7∕4 would be more difficult to estimate by eyeballing, 

which requires more cognitive demanding. In Task 3-1 (Figure 48-top), she adjusted the 

size of the Blue Dynamic Ruler to match the length of the gray rod, then measured the 

leftover part with the Purple Dynamic Ruler as an intermediate unit (Determining Type). 

However, in Task 3-2 (Figure 48-bottom), she only matched the Blue Dynamic Ruler 

with the size of the gray rod and estimated the leftover part with the same unit length size 

(Estimating Type). 

 

Figure 48 

Fran’s Change of Strategy Types from Determination to Estimation 
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Determining Type. In the following episode, Fran solved Task 3-1 by using three 

different Dynamic Rulers to find out how many gray rods fit in the pink rod (Figure 49). 

 

Figure 49 

Fran’s Measurement With an Intermediate Unit 

 
 

Fran: Let’s see how much purple. Yeah, I think that is— Oh, I think I know. I 

think it’s, um, two and a half. 

Y: Two and a half of what? 

Fran: Two and a half of the gray. Two and a half of the gray rods are needed to fit 

into the pink rod. 

Y: Okay. I think you did some interesting stuff. So, can you tell me, um, your 

process of thinking? 
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Fran: I did [Fran indicates the middle of the third blue piece]. So, first I measure 

this one small line there. 

Y: Why do you overlap the two different rulers? 

Fran: Because I overlapped because I can. If I just do it over here, it wouldn’t be, 

if it wouldn’t, it would be too hard because these are the way the two lines 

are there. So, I did. I was trying to make a half, so it’s about the same size. 

So, then it’s half, not a quarter. 

Y: So, how do you know this is a half of— half size? And half the size of what? 

Fran: Size of the rod. The half size of the— 

Y: Which half? 

Fran: Half size— Oh, the gray. 

Y: Okay. Why do you think it is the half of gray? 

Fran: Wait, half of the, um, half of the blue two lines. 

Y: And is that same as the half of the gray? 

Fran: Yeah. Because it’s the same size of the gray. 

Y: Okay. And how do you think, uh, this is, uh, a half of that? 

Fran: I think it’s half of that.  

Y: How did you compare that? 
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Fran: I can compare it because I could compare it to, to just like a normal size, but 

then I would just make it smaller a little bit. Like all the ways small. It’s too 

small. (Fran, 351-384) 

After Fran manipulated the tool to make the pieces of the Blue Dynamic Ruler the 

same size as the gray rod (“So, first I measure this one small line there.”), she covered the 

third blue piece with the Green Dynamic Ruler. The colors of the two Dynamic Rulers 

were translucent so that she could see the right edge of the blue piece through the Green 

Dynamic Ruler. The edge of the third piece on the Blue Dynamic Ruler did not match 

with the right edge of the pink rod, so she explained that it would be difficult to measure 

the leftover part with the Blue Dynamic Ruler (“It would be too hard because these are 

the way the two lines are there.”). By overlapping two Dynamic Rulers, she seemed to 

recognize that the leftover part was a half of the gray rod. Finally, she measured the 

leftover with the Purple Dynamic Ruler to check that the size of the leftover was a half of 

the unit length. She thought a purple piece was a half (Figure 49) because the purple 

piece was shorter (“make it smaller a little bit”) than the blue piece (“normal size”).  

Because Fran used an intermediate unit (a half), made with the Purple Dynamic 

Ruler, to check the relation between the leftover and the blue piece, her strategy type was 

categorized at the Determining Type. Apparently, she measured the leftover with the 

Purple Dynamic Ruler and compared it to a piece of the Blue Dynamic Ruler. She 

explained the purple piece was a half of the gray (or blue) rod, but actually, the size of 

one purple piece was not a half. In Figure 49, it is possible to see the edges of the third 

blue piece through the second purple piece, and two purple pieces do not fit into one blue. 

While Fran measured the leftover length of the pink rod with the Purple Dynamic Ruler, 
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she seemed to estimate the purple piece’s size compared to a blue piece, imprecisely 

measuring with the partial unit size.  

Estimating Type. In Task 3-1, Fran seemed to reason that the fraction was one 

half of the gray rod by measuring with an additional Dynamic Ruler. However, the same 

strategy seemed difficult to apply to the new situation presented in Task 3-2, where she 

had to identify a fraction that was three quarters of the gray rod. In the latter task, the 

leftover amount was not a fourth but three fourths. What she figured out was that a 

quarter of the third piece of the Blue Dynamic Ruler extended beyond the right end of the 

pink rod. In the following episode, Fran changed how she reasoned the leftover’s length 

in Task 3-2.  

 

Figure 50 

Fran’s Measurement With a Given Unit Length and Partial Unit 

     
 

Fran: Let’s see. Maybe. I think two and a— Well, the hard thing is because 

there’s quarter on the other side. 

Y: Where’s the quarter? 

Fran: The quarter’s right there. It’s in the end. 

Y: Okay. 

Fran: That’s a little hard. 
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Y: Then you can explain all your own way to— Not exactly the number, but you 

can express that with the words. 

Fran: I think it’s like about a quarter but just at the end. So, like, it’s like half and 

a quarter, I think. 

Y: Okay. That’s very interesting. So, half and— 

Fran: Half and like a little bit more. It’s like about half and like a little bit more 

than a half. 

Y: Okay. It would be half, half and a little more, or it could be half and a quarter, 

you said. 

Fran: Yeah. I think it’s half and a little more. 

Y: Okay. Um, can you use a different size to show that? 

Fran: Make two half of the this. So, that’d be one, two. Ah, so then if I— That’s a 

half. So, then it’s like a little bit more. (Fran, 387-412) 

As she placed the Blue Dynamic Ruler under the gray rod, she adjusted the ruler’s 

unit size to be the same size as the gray rod (Figure 50-left). She could estimate the 

difference between the pink rod and the third blue piece, estimating it as a quarter (“The 

hard thing is because there’s quarter on the other side.”). The measuring result would be 

three blue pieces if not for the leftover portion of the third blue piece—which was 

roughly a quarter-piece in length and extended beyond the pink rod. When asked to 

express the measurement with mathematical terms or notations, she estimated the leftover 

as the sum of a half and a quarter (“So, like, it’s like half and a quarter, I think.”). She 

also tried to use a half-sized unit (Figure 50-right). She measured the pink rod with a 
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shorter blue unit, which was a half of the previous unit size. She partitioned the gray rod 

into two pieces (“Make two half of the this.”) and figured out the number of blue pieces 

by counting two pieces (“So, that’d be one, two.”). Then, she counted the fifth blue rod as 

a half (“That’s a half.”) and recognized the new leftover (“So, then it’s like a little bit 

more.”). However, she did not precisely partition the gray rod into two pieces of the Blue 

Dynamic Ruler. As a result, she could not achieve a quarter precisely, which should have 

been half the size of a blue piece. These imprecisions might have prompted the children 

to estimate the leftover part rather than use the Dynamic Ruler tool to verify the unit 

relations.  

