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ABSTRACT
The construct of an articulated learning trajectory (ALT) was conceived of and
defined in this study to provide a lens through which to view and analyze content
development in middle grades mathematics textbooks. An ALT is a learning trajectory
that is defined by how a textbook author includes, excludes, and sequences content. An
ALT can span a chapter or lesson, several chapters or lessons, a textbook, or a textbook
series. The ALTs that were identified and described in this study were used to
characterize the development of patterning and sequence concepts as they relate to
algebraic thinking in four middle grades textbook series. The analyses conducted took
account of the disciplinary perspectives of clarity, comprehensiveness, accuracy, depth of
mathematical inquiry and reasoning, organization, and balance (National Research
Council, 2004).
Initially instances of content related to patterning, sequences, variables, and
functions were identified and coded as to type. Examining sequences of the instances
coded led to identifying and describing the embedded ALTs. The ALTs that were
identified and described included ladder-like and branching types of trajectories. The
ALTs in each of the textbook series studied were quite different from one another with
regard to the scope and sequencing of mathematics content.
Textbook series, which are conventionally assumed to be similar to one another,
were found to differ dramatically with respect to the content addressed, as well as the
sequencing of the included content. For example, the degree to which authors presented
patterns in geometric contexts versus numeric contexts differed considerably.
Comparisons based on the six disciplinary perspectives showed key differences among

xxv

the ALTs identified across textbooks. The commercial textbook series included
definitions of function that were mathematically less accurate than the NSF-funded
series. Sequences were not clearly defined in any of the textbook series. These
inadequacies have important implications for the clarity and comprehensiveness of the
development of pattern concepts leading to algebraic thinking, and to the associated
student learning that is likely to take place.
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CHAPTER 1: INTRODUCTION, THE PROBLEM, AND ITS BACKGROUND

Introduction
Textbooks play an integral role in the teaching and learning of mathematics that
takes place in the classroom. The preponderance of teachers rely on curriculum materials
(e.g., textbooks, teacher editions, workbooks, supplemental materials, and so forth) as
their primary resource in teaching mathematics (Clements, 2002; Grouws & Cebulla,
2000; Grouws, Smith, & Sztajn, 2004, p. 251; Woodward & Elliot, 1990). In fact, 72% of
eighth-grade students participating in the 2000 National Assessment of Educational
Progress (NAEP) reported working mathematics problems from textbooks on a daily
basis (Braswell, et al., 2001). Consequently, if a topic is not included in textbooks, other
curriculum materials, or state standard documents, there is little chance that a teacher will
cover the topic and thus students will not learn the mathematics (Stein, 2007; Stein,
Remillard, & Smith, 2007). As such, it is fundamentally important to understand,
identify, and clarify what mathematical topics are covered in given curriculum materials,
as well as how the content is presented (Stein, et al., 2007). As part of their argument for
the study of what mathematical topics are covered, Stein, Remillard, and Smith remark
that, “as noted by Hiebert and Grouws (2007), one of the best substantiated findings in
the literature on classroom teaching and student learning is that students do not learn
content to which they are not exposed” (p. 327). Furthermore, they argue that how
content is presented is directly related to the way in which content is sequenced and sets
into motion, “different pedagogical approaches and different opportunities for student
learning” (p. 327).

1

Purpose of the Study
One primary purpose of this study is to demonstrate the need for mathematical
content analyses that focus on providing descriptions and comparisons of the
mathematical development of concepts within textbooks1 and across textbook series. This
is accomplished by providing detailed descriptions of the development of patterning and
algebraic thinking concepts in four middle grades mathematics textbook series: Saxon
Math (Saxon) (Hake, 2007d); Glencoe Mathematics: Applications and Concepts
(Glencoe) (Bailey, et al., 2006d); McDougal Littell Math Thematics (Math Thematics)
(Billstein & Williamson, 2008d); and Connected Mathematics 2 (CMP) (Lappan, Fey,
Fitzgerald, Friel, & Phillips, 2009o) 2. These descriptions are framed through the lens of
the articulated learning trajectory (ALT), a construct conceived and developed
specifically for the purposes of this study. The ALT descriptions in this study center on
textbook authors’ development of algebraic thinking concepts through patterning
constructs that are related to sequence and function concepts. As such, this study is
focused on describing these learning trajectories as they are found in the four middle
grades mathematics textbook series.
The other primary purpose of this study is to analyze the descriptions of ALTs
through the mirror of six disciplinary perspectives outlined in the National Research
Council (NRC) study, On Evaluating Curricular Effectiveness: Judging the Quality of
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Although differences can be delineated among the terms textbooks, textbook
curriculum, curriculum materials, and so forth, for the purposes of this study and for
variety, I will hereafter use these terms interchangeably to refer to the student edition
textbooks addressed in this study, unless otherwise noted.
2

CMP is published in two formats: individual modules and modules bound in grade level
textbooks. The grade level textbooks were analyzed in this study.
2

K-12 Mathematics Evaluations (National Research Council, 2004), hereafter referred to
as the NRC report: clarity, comprehensiveness, accuracy, depth of mathematical inquiry
and reasoning, organization, and balance. As such, this study seeks to provide rich
descriptions and comparisons of the development and disciplinary alignment of
articulated learning trajectories used by middle grades textbook authors to develop
patterning and algebraic thinking structures, topics whose importance is widely
recognized by the mathematics education community.
A secondary purpose of this study is to develop a framework through which
future studies related to the analyses of the textual development of mathematical concepts
can be conducted using the lens of the articulated learning trajectory. The development of
such a framework provides a consistent and organized method for researchers to engage
in the study of and reporting on this type of mathematical content analysis.
Research Questions
The research goal of this study is to examine, elucidate, and characterize the
articulated learning trajectories associated with the development of algebraic thinking
related to function concepts stemming from the discussion, examination, and
generalization of patterning concepts in middle school3 mathematics textbooks. As part of
the research, a framework for doing textbook content analyses is developed. Specifically,
the study addresses the following research questions:
1. What are the articulated learning trajectories related to the development of
algebraic thinking that stem from patterning concepts within the written
curriculum in four middle school mathematics textbooks? More specifically,

3

For this study, middle grades and middle school refer to Grade 6 through Grade 8.
3

in what ways do the textbook authors employ ladder-like, branching, or other
forms of trajectory in the development of these concepts?
2. How are the algebraic thinking articulated learning trajectories as embodied in
patterning concepts in the chosen textbooks aligned with the six disciplinary
perspectives of clarity, comprehensiveness, accuracy, depth of mathematical
inquiry and mathematical reasoning, organization, and balance?
Statement of the Problem
Largely in response to the National Council of Teachers of Mathematics (NCTM)
Curriculum and Evaluation Standards for School Mathematics (1989) (hereafter referred
to as the NCTM Curriculum and Evaluation Standards), curriculum developers funded
by the National Science Foundation (NSF) set about writing elementary, middle-school,
and secondary textbook series and curriculum materials to embody the mathematical
vision of NCTM. While the materials developed entirely through funding from NSF have
gained a foothold in the market of available curricula, the majority of the market share
belongs to materials developed commercially through funding from established
publishing companies, and private interests. Even though the source of funding for
development of these materials may differ, currently nearly all materials produced
purport to be aligned, at least in some measure, to various national standards, as well as
various state grade level expectations (GLEs).
Curriculum publishers, authors, and marketers clearly connect their products to
NCTM Standards documents (e.g., the NCTM Curriculum and Evaluation Standards;
NCTM Principles and Standards for School Mathematical (NCTM PSSM); and NCTM
Curriculum Focal Points for Prekindergarten through Grade 8 Mathematics (NCTM
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Focal Points) (NCTM, 1989, 2000, 2006)) and state GLEs. Nevertheless, the materials
and such connections are not immune from criticism and critique. Clements (2002) notes
that while these standards documents and various state and local curriculum frameworks
are intended to guide curriculum, the myriad of criteria, including scope and sequence
requirements, drive publishers to produce materials reflecting an educational vision
which is, “at best, diluted” (p. 599). Consequently, Clements argues that, “a primary
cause of the poor performance of U.S. students in mathematics (Kouba, et al., 1988;
McKnight, Travers, Crosswhite, & Swafford, 1985; Mullis, et al., 1997) is the
curriculum, both in what topics are treated and how they are treated (Clements & Battista,
1992; Porter, 1989)” (p. 599).
Due to the substantial influence of textbooks on classroom learning and teaching,
it is crucial to investigate these materials from a mathematical perspective that allows for
the formation of a framework to elucidate the way in which curriculum developers have
articulated the development of mathematical topics. Content analysis research in the area
of mathematics education should not only provide evaluations of the effectiveness of
textbook materials, but should also serve to shed light on what and how mathematical
topics are developed in textbooks in order to provide for effective teacher education,
focused and informative professional development, evidence-based curricular adoption
decision making, and evidence-based research on learning outcomes.
As a result of poor mathematics performance of U.S. students, the influence of
curriculum, and continual efforts to improve test scores, international rankings, and
conceptual understanding of mathematics, many studies have been conducted over the
last decade on the myriad of mathematics curricular materials available to educators.
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These studies were often conducted by groups with divergent philosophies, methods, and
objectives, but generally with the intent to evaluate the effectiveness of these materials
apropos of student learning measures; compare the effectiveness of materials used in the
United States to materials common in other countries (e.g., Singapore); or to a certain
extent, evaluate the mathematical accuracy and appropriateness of a wide range of
mathematical content (e.g., see analyses highlighted in National Research Council, 2004;
Stein, et al., 2007).
The authors of the NRC report argue that there are three primary dimensions of
content analyses: (1) disciplinary perspectives, (2) learner-oriented perspectives, and (3)
teacher- and resource-oriented perspectives. Of these three dimensions, it is the
disciplinary perspectives area (clarity, comprehensiveness, accuracy, depth of
mathematical inquiry and mathematical reasoning, organization, and balance) where
there is a paucity of research on the depth and breadth of what mathematics is included in
various curricula, as well as how that mathematics is presented, developed, and
sequenced.
One area of mathematics that is crucial to investigate in a mathematical content
analysis is patterning, generalizing, and function concepts as they relate to the
development of algebraic thinking. These aspects of algebraic thinking have been
identified as critical in the long-term development of students’ mathematical conceptual
understandings. The authors of the National Research Council report Adding it Up:
Helping Children Learn Mathematics (National Research Council, 2001) note that,
“Tasks involving geometric and numerical patterns are a frequent means of introducing
students to the use of algebra for predicting” (p. 279). Other researchers have also
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highlighted the importance of patterning concepts and generalizing of patterns as critical
components to developing middle school students’ algebraic thinking (Lannin, 2003,
2005; Lannin, Barker, & Townsend, 2006a, 2006b, 2006c; Lannin, Townsend, Armer,
Green, & Schneider, 2008; MacGregor & Stacey, 1992, 1993; Radford, 1998, 1999,
2000; Radford, Bardini, & Sabena, 2007; Sabena, Radford, & Bardini, 2005; Sasman,
Olivier, & Linchevski, 1999; Stacey, 1989; Swafford & Langrall, 2000; Taplin &
Robertson, 1995). However, most of this research has focused on examining students’
learning and conceptual understanding of these concepts, often without particular regard
to the ways these concepts are developed within specific curricula. Sasman, Olivier, and
Linchevski (1999) note that, “Number patterns, the relationship between variables and
generalizations are considered important components of algebra curricula reform in many
countries” (p. 161). However, there are no non-evaluative comparisons of curriculum
materials that provide clear explication of how these patterning concepts and
generalizations are developed in ways that affect students’ mathematical experiences and
opportunities to learn related to algebraic thinking and reasoning.
Theoretical Considerations
Curriculum Considerations
Many terms describe various aspects of the school mathematics curriculum.
Intended, written, implemented, learned, and assessed are all adjectives describing
different facets of the curriculum (and in turn are forces impacting curriculum
development). The Center for the Study of Mathematics Curriculum (CSMC)
(http://mathcurriculumcenter.org), an NSF-funded Center for Learning and Teaching, is
at the fore of the study of curriculum in mathematics education. This research framework
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(Figure 1) provides a locus to situate my examination of curriculum materials. Within this
framework, I examine materials that the CSMC describes as the Textbook Curriculum.

Figure 1: Forces impacting teacher decision making and student learning opportunities
(CSMC, 2008).
Content Analyses
The authors of the NRC report provide the field with the most focused
recommendations for various types of curriculum evaluations. The authors recognize that
exactly what should be included in conducting content analyses is not an area in which
there is much agreement. However, the committee offers important recommendations for
content analyses with the goal of providing the field assistance in “stabilizing this
methodology” (p. 197). More specifically, the committee provides the following
recommendations:
8

In relation to content analyses, the committee recommends that:
Content analyses should be recognized as a form of connoisseurial
assessments, and thus should be conducted by a variety of scholars,
including mathematical scientists, mathematics educators, and
mathematics teachers and well-qualified individuals, who should identify
their qualifications, values concerning mathematical priorities, and
potential sources of bias regarding their execution of content analyses.
Furthermore, the committee recommends that:
A content analysis should clearly indicate the extent to which it addresses
the following three dimensions:
1. Clarity, comprehensiveness, accuracy, depth of mathematical
inquiry and mathematical reasoning, organization, and balance
(disciplinary perspectives).
2. Engagement, timeliness and support for diversity, and assessment
(learner-oriented perspectives).
3. Pedagogy, resources, and professional development (teacher- and
resource- oriented perspectives). (pp. 197-198)
Due to the solitary nature of a dissertation, the extent to which a variety of
scholars can participate in this study is limited. However, having earned a Masters of
Science degree in mathematics; taught middle and early secondary level students, as well
as post-secondary students in Departments of Mathematics and Curriculum & Instruction
at institutions of higher education; and currently working toward achieving a Doctor of
Philosophy (Ph.D.) degree in mathematics education, I argue that I fit the well-qualified
individual status outlined by the NRC committee. Moreover, reliability work related to
the coding procedures of this study are conducted with a research mathematician
(algebraist) and a mathematics educator, both of whom hold tenure-track appointments
within a Department of Mathematics at an institution of higher education.
Apropos the recommendations put forth in the NRC report, my values concerning
mathematical priorities vis-à-vis algebraic concepts, as well as potential sources of bias

9

regarding my conducting this content analysis study are outline as follows: I believe that
developing algebraic thinking is an important mathematical goal for middle-grade
students. I also believe that much of this development should begin in the elementary
grades, and be further developed in later grades through rich problem contexts;
articulation of generalizations of arithmetic and patterns in symbols, signs, actions,
words, and so forth; and work with variable concepts, functions, and the manipulation
thereof. The development of algebraic thinking should continue throughout students’ K12 mathematical education, often in the form of formal algebra coursework (e.g., Algebra
textbooks from the University of Chicago School Mathematics Project, Glencoe, and so
forth), or within integrated content textbooks (e.g., Core-Plus Mathematics Project,
Interactive Mathematics Program, and so forth).
Distinction Between Algebra and Algebraic Thinking
I argue that important distinctions must be made between algebraic thinking (and
concepts related to its development), and algebra (a specific area of the mathematical
sciences). In his presentation to the Brookings Institution, Hyman Bass (2005,
September) describes what he perceives as issues related to defining algebra within K-12
school settings:
For what we mean by “algebra,” as a school subject, has undergone
fundamental transformation in recent history, and remains a matter of
some debate. The two natural sources of a definition – the school
curriculum, and the discipline of mathematics – provide rather distinct
maps and portraits of the territory.
Very broadly speaking, the traditional treatment of algebra was as
the theory of algebraic (= polynomial) equations. The complexity of the
theory depends on three parameters: the number of variables, the number
of equations, and the degrees. Degree one is linear algebra, and school
algebra generally treats at most two equations in at most three variables.
One linear equation in two variables is essentially the study of linear
functions, and this is a central topic in all curricula. The traditional
10

treatment gave much more attention to fluency with symbolic
manipulation, powers and radicals, and included (in high school) the
quadratic formula and some general observations about polynomials of
high degree, for example the binomial theorem, and factorization of
The contemporary curricular treatments of algebra foreground the
idea of functions and patterns. The underlying philosophy seems to be
something to the effect that we live in a data driven world, and what
mathematics pre-eminently contributes is the mathematical modeling of
data. So functions typically appear not as closed formal expressions, but
rather as discovered ways to encode a pattern, to be discovered in a
numerical sequence or table. While this has a certain surface appeal, and
supports a lot of interesting student problems, it is at root a misleading
caricature of the modeling process to which it pretends to pay homage.
The world is complex and messy, and modeling real data requires a
rich repertoire of functions with which to do anything serious. School
students are today given a repertoire consisting only of linear and
exponential functions, with perhaps a few quadratics, and so they are
presented with data almost always of linear or exponential type. This is
interesting material, but, to my mind, such pattern recognition occupies
too much of the curricular space, and this is reflected in the NAEP
problem sets. (pp. 2-3)
I argue that Bass’s distinction of the traditional treatment of algebra as the theory of
algebraic equations aligns well with algebra, the area of mathematical sciences. While
the contemporary treatment of algebra as the modeling of data, numbers, and patterns by
functions is more aligned with concepts related to algebraic thinking.
Similarly, in his talk at the same Brookings Institute meeting, Roger Howe (2005,
September) expressed his definition and distinctions related to algebra:
I understand algebra to be primarily about two main topics.
i) Working with variables, and in particular, arithmetic with
variables, so [and] the formation of polynomial and rational expressions.
This also includes representing, or “modeling” concrete situations
with expressions, and setting up equations. It is also often extended to
include extracting roots. (If these processes are iterated, they can produce
highly complicated expressions. But school algebra does not go very far
down this road.) It also includes manipulating expressions and equations,
to simplify, solve and interpret.
ii) Algebraic structure, primarily as captured in the Rules of
Arithmetic (aka, the field axioms).
11