Alex’s Case: Within Task Series 3 (3-2 to 3-4) 

In this study’s strategy type framework, I want to distinguish two subcategories of 

the Commeasuring Type: typical and generalized. Some of the study’s subjects achieved 

the Typical Commeasuring Type, while others demonstrated that they could generalize 

their fraction understanding, meaning they could attain the Generalized Commeasuring 

Type. In the following section, I explain how Alex, a fifth grader, changed strategy types 

from Typical Commeasuring to Generalized Commeasuring in his fraction 

understandings through the use of the dynamic tool when solving Tasks 3-2 and 3-4. The 

leftover length in Task 3-2 is 7∕4 of the original unit (gray rod) and the leftover in Task 3-4 

is 5∕3. In Task 3-2 (Figure 51-top), Alex partitioned the gray rod into six pieces with the 

Blue Dynamic Ruler and measured the pink rod with a partial unit (Typical 

Commeasuring Type). Furthermore, in Task 3-4 (Figure 51-bottom), he first partitioned 

the gray rod into three pieces, then measured the pink rod with a third. Anticipating 
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different fractions by doubling, he also proved that sixths could be a unit for equivalent 

fractions (Generalized Commeasuring Type).  

Figure 51 

Alex’s Change of Strategy TypesFrom a Single Unit to Multiple Units 

      
 

 

Note. The pink rod overlapped by the Blue Dynamic Ruler, which is why the letter O 

appears in horizontal alignment with the ruler.  

 

Typical Commeasuring Type. In the following episode, Alex solved Task 3-2 and 

explained his thinking process (see Figure 52).  
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Figure 52 

Alex’s Measurement With a Partial Unit 

    

Note. The pink rod overlapped the Blue Dynamic Ruler, which is why the letter P appears 

in horizontal alignment with the ruler.  

  

Alex: So, we’ll look at those. We have to align with the edge up. The edge of the 

blue rod up to the edge of the gray rod, the left edge. So, we have to, um— 

let’s do one whole. That does not line up. We’d go to halves. Still does not 

line up. Um, thirds. Nope. Fourths. No. Fifths. It’s, um, when we go to 

fifths, that’s when it first works. Then, it is sixths. Um, and then, so, when 

we get to fifths, that’s when it first works. We take the blue, line it up. Um, 

one up, this is one of the grays; this, two of the grays; this, um, this would 

be another one of the grays, but it’s only four fifths of— So, um, we get to 

one, two, and then four out of the five because five of these blue sections 

are equal to the one in the gray rods. 

Y: Then how many total? 

Alex: Um, there would be, um, 14 blue sections, but that would be two and four 

fifths gray rods. (Alex, 560-572) 

Alex demonstrated the Typical Commeasuring Type by partitioning the given unit  

length (the gray rod) into fractional amounts (fifths). Initially, he made the Blue Dynamic 

Ruler’s pieces the same size as the gray rod. However, he realized the segments did not 
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match up with the right end of the pink rod (“Let’s do one whole. That does not line 

up.”). Therefore, after adjusting the size of the Blue Dynamic Ruler, he decided to make 

its units smaller and dragged the black dot to achieve blue pieces that were a fifth of the 

size of the gray rod (Figure 52-left; “Fifth. It’s um, when we go to fifths, that’s when it 

first works.”).  

Alex seemed to partition the unit length (the gray rod in Figure 52) and the object 

being measured (the pink rod) at the same time. It appears that Alex conceived of 

commeasuring because he subdivided the given unit and the quantity simultaneously with 

an adjusted unit of the Dynamic Ruler. In Task Series 2 and 3, the whole size unit (the 

bottom rod in each task) was not precise as a measure of the longer rod (the top rod in 

each task). This intentional imprecision motivated the children to use a scaled unit size, 

such as a half or a fourth. Sometimes, they had difficulty using the appropriate unit size 

to measure both rods. For example, some students changed the size of a Dynamic Ruler’s 

units while only considering how to equally partition one rod. However, Alex did more 

than partition only one rod at a time. He required his solution to equally partition both 

rods at the same time.  

Generalized Commeasuring Type. Alex used similar strategies for the next task, 

Task 3-4. What made Task 3-4 different than its predecessor was that the children found 

multiple unit sizes to partition both rods, rather than a single unit size. The next episode 

shows how Alex solved Task 3-4 (Figure 53).  
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Figure 53 

Alex’s Measurement With Multiple Partial Units 

    

Note. The pink rod overlapped the Blue Dynamic Ruler, which is why the letter P appears 

in horizontal alignment with the ruler.  

 

Alex: How many gray rods are needed to fit into the pink rod? Okay, so let’s 

not— um, one [blue] section doesn’t line up on the edge. Two sections 

doesn’t work. Three, that’s when it first works. So that’s one, two, three, 

four, five, six, seven, eight. Um, so that means that there would be eight 

sections and since, um, three blue sections are equal to one gray section, 

there will be … one gray, two grays— two grays and then two thirds of a 

gray. So, two and two thirds. And if you do this, um, you could do this like, 

um, with sixths, since it’s like double. You can do that same thing I was 

talking about earlier, how you can double the number of or double the 

amount since there are, um, eight [blue sections that fit in the pink rod], it 

would be 16 if it was, like, split up into sixths. Um, so if we were to do that 

just to, like, see if that would work. Yeah. 16 sixths. So if we, if we move 

that up, it goes one, two, three, four, five, six, seven, eight, nine, 10, 11, 12, 

13, 14, 15, 16. So, um, that, uh, is like an easier, uh, that’s how you can do 

that. Find that without having to count it. (Alex, 596-607) 
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Similarly, Alex commeasured two rods with the Blue Dynamic Ruler. He found a 

third size could measure both rods at the same time (“Three, that’s when it first works.”) 

and got the measurement result of 8∕3 (Figure 53-left). Following this solution, he 

anticipated that he could use sixths as double the thirds. He also found the new numerator 

(16) by doubling the original numerator (eight). By adjusting the size of the Blue 

Dynamic Ruler, he proved his conjecture was correct (Figure 53-right; “If we move that 

up, it goes one, two, three, four, five, six, seven, eight, nine, 10, 11, 12, 13, 14, 15, 16.”).  

In the fraction-as-measurement tasks, the students could find several 

mathematical invariances such as equivalence. In order to understand the equivalent 

relation between quantities, it would be helpful for children to figure out quantitative 

invariance across continuous variations. The core idea of equivalent fractions is that any 

fraction has infinite forms to represent the same value (Empson & Levi, 2011). Alex 

seemed to notice that even though he could partitioned the adjusted unit size into many 

equal-sized segments, the current form of the fraction was invariant (“how you can 

double the number of or double the amount”). 

Charim’s Case: Across Task Series 2 and 3 (2-4 to 3-1)  

Charim, a fourth grader, was chosen as the case who showed changed strategy 

types from the Determining to the Commeasuring across different Task Series (Tasks 2-4 

and 3-1). The main difference between the tasks was the types of fractions. The fractions 

involved in Task 2-4 was 1∕3 (unit fraction) and in Task 3-1 was 3∕2 (non-unit fraction). 

This change would be significant because it might be necessary to consider the relation 

between units and quantities due to the longer size of the leftover in the latter task. 

Charim used intermediate units in Tasks 2-4, but she changed her strategy by identifying 
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partial unit sizes to measure in Task 3-1. In Task 2-4 (Figure 54-top), Charim measured 

by making the Green Dynamic Ruler’s pieces the same size as the orange rod and found 

the size of the leftover on the brown rod with the Blue Dynamic Ruler (Determining 

Type). However, in Task 3-1 (Figure 54-bottom), even though she seemed to use two 

Dynamic Rulers, she was able to measure the pink rod with the Purple Dynamic Ruler, 

recognizing the ruler’s units as half the size of the gray rod (Commeasuring Type).   

 

Figure 54 

Charim’s Change in Strategy Types 
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Determining Type. In the following episode, Charim solved Task 2-4 by using 

three different Dynamic Rulers (Figure 55). 

 

Figure 55 

Charim’s Measurement With Green and Blue Dynamic Rulers 

     
  

Charim: One and one fifth. 

Y: One and one fifth of what?  

Charim: Of blue.  

Y: One and one fifth of blue rods are needed? 

Charim: One orange and one blue.  

Y: One orange and one blue. Okay. If you are using only orange rods, how can 

you tell me?  

Charim: Only use orange rods? I can’t make a brown rod because one is less than 

brown; if you have two, it is more than brown. So, you can’t.  

Y: Then, can you express this one box of blue in terms of orange?  

Charim: Like five of them, no wait. It is one third.  

Y: One— 

Charim: One and one third. 
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Y: One and one third of what?  

Charim: One and one third— One and one third of three blues are the answer.  

Y: Can you tell me one more time?  

Charim: Like, one orange and three blues. No. One orange and one blue is the 

brown. And three blues make one orange. If you add one more, it will be 

exactly the same amount of the brown. So, it has to be four one thirds.  

Y: Okay. My question is how did you decide three parts related to the orange? 

Charim: Because here, if you move to here, I did orange, and I broke orange into 

halves. And I tried to break orange into halves, but it doesn’t work. So, I 

moved a little. So, I got three, and the same amount as the one 

orange. (Charim, 160-174) 

At first, Charim measured the leftover with one blue piece (Figure 55-left), but it 

was not clear why she expressed the leftover as a fifth. She was also confused about 

whether the orange rod or the Blue Dynamic Ruler was the referent unit. After a while, 

she stated the answer with two units, “One orange and one blue.” When asked to explain 

a relationship between the two units, she moved the Blue Dynamic Ruler under the 

orange rod and realized that only three blue pieces equaled the orange rod (Figure 55-

left). She corrected her answer: “One and one third of three blues.” After she related the 

blue piece to the orange rod (“three blues make one orange”), she added one more blue 

piece to match with the length of the brown rod (“four thirds”; Figure 55-right). She 

made a third size through trial and error, starting from a half size. Because the half size 
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did not work to measure the leftover length of the brown rod, she decided to make a 

much smaller partial unit, and that was the size that equaled a third of the orange rod.  

Charim initially implemented additive reasoning with two unit sizes: the orange 

rod (one green piece) and one blue piece. Without considering the relationship between 

two lengths, she counted two units separately. However, when asked the relationship 

between the two units, she developed and demonstrated her understanding of partial units 

based on the multiplicative structure of 4∕3: one orange and one blue  one orange and 

one third of three blues  (one orange and one third of the orange rod ) 4∕3 of the 

orange rod.  

Commeasuring Type. Charim’s progress toward multiplicative reasoning could 

be the foundation she used to solve Task 3-1, as demonstrated in the following episode. 

 

Figure 56 

Charim’s Measurement With Green and Blue Dynamic Rulers 

    
 

Charim: This is two and a half.  

Y: How did you get that?  

Charim: Because the two gray make almost pink, but, like, little pieces are left. 

When I do with purple, I press them exactly and [break] them into half. 

And one half is needed to fill in pink. And two grays are still there, and one 

more purple makes me to do pink.  
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Y: It sounds great. And you mean— you mention about the half. Half of what?  

Charim: Half of purple. Half of blue.  

Y: Okay. Half of blue is? 

Charim: Half. Half of blue is the half of gray.  

Y: It is what?  

Charim: It is … into pink or gray?  

Y: I mean, what you mention, the purple is half, why is it half?  

Charim: Because when I do purple, this blue is the same thing as gray. And 

exactly half of blue and gray. Blue and gray are same amount of fractions. 

And it is the half of them. So, I thought it is the half.  

Y: What about if we’re only using the purple, then how many halves do you 

need? 

Charim: Hmm. Five purple to fill like pink. (Charim, 187-199) 

Charim first matched the Blue Dynamic Ruler’s pieces with the length of the gray 

rods, placing the Blue Dynamic Ruler in the middle, between the two rods. With the 

Purple Dynamic Ruler, she tried to measure the difference between the pink and the gray 

rods (Figure 56-left). Because she could not find a meaningful result with this 

exploration, she changed how she used the Purple Dynamic Ruler. Shrinking the size of a 

purple piece so that it equaled half of the gray rod (“I press them exactly and [break] 

them into half”), she stacked two Dynamic Rulers under the gray rod (Figure 56-right). 

She could then also measure the pink rod with the Purple Dynamic Ruler: “Five purple to 
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fill like pink”. She found the rational relationship between the gray rod and the purple 

piece based on her manipulation of Dynamic Rulers. This strategy between quantities 

also seemed to help her make sense of the multiplicative structure of the improper 

fraction (five halves = five copies of one half).  

Compared to other task series, it took a while to investigate the relationship 

Charim perceived between the two rods with Dynamic Rulers. Because the size of the 

leftover in Task Series 2 (1/n) was different from Task Series 3 (m/n), Charim might have 

spent more time exploring the Dynamic Ruler to figure out the most appropriate size of 

the unit. This longer exploration might have stemmed from the design difference between 

Task 2 and 3. After her exploration with various unit sizes, Charim concluded that she 

should use the half size of the gray rod as the new single scaled unit. 
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CHAPTER 5: DISCUSSION 

I examined children’s understanding of fraction concepts from a measurement 

approach as the children in this study developed such conceptions within a digital 

technological environment. My analysis resulted in the identification of four types of 

strategy with a digital tool (Not Attending, Estimating, Determining, and 

Commeasuring). Even though children used similar strategy types, the way they dealt 

with the unit varied based on their understanding of fractions, length measurement, and 

technological features. When measuring the given length with the given unit size, some 

children paid little attention to the leftover component and struggled to quantify the 

relationship between the leftover length and the original unit (Not Attending). Others 

estimated the leftover using simple fractions (Estimating). Several students measured the 

whole-number part of the given length using one ruler and then measured the given 

length’s leftover section using an additional ruler as an intermediate unit (Determining). 