The Rules of Arithmetic encapsulate the legal manipulations on
polynomial or rational expressions. If taking rational powers is allowed,
they have to be supplemented by the Law of Exponents and the
multiplicativity of fractional powers. These rules, together with the
principles for transforming equations (the original techniques which gave
rise to the subject known to us as algebra), summarize the basis for
algebraic technique, which works on the algebraic expressions described
in i), and on equations between them. (p. 1)
Similar to Bass’s delineations, Howe provides further discussion of what he believes to
be different definitions of algebra, as “construed” by mathematics educators. Without
acknowledging the “politics” of this discussion, I argue that the algebra described by
mathematics educators in Howe’s estimation is encompassed by what I maintain are
concepts related to the development of algebraic thinking.
In NCTM’s Seventieth Yearbook (Greenes & Rubenstein, 2008), authors present
a wide range of viewpoints related to the definitions of and distinctions between algebra
and algebraic thinking. In particular, several authors identify key competing conceptions
related to school algebra (Kilpatrick & Izsak, 2008), as well as the historical changes in
what comprises school algebra (Chazan, 2008; Kilpatrick & Izsak, 2008). In particular,
Kilpatrick and Izsak identify the two “competing conceptions of school algebra” (p. 4) to
be: generalized arithmetic, and functional thinking. Another author in the yearbook, Saul
(2008), identifies aspects of algebra, “we can distinguish three ways of looking at the
phenomenon of algebra: as a generalization of arithmetic, as the study of binary
operations, and as the study of the field of rational expressions and related fields” (p. 63).
Billings (2008), another contributing yearbook author, notes that, “prospective and
practicing elementary school teachers…equate algebraic thinking with algebra, viewing it
as a subject that requires solving equations, using variables, and learning or memorizing
rules for manipulating expressions” (p. 279). Within this yearbook, there is a clear sense
12

among the authors that, although the landscape of defining algebra and algebraic
thinking has been and is ever changing, there are clear distinctions that must be made and
considered when working with content related to these terms.
The National Mathematics Advisory Panel (NMAP) (2008) identifies similar
issues in their considerations that drove the recommendations of the panel to focus
algebra standards around the “Major Topics of School Algebra” (p. 16): Symbols and
Expressions; Linear Equations; Quadratic Equations; Functions; Algebra of Polynomials;
Combinatorics and Finite Probability. In defining school algebra, the NMAP notes that
the term chosen to, “encompass the full body of algebraic material that the Panel expects
to be covered through high school, regardless of its organization into courses and levels”
(p. xvii). In this regard, the definition of school algebra provided by the NMAP is aligned
with others’ conceptions of algebra. Moreover, rather than identifying aspects of
algebraic thinking, the NMAP identifies the three areas of the Critical Foundations of
Algebra as, “whole numbers, fractions, and particular aspects of geometry and
measurement” (p. xvii). Clearly, although not necessarily related to algebraic thinking,
the NMAP draws distinctions between school algebra and what precedes it as being the
Critical Foundations of Algebra. In other words, although not completely aligned with the
other delineations between the terms algebraic thinking and algebra, there is clearly a
distinction made between algebra and what precedes algebra.
Consequently, I believe these distinctions that I have briefly drawn between
algebra and algebraic thinking are important ones, and bear further discussion and
thought within the fields of mathematics and mathematics education. I maintain that
through the present study, clarity is brought to these discussions of the definitions of and
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distinctions between these terms, and the way in which pattern and sequence concepts
relate to the development of this content from a viewpoint based in mathematical
analyses of middle grades textbooks.
Learning Trajectory Considerations
Simon (1995) first introduced the concept of a “hypothetical learning trajectory”
(HLT) as a way for teachers, employing teaching practices consistent with constructivist
theories, to conceptualize and frame student learning in classroom settings; as well as a
way for curriculum developers to frame thought experiments about ways that content
might be effectively sequenced with respect to student learning. Simon defined a HLT to
be, “the teacher’s prediction as to the path by which learning might proceed” (Simon,
1995, p. 135). I argue that sequences and transitions of mathematical content in the
textbook curriculum also define learning trajectories, which thus exist in the written word
of the textbooks. Furthermore, as discussed previously, it is these textbooks that are
utilized regularly by teachers and students. Consequently, it is within learning trajectories
defined and articulated by the written word within textbooks that this study is focused. In
particular, I refer to these learning trajectories embodied in the textbook curriculum as,
“articulated learning trajectories” (ALTs), due to the fact that they are “articulated” by
the written words of the authors.
Definition of Terms
Mathematics as a discipline is based on axioms and definitions from which
theorems, postulates, corollaries, and lemmas all arise. In keeping with the discipline
upon which this research is centered, it is necessary to be as clear, concise, and accurate
in defining and using mathematical terms as possible. In other words, in analyzing
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learning trajectories related to patterning concepts and algebraic thinking in middle
school mathematics textbooks, it is worthwhile to be as unambiguous and focused as
possible in determining definitions from which to work. For the purposes of this study, I
refer to various terms related to patterning concepts, generalizations, and algebraic
thinking constructs that are found in standards documents, state GLEs, and thereby likely
to be found in middle grades textbooks. It is important to note that although definitions
are provided in this study for the purposes of informing the analysis, there is considerable
variety and non-uniformity in definitions across textbook. I focus on language used by
the authors of Algebra Standard for Grades 6-8 of the NCTM PSSM. Namely, these
authors argue that middle grades students should: “Understand patterns, relations, and
functions; Represent and analyze mathematical situations and structures using algebraic
symbols; Use mathematical models to represent and understand quantitative
relationships; and Analyze change in various contexts” (p. 222).
Patterning Concepts
I refer to problems in textbook materials specifically related to representing,
modeling, developing, extending, and generalizing patterns to be pattern-type problems4.
Often these pattern-type problems are used in textbook materials to provide opportunities
for the development of concepts related to recursive or general descriptions5 of patterns.
Moreover, pattern-type problems in middle grades are also used to develop other
concepts, frame discussions related to sequences, develop notions of function, develop
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For further definition and description of pattern-type problems, see Olson, Regis, and
Papick (2009, 2010) and Papick, Olson, and Regis (2010).
5

Descriptions in this sense relate to students’ use of algebraic symbolism, geometric
representations, and/or English (or other) language structures.
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functional notation, and formulate algebraic representations and symbolic manipulations
of formulas. Types of pattern-type problems are described in the following sections along
with illustrative examples.
Types of Patterns
In the following sections, I present brief descriptions and examples of three types
of patterns that are used in the development of patterning concepts within middle grades
textbooks. The following typology of patterns used in developing patterning concepts and
algebraic thinking structures is not meant to be comprehensive nor exhaustive, but
instead serves as a productive way to group pattern-type problems for this study.
Numerically-defined patterns. Throughout this study, for clarity, I also refer to
these patterns as, patterns in a numeric context. These patterns arise from a string of
numbers. Often students are required to provide a subsequent string of numbers that
relate to the given set, or they are asked to fill in blanks within the given set of numbers.
Many problems require justification for the completion of a string of numbers in relation
to the given set of numbers. For example: 1, 2, 3, 4, …; 2, 4, 6, 8, …; or 1, 3, 5, 7, ….
These problems are often devoid of context, as in the previous example; however, these
problems can occur in a “real-world” contextualized setting, and as long as there is no
related geometric context they are considered numerically defined patterns.
Geometrically-defined patterns. Throughout this study I also refer to these
patterns as, patterns in a geometric context. These patterns arise from the presentation of
a string of geometric shapes or pictures. Students are often required to provide
justification for which geometric shape completes or continues a pattern. For example:
triangle, square, pentagon, …. In this example, the expected continuation of this pattern is
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the polygon with one more edge (e.g., hexagon, heptagon, octagon, and so forth). These
problems also often serve as the foundation for a numerical pattern based on the structure
of the pattern in its geometric context. A common problem used to elicit the pattern: 3, 5,
7, …; is a description of the development of dots defined by sequential symmetric Vpatterns. The first V-pattern of dots must have three dots, one at the vertex and one on
each side of the “V.” The next symmetric “V” is made by adding a dot to each side of the
“V,” and hence contains five dots. Consequently, the third “V” consists of seven dots,
and thus the sequence of numbers increases by two for each term. This representation is
based within the geometric context of the V-pattern, but also elicits the associated
numerical pattern. Patterns in geometric contexts occur with and without other “realworld” contexts. The defining feature of these problems, however, is that there is a
geometric context and not simply a numeric context.
Periodic patterns. Periodic patterns are defined in both numeric and geometric
contexts. The identifying feature is that periodic patterns have a repetitious aspect to their
development, in that a core of the pattern repeats. For example 1, 2, 3, 1, 2, 3, …; 1, 1, 1,
2, 2, 2, 3, 3, 3, 1, 1, 1, 2, 2, 2, …; or 1, 2, 3, 2, 1, 2, 3, …. In the first numerically defined
pattern, the repeating core is taken to be: 1, 2, 3; while in the third numerically defined
pattern, the repeating core is: 1, 2, 3, 2.
Sequences
The notion of sequences as they relate to my study is that pattern-type problems
are often tacitly assumed to be sequences. In particular, pattern-type problems such as: 3,
5, 7, … are often implied to be arithmetic sequences, that is, there is a common constant
difference between any two terms that can be used to recursively and generally describe
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the pattern. Although not often explicitly defined as such, pattern-type problems many
times are assumed to be arithmetic, and to a lesser extent, geometric sequences (those
with a constant common multiple) according to examples and answers provided by
authors. However, students are not always privy to the definitions related to the types of
specific sequences when working with pattern-type problems. For this study, the
mathematical definition I use for a sequence is the following:
A function f whose domain is the set Nn = {1, 2, 3, …, n}, where n is a
positive integer, is called a finite sequence [or simply a sequence], and the
range of a finite sequence, range of f = {f(t): t an element of Nn}, is written
as {a1, a2, a3, …, an}. (Papick, 2007, p. 21)
Importantly, this definition identifies a crucial mathematical construct of a
sequence, which is that it is, by definition, a function.
Variable
In defining variable, consider the following statement from the authors of the
NCTM PSSM that illustrates the complexities related to notions of variable:
Students’ understanding of variable should go far beyond simply
recognizing that letters can be used to stand for unknown numbers in
equations (Schoenfeld & Arcavi, 1988). The following equations illustrate
several uses of variable encountered in the middle grades:
27 = 4x +3
l = t(l/t)
A = LW
y = 3x
The role of variable as “place holder” is illustrated in the first
equation….The use of variable in denoting a generalized arithmetic
pattern is shown in the second equation….The third equation is a
formula….The third and fourth equations offer examples of covariation: in
the fourth equation, as x takes on different values, y also varies. (NCTM,
2000, p. 225)
In this statement, the notion that variable is simply a letter that holds the place of
an unknown number or quantity (i.e., a “place holder”) is reframed and broadened in
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order to better understand the use of variables in generalizing arithmetic, in formulas, or
in generalizing patterns related to concepts of functions and covariation. The relationship
of variables to functions is delineated in the following definition of function.
Function
Smith, Eggen, and St. Andre (1997) note that, "The word function was first used
by G. W. Leibniz in 1694. J. Bernoulli defined function as 'any expression involving
variables and constants' in 1698" (p. 161). In the NCTM Curriculum and Evaluation
Standards function is discussed with regard to the informal ways that, "students develop
an understanding that functions are composed of variables that have a dynamic
relationship: Changes in one variable result in change in another" (p. 98). In his chapter
in the Research Companion to the Principles and Standards for School Mathematics,
Smith (2003) notes that a definition of function that students are often presented is, "a
particular kind of mapping from one set to another" (p. 136). More specifically, he states
that a major commonality among various textbook definitions is the concept that a
number in one given set is in some way connected with another number in a second set.
In other words, an element in one set, say element x in set A, is assigned precisely to an
element of another set, say element y of set B. It is through this mapping that the notion
of variable as discussed above directly relates to function concepts.
Many specific, as well as intuitive definitions of function exist in the literature
and in mathematics textbooks. They are generally similar to the following definition
introduced by Herstein (1996) “Let S, T be sets; a function or mapping f from S to T is a
rule that assigns to each element s of S a unique element t of T” (p. 8). A more intuitive
definition is used by Smith, Eggen, and St. Andre (1997) to introduce their discussion of
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functions, "a function is thought of as a rule of correspondence between two sets that
assigns each object in the first set exactly one object from the second set" (p. 161). In
consideration of the aforementioned definitions, the Herstein definition will be used for
the purposes of this study.
Algebra and Algebraic Thinking
As discussed previously, the delineation between algebra and algebraic thinking
is an important distinction, albeit a complicated one. Although I presented arguments
from mathematicians related to the distinctions between these two notions, I offer the
following comment from Smith (2003) to draw this distinction into further focus:
Because the use of symbol systems has become prevalent, the word
algebra, has become essentially synonymous with the study or use of such
systems. Algebraic thinking, in contrast, has been used in a broader sense
to indicate the kinds of generalizing that precede or accompany the use of
algebra…. (p. 138)
I maintain that this conception of algebraic thinking is quite similar to the issues that
Howe (2005, September) and Bass (2005, September) examined in their statements
previously discussed. However, here Smith provides a clear distinction between these
two concepts and provides a basis for further delineating the focus of this study. That is,
in examining the development of concepts related to patterns and algebraic thinking, I
am essentially examining the “kinds of generalizing that precede or accompany the use of
algebra.”
Hypothetical Learning Trajectory
According to Simon (1995), the hypothetical learning trajectory is essentially, “a
prediction of how a students’ thinking and understanding will evolve in the context of the
learning activities” (p. 136). Moreover, it is this prediction that may inform teachers’
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decisions within the classroom context, as well as textbook developers’ decisions
regarding the sequencing of mathematical concepts.
Articulated Learning Trajectory
Within the pages of written text within a textbook an "articulated learning
trajectory" is defined. In contrast to a HLT, an ALT is a learning trajectory that goes
beyond a "prediction of how students' thinking and understanding will evolve," by
providing a precise written sequence of mathematics content that authors of textbooks
envision teachers and students will follow or use to guide the development of
mathematics content within the classroom. In particular, the description provided by an
ALT reflects not only the span and development of a specific mathematical concept or
idea across a textbook series, but it also provides a detailed exposition and illustration of
the related content problems embedded within the curriculum span analyzed. From the
ALT descriptions related to sections and chapters, further descriptions can be formed that
reflect an ALT that spans the textbooks within an entire textbook series.
As mentioned, an ALT’s curriculum span can vary. In particular, an ALT can be
described among problems within a single section of a textbook or across sections within
a single chapter of a textbook. Furthermore, an ALT can also be described across
problems across chapters within a single textbook. In a similar manner, an ALT could
also be described across problems across a textbook series that spans several grade levels.
The problems forming a basis for an ALT within a single textbook section or across
textbook sections are considered in the make-up of an ALT that spans a textbook or
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textbook series of which the section(s) are a part. Thus, the characterization of the content
in an ALT is detailed and specific6.
To provide clarity to the construct of the ALT, two examples are now provided.
The first ALT spans the Saxon, Course 1, Grade 6 textbook, and the second ALT spans
the CMP, Grade 6 textbook.
Example of an ALT that spans Saxon, Course 1, Grade 6. The authors of the
Saxon, Course 1, Grade 6 textbook provide the vast majority of instances of patterning
within a numeric context. Within this textbook, there are a total of 61 instances related to
patterning, of which 89% are in a numeric context and 11% are in a geometric context.
Furthermore, the authors incorporate pattern extension constructs in the majority of these
instances in this textbook. In other words, in general, an instance in this textbook is likely
to include a pattern in a numeric context, and to involve an extension of a pattern in some
way. Pattern extension constructs within Saxon are often presented as problems in which
students are provided with a list of numbers and prompted to find the next numbers that
“follow the pattern” (e.g., Given the pattern: 1, 3, 5, …. What are the next three
numbers?). The instances involving pattern extension constructs in this textbook occur
across the first nine-tenths of the textbook. However, within the last one-fourth of the
textbook, the authors incorporate pattern generalization constructs with respect to
variable and function concepts. In other words, an ALT that spans this textbook is the
consistent and continual use of pattern extension constructs and patterns in numeric

6

The level of specificity and detail of the description of an ALT, whether spanning a
section, chapter, textbook, or textbook series is important in determining the depth and
breadth of comparisons that can be made within and across textbooks and textbook series.
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contexts, but about three-fourths of the way through the textbooks, the authors (although
still heavily utilizing the numeric context of a pattern) present students with an
opportunity to move from only extending patterns to also providing generalizations for
the patterns. These generalizations are often structured through the presentation of a
function table or other concepts related to input and output values.
Example of an ALT that spans Connected Mathematics 2, Grade 6. The authors of
the CMP, Grade 6 textbook provide the vast majority of instances of patterning within a
geometric context. Within this textbook, there are a total of 29 instances related to
patterning, of which 28% are in a numeric context and 62% are in a geometric context. In
the instances of patterning in this textbook, the authors incorporate pattern recognition,
extension, and generalization constructs to similar degrees; however, the authors include
pattern extension constructs with greatest frequency. In other words, in general, an
instance of this textbook is likely to include a pattern in a geometric context, but might be
structured through any of the three patterning constructs identified in this study. The
authors often utilize geometric contexts within this textbook to draw connections to the
associated pattern in a numeric context, as well as to integrate material often associated
with other mathematics content, such as geometry and concepts related to angle sums of
polygons. Specifically, early in the textbook, the authors provide students with an
instance in which patterns in the geometric context of areas of squares are used to elicit
the pattern in a numeric context related to consecutive sums of odd numbers. In this
instance, the authors incorporate pattern extension constructs in which students are
prompted to utilize the pattern in the geometric context to assist in the extension of the
pattern in the numeric context. Such presentation of pattern extension constructs through
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geometric contexts occurs across the first two-thirds of the textbook. However, one-third
of the way through the textbook, the authors incorporate pattern generalization constructs
through geometric contexts, and continue to provide these instances across the middle
one-third of the textbook. These instances in which pattern generalization constructs are
presented in geometric contexts often involve the examination of a geometric context,
such as patterns of angle sums in polygons, and the prompt to generalize these patterns
for all cases in the context, such as providing a generalization for the angle sum of a
polygon with N sides. In these instances, such as the polygon with N sides, the authors
also incorporate variable concepts into the prompts to generalize a pattern. Consequently,
an ALT that spans this textbook is the presentation of patterning concepts through
geometric contexts. The authors initially present patterns in geometric contexts by
incorporating pattern extension constructs related to using the connections between
geometric and numeric contexts to extend a pattern. These pattern extension constructs in
geometric contexts occur across the first two-thirds of the textbook. One-half of the way
through the trajectory related to pattern extension constructs, the authors integrate pattern
generalization constructs in geometric contexts in which students are prompted to provide
generalizations of patterns associated with the underlying structures and properties of
geometry. These instances continue across the middle one-third of the textbook.
Comparisons between the example ALTs. Clearly between the two ALTs that are
identified that span the Saxon and CMP, Grade 6 textbooks, there are important
differences and similarities. The authors of both of these textbooks incorporate pattern
extension constructs across each of the ALTs, however, that is generally where the
similarities cease. Clearly the context in which patterns are provided differs dramatically
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between the two ALTs. Furthermore, the opportunities provided to students to examine
and develop connections between patterns in numeric contexts and the associated
geometric contexts are quite different in these ALTs. The authors of Saxon provide over
twice as many instances related to patterning than do the authors of CMP, however,
within the single ALT identified in this section, the content that is provided clearly
provides students with qualitatively disparate mathematical experiences related to
extending and generalizing patterns in numeric and geometric contexts. Consequently,
the construct of the ALT affords the opportunity to understand the “articulated” aspect of
a learning trajectory (i.e., the trajectories that the authors defined through the writing of
the textbook); the ALT construct also affords the opportunity to identify, describe, and
illustrate the nature and importance of the mathematics content that the authors include as
key points along each trajectory.
Six Disciplinary Perspectives of the NRC Report
The authors of the NRC report outline 6 “disciplinary perspectives” of content
analyses. In the following section, I provide the authors’ definitions of these six
individual perspectives where appropriate, and provide further clarification and alternate
definitions for the purposes of my study when necessary.
The authors of the NRC report call for content analysis and evaluation studies to
address the clarity of curricular objectives and to identify “major conceptual ideas” (p.
78) so that unessential or omitted content can be located. That is, clarity relates to the
degree to which authors of textbooks identify their objectives and major concepts for a
given level of mathematical material (e.g., lesson level, chapter level, unit level, grade
level, grade band level).

25

The NRC authors maintain that through the clarification of curricular objectives,
analysis related to comprehensiveness can be thoroughly conducted. In other words,
comprehensiveness relates to missing material at one grade level (or topic level) that
causes issues with the completeness of mathematical concepts at a later grade level (or
topic level). That is, comprehensiveness relates to the degree to which the content found
within a given level is necessary, superfluous, or deficient.
The authors of the NRC report included accuracy as a major criterion because,
“all consumers of mathematics curricula expect and demand it” (p. 78). Accuracy in these
terms refers to the mathematical accuracy of the textbook material. In fact, the authors
note that while there is always a desire for error free textbooks and curricular materials,
content analyses should always address whether or not this was found to be the case.
Moreover, the authors maintain that if a content analysis makes no mention of errors,
then it is often considered to be somewhat superficial. The desire for error-free textbooks
is one aspect of an overall concern that the authors of textbooks are not misleading or
misrepresenting the mathematics concepts being developed. To address the degree to
which errors are found, I take two categories of errors, explicit and implicit, as affecting
the degree to which an ALT aligns with the accuracy criterion. In particular, explicit
errors are those that reflect mathematics that is not mathematically correct. For example,
if an author presents students with a problem in which 2 is added to 2 in base 10 and the
answer given is 7, then the author has included an explicit mathematical error in the
textbook. On the other hand, implicit errors are errors within the textbook in which the
author has one expectation for an answer to a problem that potentially has multiple
answers. In particular, suppose an author includes a typical pattern-type problem in which
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a prompt for students is to find a subsequent term of a sequence of numbers (e.g., 3, 5, 7,
…). Furthermore, suppose this author has the expectation that students will only provide
one answer (in the aforementioned case, the next odd number, i.e., 9). The mathematics
within these types of problems are reflective of an implicit error, in that, an author that
poses a problem that does not have a well defined structure should recognize the myriad
possible answers (for example, in the aforementioned problem, the next odd prime
number, 11).
In discussing the depth of mathematical inquiry and mathematical reasoning the
authors of the NRC report carefully distinguish between inquiry and reasoning, to wit
(italics inserted for emphasis):
Mathematical inquiry…refers to the elements of intuition necessary to
create insight into the genesis and evolution of mathematical ideas, to
make conjectures, to identify and develop mathematical patterns, and to
conduct and study simulations. Mathematical reasoning refers to
formalization, definition, and proof, often based on deductive reasoning,
formal use of induction, and other methods of establishing the correctness,
rigor, and precise meaning of ideas and patterns found through
mathematical inquiry. (p. 79)
The authors note that due to the interactive nature between these two elements of
mathematical thought, “making too strong a distinction between these two elements is
artificial” (p. 79). The authors further articulate the importance of these two elements in
relation to content analyses, namely, “one must determine in a content analysis whether a
balance between the two is achieved so that the material both invites students’ entry and
exploration of the origin and evolution of the ideas and builds intuition, and ensures their
development of disciplined forms of evidence and proof” (p. 79).
The NRC authors include the organization of material as a key aspect of content
analyses due to the importance of the progression of the development of mathematical
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concepts. The authors maintain that, “for some, an analysis of the logical progression of
concept development determines the sequence of activities” (p. 82). However, the authors
are careful to note that not all concept development follows a linear progression, and that
some materials follow a spiral or thematic approach.
Lastly, the authors of the NRC report note that balance relates to, “the relative
emphasis among choices of approaches used to attain comprehensiveness, accuracy,
depth of mathematical inquiry and reasoning, and organization” (p. 83). The authors
further indicate that, “in reference to mathematics curricula, decisions on balance include:
conceptual versus procedural, activities versus practice, applications versus exercises, and
balance among selected representations such as the use of numerical data and tables,
graphs, and equations” (p. 83).
Significance of Study
Several studies have indicated that the role of textbooks in classrooms is one that
is integral to what content is taught, and the way in which the content is sequenced and
presented to students (Braswell, et al., 2001; Chávez, 2003; Grouws & Cebulla, 2000;
Grouws, et al., 2004; McNaught, Tarr, & Grouws, 2008; Silver & Stein, 1996; Stein, et
al., 2007; Tarr, Chávez, Reys, & Reys, 2006; Woodward & Elliot, 1990). While there are
a number of content analyses from various philosophical and mathematical perspectives
(see, National Research Council, 2004; Stein, et al., 2007), the vast majority of them are
focused on the evaluation of the effectiveness of the curriculum, given the interests of the
research team (e.g., other curriculum in the marketplace; other nation’s curriculum,
student learning/conceptual understanding measures).
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To date there has been no systematic elucidation and comparison of articulated
learning trajectories in middle grades textbooks. Nor has there been any attempt to
address the alignment of these articulated learning trajectories with the disciplinary
perspectives outlined in the NRC report.
Finally, no standard, structure, or framework exists for reporting on mathematical
content analyses of this type in a way that would be informative to those interested in
using such information. By focusing on presenting the way in which textbook content is
sequenced and developed, as well as how the content aligns with the NRC disciplinary
perspectives, this study informs the field of mathematics education. It also provides those
individuals with vested interests in the workings of their school classrooms and districts,
with a view of the development of mathematical concepts in textbooks in order to make
informed decisions as to which curricula fits their interests.
Furthermore, this study adds to the research base of content analyses in
mathematics education, and introduces the construct of the articulated learning trajectory
into the discussion of how teachers and students interact with written text in various
curriculum frameworks. In this way, the study opens a fruitful line of research related to
the examination of the development of important mathematical concepts as articulated by
the authors and developers of textbooks.
Summary
Criticism of curriculum materials in the United States has been common,
widespread, and constant throughout history. Recent analyses of the content in these
materials has focused on evaluating the curriculum based on various measures such as the
mathematical soundness of problems, benchmarks developed by the researchers to reflect
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standards documents, and the appropriateness of the mathematics content. The inherent
evaluative nature of these studies often lead to debate of the merit, bias, definition, and
accuracy of the measures used in drawing conclusions related to one curriculum being
better or worse than other curricula. Researchers have offered compelling arguments
indicating the heavy use of textbooks by teachers, and subsequently have noted that
content not found in these materials will almost never be taught. However, what is not
currently known through any organized effort is what content is actually present, nor how
important mathematical concepts are developed in the written curriculum vis-à-vis
articulated learning trajectories within and across grade-levels. This study provides the
field with a framework for describing these learning trajectories through mathematical
content analyses, as well as how these learning trajectories align to the perspectives
presented by the scholars of the NRC report. Furthermore, the results of this study have
wide reaching implications for curriculum designers, state GLE framework developers,
and persons involved in textbook adoptions. Finally, this study provides researchers,
teacher educators, and persons involved in teacher professional development activities
with crucial data related to the way in which mathematics concepts are developed in
textbooks.
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CHAPTER 2: REVIEW OF RELATED RESEARCH