At the Commeasuring Type, students generated dilated size units by adjusting the 

Dynamic Rulers. Then they further coordinated the given unit as well as the given linear 

quantity using this new unit size. 

 Because the use of technology was at the heart of solving measurement tasks, I 

also analyzed what patterns of children’s strategies emerged depending on the 

characteristics of the fraction-as-measurement tasks. During the task-based interviews, 

what might influence these patterns in children’s strategy types related to fraction 

understanding? To investigate this question, I delved into how children interacted with 

the Dynamic Ruler tool, using the instrumented mediation framework. With relation to 

instrumental genesis, a dynamic and ongoing process existed between the children and 
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the Dynamic Rulers environment. The technological tool shaped children’s understanding 

of fraction conceptions; their understanding also guided their use of the tool. Depending 

on task types and technological features, children articulated different conceptions related 

to unitization, measurement, and unit coordination. Regarding the process of semiotic 

mediation, signs (e.g., words) as symbolic tools were generated by the use of 

technological instruments and used in meaning making by internalizing mathematical 

activities with a tool. It was evident that children’s fraction knowledge and tool 

proficiency influenced how they meaningfully used the tool. Different tasks types, 

technological features, and questions elicited different conceptions related to unitization, 

measurement, and unit coordination. Therefore, individual children might have different 

types of an instrument and develop different mathematical meaning based on such 

interactions with a tool. In this chapter, I first identify potential mechanisms that explain 

how different tasks elicit different types of strategy from the instrumented mediation 

perspective, then describe the implication and significance of these findings. I also 

discuss the potential of the strategy types framework. Finally, I provide suggestions for 

future research.  

Instrumented Mediation  

Through both the instrumental genesis and semiotic mediation perspectives, I 

analyzed how children could foster their access to mathematical meaning and develop 

various types of strategy in measurement tasks by using technology. Specifically, I 

investigated children’s use of the Dynamic Ruler tool to conceptualize the meaning of 

fraction as measure within a tasks as well as across the tasks. In Figure 57, I return to the 

model first presented in Figure 2 and further articulate how the instrumented mediation 
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framework—which merged the two distinct theories of instrumental genesis and semiotic 

mediation—was useful in understanding the process of meaning making of fractions 

using the dynamic tool. In the following section, I discuss how to apply this framework 

from a single situation (actions with knowledge-meaning making, affordances and 

constraints-meaning making) to a series of situations in problem solving (iterative 

instrumented mediation). Some components (e.g., dynamic features) of the instrumental 

perspective can be related to the process of mathematical meaning making in a single 

solution strategy, whereas other components (e.g., ramp-up in difficulty) can be 

explained across a series of the tasks.  

  

Figure 57 

Instrumented Mediation Process of Conceptualizing Fraction as Measure with a Digital 

Tool 
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Actions with Knowledge – Meaning Making  

With regard to the instrumentalization process (user’s knowledge shapes the use 

of instrument), the children in this study could employ the hovering and the dragging 

actions for their purpose. Drawing their previous knowledge, children manipulate the tool 

for specific ways and ultimately established mathematical meaning.  

During this study’s Tutorial Task, the children first explored four functions in the 

tool (moving, selecting, adjusting, selecting). Employing these features, they could 

articulate and support their understanding of unit relation through mathematical actions. 

As one of significant actions, the children could construct intermediate units through 

changing the size of the Dynamic Ruler to make connections between original whole 

units and new partial units. Even though the children could make a Dynamic Ruler with 

pieces that were the same size as the given unit, some of them investigated the rational 

relationship between the given unit and a new partial unit by using other Dynamic Rulers 

to generate the new partial unit based on their previous knowledge.  

For example, when solving Task 2-4, Sewoong initially constructed a Green 

Dynamic Ruler with pieces that were the same size as the given unit. Then, he brought up 

the Red Dynamic Ruler and the Blue Dynamic Ruler to figure out the leftover size. 

Matching one green segment and four red segments, he found that the leftover size must 

be at least one quarter of the original unit. Subsequently, he adjusted the Blue Dynamic 

Ruler to partition one red piece into four blue pieces. In this task, Sewoong manipulated 

three rulers and adjusted the size of the rulers differently. Finally, he figured out the 

relationship between one green segment (1), one red segment (¼), and one blue segment 
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(1∕16 ) with recursive measuring the leftovers, “Four quarters and a quarter of a quarter and 

the quarter”. 

What knowledge would influence such changing the size of the rulers with the 

dragging action? Because Sewoong was a third grader, he might have been more familiar 

with everyday fraction terms, such as a half and a quarter, rather than a third or a fourth 

as formal expressions in school mathematics. After the interview, he mentioned where his 

simple fraction expressions came from, “So, I saw basically money is one. Um, money is 

math too. And I used quarters, whole, and stuff like that, which is math too”. This 

analogy might be why he only partitioned units into two or four parts as a repeated 

halving strategy. In Task 2-4, he volunteered to articulate his thinking process through 

partitioning the given unit into a specific number of parts (“Wait, what is? I need to 

check. I need to check the quarter. Hmm? Did I even measure it right?”). He measured 

the leftover rather than estimating it, even though the size of leftover was not familiar to 

him (one third), which is a key difference between the Estimating type and the 

Determining type. In a series of actions, he seemed to use his knowledge of partitioning 

money to the measuring situation. Like money unit (e.g., dollar), one length unit could be 

participated into two parts (1∕2) and the half of the unit also could be partitioned into two 

parts (1∕4). This might even provide a chance for children to enhance their strategies 

concerning a composite unit as unit relation, which refers to a unit of a unit (“a quarter of 

a quarter”). Such idea would not come up with simple estimating. 

Affordances and Constraints – Meaning Making 

Instrumental genesis is a theory concerning the transformation of an artifact to an 

instrument through the artifact’s reciprocal interactions with its users. Via the process of 
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instrumentation (i.e., instrument shapes cognition), the establishment of students’ 

mathematical meaning was influenced by the affordances of the tool (e.g., the tool’s 

dynamic features, an increase in cognitive complexity, the design of the measurement 

tasks) and the tool’s constraints (e.g., precision, the children’s comprehension of how to 

use tool).  

The dynamic features of the Dynamic Ruler tool afforded opportunities for 

children to use their current understanding in specific ways. In particular, the ability to 

change the size of the Dynamic Ruler (continuously) supported some students in utilizing 

a commeasuring strategy that revealed multilevel composite unit conceptions about 

fractions and measurement. For example, Emily explored the Dynamic Ruler tool to look 

for an appropriate unit size to measure both of the given rods at the same time. This 

dynamic feature she employed to adjust the ruler’s pieces might have provided a method 

to figure out whether a specific size of unit worked by continuous variations. This 

exploration might invite her to extend her understanding to find other equivalent fractions 

without actual manipulations of the tool, then she was able to test the conjecture through 

the use of the Dynamic Ruler.   

On the other hand, as a constraint, some students had struggled with precise 

manipulation of the Dynamic Rulers. Due to the generic feature of the measuring tool, it 

might be not easy to make a precise length when adjusting the size of the ruler. Because 

children tended to interpret and reflect on what they did on the basis of visual 

representations, the way to manipulate the tools is critical to develop mathematical 

understandings of fraction relationships (Empson & Levi, 2011). For example, in Task 3-

1, Fran used the Blue Dynamic Ruler to make units of the same length as the gray rod, 
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and she used the Purple Dynamic Ruler to represent half-size pieces of the gray rod. But 

two purple pieces were actually longer than one blue piece. In other words, a purple piece 

did not equal a half of the gray rod. In Task 3-2, when asked to use different unit sizes, 

she moved the black dot of the Blue Dynamic Ruler to the left to “make two halve of 

this.” But she did not precisely partition the gray rod into two pieces of the Blue Dynamic 

Ruler. As a result, she could not achieve a quarter, which should have been half the size 

of a blue piece (“That’s a half. So, then it’s like a little bit more.”). Therefore, in this 

case, Fran’s limited understanding of the equal-partition concept in measurement might 

have caused her to make little imprecise manipulations in length measurement, much like 

Teo did in his case that was described previously. These imprecisions might have 

prompted the children to estimate the leftover part rather than use the Dynamic Ruler tool 

to verify the unit relations. These findings are perhaps related to intermediate 

conceptions—that is, the target conception was still forming for these children. Similar 

limitation was founded in the use of fraction strips (Brinker, 1997). When solving a 

fraction addition task (2∕5 + 2∕8), fifth graders, Jay and Rachel, used fraction strips by lining 

them up ‘end-to-end’ to find the sum. Both students thought 5∕8 was a correct answer for 

the task and the manipulatives were used correctly. Even though this estimation would be 

a pretty close answer, a discrepancy arose by comparing to the actual sum (26∕40). Since 

the difference between 2∕5 and 5∕8 is 1∕40, students might pay little attention to the 

discrepancy in the context of using fraction strips. However, this small difference makes 

totally a different answer (5∕8 vs 26∕40). 

One potential solution to prevent children’s imprecise manipulations would be to 

add a snapping feature to the Dynamic Ruler tool for future studies. When moving a 
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black dot to change the size of a Dynamic Ruler’s segments, the snapping feature could 

assist in moving the ruler tool to a precise location that is related to other rods by 

matching a specific number of pieces to the rods. Still, children could adjust the size of 

the Dynamic Ruler’s pieces continuously and at the same time they would make the sizes 

precisely as one, a half, a third, a fourth, and so on of the given unit (e.g., the gray rod).   

Iterative Instrument Mediation  

Over the course of completing this study’s tasks, the children used a measurement 

approach that interacted with their fraction knowledge and strategies through the use of 

signs, such fraction words. The tool helped students to conceptualize fraction as measure 

and then understand the components of the concept over time: unit relation, equivalence, 

and the relationship between units and measure. The instrumented mediation can be 

applied to a single problem solution to articulate how a child conceptualizes 

mathematical meaning. However, it is also possible to apply to the series of problem 

solutions as an iterative process.  

The tasks began with a focus on the relationship between two rods, where the 

given length could be measured with whole unit iterations of the given unit. However, as 

the students progressed through the tasks, many of them decided to use partial unit sizes 

to quantify the given length in terms of the given unit. The process of semiotic mediation 

stimulated this shift. The artifact signs and mathematical signs children generated 

illustrated central features of fraction as measure, including how a new partial unit relates 

to the original unit, how a new partial unit can measure the given unit and quantity, and 

how a given unit can be partitioned in many ways.  
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For example, in Task 2-1, Alex constructed a Dynamic Ruler with pieces that 

were the same size as the given unit, then recognized that the leftover was a half by 

comparing it to the whole unit size (“So that’s, it fills up one whole. And then if we look 

at that, that is one half.”). During this task, even though Alex found the ratio between the 

leftover and the original unit, he only focused on providing a relative size for the leftover 

in terms of the unit size. In Task 3-4, he similarly constructed a ruler with pieces that 

were the same size as the given unit. However, Alex did not stop manipulating the 

Dynamic Ruler at that point (“one [blue] section doesn’t line up on the edge”). He 

decided to keep investigating to find the ruler’s appropriate unit size. He tried to make a 

ruler with pieces that were half the size of the given unit and then a third of the size 

(“Two sections doesn’t work. Three, that’s when it first works”). He concluded that the 

third was the appropriate unit for measuring the given length (“There would be eight 

sections and since, um, three blue sections are equal to one gray section … two grays and 

then two thirds of a gray. ”). During this strategy, Alex’s measurement was not static, but 

evolved. He did not adjust the Dynamic Rulers just once but used continuous dynamic 

actions to find an appropriate unit size to measure the given length.  

In the fraction-as-measurement task, because the ratios were selected specifically 

to increase difficulties across the progression of tasks, the children might have been 

stimulated to extend, modify, and generalize their strategies over the course of 

completing the tasks. Specifically, as an affordance, the design of the fraction-as-

measurement tasks situated children as they figured out fractional values through 

measuring, rather than merely eyeballing the lengths. In Task Series 1, some children 

easily anticipated the measure without actually measuring with the Dynamic Ruler. 
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However, they felt it was more important to use the ruler tool to figure out the leftover 

parts in Task Series 2 and 3, which was the main intention of the tasks’ design. Task 

Series 2 was designed to introduce a partial unit size, which the children would determine 

by adjusting the size of a Dynamic Ruler’s pieces (Estimating/Determining). When 

compared to the tasks in the second series, Task Series 3 had much longer leftovers than 

the given unit sizes. These scenarios situated children to measure a given unit and length 

with the same partial unit size (Determining/Commeasuring). Therefore, the sequence of 

task series, in some cases, elicited a set of different unit conceptions as children had to 

adapt their previous strategies to new affordances. For example, Charim made a Dynamic 

Ruler’s units the same size as the rod designated as a measurement unit, then she 

measured a leftover part as a third of the unit size in Task 2-4. However, this measuring 

approach did not work for Charim’s next task (3-1) because the size of the task’s leftover 

length (1½) was not a single unit fraction. This challenge with a new ratio between the 

task’s two rods (unit fraction to non-unit fraction) might have compelled her to use 

different strategies by making a half-sized unit with a Dynamic Ruler. 