A wide range of literature has informed my research regarding articulated
learning trajectories related to the development of algebraic thinking from patterning
concepts, generalizations, and symbolic representations in middle-school curriculum
materials. In particular, the study has been largely framed by research on the influence of
curriculum materials on the presentation and sequencing of content within teachers’
instructional practices; recent high profile content analyses; research related to
hypothetical learning trajectories; and research on generalizations of patterning concepts
regarding student learning. Specifically, research on the influence of curriculum materials
on the presentation and sequence of content and teachers’ use of textbook curriculum
indicates that the way in which textbooks are written directly affects students’
opportunities to learn and overall mathematical experiences. Consequently this study
seeks to address the opportunities to learn and mathematical experiences afforded
students with respect to algebraic thinking concepts as developed through patterning and
generalization. The literature on recent content analyses indicates a lack of minimally
evaluative mathematical content analyses that inform the field through descriptions of
content development in contrast to a plethora of than evaluations regarding the worth of
particular methods of content development. Research related to hypothetical learning
trajectories serves to inform the related construct of the articulated learning. Finally,
research on student learning related to the process of generalizing patterns, and
publications of research mathematicians related to patterning concepts, algebraic
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thinking, and algebra, serve to identify this area of content as developmentally important.
Moreover, these sources inform the analysis of content found within the identified ALTs
in this study.
This chapter is divided into four sections. In the first section, I discuss the various
types of curriculum and the influence of the textbook curriculum on teachers’ instruction
and students’ opportunity to learn; I orient my study in a larger context of curricular
forces. The second section situates my study within the broader context of recent content
analyses and recommendations for researchers engaging in studies of this type. In the
third section, I present theoretical work and research related to hypothetical learning
trajectories, as well as provide my conception of the notion of articulated learning
trajectories embedded in written text. The concepts characterized within the fourth
section drive this study from a mathematical point of view. It is in this section that I
discuss the research on and about the importance of generalizations of patterning
concepts in relation to the development of algebraic thinking in the middle grades.
Influence of Curriculum
Before addressing the research related to the important role of curriculum
materials in teachers’ sequencing, decision making, and understanding of content related
to classroom instruction, I present a conceptual framework for understanding influences
on curricula, as well as the definitions of the types of curricula studied.
Nomenclature and Forces Related to Curricula
In Chapter 1, I presented the curricular framework used by the Center for the
Study of Mathematics Curriculum (CSMC, 2008) through which I situated the focus of
my study (e.g., Figure 1). In the following paragraphs, I provide a brief definition for
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each aspect of curriculum along with the external forces that affect the particular area of
curriculum. The framework developed by the CSMC also indicates that each of the
curriculum areas affect the other areas, and are in turn affected by still other areas. In
other words, the intended curriculum affects the textbook curriculum, and the textbook
curriculum affects the implemented curriculum. The ways in which these areas affect and
are affected by other areas are varied and not clear-cut. Consequently, due to the obscure
and cyclical nature of certain aspects of the framework, I focus on describing the external
forces that affect each area of the curriculum. I begin with the area of the framework in
which I position my study, the textbook curriculum.
The textbook curriculum is a set of curriculum materials that the school provides
to the teacher and students for the specific mathematics course. These curriculum
materials may include teacher editions, student editions, assessments, and so forth. For
the purposes of this study, I examine the student editions of textbooks that are part of a
larger set of curriculum materials. Although in some cases, the textbooks may make up
the entirety of the curriculum materials. Forces that impact this curriculum stem from
certain recommendations that are perceived to be important. These “market
recommendations” arise from several influential arenas, such as professional societies
(e.g., Achieve, Inc.; Fordham Foundation; NCTM), as well as state and national
curriculum standards (e.g., GLEs, NCTM Standards). However, whatever the forces that
affect the content of textbooks, the authors have determined learning trajectories within
these textbooks through the inclusion, exclusion, and sequencing of content. In the field
of mathematics education, it is precisely with respect to the ALT construct as related to
the textbook curriculum that there is a lack of description and identification of the
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development of mathematics content. Consequently, through this study, the nature of the
sequencing and development of mathematics content within the textbook curriculum is
identified, described, and analyzed through the construct of the ALT and six disciplinary
perspectives.
The intended curriculum encompasses the local, state, and national standards
regarding what mathematics content should be taught, as well as the grade-level at which
the authors of the documents deem appropriate for the content to be taught. Forces that
influence this curriculum comprise the perceived needs of society (e.g., workforce
demands, an informed citizenry); advances in mathematics and science; understanding of
student learning; and technology. Moreover, textbook adoption policies and high-stakes
assessments influence this area of curriculum. Standards documents of larger and
influential adoption states often dictate what mathematics content textbook authors will
include in their materials. The inclusion of particular mathematics content on high-stakes
assessments also impacts what textbook authors deem to be important mathematics
content to be included in their written materials. Furthermore, the values, beliefs, and
philosophies that are held vis-à-vis the importance of mathematical topics, as well as the
goals of education, greatly influence what is deemed as crucial for students to learn,
which in turn influences what is included in standards documents.
The assessed curriculum entails the ways in which learning outcomes are
assessed, including the design of the assessments for particular curricula. Forces such as,
time allotted for assessment; testing conditions; psychometric constraints; and alignment
all influence what and how curriculum is assessed.
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The implemented curriculum describes the curriculum as it is presented,
negotiated, and used for instruction in the classroom by both the students and the teacher.
In other words, the implemented curriculum is a way to describe the actual conveyance of
mathematical knowledge in the classroom setting, stemming from teacher instructional
practices (including teachers’ use of materials in the textbook curriculum). Major forces
influencing what, and in what ways curriculum is implemented include: teachers
mathematical and pedagogical knowledge, beliefs about teaching and learning, perceived
student needs, expectations of the community, and access to materials other than the
textbook.
Finally, the learned curriculum refers to what actually has been internalized,
conceptualized, and understood by the student. The extent to which students’
understanding has been achieved is not wholly accessible; however, there exists some
aspect of the implemented curriculum, which is communicated through classroom
interactions and forms the learned curriculum. External forces that impact this area of the
curriculum include: students’ prior knowledge, motivation, and effort; teaching; and
support at home.
Teachers’ Use of the Textbook Curriculum
The use of textbooks in teachers’ instructional practice is a pervasive and well
established aspect of mathematics classroom instruction in the United States, as well as
internationally. Robitaille and Travers (1992) note the substantial reliance on textbooks in
teachers’ daily teaching practices in all countries; and maintain that this textbook
dependence is, “perhaps more characteristic of the teaching of mathematics than of any
other subject in the curriculum” (p. 706). Furthermore, the authors argue that, “there is no
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doubt that the content of textbooks is a significant factor in determining students’
opportunity to learn and their achievement” (p. 706).
In their article reflecting on textbook use and student learning in the 1980s, Tyson
and Woodward (1989) observe that recent studies indicate 75 to 90 percent of instruction
within the classroom is structured by textbooks (e.g., Woodward & Elliot, 1990).
Moreover, the authors note that, “in most subject areas, textbooks define the scope and
sequence of instruction” (p. 14). Furthermore, in their examination of textbook use in
classrooms, Grouws and Cebulla (2000) reported findings from a study of 1996 NAEP
data in which 61 percent of grade 4 students and 72 percent of grade 8 students were in
classrooms in which the use of mathematics textbooks was reported by teachers to occur
on a daily basis. Reflecting on these studies, Grouws and Cebulla argue that, “there is
ample evidence that in the United States, mathematics textbooks determine to a large
extent what is taught in elementary, middle, and high school curriculum” (p. 234).
Adding to the findings of teachers’ use of textbooks in instruction in the 1992 and 1996
NAEP, Grouws, Smith, and Sztajn (2004) note that the 2000 NAEP data indicate that
across the years (1992, 1996, and 2000), teachers’ use of textbooks is relatively stable. In
particular, the authors note that at both grades 4 and 8, two thirds of students were in
classrooms in which their teachers reported doing problems from textbooks daily.
Consequently, these authors maintain that textbooks “play a central role” (p. 251)
apropos mathematics instruction in the United States.
Data presented in the Findings from IEA’s Repeat of the Third International
Mathematics and Science Study at the Eight Grade (Mullis, et al., 2000) further indicate
that teachers’ use of textbooks in instruction is prevalent in the United States, as well as
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internationally. The authors report that, “according to 55 to 59 percent of the students,
discussing homework and working independently on worksheets or textbooks were also
frequent activities in class” (p. 200). Furthermore, in their Report of the 2000 National
Survey of Science and Mathematics Education, Weiss et al. (2001) provide data
indicating that in grades 5-8, 92% of mathematics teachers reported using commercially
published textbooks or programs. Of these middle grades teachers, nearly all (94%)
reported covering more than 50% of the materials during the duration of the course.
Moreover, two thirds of the teachers professed to have covered more than three fourths of
the textbook or program. Further complicating the landscape of teacher textbook use is
evidence indicating that teachers lend credence to the quality of the textbooks they
employ in their instructional practices. Weiss et al. note that, “It is interesting to note that
while national experts in science and mathematics education are often critical of textbook
quality (AAAS, 2000a, 2000b), most teachers consider their textbooks to be of relatively
high quality” (p. 86). In fact, 76% of the middle grades teachers reported their
perceptions of the quality of their textbooks or programs were at least “good” (on a scale
of: very poor, poor, fair, good, very good, or excellent).
While these previous studies are largely based on questionnaire data, recent
studies and projects have employed other research tools to better understand the nature
and extent of teachers’ use of mathematics textbooks and curriculum materials. In
particular, among the plethora of research tools, these studies have used table of contents
logs, classroom observations, teacher diaries, and teacher interviews to gain insight into
the various ways in which a teacher may use the textbook for planning and implementing
mathematics content for the classroom. In his study on teachers’ use of district-adopted
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textbooks, Chávez (2003) reported on his findings from analyses of 53 middle school
mathematics teachers from eleven school districts, as well as in-depth case studies of
three teachers’ textbook use. Among the eleven school districts, six of the districts
(comprising 27 of the participating teachers) used standards-based curriculum materials,
including CMP, Mathematics in Context (MiC), or Math Thematics. The other five
districts (comprising 26 of the participating teachers) used eight other various
conventional curriculum materials, including Glencoe and Saxon. In particular, Chávez
provides results of three areas of descriptive analyses: initial teacher surveys, textbook
use diaries, and classroom observations. In addition, he provides analysis of teacher
interviews and additional observations of the three case study teachers. Through his
analysis of these data, Chávez contributes a critical component to the study of teachers’
use of textbooks; namely that middle school mathematics teachers use their textbooks
heavily to guide their preparation and instruction.
Specifically, Chávez notes that through the examination of textbook diaries, kept
by the teachers twice a year for ten consecutive lessons, almost 70% of teachers reported
using the textbook 75% of the time during their lessons over these ten day time spans. In
fact, Chávez notes, “In all cases, it can be said that regardless of the kind of textbook
used, the overwhelming majority of teachers in this study used their mathematics
textbook very frequently” (p. 76). Moreover, even though textbooks influence both the
content as well as the presentation, Chávez notes that the data point to the content being
influenced most by textbooks. In fact, through the analysis of observation data, Chávez
found that “most teachers used tasks from the textbook or taught lessons guided by the
textbook” (p. 82). Overall, although these teachers were in no way associated with each
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other through professional development projects, nor were their districts in any way
associated, there were striking similarities regarding teachers’ use of middle grades
mathematics textbooks. In particular, Chávez offers this compelling statement regarding
textbook use, “Whether the teachers selected tasks from the textbook or let the textbook
guide their lessons…it is clear that textbooks determined to a great extent what was
taught in these classrooms and how it was taught” (p. 85).
Chávez’s findings from data on 53 teachers were confirmed through his analysis
of case studies of three teachers. In particular, these data offer focused insight into
teachers’ beliefs regarding their textbook use. Chávez found that one teacher essentially
had no time, “to stray from the text” (p. 98) due to going through the textbook one page
after another. Moreover, Chávez notes that another teacher used the textbook as, “her
main guide, it is the most important factor in both the topics and content she selects” (p.
120). Furthermore, in the case of the third teacher, Chávez notes that, “Kate did not select
or adapt tasks. The problems in the textbook were for the most part one-step exercises
that were always presented to the students as they were laid out in the textbook” (p. 141).
Overall, Chávez notes that although these three teachers were using different curricula
(MiC and Saxon) for different reasons and with different beliefs regarding the materials
(like, dislike, or otherwise), they all, “followed their textbooks very closely” (p. 149)
Moreover, he notes that, “Their mathematics courses were shaped directly by the
textbook” (p. 149). The findings from Chávez’s study point to a need to better understand
the scope and sequence of learning trajectories related to important mathematical content,
and how authors of mathematics textbooks articulate the development of this content. In
particular, given that these teachers followed their middle grades mathematics textbooks
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so closely, it is imperative that we have a sense of what the learning trajectories are
regarding the content that these teachers have provided their students the opportunity to
learn. In other words, what are the precise articulated learning trajectories that these
teachers followed so closely? I argue that this is a crucial question, as the ALT clearly
has a large impact on teacher instruction and student learning, particularly regarding the
scope and sequence of mathematical content in which students eventually are given the
chance to engage.
Chávez’s study is not the only recent analysis that has been conducted using a
wider range of research tools than questionnaire data. The following studies point to very
similar findings as the previous studies, and their timeliness provides further compelling
evidence that mathematics teachers’ still heavily use their textbooks and curriculum
materials in structuring their classes; in other words, in planning and presenting
mathematics content for their students.
Tarr, Chávez, Reys, and Reys (2006) analyzed teachers use of textbook materials
across three dimensions: teacher surveys, classroom observations, and table-of-contents
records. In the teacher surveys, the authors found that about half of the teachers in their
study planned on using the textbook in 90% or more of the instructional days afforded
them. In addition, nearly 90% of the teachers noted that they intended to use the textbook
in at least 75% of the instructional days. In reporting their use of textbooks through
textbook-use diaries, over 70% of teachers reported using the textbook in three-fourths of
the instructional days. Furthermore, the authors report that in their observations, which
occurred at least three times during the year, that teachers used textbooks in nearly ninetenths of the observations.

40

Tarr, Chávez, Reys, and Reys (2006) also provide anecdotal data illustrating
teachers’ beliefs of the importance of textbooks in their instructional practices. In
particular, the authors present the comments of one teacher who notes using the textbook
as “a crutch” (p. 199) in that it largely shapes what is taught. The authors also provide the
comments of a first year teacher, “…I just don’t have the materials, nor do I have the
sense of progression or pacing and the text has that” (p. 199). Although the first year
teacher recognized the need to rely heavily on the textbook for content, sequencing, and
pacing issues, the authors note that eleven teachers used textbooks as an occasional
resource. In fact, the authors note that these teachers, “indicated that they draw from their
years of experience and knowledge in teaching mathematics” (p. 200). However, an
argument could be made that the beliefs that underlie these teachers notions of what
mathematics should be taught and how it should be sequenced, were constructed during
their more formative years of teaching through adopting, implementing, and modifying
content and learning trajectories within textbooks. Overall, the authors conclude that,
“these data suggest that textbooks likely impact students’ mathematics experience in
important ways” (p. 200). The current study seeks to identify the ways in which students’
mathematical experiences differ with respect to the differences inherent in the ALTs
within the textbooks studied. In other words, this study identifies important differences in
the presentation of mathematics in textbooks used by teachers to structure their students’
mathematical experiences. The argument made by the authors previously cited is further
supported by a group of researchers currently engaged in the project, Comparing Options
in Secondary Mathematics: Investigating Curriculum (COSMIC).
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In their paper reporting on insights from the COSMIC project, McNaught, Tarr,
and Grouws (2008) offer relevant and timely data regarding teachers’ use of textbooks in
determining the content and sequencing of their instruction. The authors provide data
complied from a sample of 33 secondary school teachers in 5 states that taught 112
classes, 60 of which used textbooks where the content was organized in an integrated
manner and 52 of which used textbooks where the content was subject-specific. The data
collected included: written surveys, Table of Contents Records (TOC), and Textbook-Use
Diaries (TUD). As well, the researchers used Classroom Visit Protocols (CVP) and
teacher interviews to document the content and presentation dimensions of
implementation.
The authors present their findings using several indices. The Opportunity to Learn
Index (OLT), “essentially represents the percentage of the content in the textbook that
students were provided an opportunity to learn” (p. 7). However, it is important to note
that, though an index of 50 means students were provided an opportunity to learn 50% of
the content in the textbook, it does not necessarily imply that the first 50% of the
textbook was covered. The Extent of Textbook Implementation Index (ETI), “indicates
the degree to which the content contained in the lessons was taught directly from the
textbook” (p. 8). In particular, this index relates to whether teachers’ taught content
within lessons primarily using the textbook, using some supplementation, primarily using
other sources, or not at all. The Textbook Content Taught Index (TCT), “reports the
extent to which teachers, when teaching textbook content, followed their textbook,
supplemented their textbook lessons, or used altogether alternative curricular materials”
(p. 9). Finally, through classroom observations the researchers, “recorded the extent to
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which the textbook was the source of the lesson” (p. 9). These Content Fidelity Ratings
were based on a scale of 1 to 5 where, “a higher rating indicates that the content of the
enacted curriculum was consistent with the written curriculum and the textbook was the
primary source of the lesson content with little or no deviation or supplementation” (p. 9).
McNaught, Tarr, and Grouws (2008) report that the OLT index for all teachers
indicated that over 75% of the textbook content was covered. The authors report that the
ETI index indicated that almost half of the content was taught primarily from the
textbook (47%) and 21% of the content was taught with supplementation. That is, nearly
70% of the content taught was either primarily from the textbook or was taught from the
textbook with some supplementation. In addition, the authors note that the TCT index,
which “restricts the focus to just the content embodied in the textbook that was taught”
(p. 11), indicates that nearly 90% of the content actually taught was either taught directly
from the textbook or taught from the textbook with some supplementation. While 12% of
content taught came from alternative sources. Lastly, the authors report that the mean
Content Fidelity rating across all teachers was 4.15 on a scale of 1 to 5. That is, in their
observations the COSMIC researchers found the enacted curriculum to be closely aligned
with the written curriculum, and the textbook to be the primary source of the content in
the lesson.
Overall, McNaught, Tarr, and Grouws (2008) argue that although mathematics
textbooks are often considered to be “a mile wide and an inch deep” (Schmidt,
McKnight, & Raizen, 1997), what is in fact taught from the textbooks does not
encompass the breadth of the entire textbook. Moreover, the authors note that with the
substantial use of supplemental materials, the appropriateness and reasons for this
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supplementation should be of concern to teachers and district-wide mathematics
coordinators. In particular, of the questions the authors broach, the following is of
particular interest to my study: “Are there shortcomings in the way the content in the
textbook is presented?” (p. 13). As this relates to my study, an important issue is raised,
namely, are perceived shortcomings in textbooks compounded by a lack of information
for teachers, coordinators, and others related to learning trajectories within and among
textbook series? In other words, without knowing how a particular lesson or content
within a lesson relates to another part of the same textbook, or to another textbook that
students will use in their subsequent courses, are teachers prone to supplement the
content due to a perception that the content is lacking? Furthermore, if teachers
supplement content too early in the development of mathematical knowledge, then are
later developments of mathematical knowledge subsequently hindered due to possible
differences between these materials and the written curricula used? With the descriptions
of the articulated learning trajectories presented in this study, teachers will be better
equipped to make decisions regarding supplementation of content, in that they could
better determine how and when the content will be represented later in the trajectory.
The authors and researchers of the various studies previously discussed offer
compelling evidence that the textbook curriculum is of vital importance in the scope and
sequencing of the mathematics content within the classroom. Moreover, there is strong
indication that middle grades mathematics teachers do not deviate from the materials they
use in the classroom. Consequently, the way in which the content of the textbook
curriculum is presented, sequenced, and developed impacts students’ opportunity to learn
mathematics. However, while many studies have been conducted in order to evaluate
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curriculum materials based on a variety of measures, little is known about the scope and
sequence of learning trajectories within and across textbooks currently in use in the
United States. This study provides such descriptions, and clearly identifies the
mathematics content that students have the opportunity to learn, and the sequence of this
content that comprises students’ mathematical experiences in the middle grades related to
the development of patterning and algebraic thinking concepts. In the next sections, I
provide an overview of prominent content analyses conducted within the last decade, and
make a case for the need for minimally evaluative but descriptive content analyses
apropos articulated learning trajectories.
Recent High-Profile Content Analyses
Stein, Remillard, and Smith (2007) delineate among what they argue are three
important foci of content analyses examining students’ opportunities to learn: (1) what
content is covered, (2) how is content presented, and (3) with what support for teacher
learning. These researchers argue that examining what includes “what mathematical
topics are covered in a given set of curriculum materials” (p. 327). They make the
distinction between what and how, in that, content analyses that focus on how, “more
sharply focus on pedagogical intent” (p. 330). However, I maintain that the part of
content analyses that focuses on how, should focus not only on pedagogical intent but
give specific attention to how the mathematics is presented, sequenced, and developed
within a textbook. For example, how are functions introduced? Are they introduced in a
context of ordered pairs, mappings, graphs, or is some other approach used? The third,
and “relatively new,” area of content analyses the authors outline, the support for teacher
learning, essentially attempts to ascertain, “how well curricula promote teacher learning”
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(p. 334). The authors argue that this area focus of content analyses is becoming a more
prevalent field of research due to the increase in student-centered materials in the
marketplace as teachers wrestle with new ways of teaching mathematics.
In the remainder of this section, I highlight the most recent and significant content
analyses conducted within the last decade. The importance of these content analyses is
evident by their examinations and summaries in the NRC report, as well as the chapter by
Stein, Remillard, and Smith (2007) in the Second Handbook of Research on Mathematics
Teaching and Learning. Though the authors of the NRC report found few studies that
critically analyzed content in mathematics textbooks, three main studies related to
middle-school mathematics curricula highlighted by the NRC authors are also outlined
and designated by Stein, Remillard, and Smith (2007) as, “three of the most prominent
content analyses performed over the past decade” (p. 328). These studies are: Project
2061 of the American Association for the Advancement of Science (AAAS) (AAAS,
2000a; 2000b); the U.S. Department of Education’s Exemplary and Promising
Mathematics Programs (U.S. Department of Education's Mathematics and Science
Expert Panel, 1999); and the work of persons associated with Mathematically Correct
(Clopton, McKeown, McKeown, & Clopton, 1999). The authors and researchers
involved with these analyses, for the most part, offer evaluations of curricula used in the
U.S. as judged against a set of benchmarks, and provide a subsequent ranking of curricula
according to said benchmarks. Ratings of programs reported varied from strong to weak
(or similar constructs). As I will discuss in more detail in a later section, these ratings are
dependent on a myriad of criteria and the tacit values of the researchers.
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American Association for the Advancement of Science - Project 2061
In their analyses of mathematical content of middle-school curricula (AAAS,
2000b), the researchers focused on only the written materials of mathematics programs
composed expressly for the middle grades. As such, they evaluated 13 textbook series,
some well established in the marketplace and others, at the time, just entering the
marketplace. The authors of the NRC report provide a well-summarized description of
the AAAS content analysis procedure for the middle grades evaluation:
•
•
•
•