Directions for Future Research  

Based on the study’s findings and limitations, I can suggest potential directions 

for future research. First, a question that arises from this study relates to the application 

of the Dynamic Ruler in classroom settings. This study examined individual students and 

investigated their fraction understanding through clinical interviews. From the findings of 

this study, classroom teachers might anticipate a range of solution strategies across the 

strategy type and prompt children to try various sizes of units by listening to their peers. 

However, it might be difficult to imagine how to facilitate group discussions and how to 
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coordinate their use of a dynamic tool. In classrooms, teachers organize various artifacts 

to facilitate class-wide instrumental genesis and ensure opportunities to develop each 

student’s instrumental genesis in technology learning environments. This collective 

approach is called instrumental orchestration. I wonder how teachers can utilize the 

Dynamic Ruler tool in classroom situations and how discursive interactions between 

children impact fractional meaning making. 

Another avenue for future research is to extend conceptions of fractions beyond 

the measurement approach to fractions. Fraction as measure is one of five conceptions of 

fractions. The others are the part-whole, quotient, ratio, and operator conceptions (Behr et 

al., 1992; Kieren, 1988). Fraction as measure can provide a strong foundation for children 

to understand the complex meanings of fractions and learn advanced mathematics content 

in terms of types of units. However, this approach cannot cover all fraction meanings. 

Therefore, further studies are called for to investigate how the use of the Dynamic Ruler 

tool might impact students’ understanding of the other fraction conceptions, such as part-

whole or operator. For example, it might be possible to compare the types of 

understanding in other fractions concepts with pre/post tests to figure the impact of this 

measurement approach. Furthermore, I recommend that future studies examine the effect 

of conceptualizing fraction as measure without the technological tool. Finally, this study 

focused on students in grades 3–5. Future studies should explore how the Dynamic Ruler 

can support mathematics lessons for higher grade levels (e.g., algebra, geometry). 

With regards to the equitable perspective, technology has the potential to lighten 

the learning burden for ELLs, lessening the negative impacts on ELLs who are somewhat 

unfamiliar with the language and creating opportunities for extended mathematical 
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understanding (Ganesh & Middleton, 2006). Some ELLs in this study did not always use 

fraction words (e.g., they used terms such as “two doubles,” “zero decimal five,” and 

“one second”). However, their mathematical actions were not different than those of 

native English speakers. This is not a trivial finding. If educators and researchers better 

understood how ELLs operationalize the concept of fraction as measure using visual 

representations in a digital tool, they could define a starting point from which to design 

an improved curriculum that better supports ELLs as they learn the fraction domain. 

From a deficit angle, the ELLs’ lack of appropriate mathematical terminology might be 

an obstacle to teaching fractions. However, it could be further investigated how ELL’s 

tool-generated mathematical signs and expressions can contribute rich discourse to 

understand fractions conceptually in classroom settings. Furthermore, this might provide 

a counter-story that focuses on who is capable of doing mathematics (de Araujo et al., 

2016). 

In this study’s strategy types framework, I identified that children’s strategies fell 

along a continuum from reasoning about a single unit relation using estimation to 

reasoning about multiple unit relationships using dynamic actions. Future research should 

seek to answer the following questions: What is a hypothetical learning trajectory that 

employs a dynamic tool to enhance children’s conceptualization of fraction as measure? 

More broadly, how do children achieve mathematical understanding when using 

technological tools?  
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CHAPTER 6: CONCLUSION 

In this study, I sought to answer the following two research questions: What are 

the different ways that children use the Dynamic Ruler tool in approaching each fraction-

as-measurement task? What patterns emerge in children’s strategies across the series of 

the fraction-as-measurement tasks? 

 To answer these questions, I analyzed screencast videos from clinical interviews 

with individual elementary students and developed a framework to analyze children’s use 

of the dynamic tool and fraction understandings through exploratory case studies.  

The children produced new words, actions, and diagrams to solve the tasks via 

mathematical activities in the Dynamic Ruler environment. The environment included the 

software, the particular microworlds, and tasks that I designed. The Dynamic Ruler 

seemed to help the children pay attention to how a leftover part and a unit relate in 

measurement and fractions. They could see how the measurements and fractions changed 

in relation to the ratio between two units. 

This study’s findings can be compared to the responses of participants from 

previous studies that focused on similar aspects of fractions. Dougherty et al. (2004) 

developed the Measure Up curriculum, which was influenced by the Russian 

mathematics curriculum. The spirit of that curriculum was to provide a meaningful 

foundation for young students to prepare for complicated mathematics through a 

measurement approach. A body of studies provided evidence about the effectiveness of 

this approach (e.g., Dougherty, 2008; Venenciano & Heck, 2016). It is clear that the 

studies provided new insights into how the measurement approach’s physical and 

symbolic representations prepared students to later succeed in advanced mathematics, 
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such as rational numbers and algebra. However, it was not clear how the students’ use of 

such concrete tools (e.g., rulers, beakers) helped them structure theoretical ideas. In this 

current study, I used an instrumented mediation framework to explain how such concrete 

tools, even nondigital tools, could help develop mathematical meaning.  

This study’s results raise more fundamental questions: How did the children use 

fractional terms as solutions for their tasks? What mediated the children to think about 

the relationships between two different unit lengths? These questions might be potentially 

related to the tasks’ prompts. To probe children’s strategies related to fraction as 

measure, there were various ways that I could have situated them in the tasks. In the first 

pilot study, for example, I used a written prompt that asked, “Which rod is longer?” This 

prompt gave the children an opportunity to think about the comparison between two rods, 

after which it was possible to ask them how many unit lengths were needed to measure 

one rod with the other. The prompt was quite open and even might be indirect to mediate 

children’s strategies about unit relations. Therefore, I revised the prompt for this 

dissertation’s main study so that the children could concentrate on measuring scenarios 

with partial unit sizes. In the main study, for example, the written prompt for Task Series 

2 was, “How many orange rods are needed to fit into the blue rod?” Such a prompt was 

intended to be interpreted so that the orange rod was perceived as a unit of measure while 

the blue rod was perceived as an object to be measured. And this direct prompt mediated 

the children’s expressions of the leftover amounts with fractional numbers (e.g., 1½) or 

words (e.g., one and a half). The prompt required the children to derive answers in terms 

of the orange rod (“How many orange rods are needed?”).  
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This mediation from the prompt explains the use of mixed numbers. Some 

children could explain the equivalence between the mixed numbers and improper 

fractions, but they used mixed numbers in Task Series 2 and 3. They tended to coordinate 

whole parts with the orange rod first and then estimate (or measure) the leftover. What if 

the prompt had only asked to express the relationship between the rods with fraction 

numbers? Some children might have approached the tasks from the part-whole concept to 

figure out fractions rather than the measuring concept. For example, using the part-whole 

concept, a child might have explained that the yellow rod is three pieces and the blue rod 

is five pieces; therefore, the answer is 3 out of 5. This type of answer was rare in this 

study.  

In one of the tasks, I asked students how they could find the length of an object (a 

rod) with prepartitioned units. Similar tasks were used by Simon et al. (2018), who found 

that students could use prepartitioned units when forming an initial concept of fractions 

and could come to understand that a quantity is measured by iterating the unit, a partial 

unit, or a combination of both. However, more general measurement situations have 

another facet that evaluates the length with undecided units (i.e., the quantity is given, 

and its unit is not). Students could adjust the unit size of this study’s Dynamic Ruler and 

had an opportunity to commeasure a quantity and a unit with various expressions. In Task 

2-1, for instance, one student measured a quantity with partial units by matching both 

right-end lines at the same time. The student came up with a result of 3∕2 because he 

measured the leftover between the given quantity and unit as the new partial unit (one 

half). This result suggests that some of the tasks used in my study might help students 

deepen their fraction conceptions as they use the dynamic tool, especially when 
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contrasted with prior studies that found students lacked this understanding with static 

representations.  

In the fraction domain, JavaBars (Steffe & Olive, 2010) has been a predominant 

tool to examine children’s understanding of fraction concepts. However, the complexity 

of both its interface and manipulations can be obstacles to children intuitively using the 

tool. Due to the iterating and partitioning features of the tool, JavaBars seems to 

emphasize an iterative approach to constructing and deconstructing fractions (e.g., three 

quarters is three iterations of one quarter of the whole unit). In comparison, this study’s 

Dynamic Ruler tool supported the flexible use and understanding of fractions through 

continuous variation as well as intuitive interactive features (e.g., dragging, adjusting the 

increment size). Like DGS tools, for example, children could directly change the size of 

the Dynamic Ruler’s increments by dragging one point. Dynamic features such as this 

provided a rich opportunity for students to explore different equipartitions of the unit 

size. In the case of the study participant named Alex, the tool even allowed him to 

generalize fraction as measure concepts. He also found that he could generate infinite 

equivalent fractions if he knew the exact fraction value of the measure. If Alex had used 

physical fraction manipulatives or JavaBars instead of the Dynamic Ruler tool, this 

exploration of equivalence would be hard to experience. But the Dynamic Rulers allowed 

for continuous adjustment so that Alex and other children could easily comprehend the 

way to commeasure and the relationships between equivalent fractions. Moreover, the 

digital ruler tool aligned such dynamic manipulation with the real-world act of measuring 

rather than iterating while constructing fractions.  
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Limitations  

This study examined elementary students’ fraction understanding using a dynamic 

tool. I chose several representative and interesting cases from the participants’ 

experiences to provide a cross-sectional view of the study’s findings. However, the first 

limitation is that the participants might not represent typical elementary students. Rather, 

their parents (or often the students themselves) volunteered to participate in this study. I 

confined the sampling to only those students in a single public school district to control 

other potential variables related to regional factors, which might influence the study 

results. The participants consisted of 13 third graders, eight fourth graders, and nine fifth 

graders. I actively recruited them from diverse races, genders, and English-language 

proficiencies. However, the sampling was still not as rigorous as it would have had 

background information on each participant.   

The second limitation relates to the interviewing process. I used clinical 

interviews that involved only one child at a time. However, it was unclear how much the 

children already knew in the fraction and measurement domains before their interviews. 

In addition, the preparation time in the study’s Tutorial Task might have been insufficient 

to help students fully understand all the features of the tool, which were crucial in solving 

the fraction-as-measurement tasks. Some students might have grasped the tool’s features 

quickly during the Tutorial Task, whereas other students may have struggled to articulate 

or advance their fraction knowledge because they had less familiarity with the tool and 

would have benefitted from a longer tutorial.  

The third limitation is the reliability of coding process. I was a single coder who 

assigned strategy types for each solution strategy children used. Even though I had 
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developed and refined the different strategy types with clear criteria, the process of 

coding could be subjective and biased. Therefore, the reliability in coding can be 

enhanced by the creation and maintenance of an operative codebook with examples and 

non-examples of responses at each strategy type (Miles, Huberman, & Saldaña, 2013). 

Furthermore, additional coders can bolster the strength of this reliability issue with 

discussion and resolution of discrepancies. 

A final limitation concerns the data collection device. Young children might be 

more familiar with a tablet PC with a touchscreen than a laptop with a mouse. But I 

utilized a laptop for the task-based interviews. The laptop’s mouse cursor made it evident 

to me, the researcher recording their actions, how the children manipulated digital 

objects. A touchscreen may have been an inferior data collection device in this regard. 

However, it was possible that the children who had little experience with a laptop may 

have faced technical issues (e.g., clicking and dragging) when solving fraction-as-

measurement tasks.  

Final Remarks 

To enhance mathematics education, I tested and refined theories of how students 

come to understand fraction concepts with the use of a dynamic technology. I also 

produced a theory-driven, empirically tested set of tasks accompanied by illustrations of 

students’ problem-solving in a dynamic digital environment. The findings will help 

bridge the gap between theory and practice and analyze alternative methods for using 

fractions to teach number and math fundamentals, as well as advanced concepts such as 

algebra and geometry. This study aimed to use the fraction as measure concept instead of 

the part-whole concept to enhance students’ knowledge. As a result, my findings offer 
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one way to expand students’ typical conceptions of fractions. By developing a robust 

understanding of fractions, this study’s learning approach has the potential to increase 

students’ critical thinking skills both within and beyond mathematics. 

Furthermore, dynamic technology is an influential tool, but its potential has rarely 

reached a type where the technology is actively developing students’ cognitive systems. I 

hope this study’s findings will advance the fundamental idea that dynamic technology 

can and should support conceptual understanding in fraction instruction, mathematics 

more broadly, and perhaps all facets of classroom instruction. 
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Appendix A. Interview protocol 

 

1. Introduction script (The purpose here is to introduce the purpose and expectations, 

and to establish rapport with the child. This can be flexible, but be clear that you are 

interested in how the child THINKS about the tasks more than how correct (s)he is. 

• What grade are you in? How old are you?  

• How do you like your math class? 

• I’m interested in how children solve problems by using technology. I’d like to ask 

you to solve a few problems and I’ll also ask you questions about what you are 

thinking. By doing this, I might be able to help other students learn to solve such 

problems better. Of course, what you do here with me won’t affect your grades in 

any way. Actually, I’m interested in how you are thinking about the problems and 

not whether or not you get them correct. It’s ok to change your mind, it’s ok if 

you get stuck, and you can ask questions anytime you want.  

 

2. General Protocol Questions  

• (After reading the prompt on the screen to a child) Do you have anything to ask 

about this problem?   

 

• Ask clarifying questions about the student’s strategy:  

• Tell me about your strategy. 

• How did you decide to…? 

• What does (part of the picture, etc.) represent? 

 

• Ask extending questions about the strategy: 

• Can you solve this problem different way? 

• Can you express your idea with a form of number sentence? 