•

Identify specific learning goals to serve as the intellectual basis for the
analysis, particularly to select national, state, or local frameworks.
Make a preliminary inspection of the curriculum materials to see whether
they are likely to address the targeted learning goals.
Analyze the curriculum materials for alignment between content and the
selected learning goals.
Analyze the curriculum materials for alignment between instruction and
the selected learning goals. This involves estimating the degree to which
the materials (including their accompanying teacher’s guides) reflect what
is known generally about student learning and effective teaching and,
more important, the degree to which they support student learning of the
specific knowledge and skills for which a content match has been found.
Summarize the relationship between the curriculum materials being
evaluated and the selected learning goals. (p. 69)
Regarding the selection of the mathematics learning goals, the AAAS researchers

note that they relied on the NCTM Curriculum and Evaluation Standards, as well as
AAAS’s Benchmarks for Science Literacy. Moreover, in determining the learning goals,
the authors argue that two conditions must be met: “(1) the goals must reflect a national
consensus on mathematics that all students should know and be able to do, and (2) the
intent of the goals must be clear, specific, and unambiguous”.
Consequently, six benchmarks were chosen to serve as criteria for the evaluation
of content. The authors argue that the subject matter of these benchmarks, “deal with
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concepts and skills that nearly everyone would agree are important for middle school
students to achieve” (part 1). The six benchmarks are:
Number Concepts: The expression a/b can mean different things: a parts
of size 1/b each, a divided by b, or a compared to b.
Number Skills: Use, interpret, and compare numbers in several equivalent
forms such as integers, fractions, decimals, and percents.
Geometry Concepts: Some shapes have special properties: Triangular
shapes tend to make structures rigid, and round shapes give the least
possible boundary for a given amount of interior area. Shapes can match
exactly or have the same shape in different sizes.
Geometry Skills: Calculate the circumferences and areas of rectangles,
triangles, and circles, and the volumes of rectangular solids.
Algebra Graph Concepts: Graphs can show a variety of possible
relationships between two variables. As one variable increases uniformly,
the other may do one of the following: increase or decrease steadily,
increase or decrease faster and faster, get closer and closer to some
limiting value, reach some intermediate maximum or minimum,
alternately increase and decrease indefinitely, increase or decrease in
steps, or do something different from any of these.
Algebra Equation Concepts: Symbolic equations can be used to
summarize how the quantity of something changes over time or in
response to other changes. (part 1)
The researchers discuss three key areas related to the analysis of content, which they
argue set this study apart from “other evaluation efforts” (part 1): the process used was
rigorous and applied consistently; the procedure was evidence-based; and the benchmarks
reflect significant mathematics content. However, the researchers also recognize that, as
with any study there are limitations. One particular limitation that has implications for my
study is the authors acknowledgment that, “other important content, such as probability
and statistics, patterns and functions, and measurement, was not reviewed” (part 2).
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Consequently, this study provides a critical examination, albeit a less evaluative one, of
important mathematics content not addressed through the AAAS study.
Overall, they found few differences among 12 of the 13 textbooks regarding
number and geometry skills, but there were differences in the scope and extent of the way
in which the textbooks addressed fractions, shapes, and equations from a conceptual
standpoint. The authors note that, “none of the textbook series attempted to address all of
the ideas and skills contained in the six benchmarks” (part 1).
Department of Education’s Exemplary and Promising Mathematics Programs
In their analysis of exemplary and promising mathematics programs, the authors
of the report by the U.S. Department of Education Mathematics and Science Expert Panel
(1999) argue that due to the influence national standards have had on state standards and
curriculum frameworks, “the Expert Panel for Mathematics and Science Education
sought out programs that exemplify the high level and challenging mathematics called for
in the National Council of Teachers of Mathematics (NCTM) standards and the American
Association for the Advancement of Science (AAAS) benchmarks” (pp. 2-3). The
authors maintain that the findings of this study serve to provide schools with information
from which informed decisions regarding curriculum can be made. Moreover, they argue
that the findings serve to provide information for persons involved in pre-service teacher
education regarding these mathematics programs.
The eight criteria used for rating mathematics programs in this content analysis
are organized within four broad areas of concern: Quality of Program, Usefulness to
Others, Educational Significance, and Evidence of Effectiveness and Success. The eight
criteria outlined by the researchers are as follows:
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1. The program’s learning goals are challenging, clear, and appropriate
for the intended student population.
2. The program’s content is aligned with its learning goals, and is
accurate and appropriate for the intended student population.
3. The program’s instructional design is appropriate, engaging, and
motivating for the intended student population.
4. The program’s system of assessment is appropriate and designed to
inform student learning and to guide teachers’ instructional decisions.
5. The program can be successfully implemented, adopted, or adapted in
multiple educational settings.
6. The programs learning goals reflect the vision promoted in national
standards in mathematics education.
7. The program addresses important individual and societal needs.
8. The program makes a measurable difference in student learning. (pp.
5-7)
In their summary of this study, Stein, Remillard, and Smith (2007) note that
overall, standards-based curricula held an edge over more conventional curricula on the
criteria used. Furthermore, these authors observe that due to the reliance on national
standards, and in particular the implied influence of the NCTM Curriculum and
Evaluation Standards on the development of the eight criteria, the findings and
credibility of the criteria, “came under attack by opponents of NCTM Standards and
Standards-based reform” (p. 329). These attacks revolved around perceived
“carelessness” of some of these programs with regard to mathematical content; the
alignment of the criteria with the NCTM Standards; and the treatment of standard
algorithms within the “exemplary” curriculum materials.
Mathematically Correct
In the Mathematics Program Reviews for Grades 2, 5, and 7, the authors provide
insight into the purpose of their study by noting that, “to achieve algebra readiness by the
end of seventh grade, careful attention must be paid to curriculum and learning objectives
from the earliest grades” (Clopton, et al., 1999). As such, the authors chose the three
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grade levels for their analysis as a way to consider progress through the elementary
grades. In a brief description of their methods common to each grade level review, the
authors comment that, “Within each review area, the depth of content, quality of
presentation and quality of student work were used to assess the depth of student learning
likely to occur with each program, and an overall rating was awarded” (Clopton, et al.,
1999). The “overall rating” for the curricula is reported vis-à-vis a system of “grades”
(e.g., A, B, C, D, or F). However, Mathematically Correct did not offer actual criteria for
how a grade is assigned to a textbook.
In particular, the authors note that for their review of seventh grade programs, “A
set of key topics, representing an array of algebra readiness concepts, knowledge, skills
and problem-solving applications, was chosen for examination. Key benchmarks within
these areas were drawn from various high-level standards documents and used as the
content basis for review of each mathematical topic” (Clopton, et al., 1999). The topics
selected for review in the seventh grade were: Properties, Order of Operations;
Exponents, squares, roots; Fractions; Decimals; Percents; Proportions; Expressions and
Equations – Simplifying and Solving; Expressions and Equations – writing; Graphing;
Shapes, Objects, Angles, Similarity, Congruence; and Area, Perimeter, Volume,
Distance.
Stein, Remillard, and Smith (2007) note that standards-based curricula did not
fare as well as conventional curricula under the Mathematically Correct evaluations. In
fact, the only standards-based curriculum to receive a grade above a D was Everyday
Mathematics. Conversely, only two conventional curricula received lower than a grade of
B.
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Stein, Remillard, and Smith (2007), echoing Hiebert (1999), note that these three
prominent studies, using differing criteria, yielded a wide range of recommendations and
makes clear, “the need for transparency regarding the criteria used” (p. 330). Moreover,
consumers and decisions makers who turn to these types of evaluative studies, in their
selection of materials, must first define what they hold to be important mathematically
apropos student learning. While these three studies focused on curriculum materials
produced vis-à-vis a climate of standards documents and marketplace forces in the United
States, two other recent studies incorporated materials from the Singapore mathematics
program into their content analyses.
Prominent Studies with International Comparisons
Two major content analysis studies employ the use of criteria derived from
Standards documents (e.g., NCTM PSSM) or derived internally (e.g., by those conducting
the study) to form the basis of comparative analyses within and among U.S. mathematics
curricula and Singapore’s mathematics curriculum. The report submitted to the National
Science Foundation by the Department of Applied Mathematics at the University of
Washington (Adams, et al., 2000) (hereafter denoted as the Adams report); and the study
prepared for the U.S. Department of Education Policy and Program Studies Service by
the American Institutes for Research (AIR) (Ginsberg, Leinwand, Anstrom, & Pollock,
2005) (hereafter referred to as the AIR report) both offer comparisons between
Singapore’s mathematics curriculum and various curricula used in United States
classrooms.
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The Adams report. In the Adams report, three curricula were compared:
Singapore mathematics7 (New Elementary Mathematics series and Syllabus D
Mathematics series)8; Connected Mathematics Project9; and Mathematics in Context10.
The researchers made a conscious decision to make two different types of comparisons.
The authors note that the first comparison, namely the comparison of each curriculum
against the NCTM PSSM, is crucial in that, “if a school district in the United States
would like to evaluate the Singapore curriculum (or any curriculum) for adoption, then it
is important that we provide the information on how it fares against a set of adopted
American standards” (p. 1). The authors argue that the second comparison, namely that of
each curriculum compared against each other, is important in evaluating the depth and
breadth, as well as the accuracy of the mathematics of one curriculum versus another.
These researchers evaluated the three curricula against each of the NCTM PSSM
Standards (number, algebra, geometry, measurement, data and probability, problem
solving, reasoning and proof, communication, connection, and representation), as well as
the NCTM PSSM Principles (equity, curriculum, teaching, learning, assessment, and
technology). Moreover, direct comparisons are drawn between each of the curricula on
each of the Standards and Principles. In each of the comparisons against the NCTM
PSSM Standards and Principles, the authors provide a guiding question (e.g., Does the

7

Primary 4-6 and Secondary 1-2, grade levels corresponding to the U.S. middle-grade
levels.
8

Materials published by Pan Pacific and Shing Lee, respectively.

9

Grades 6 through 8.

10

The researchers primarily examined the Plan B materials that are used in implementing
MiC as a three-year rather than a four-year program.
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curriculum enable all students to work flexibly with fractions, decimals, and percents to
solve problems?); an evaluative score referencing the degree to which the standard is met
(e.g., fully met, adequately met, not adequately met, or not met); evidence for the given
score; and a discussion regarding the scores assigned to each curriculum. At the end of
the analysis of each Standard/Principle, the authors provide a summary section (e.g.,
Number Standard Summary) in which they provide a summary of how each curriculum
fared apropos the guiding questions, and the overall adherence to the Standard/Principle.
In their analysis of the direct comparisons between the curricula, the authors
provide general summaries related to each section (e.g., Number Comparison). In these
summaries, the authors provide evidence and narrative related to the strengths and
weaknesses of these curricula compared with each other.
When compared with the NCTM PSSM Standards and Principles, Singapore
scored lowest, while both CMP and MiC excelled and were noted as quite similar in
philosophy and execution. However, the authors were not overly surprised by these
results. According to the authors of the report, while the two U.S. curricula were written
to reflect the NCTM Curriculum and Evaluation Standards, and thereby reflect much of
the NCTM PSSM Standards and Principles; Singapore texts were conceived in order for
students to be prepared for the country’s General Certificate of Education (GCE)
examinations. The authors note that the level of mathematics in the two U.S. curricula is
not as advanced as in the Singapore materials. In particular, “CMP and MiC meet the
2000 NCTM algebra standard, although the mathematical level is much lower than that
covered in the Singapore texts” (p. 164).
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The authors of the Adams report caution that the three curricula they are
comparing are based on very different philosophies regarding student learning, and argue
that they are, “in some sense comparing the incomparable” (p. 1). However, the
uniqueness of the Adams report was recognized by the authors of the NRC report who
argue that the study was crucial in demonstrating, “the importance of the selection of the
standards and the comparative curricula in their reported results. When these NSF
programs were compared to the NCTM Principles and Standards for School Mathematics
(PSSM), they showed strong alignment; when contrasted with the Singapore curriculum,
they revealed delays in the introduction of basic material” (pp. 74-75).
Although aspects of the current study parallel the comparative aspects of the
Adams report, it provides more in-depth analysis and richer descriptions related to
learning trajectories apropos algebraic thinking. Moreover, this study provides evidence
related to the manner in which these trajectories are articulated by the authors of the
curricula. Although the authors of the Adams report provide substantial evidence
regarding the degree to which the content of these curricula meet the various Standards
and Principles, I maintain that their summaries drawing comparisons between the
curricula do not provide the field with much richness with regard to the way in which
concepts are developed within and across the curricula. For example, the authors
provided evidence that addresses the extent to which the CMP materials meet the Algebra
Standard Question 1: Does the curriculum enable all students to represent, analyze, and
generalize a variety of patterns with tables, graphs, words, and when possible symbolic
rules? However, the evidence the authors provide is essentially a list of single examples
from each grade level. These data may adequately address the degree to which the CMP
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materials adhere to the particular guiding question, but it falls short of my goal of
providing a rich description of the learning trajectory associated with algebraic thinking.
For instance, one of the pieces of evidence provided regarding the above guiding
questions comes from grade 7 CMP materials: “Moving Straight Ahead. In IV1, students
predict how the pattern will continue. They determine the two variables that are involved
and state their relationship” (p. 43). Although these data addresses the guiding question, it
does not provide the depth needed to discuss the overall articulated learning trajectory
related to algebraic thinking within the CMP materials. One might rightly question what
mathematical prompts students are given in grade 6 related to this type of problem, as
well as what prompts will follow in grade 8 that might or might not build on these grade
7 activities. Furthermore, it is unclear what patterns the students are asked to “continue,”
much less the accuracy of such prompts related to the continuation of patterns and the
subsequent vague introduction of variable into the discussion of pattern continuation.
These authors further maintain that, “it is also our prediction that students wishing to take
calculus before the end of their 12th grade year are likely not to be on track to do so after
completing 8th grade CMP or MiC, but would be ready to do so after completing
Singapore’s SL2 [the Syllabus D Mathematics year 2 materials]” (p. 164). I argue that
without examining the development of mathematical content across grade levels via
articulated learning trajectories, such claims of the future success of students completing
any curriculum are unfounded (or not well supported). At the very least, the authors of
this report must recognize that without such studies (and even with such studies), it is
precarious to offer any prognostications related to students’ mathematical success in
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courses four years in their future based on data that are lacking depth in describing the
development of topics across the previous three years of their schooling.
The AIR report. The analysis of Singapore and U.S. mathematics textbooks
conducted at grades 1-6 by the authors of the AIR report is part of a larger exploratory
study in which important aspects of the U.S and Singapore mathematics systems at the
primary grades are compared. In particular, the authors analyzed aspects of each
country’s system related to: mathematics frameworks, textbooks, assessments, and
teachers. In particular, the authors state that, their comparative study focused on four
areas, mathematical frameworks, textbooks, assessments, and teachers to determine how
these aspects function within the Singapore and United States systems. In noting the
reason for including textbook comparisons in the broader comparative analysis, the
authors recognize that the curriculum is delineated by the available textbooks. In
particular, with regard to the textbook analysis aspect of the study, the authors selected
three elementary curricula: Everyday Mathematics, the Scott-Foresman Addison-Wesley
Mathematics series for grades 1-6, and Singapore’s Primary Mathematics. In discussing
their methodology, the authors indicate some of their initial assumptions noting that after
a course with a “good elementary mathematics textbook,” students should understand,
“not only the mechanics of mathematics problem solving but also the mathematical
concepts themselves. The textbook should also provide students with sufficient exercises
so that they can practice the mathematical concepts they have learned” (p. 39).
The authors analyzed these curricula at three levels: the textbook level, the lesson
level, and the problem level. At each of these levels, the authors offered schemes related
to the coding and comparison of the curricula. However, for each of these levels, it is
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patently unclear as to how the researchers arrived at the classifications that were used in
reporting findings. Importantly, there is no explicit or implicit mention of any reliability
measures employed by the researchers to ascertain the accuracy of their categorizing,
coding, and comparing of the curricula. Furthermore, it is unclear as to whether one
person determined categories at each of these three levels, and then that one person
analyzed the curricula; or if myriad people were involved in the process.
At the textbook level, the authors note that they examined the organization and the
content of the textbooks. In fact, they maintain that they, “analyzed the treatment of
specific mathematical content in terms of how intensely the textbooks cover different
content areas and topics. These comparisons address the emphasis and focus the textbook
gives to different instructional content” (p. 41). The data used by these authors for their
analysis of the organization of textbooks revolved around the number of pages in a given
textbook devoted to “development,” “exercises,” or “other.” However, it is once again
unclear as to how the researcher(s) determined the number of pages for each of these
categories, and moreover if more than one researcher was conducting this analysis, and
then what was the reliability of the coding across the researchers. For example, the
designation of “pages of development” is a broad notion. Certainly not everyone who
examines a Grade 3 Everyday Math textbook would agree that there are 137 pages of
development, particularly given that pages of development is defined by the authors to be
pages that, “contain primarily instructional material” (p. 41). Furthermore, it is never
clearly explained how “instructional material” differs or is similar in the three textbooks,
nor any examples of what a page might look like that is designated as containing
primarily instructional material.
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Although there are fundamental issues related to the methodology of the study,
the authors do provide interesting data related to their categories, codes and comparisons.
In particular, the authors note that the Singapore and Scott-Foresman textbooks differ
widely with regard to the number of textbook pages across all the primary grades. In
grade 1, Singapore textbooks have 500 total pages, while Scott-Foresman textbooks have
560 pages. However, by grade 6, Singapore textbooks have 400 pages, while ScottForesman textbooks increased to more than 700 pages. The authors argue that it is within
the “other” pages, that the Scott-Foresman textbooks provide “extra practice, reviews,
and assorted features, that account for much of the difference in total page counts” (p.
41). The analysis of the “intensity” of content coverage is similarly quantitative. The
authors argue that Singapore textbooks cover any where from 13 to 19 topics across the
first six grades, while Scott-Foresman textbooks range from 25 topics in grade 1 to 35
topics in grade 5, with Everyday Mathematics textbooks falling between the two with a
minimum of 20 topics covered in grade 1 and a maximum of 34 topics covered in grade
5. The nature of the coding related to determining whether or not a topic was covered, as
well as the determination of how many total topics to count is not discussed by the
authors. Overall, the authors note that 44 topics were determined and then mapped onto
the textbooks to determine whether the curriculum covered the topic. The authors offer
the following statement as to how the 44 topics were determined: “the list [of
mathematics topics in the table provided by the authors] consists of the topics in the
Singapore framework supplemented by the topics covered in a majority of the
frameworks in the seven selected states11” (p. 43). It remains unclear though as to what

11

The seven state standards frameworks that were analyzed elsewhere in the AIR report
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precisely determines topic coverage. For example, the authors note that the topic of
ordinals is covered in the grade 1 Singapore textbook, the grade 1 and 2 Scott-Foresman
textbooks, and the grade 1 Everyday Mathematics textbook. However, in the table
provided by the authors, they present a question mark (“?”) as to whether or not ordinals
are covered in the grade 2 Everyday Mathematics textbook. Consequently, in examining
this report, it is not an uncomplicated endeavor to determine what it means for a topic to
be covered in these three textbook series.
At the lesson level, the authors provide three comparisons: a grade 1 comparison
regarding lessons related to understanding the meaning of addition; a grade three
comparison regarding lessons related to multiplication and division facts; and a grade five
comparison regarding lessons related to line graphs. There is no apparent connection
made across grade levels in any of the three curricula studied with regard to the
development of mathematical concepts along learning trajectories related to important
mathematical concepts. In other words, there is no connection between lessons at one
grade level, and the development of those concepts within lessons at other grade levels.
Lessons are treated as singular units, which the authors’ do not explicitly acknowledge as
being part of any larger articulated learning trajectories. Consequently, there is no
connection made to the way in which the authors of these textbook series develop the
concepts related to each of these comparisons across grades levels. For example, there is
no mention as to how understanding the meaning of addition is subsequently developed
in grade 3 and grade 5. It is precisely this deficit that my study addresses, and

and referenced here are California, Florida, Maryland, New Jersey, North Carolina, Ohio,
and Texas.
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consequently provides the field with an example of an analysis and a basis for future
comparisons regarding the development of concepts and topics not only within a singular
grade level, but across grade levels within a textbook series and among textbook series.
With regard to their analysis at the problem level, the authors analyzed “difficult”
exercises from problem sets for three “advanced” mathematical topic areas: volume, pie
charts, and ratios. The authors characterized the exercises across three dimensions: the
approximate number of steps needed to solve the problem; if the strategy for solving a
problem involved the use of an unknown intermediate variable; and if the strategy for
solving a problem required the mere use of a formula or definition, or on the other hand,
if the strategy involved an approach considered to be not routine. Each of these problems
were only considered singularly, and independent of any other context or trajectory. Each
of the textbooks had problems that required anywhere from 1 to 4 steps, with one of the
problems related to pie charts from the Singapore textbook requiring “about 6 steps” (p.
53). The three problems taken from the Scott-Foresman textbook required a routine
application of formula or definition to solve the problems, while the Singapore and
Everyday Mathematics problems required a routine, a non-routine, or some non-routine
applications of formulas or definitions to solve the problem. The authors maintain that the
selected problems were chosen because, “they represent the content and problems
illustrated in the lesson explanations for that topic” (p. 50). However, it is important to
note that the authors only examined a total of nine problems (three from each textbook
across three grade levels). Moreover, there was no discussion related to the larger
articulated learning trajectories of which these problems are a part. Importantly, in my
study, I address both the nature of the mathematics within the textbook material, as well
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as the connections between mathematical concepts within the ALTs identified in this
study.
It is worth noting further that in all the levels of analysis of textbooks, the authors
provide no mention of issues related to the reliability of their categorizing, coding, and
comparisons of the textbooks. In particular, with regard to the previously mentioned level
(the problem level), the authors make no mention as to whether or not all the researchers
involved with this analysis agreed on the approximate number of steps to arrive at a
solution, much less whether there was agreement regarding a routine or a non-routine
application of a formula or definition. Clearly, not every person engaged in research on
mathematics education would necessarily agree on what determines a routine or nonroutine application of a formula or definition. Consequently, without explicit
transparency regarding their analysis the authors reported findings, though intriguing and
informative, remain tenuous. In contrast, in Chapter 3 and the Appendix of this
dissertation, I explicitly identify the procedures undertaken in this study to determine
coding reliability between a research mathematician (algebraist), a research mathematics
educator, and myself.
The authors note that, “the U.S. textbooks expose students at each grade to nearly
double the number of topics, which means that these topics must be taught much more
superficially if teachers are to get through them in a year” (p. 61). However, the
overzealous topic coverage in U.S. mathematics textbooks is hardly news, namely, the
famous characterization of these textbooks rising from TIMSS data analysis as, “a mile
wide, inch deep” (e.g., Ginsberg, et al., 2005, p. 41; Schmidt, Houang, & Cogan, 2002, p.
3). However, as an alternative to lamenting the repetitive coverage of “topics” as
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individual units of mathematical knowledge to be singularly covered in a given year, I
submit that a fruitful addition/modification to the current debate is the development of a
framework to provide the field with coherent rich qualitative descriptions of the ways in
which (i.e., how) this repetitive content builds an articulated learning trajectory across
several grade levels to provide a holistic vision of the development of important
mathematical content through any given years (e.g., middle grades).
All of these studies were initiated to either evaluate the curricula against an
external set of criteria (e.g., standards and benchmarks), or against each other regarding
aspects of the textbook content. However, for the most part, the authors offer their
findings within similar constructs of “better/worse,” “strong/weak,” “adequate/deficient,”
and so forth. Moreover, this method of using external criteria to analyze curriculum
materials poses concerns for many, notably, the words of caution offered by Stein et al.
(2007), in drawing on Hiebert:
Differences in values have not and cannot be decided by empirical
analyses. However, once one’s values are clear and learning goals
compatible with those values have been specified, questions regarding
what curriculum is most effective (for achieving those goals) can be
answered empirically (Hiebert, 1999). (p. 327)
Furthermore, I argue caution must be heeded when comparing curricula. In particular, it
is crucial to be as objective as possible and not have a predetermined notion as to which
curricula is the “best” or “strongest.” To this end, it is imperative to strive to refrain from
using language rife with implicit, or worse, explicit biases. For example, noting that a
certain text offers, “clear and straightforward presentations” (Ginsberg, et al., 2005, p.
39) of concepts and topics as outlined in given frameworks does nothing of service to the
field. The vagueness and subjectivity inherent in the terms “clear” and “straightforward,”
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even if defined by the authors of the previous statement (which they are not), still should
raise concern within the community as to the objectiveness of the reported findings.
Moreover, when language such as this is employed, the community must question not
only what those terms mean apropos the mathematical presentation of content, and
student learning; but also to what end might the authors be employing the use of this style
of language. In the following chapters, I highlight findings and implications of my study.
In doing so, I have purposefully refrained from using language that is overly evaluative;
only in rare cases, where supported by the descriptive data, do I use comparative
language with regard to highlighting the differences in alignment with the six disciplinary
perspectives among the four textbook series in this study.
The focus and the reporting of findings from these five content analyses is to
provide a judgment, evaluation, or endorsement regarding the worth or lack of worth of a
particular curriculum over another according to the set of criteria employed by the
researchers. Undoubtedly, it is important to report these dichotomous (or often
trichotomous) findings for various reasons, such as providing interested parties with a
quick judgment of good, bad, or adequate; or for acquiring funding from state, national,
or local governments and entities for further study of particular curricula found to be of
“high-quality” related to areas of student learning, teacher education, and so forth.
However, as discussed previously, a primary obstacle with this style of reporting findings
on content analyses are the inherent biases associated with the values regarding the
selection of the criteria, the criteria itself, and the individual researchers involved with the
studies. There has also been a lack of research investigating what content is covered,
particularly due to the quantity of studies focused on evaluation, and the current era of
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accountability in which educators seek the “most effective” curriculum to implement
within their school, district, or state (e.g., state adoption lists). Moreover, I maintain there
is a lack of thorough analyses and articulation of how the content in current materials is
developed along learning trajectories across grade-bands in curricular materials,
particularly middle-grade textbook materials. This study identifies, describes, and
analyzes what content is covered, as well as how the content is covered through the lens
of the ALT construct.
Learning Trajectories: Hypothetical and Articulated
Hypothetical Learning Trajectories
The notion of a “hypothetical learning trajectory” (HLT) was first articulated by
Simon (1995), when he offered this new construct in order to, “contribute to a dialogue
on what teaching might be like if it were built on a constructivist view of knowledge
development” (p. 115). In his description, Simon maintained that, “the hypothetical
learning trajectory” includes: “the learning goal that defines the direction, the learning
activities, and the hypothetical learning process – a prediction of how a students’ thinking
and understanding will evolve in the context of the learning activities” (p. 136). In his
initial conception of HLTs, Simon focused specifically on teachers’ predictions related to
the way in which students might best achieve levels of understanding. However, in
reflecting on this initial discussion of the HLT, Simon and Tzur (2004) note that, in
particular, the HLT, “described how mathematics educators (i.e., teachers, researchers,
and curriculum developers), oriented by a constructivist perspective and particular
mathematics learning goals for students, can think about the design and use of
mathematical tasks to promote mathematical conceptual learning” (p. 92). Much of the
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work done and theory related to the development of HLTs has been focused on classroom
practice of teachers’ use of the HLT construct to guide student instruction (Baroody,
Cibulskiks, Lai, & Li, 2004; Battista, 2004; Clements & Sarama, 2004; Clements,
Wilson, & Sarama, 2004; Gravemeijer, 2004; Lesh & Yoon, 2004; Simon & Tzur, 2004;
Steffe, 2004); however, these researchers also recognize the importance of the HLT
construct in curriculum design, development, interpretation, and implementation.
In particular, researchers in The Netherlands involved with Realistic Mathematics
Education engaged in “developmental research,” use a hypothetical learning trajectory
construct and posit a thought experiment to help them envision and organize learning
along a given trajectory or trajectories (Clements, 2002; Clements & Sarama, 2004).
Simon and Tzur (2004) argue that an elaboration of a given HLT can provide a
framework for anticipating ways in which tasks can promote learning processes. In
particular, the authors note that,
In curriculum design, this elaboration of the HLT could provide a
framework for conceptualizing the creation of sets of lessons aimed at
developing a new concept. Although recent curricula contain many
effective lessons, such a framework could help structure the consistent
generation of effective lessons. (p. 101)
Though the HLT construct can be helpful in visualizing ways in which tasks can
be implemented with students to effectively attain mathematical understanding, some
authors caution that the implied linearity of the HLT construct may be a fundamentally
problematic (Baroody, et al., 2004; Lesh & Yoon, 2004). That is, the very word,
trajectory, implies a clear beginning, end, and linear path between those end points.
However, these same authors offer words of modification and encouragement. Lesh and
Yoon (2004) note that:
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Different paths can be appropriate for different students, and trying to
funnel development along any single developmental path can be
inappropriate for some students. These researchers often envision
trajectories to be specific paths within a branching tree-diagram that
portrays the space of possibilities. (p. 205)
Baroody et al., while agreeing with Lesh and Yoon that conceiving of learning
trajectories as ladder-like sequences is most definitely an oversimplification of how
topics develop maintain that the models can still be useful:
For instance, they provide a starting point for empirical testing and theory
elaboration that can lead to the branching tree or even more complicated
models of development. They can also serve as a good starting point in
educating pre- and in-service teachers. After all, the basic idea behind
ladder-like sequences – that children gradually move to a more and more
complete and accurate understanding of concepts (i.e., that concept
learning is not an all-or nothing process) – is a fundamentally important
one for an educator. (p. 247)
Similarly, recognizing the importance of these models in the elaboration of theory and
testing effectiveness, Simon and Tzur (2004) note that “studies of learning concepts
(transitions from one level of understanding to another) are necessary and lacking in
many conceptual areas. The elaboration of the HLT can assist in structuring both the
planning and analysis aspects of the research” (p. 102).
Articulated Learning Trajectories
Within the articulation of a hypothetical learning trajectory in curriculum
materials, namely in textbook sequencing within a grade level and across grade levels, I
define an “articulated learning trajectory” (ALT). As previously discussed, an ALT is a
learning trajectory that goes beyond the situated predictions of student learning
associated with a HLT. Instead, an ALT is a precise written sequence of mathematics
content that authors of textbooks envision teachers and students will follow or use to
guide the development of mathematics content within the classroom. Although an
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articulated learning trajectory can take the form of the more simplistic model of a ladderlike sequence, or of more complex branching-tree models, its curriculum span can vary.
An ALT can be described across problems within a single section of a textbook or across
sections within a single chapter of a textbook; across problems across chapters within a
single textbook; or across problems across a textbook series that spans several grade
levels.
The articulated learning trajectory is a baseline of how a concept develops in
written text. Certainly, the interaction of teachers and students with the written word will
modify the trajectory; and teachers’ development of ad hoc HLTs during lesson planning
or classroom interactions will possibly substantially modify the use of the articulated
learning trajectory. Nonetheless, I maintain that the ALT is a strong determining factor in
the way the material will be presented in the classroom and interpreted during individual
study from the textbook. In particular, as discussed in the previous section on teachers’
use of the textbook curriculum, the way in which mathematics content appears within a
textbook is a reliable indicator of the related mathematical experiences of students, as
well as the mathematics students will have the opportunity to learn. Thus the ALT
defines the mathematical information that students and teachers will integrate and modify
into their mental constructs related to the given mathematical concepts. This
mathematical information defined through the ALT is further determined to be viable12
according to students’ previously held knowledge. Consequently, ALTs define a large
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I understand “viability” to be similar to the way in which Simon (1995) builds on von
Glasersfeld’s (1987, 1991) notions of viability. Namely, Simon notes that, “a concept
works or is viable to the extent that it does what we need it to do: to make sense of our
perceptions or data, to make an accurate prediction, to solve a problem, or to accomplish
a personal goal” (p. 115).
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portion of the mathematical material in textbooks that will be potentially viable to
students, and thereby used to develop and form further mental constructs related to given
mathematical concepts.
As such, I argue that a necessary but deficient aspect of research on curriculum is
the lack of an elucidation of the articulated learning trajectories for various mathematical
concepts. I maintain that through the analyses of textbook materials, one can examine,
define, analyze, compare, and contrast ALTs from a variety of curricula. In doing so, a
foundation will be constructed that will inform the field about the nature of the
development of mathematical concepts within and across textbooks. In using the ALT
construct, the field can better analyze transitions from one level of students’
understanding to another; formulate structures for planning and analyzing HLTs; develop
more meaningful and curricular authentic empirical testing and theoretical structures; and
better develop meaningful activities for pre- and in-service teachers regarding the content
they will encounter in their textbook curriculum.
Patterning Concepts and Algebraic Thinking
Importance of Patterning Concepts in Mathematics.
The importance of pattern recognition, exploration, and generalization is at the
heart of the mathematical world. Hershkowitz et al. (2002) argue that, “Generalizing is
one of the central activities in algebra and is traditionally interpreted as expressing
patterns, structures, or processes symbolically” (p. 679).
Moreover, Lynn Steen, former president of the Mathematical Association of
America (MAA), in his edited book commissioned by the NRC, On the Shoulders of
Giants: New Approaches to Numeracy (Steen, 1990b), argues:
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What humans do with the language of mathematics is to describe patterns.
Mathematics is an exploratory science that seeks to understand every kind
of pattern–patterns that occur in nature, patterns invented by the human
mind, and even patterns created by other patterns. To grow
mathematically, children must be exposed to a rich variety of patterns
appropriate to their own lives through which they can see variety,
regularity and interconnection. (Steen, 1990a, p. 8)
Furthermore, Steen notes that, “Seeing and revealing hidden patterns are what
mathematicians do best” (p. 1). Fey (1990) offers a statement that compliments Steen’s
comments, noting that, “Formal mathematics is a subject that deals with mental
constructs that are abstracted from patterns in objects” (p. 73). Senechal (1990)
supplements Steen’s and Fey’s earlier arguments by noting that the importance of
patterning concepts is not just limited to the world of mathematicians and instead is
integral to understanding our experienced world, “Our ability to recognize, interpret, and
create patterns is the key to dealing with the world around us” (p. 139).
Patterning Concepts and Algebraic Thinking in Middle Grades Mathematics.
The progression of mathematical concepts from recognizing and identifying
patterns, to developing mathematical generalizations that model and represent said
patterns, to formally and symbolically describing and manipulating algebraic expressions
is a critical learning trajectory in middle grades mathematics. Fey (1990) suggests that,
“Middle school students can deal with questions about variables, functions, and relations
expressed in algebraic language long before they master the rules for manipulating those
expressions” (p. 64). Moreover, much research has been reported on the algebraic
implications related to students’ abilities associated with their conceptual understanding,
thinking processes, and reasoning regarding generalizations (Friedlander, Hershkowitz, &
Arcavi, 1989; Lannin, 2003, 2005; Lannin, et al., 2006a, 2006b, 2006c; Sasman, et al.,
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1999; Swafford & Langrall, 2000; Taplin & Robertson, 1995). Furthermore, a wealth of
similar work has examined students’ use of signs, actions, and symbolization in pattern
generalizations (Lannin, et al., 2008; MacGregor & Stacey, 1992, 1993, 1997; Radford,
1999, 2000; Radford, et al., 2007; Sabena, et al., 2005). The work of these researchers
highlights the importance of patterning concepts, generalizations, and representations
thereof in the development of algebraic thinking that delineates a learning trajectory from
pattern recognition and description to formal algebraic manipulation and symbolization.
In particular, Lannin (2003) notes that, “Generalizing numeric situations can create
strong connections between the mathematical content strands of number and operation
and algebra…and can help students develop a deeper understanding of formal algebraic
situations” (2003, p. 342). Furthermore, Saul (2008) notes that, “young students learn to
distinguish and describe patterns in numbers, and insights about patterns can grown into
the notion of function. Eventually, students are introduced to the standard notation for
functions of a real variable, and they start learning algebra” (p. 76). Consequently, my
study seeks to identify the ways in which students are prompted by textbook authors to
develop patterning and function concepts across the middle grades.
The authors of a discussion document included in the proceedings of the
Conference on Algebra in the K-14 Curriculum sponsored by the National Research
Council, the Algebra Working Group of the National Council of Teachers of
Mathematics (1998) provided similar discussions and recognized the importance of
algebraic reasoning about patterns, as well as the development of algebraic thinking.
These authors note that, “Noticing, describing, and recording a pattern can lead to two
other actions—understanding the mathematics in the pattern enough to make
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generalizations and using a common mathematical language to describe the situation” (p.
169). Furthermore, there is evidence that the route to algebra via generalization and
number patterns is not solely a trajectory confined to materials written in the United
States, but is also used in curricula around the world (e.g., MacGregor & Stacey, 1992;
Radford, 2000; Sasman, et al., 1999). Importantly, Lannin (2005) cautions that,
“developing algebraic understanding through patterning activities creates considerable
difficulties as students move from a focus on particular examples toward creating
generalizations” (p. 232). MacGregor and Stacey (1997) also note difficulties in
trajectories related to developing symbolic generalizations, and caution that teaching
materials that are not well-designed, and even misleading contribute to the, “difficulties
in learning to use algebraic notation” (p. 1).
Much of the work related to patterning concepts and learning trajectories
associated with developing algebraic thinking has been conducted in the realm of student
thinking. Specifically, Radford, and his colleagues’ research agenda (e.g., Radford, 1998,
1999, 2000; Radford, et al., 2007; Sabena, et al., 2005) is closely tied to the relationships
among generalizations, patterning concepts, and development of algebraic understanding.
Their work stems from a “semiotic-cultural” theoretical perspective, in which, “cognitive
activity is seen in more materialistic terms (see e.g., Gertz, 1973; Goodwin, 2000)”
(Radford, et al., 2007, p. 508). Furthermore, Sabena et al. (2005) maintain that the actual
development of generalizations depends largely on individuals’ perceptions and ways in
which they interpret patterns. In the discussion of their study of grade 6 students’ use of
equations, Swafford and Langrall (2000) note the need for instruction in the middle
grades to, “build students’ understanding of multiplicative structures, to provide
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opportunities for students to make and represent generalizations, and to help students
develop intuitions about families of functions (linear, exponential, and rational)” (p. 107).
In other words, generalizations are very individual constructs, and depend heavily on
students’ opportunities to learn and the interactions students experience while learning.
Furthermore, the authors of the NRC report Adding it Up: Helping Children
Learn Mathematics note:
Through an emphasis on generalization, justification, and prediction,
students can learn to use and appreciate algebraic expressions as general
statements. More research is needed on how students develop such
awareness. At the same time, more attention needs to be paid to including
activities in the curriculum on identifying structure and justifying. Their
absence is an obstacle to developing the ‘symbol sense’ that constitutes
the power of algebra. (National Research Council, 2001, p. 279)
The authors of the NCTM Standards documents further maintain the importance of the
connection between pattern concepts and algebraic thinking. One of the central themes of
mathematics is the study of patterns and functions, “this study requires students to
recognize, describe, and generalize patterns and build mathematical models to predict the
behavior of real-world phenomena that exhibit the observed pattern” (NCTM, 1989, p.
98). Authors of these documents also recognize that these connections begin in the
primary grades, and are extended and emphasized in the middle grades, “The study of
patterns in grades 5-8 builds on students’ experiences in K-4 but shifts emphasis to an
exploration of functions … It begins in K-4, is extended and made more central in 5-8”
(NCTM, 1989, p. 98). Moreover, “In grades 6-8 all students should understand patterns,
relations, and functions: represent, analyze, and generalize a variety of patterns with
tables, graphs, words, and, when possible, symbolic rules” (NCTM, 2000, p. 222).
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The authors of state standards documents outlining grade-level expectations
(GLEs) further emphasize the importance of pattern concepts and generalizations
regarding algebraic thinking. In their analysis of state GLEs across grades K-8 related to
algebra, Newton, Larnell, and Lappan (2006) found that GLEs related to algebra
represented approximately 17% of the total number GLEs within state frameworks across
the states studied. The three most frequent sub-strands they found were: Patterns;
Functions; and Expressions, Equations, and Inequalities (EEI). Furthermore, they found
that GLEs related to patterning concepts and generalizations were found most often in
grades 4-8.
Interestingly, in supporting the argument for a reduction in the number of
“algebra” problems involving patterns on the NAEP, the NMAP (2008) notes that, “the
prominence of patterns in PreK-8 is not supported by comparative analyses of
curricula…” (p. 59). The NMAP also argues that in higher-achieving countries, there is
not an emphasis on patterns, and the inclusion of these problems is not supported by
considerations of the associated mathematical concepts. However, the Newton, et al.
analysis of K-8 GLEs indicates that these problems do play a curricular role in the
development of algebraic thinking concepts in the U.S. Moreover, my study seeks to
identify the ways in which patterns are utilized by middle grades textbook authors to
develop algebraic thinking concepts. That is, problems involving patterns certainly exist
in middle grades textbooks, and to fully understand the way in which these concepts
should be assessed on the NAEP, it is critical to have clear descriptions of the nature of
the problems in textbooks and the ways in which they are used in the development of
algebraic thinking concepts.
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In general, mathematicians, mathematics educators, and authors of various state
and national standards documents clearly consider patterning concepts and
generalizations to be important to the study of mathematics, and in particular, to play a
crucial role in algebraic learning trajectories. However, there is little research on what
and how this mathematics is presented by way of articulated learning trajectories in
middle grades textbooks. There is a considerable number of ways that patterns can be
investigated and used in textbooks. Fey (1990), for example, lists typical ways in which
patterns can be explored, starting with the notion that patterns can be thought of as:
A relation among two or more varying quantities. For example:
•