 

• At the end of the sessions, if the student has NOT used a unit adjustment: Can 

you try to solve this task again by using Dynamic Ruler?  
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3. Measurement as Fraction tasks 

Tutorial Task: The use of Dynamic Ruler: moving, adjusting, trimming, and 

pulling up new ruler 

 

 

a. [moving] Can you move around the red ruler? 

b. [adjusting] What does the black point do on the dynamic ruler? 

c. [trimming] What happens if you click the second rod? 

d. [pulling up] What happens if you click the bottom green? 
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Task Series 1: Using units to measure a length 

[task order: 1 2( optional 3) 4] 

  

[4:1 4]  

(Longer adjustable unit) 

[3:1 3] 

(Shorter adjustable unit) 

  
[4:1 4] 

When struggling with the task pre-1or 2 

(Fixed unit) 

[5:1 5] 

 (Longer adjustable unit) 

 

a. How did you get the number of Yellow rods? 

b. (if a child mentioned the number only (e.g., four)) Four of what? 

c. One red bar and yellow are the same length? How do you know that? 

d. (when adjusted the unit) How did you decide the size of that unit? 

e. (If a child did not use Dynamic Ruler) Can you use Dynamic Ruler to 

solve the task? 

f. (1-1) What if you use the Dynamic Ruler twice longer than Yellow rod? 

How the number can be changed? Why is the number getting smaller? 

g. how much of the blue rod fits into the yellow rod?  

h. (1-3) How did you choose the red (or green) Dynamic Ruler? 

i. (1-3) Both red and green Dynamic Ruler has the same answer? Why? 
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Task Series 2: Using partial units to measure a length (below 2) 

[task order: 1 2( optional 3) 4] 

  
[3:2 1 1/2]  

(Longer adjustable unit) 

[5:4 1 1/4]  

(Shorter adjustable unit) 

  
[3:2 1 1/2]  

When struggling with the task 1-1or 1-2 

(Fixed unit) 

[4:3 1 1/3]  

 (Longer adjustable unit) 

 

a. How did you get the number of Orange rods? 

b. (if a child mentioned the number only (e.g., one and a half)) One and a 

half of what? half of what? 

c. (if a child stated the bigger number than the answer (e.g., two and a half)) 

Can you show me how two and a half of Orange rods fit into Brown rod? 

d. (when adjusted the unit) How did you decide the size of that unit?  

e. Why did you put Dynamic Ruler over that place? Is there another way to 

use the ruler? 

f. (If a child did not use Dynamic Ruler) Can you use Dynamic Ruler to 

solve the task? 

g. (Task 2-3) How did you choose the green (or blue) Dynamic Ruler? 
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Task Series 3: Using partial units to measure a length (over 2) 

[task order: 1 2( optional 3) 4] 

  
[5:2 2 1/2]  

(Longer adjustable unit) 

[11:4 2 3/4]  

(Shorter adjustable unit) 

  
[5:2 2 1/2]  

When struggling with the task 2-1or 2-2 

(Fixed unit) 

[8:3 2 2/3]  

 (Longer adjustable unit) 

 

a. How did you get the number of Gray rods? 

b. (if a child mentioned the number only (e.g., about three or a half) Three of 

what? A half of what? 

c. (when adjusted the unit of Blue Ruler) How did you decide the size of that 

unit?  

d. (when mentioned a partial unit (e.g., half) with a whole-sized unit of Blue 

Ruler) Can you show a half with other colored Dynamic Ruler? 

e. Why did you put Dynamic Ruler over that place? Is there another way to 

use the ruler? 

f. (Task 3-3) How did you choose the blue (or purple) Dynamic Ruler? 
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Appendix B. Initial Coding Scheme  

Initial coding scheme for mathematics words and action by the use of a tool was 

drawn from literature. The mathematical ideas include “fraction”, “unit coordination”, 

“assigning number as measure”, “partitioning”, “additive reasoning”, and “multiplicative 

reasoning”. I will code fractional words such as half and quarter as “fraction”. In a length 

measurement situation, if a student articulates units (e.g., one N, Red segments), a 

measured result (e.g., four Red segments) and their relationships, those words were 

categorized as incorporating the ideas of “unit coordination”. Specifically, the units might 

have multiple layers as a composite unit which refers to a containing unit (Steffe, 1992). 

As the example in Table 1, if a student identified two green segments as a half of the 

yellow bar (N) then iterated the half as a unit to reproduce the blue bar (M), the student 

could identify two types of units as Type 2 of unit coordination, employing a composite 

unit. The units coordination can be identified out of three possible types of units during a 

series of sessions. When a phrase includes a whole and partitioned parts (e.g., the N cut 

into half), such word retained to “partitioning”. If a phrase includes additive operations 

such as addition and subtraction, that will be labeled as “additive” (e.g., “two reds 

longer”). On the other hand, if it includes skip-counting (e.g., two, four, six), scaling 

(e.g., times) or multiplicative operations (e.g., multiplication and division), such words 

will be categorized into “multiplicative”. The list of the mathematical ideas was not 

comprehensive and a word or a phrase can be labeled by different categories. 

 

Table.  

Initial Codes scheme 
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Category  Codes and description Sub-codes Examples 

Mathematical 

Ideas 

Fraction: Expressing 

fractional terminology 
Half 

Quarter 
S: This is a half.   

S: The quarter needs to be 

shorter. 

  Unit Coordination: Building 

and working with various 

types of units 

 

Type one 

Type two  

Type three 

   
Lv1: measuring N by counting 

the number of segments in 

green DR.  

Lv2: recognizing N is four 

greens and counting Ns to 

measure M 

Lv3: immediately recognize N 

is three halves of N 

 

  Assigning a number to a 
quantity: Measuring a 

quantity and expressing it as 

a numerical value  

 

Whole number  

Fractional amount 

Mixed number 

 

S: That’s one N.  

SS: It’s two and a half? 

 

  Partitioning: Making a 

smaller size by partitioning a 

quantity into (equal) pieces 

 

Position 

Cutting  

 

S: Here. In the middle. 

S: So you have to cut N half and 

put it on here 

 

  Additive reasoning: 

Describing the relationship 

between units in additive 

terms  

Join 

Comparing  

 

S:… and put it over here. 

S: It is two Reds longer. 

 

  Multiplicative reasoning: 

Describing the relationship 

between units in 

multiplicative terms 

Counting groups  

Scaling 

 

S: Two times three….It is two, 

two, two. 

S: it’s gonna be three halves of 

the N. 

Mathematical  

Actions 

 Clicking: selecting an object 

by pressing a button 

 

 

 

Dragging: pulling some 

object from one point to the 

other point 

Hiding/unhiding a 

DR  

Pulling on new 

DR 

 

Measuring each 

length  

Commeasuring 

two lengths 

Overlapping two 

DRs 

Adjusting the 

length of the bar 

 [hiding the left over] 

 
 

[Measuring both the blue length 

and the yellow one simultaneously] 
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