As time passes, the depth of water in a tidal pool increases and
decreases in a periodic pattern.

•

As a bank savings rates increase, the interest earned on a fixed
monthly deposit also increases.

•

If a sequence of squares have sides 1, 2, 3, 4, 5, …, the areas of
those squares are 1, 4, 9, 16, 25, ….

•

For any rectangle of base b and height h, the perimeter p is
2b + 2h. (p. 70)

In their examination of “pattern-type problems” in middle grade mathematics
curricula, the research team of Olson, Regis, and Papick (Olson, Regis, & Papick, 2009,
2010; Papick, Olson, & Regis, 2010) found myriad ways in which discussions related to
patterning concepts are approached in textbooks. They argue that more simplistic
problems in which students are asked to find the next term of a “sequence” of numbers
(i.e., “What is the fourth term in the sequence: 3, 5, 7, …?”)13 are not mathematically

13

The coding of problems such as this is addressed in Chapter 3. However, for the sake
of clarity, in this study, this problem is identified as being a pattern in a numeric context
related to pattern extension constructs and sequence concepts.
75

sound14 as they do not have a unique answer. In this study, however, I am not wholly
concerned with the mathematical appropriateness and soundness of such pattern-type
problems, but more so with clear characterization, explication, and comparison of
articulated learning trajectories in relation to the six aspects of the disciplinary
perspectives of the NRC report (2004). However, concerns regarding the interplay
between generalizing patterns and the development of algebraic concepts within
textbooks are articulated in Fey’s (1990) argument that:
In most realistic applications of algebra the fundamental reasoning task is
not to find a value of x that satisfies one particular condition, but to
analyze the relation between x and y ‘for all x.’ The most useful algebraic
idea for thinking about relations of this sort is the concept of function. (p.
70)
That is, with regard to pattern-type problems, the development of algebraic thinking does
not simply come from “finding the fourth term,” but more so from the development of
why a pattern can be uniquely generalized (as is not the case of 3, 5, 7, …). It is this
unique generalization that allows for further analysis and development of function
concepts.
These authors provoke questions about the extent to which a lone, simplistic
pattern-type problem prompts teachers and students to examine the relationship between
two sets of values. The complexity of developing and integrating patterning concepts into
a broader algebraic learning trajectory, is further illuminated by Sabena et al. (2005),
“The crux of the generalization of patterns lies in the fact that it predicates something that

14

See Papick et al. (2010) for an in-depth discussion regarding the notion of
mathematical soundness of pattern-type problems as they relate to the development of
algebraic thinking.
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holds for all the elements of a class based on the study of a few of them…because the
perceptive process is interpretative, what one student sees in a pattern can be different
from what another student sees in the same pattern” (p. 129). However, these patterns,
which are not always viewed as being the same, are often developed from generalizing
pattern-type problems. Moreover, these pattern-type problems are often presented as a
singular chapter or within a singular chapter, largely disconnected from explicit
discussions regarding algebraic concepts (Olson, et al., 2010). I argue that to understand
the implications of these pattern-type problems in a larger articulated learning trajectory
regarding algebraic thinking, it is necessary to examine the entire sequence of middle
grades textbooks within a given curriculum.
Summary
In this chapter, I discussed forces that impact various areas of the school
curriculum, as well as situated my study within the textbook curriculum as outlined by
the researchers at the Center for the Study of Mathematics Curriculum. Furthermore, I
described the important role the textbook curriculum plays in teachers’ instructional
practice. I also provided a discussion of the specific content within the textbook
curriculum that a significant portion of the mathematics and mathematics education
community has deemed important. In particular, I presented connections between
patterning concepts, pattern-type problems, generalizations, and symbolic representations
and manipulations that form a basis for algebraic thinking.
In addition, I presented my conception of the articulated learning trajectory
(ALT), which is defined by the written text within the textbook curriculum. Like notions
of hypothetical learning trajectories, ALTs determine a path (branching, linear, or other).
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Combined with the importance of patterning concepts related to algebraic thinking
previously discussed, I posit that a crucial ALT in the middle school textbook curriculum
relates to the development of mathematical concepts through a process of pattern
recognition, identification, generalization, and symbolic representation across grades 6-8.
Finally, I provided a descriptive and critical analysis of the five prominent content
analyses conducted over the past decade. As such, I presented syntheses through which a
compelling case is made that current content analyses are heavily evaluative and often
solely focus on singular pieces of individual textbooks or curricula. I concluded by
showing that my study addresses a need in the research literature by examining materials
in the textbook curriculum in a holistic manner regarding the development of important
mathematical content through articulated learning trajectories. The body of research I
outlined provides evidence for the need of a new construct, namely the ALT, to lay a
foundation from which content analyses can be conducted that elucidate the way in which
content in the textbook curriculum is developed, sequenced, and integrated between grade
levels. Furthermore, from this analysis, a framework will arise for the efficient
dissemination of results from this study, and subsequent studies, in which ALTs from a
wide range of curriculum and mathematical topics can be presented to the education
community.
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CHAPTER 3: RESEARCH DESIGN AND METHODOLGOY

In this chapter I present the methodology and overall design of my content
analysis study. I provide arguments for the inclusion of particular textbooks in my
analysis. I also discuss the methods I used to define, analyze, and describe the articulated
learning trajectories within these textbooks related to the development of patterning
concepts and algebraic thinking. In the following sections, I first discuss the rationale for
the selection of the textbooks included for my study. I then present my methods of coding
and analyzing material to gather data for the purposes of describing and comparing
ALTs. Next, I describe how the coding scheme and qualitative descriptions were used to
compare ALTs through the mirror of the six disciplinary perspectives. For illustrative and
clarity purposes, throughout this chapter I always provide examples of coding and discuss
the use of the codes in describing content within articulated learning trajectories from
more than one textbook series.
Sample Selection
In determining the textbook series to examine in my study, I mindfully chose
series that likely would elicit differences in the scope and sequencing of content related to
algebraic thinking: Saxon, Glencoe, Math Thematics, and CMP. The two NSF-Funded
textbook series chosen (CMP and Math Thematics) offer a sample of the differences and
similarities among the articulated learning trajectories in standards-based curriculum
materials. Similarly, the Saxon and Glencoe textbooks provide a sample of the articulated
learning trajectories employed in conventional curriculum materials. Evaluative
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descriptions of these curricula can be found in previously published content analyses
(American Association for the Advancement of Science, 2000b; Clopton, et al., 1999). In
examining these four textbook series, a rich tapestry emerged with regard to the learning
trajectories that are the foundation for the development of algebraic thinking within the
four textbook series.
Textbooks from three of these series were identified by Weiss et al. (2001) as the
most commonly used mathematics textbooks in grades 6-8: Glencoe Mathematics, Saxon
Math, and Connected Mathematics. Although, not identified as most commonly used,
Math Thematics was included in this study to allow for comparisons between NSFFunded materials. As such, the sample of textbooks not only includes standards-based
and conventional curriculum materials, but also popular textbooks used in classroom
instruction. Furthermore, these textbooks represent materials that a student would
encounter when entering a curricular program at the 6th grade and continuing through the
8th grade. In this study, I examined student textbooks, but not supplemental materials that
might be used in middle grade classrooms; I also did not examine teacher edition
textbooks in these textbook series. Hence, the materials that I examined represent the
baseline of what is available for students, and what provides main line opportunities for
students to learn with regard to an articulated learning trajectory in middle grades
textbooks.
Research Questions
In my examination of textbooks, I engaged in a qualitative mathematical content
analysis to address the following research questions:
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1. What are the articulated learning trajectories related to the development of
algebraic thinking that stem from patterning concepts within the written
curriculum in four middle school mathematics textbook series? More
specifically, in what ways do the textbook authors employ ladder-like,
branching, or other forms of trajectory in the development of these concepts?
2. How are the algebraic thinking articulated learning trajectories as embodied in
patterning concepts in the chosen textbooks aligned with the six disciplinary
perspectives of clarity, comprehensiveness, accuracy, depth of mathematical
inquiry and mathematical reasoning, organization, and balance?
Research Design
In this study, I collected data through the examination of each page of each of the
12 textbooks from the opening of the first chapter through the last chapter test to identify
material in which patterning concepts were used in the development of other
mathematical concepts. Importantly, certain pages were not examined due to their
assumed lack of impact on the sequencing of mathematics content. These non-examined
pages included pages dedicated to supplementary exercises at the end of textbooks,
glossaries, appendices, answer pages, and indices. Once instances containing relevant
material were identified, I classified each instance as: a problem or problems for students
to work, author example or examples, or other author text.
I then determined the standardized page position (SPP) (Flanders, 1994) for each
instance and assigned additional descriptive codes to each. The next step was to record
the mathematics content developed through patterning concepts in each case. These
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content descriptions served as a secondary check of the reliability of the assignment of
the initial set of codes.
Finally, I engaged in data analysis by first performing code counts and then
examined combinations of codes. These counts provide a quantitative overview of the
nature of the mathematics content included in the four textbook series. I then used the
codes, descriptions of mathematics content, SPPs, and code counts to identify
connections and relationships among the mathematics content within each textbook
related to the use of patterning constructs in developing algebraic thinking concepts.
These connections and relationships were then used to develop coherent descriptions of
ALTs that span each textbook, and span each textbook series. Once these descriptions
were fully developed, the ALTs within each textbook series were characterized through
the mirror of six disciplinary perspectives: clarity, comprehensiveness, accuracy, depth of
mathematical inquiry and mathematical reasoning, organization, and balance. The
detailed descriptions of the ALTs and the comparative analysis across textbooks of the
relative alignment of the ALTs to the six disciplinary perspectives constitute the findings
in Chapter 4.
Data Collection
After collecting pages containing instances of patterning, instances on each page
related to patterning were categorized as being one of the following: a super-problem
intended for students to complete with one or more related sub-problems; a student
problem with no sub-problems; an author example, or examples; or author text that is not
otherwise clearly an author example, or student problem. To better facilitate such
delineations and provide clarity regarding the instances to be coded, methods for
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grouping textbook content (Table 1) were created. Importantly, defining instances in this
manner was done to provide distinctions to better inform the development of descriptions
for ALTs. In the pages that follow, I provide textbook examples to illustrate the
distinctions among the different instances involving patterning concepts.
One method for defining an instance of patterning concepts was by identifying
when authors use prompts or super-problems with related sub-problems. For example, the
CMP authors often provide a super-problem that has sub-problems (see Figure 2).
Table 1
Methods for Grouping Textbook Content
Final Grouping of Instances for
Analysis

Organization of Instances

Coding Procedure

A student problem consisting
of a super-problem or prompt
with one or more subproblems.

Record relevant aspects of the
super-problem, initial prompt,
and sub-problems individually.

Group the super-problem or
prompt, and sub-problems.
Label the grouping with all
relevant codes.

A student problem with no
sub-problems.

Record the single problem.

Group the single problem.
Label the grouping with
relevant codes.

An author example, or group of
related examples.

Record each related example
individually.

Group the related author
examples. Label the grouping
with all relevant codes.

Author text before, between, or
after author examples or
student problems. This text is
related to defining, elaborating
on, or clarifying terminology
involving patterning concepts.

Code each relevant aspect of the
text individually. That is, code
each definition, elaboration, or
clarification of individual terms
or concept separately.

Group the author text. Label
the grouping with all relevant
codes.

Importantly, these sub-problems are related in some manner by the underlying concepts
or structure of the problems. On the CMP page in Figure 2, there is clearly an initial
problem, or overall organization for the sub-problems, namely, Problem 3.1: Exploring
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Instance: Super-problem or prompt with
one or more sub-problems.

Figure 2: Example of an initial problem with various sub-problems from Frogs, Fleas,
and Painted Cubes: Quadratic Relationships, Connected Mathematics 2, Grade 8
(Lappan, Fey, Fitzgerald, Friel, & Phillips, 2009i, p. 41).
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Triangular Numbers. In particular, this page of CMP contains one initial problem:
Problem 3.1; one level of sub-problems: A, B, and C; and a second level of subproblems: e.g., 1, 2, 3, and 4. For these types of instances in which patterning concepts
were identified in a super-problem or prompt with one or more sub-problems, each superproblem, along with the related sub-problems, was considered one instance to be coded
according to the Coding Procedures in Table 1. Thus, the overall problem, i.e., Problem
3.1, was considered an instance, and thereby labeled with one set of codes that describe
the super-problem as well as the sub-problems.
Another method for defining an instance of patterning concepts was by
identifying unrelated individual student problems. For example, in Glencoe (see Figure
3), the authors present a series of student problems (numbered 12 through 36). Although
not all of these problems are related to patterning concepts, many are. In particular, two
instances of patterning concepts (problems numbered 12 through 17, and problems
numbered 18 through 23) were identified as per the process previously outlined with
CMP problem 3.1. However, problems such as 28 and 29 were classified as instances
involving individual student problems. These problems, although both incorporating
patterning concepts, are not related to each other by a common prompt or super-problem.
Consequently, these unrelated problems were identified as individual instances to be
separately coded according to the Coding Procedures in Table 1.
A third method for defining instances of patterning concepts was by identifying
author examples, in which authors incorporate patterning concepts by highlighting the
process of solving problems involving aspects of patterning. In these instances (see
Figures 4 and 5), defining each instance was done similarly to that for student problems.
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Instance: Super-problem or
prompt with one or more
sub-problems.

Instance: Individual
student problem.

Figure 3: Example of individual student problems from Mathematics: Applications and
Concepts, Course 2 (Bailey, et al., 2006b, p. 36).
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Instance: Author
example.

Instance: Author
text.

Figure 4: Example of a page containing author examples separated by general text
related to patterning concepts from Mathematics: Applications and Concepts, Course 1
(Bailey, et al., 2006a, p. 282).
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Instance: Superexample or prompt
with related subexamples.

Figure 5: Example of grouped author examples from Mathematics: Applications and
Concepts, Course 2 (Bailey, et al., 2006b, p. 35).
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That is, an instance involving a single author example absent any sub-examples or other
related examples, was identified in a similar manner to individual student problems. For
example, in Figure 4 there are author examples. The first example is identified as, When
am I ever going to use this? The second example is identified as, Extend a Sequence by
Adding. These two author examples were separately identified as individual instances
involving patterning concepts.
Defining instances in which patterning concepts were identified within multiple
author examples related to a super-prompt or super-example was done similarly to the
grouping of super- and sub- student problems. For example, in Figure 5, the author
examples (Examples 3 and 4) involve different patterns, but have a similar super-prompt,
namely to, “Write the next three terms of the sequence” (Bailey, et al., 2006b, p. 35).
Thus these instances of author examples were defined similarly to the CMP superproblem, Problem 3.1 (Figure 2).
The last method for defining instances of patterning concepts was by identifying
instances of author text that are not explicitly associated with student problems or author
examples (see Figure 4). These instances often, but not exclusively, consisted of the
elaboration of concepts, definition of terminology, or presentation of content separate
from author examples. In these instances, the author text was grouped by the boundaries
established by the surrounding author examples or student problems. For example, in
Figure 4, author text related to patterning concepts is between two author examples. As
such, at the end of the first example and before the beginning of the second example, a
boundary was established that defines the instance of author text. Consequently, this
instance was taken to be the text within these boundaries.
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Data Coding
The Coding Process
After instances were identified and groupings of instances determined in each of
the 12 textbooks, I coded the textual location of each instance using standardized page
position (SPP) procedures. I coded the mathematical content of each instance by
following the coding procedures in Table 1, referencing the guiding questions for
textbook coding (Table 2), and using the textbook codes (Table 3).
Coding procedures regarding the textual location of instances. The coding of the
textual location of instances was done similar to the method employed by Flanders
(1994), namely via the standardized page position. In particular, Flanders describes his
method thusly:
To determine an overall picture of where items are located in textbooks,
all pages were counted in each text from the opening of the first chapter
through the last chapter test. (Supplementary exercises at the end of texts,
glossaries, appendices, answer pages, and indices were not included in this
count.)…an average page position was calculated by standardizing the
position of the item in each text as a percent of the way through the text.”
(p. 68)
For example, on page 283 of a textbook, instances involving patterning and sequence
concepts were identified. The number of pages in this same textbook, according to
Flanders’ counting procedure, is 57915. Consequently, the standardized page position for
this instance involving patterning and sequence concepts is .4816. That is, this instance is
almost one-half of the way through this textbook.

15

Chapter 1 begins on page 4, and Chapter 14 concludes on page 583.

16

If the third decimal place value is 5 or larger, I rounded the second decimal place up.
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Table 2
Guiding Questions for Textbook Coding
Concepts
(hierarchically
ordered)

Guiding Question

Resolution of the Guiding Question using the Table of Codes

Patterning
Constructs

Through which
pattern constructs
are the mathematical
concepts presented?

Pattern recognition constructs: PC-R; and
Pattern extension constructs: PC-E; and/or
Pattern generalization constructs: PC-G.
These codes are hierarchical. All patterning problems are
coded, PC-R, but may also involve the extension of a pattern
or generalization of a pattern.

Context of the
Pattern

In what context is
the pattern
presented?

Numeric context: NP, or
Geometric context: GP.
A pattern is either presented in a numeric context or a
geometric context. A numeric context is devoid of any visual
or geometric connections to the structure of the pattern. If
there are any visual connections to the underlying structure
of the pattern, then the pattern is provided in a geometric
context.

Sequence
Concepts

Is the pattern
identified as a
sequence?

General sequence: SQ, and/or
Arithmetic sequence: ASQ, and/or
Geometric sequence: GSQ.
All patterns defined to be a sequence are coded, SQ, unless
otherwise explicitly identified as an arithmetic and/or
geometric sequence through the labeling of the sequence, the
identification of common differences or ratios, or a prompt
to differentiate or otherwise define characteristics of such
sequences.

Variable
Concepts

Are variables
implicitly or
explicitly
incorporated?

If students are prompted to provide descriptions,
identifications, extensions, or generalizations of patterns but
not explicitly prompted to present these in the form of nth
terms or other forms using variables, then there are implicit
variable concepts at play: IV.
However, if students are prompted to find the nth term of a
pattern or sequence, or otherwise represent their
descriptions, extensions, and generalizations in the form of a
variable, then there are explicit variable concepts at play:
EV.

Function
Concepts

Are function
concepts related to
input and output
values incorporated?

An explicit identification of input values that produce values
explicitly identified to be outputs via the relationships
defined by the structure of the pattern, or by a function rule,
is related to functional notions of input and output: FN.
For the purposes of this study, function concepts in the
absence of patterning constructs are not considered FN.
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Table 3
Textbook Codes
Concepts

Category

Code

Description

Patterning
Constructs

Patterning Concepts –
Recognition constructs

PC-R

Students are prompted to recognize aspects of a
provided pattern.

Patterning Concepts –
Extension constructs

PC-E

Students are prompted to provide an extension or
various extensions of a pattern, or to use extensions in
solving related problems.

Patterning Concepts –
Generalization
constructs

PC-G

Students are prompted to provide a general rule
(explicit, recursive, or otherwise descriptive) for a
pattern. This categorization includes potentially using
the generalization in solving related problems.

Numeric Context
(numerically defined
pattern)

NP

The structure of the pattern is based solely on
numbers, or numbers derived from a situation in
which there is no connection to an underlying visual
or geometric context.

Geometric Context
(geometrically defined
pattern)

GP

The structure of the pattern is inseparably connected
to an underlying visual or geometric context.

General Sequence
Concepts

SQ

The authors explicitly identify a pattern as a sequence,
or otherwise explicitly use the term sequence.

Arithmetic Sequence
Concepts

ASQ

The authors explicitly identify a pattern or sequence
as an arithmetic sequence, provide a common
difference to structure the pattern, or otherwise
explicitly use the term arithmetic sequence.

Geometric Sequence
Concepts

GSQ

The authors explicitly identify a pattern or sequence
as a geometric sequence, provide a common ration to
structure the pattern, or otherwise explicitly use the
term geometric sequence.

Implicit Variable

IV

Students are prompted to generalize a pattern, but not
explicitly prompted to use a variable; or, students are
prompted to find missing values in a pattern.

Explicit Variable

EV

Students are prompted to provide a description,
extension, or generalization of a pattern explicitly
using a variable or variables; or, the authors explicitly
us a variable in the presentation of a problem.

General Function
Concepts

FN

The authors explicitly connect the structure of a
pattern to concepts regarding functions, function
rules, or inputs and outputs.

Context of
the Pattern

Sequence
Concepts

Variable
Concepts

Function
Concepts

92

The CMP textbooks used in this study posed a unique challenge in determining
SPPs of instances within each grade level. In particular, the CMP textbooks used in this
study are individually bound according to grade level (e.g., CMP Grade 6, CMP Grade 7,
and CMP Grade 8). However, each of the grade level textbooks is composed of several
separate unit textbooks. Each of the unit textbooks has individual page enumerations,
glossaries, and other material extraneous to the focus of this study. The unit textbooks are
smaller books that may be acquired separately so that they are not all bound in a single
grade-level specific textbook. However, because I used the grade level bound textbooks
in this study, a special procedure was developed to compute the Flanders SPP coefficient
for a particular grade-level textbook page.
First, it was assumed that the unit textbooks within each grade level textbook
were purposefully ordered based on the intended sequencing of content17. Second, the
number of textbook pages at each grade level (excluding any supplementary exercises at
the end of the unit texts, glossaries, appendices, answer pages, and indices) was taken to
be the sum of the student pages across the units that comprise the grade level textbook.
The SPP for a particular page was determined by counting forward from the first page of
the first unit in the ordered sequence of units. This page number was then divided by the
total number of pages for the grade level to find the SPP. For example, instances of
patterning concepts were identified on page 54 of the unit book, Shapes and Designs:
Two-Dimensional Geometry. This unit textbook is the second unit textbook in the Grade
6 textbook. Thus, these instances of patterning on page 54 of the unit textbook are on

17

Such an assumption was made because the unit textbooks came, directly from
representatives of the publisher, bound in a particular order at each grade level.
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page 195 of the Grade 6 textbook. Furthermore, the number of pages in the Grade 6
textbook is 595. Consequently, the SPP for this material is .33.
Coding procedures regarding the mathematical content of instances. In coding
the mathematical content of each instance, I relied on the Coding Procedures in Table 1,
the Table of Guiding Questions (Table 2), and the Table of Codes (Table 3). Specifically,
the Coding Procedures in Table 1 provided guidance as to what part of each instance was
to be coded. In the instance of a student super-problem, relevant aspects of each subproblem and the super-problem or prompt were coded, and the instance was labeled with
the resulting set of codes18. In the instance of an individual student problem, the single
problem was labeled with the appropriate set of codes. The labeling of instances
involving an author example or author examples with a set of codes was done similarly to
the student problems (e.g., author super- and sub-examples were labeled similar to
student super-problems; single author examples were labeled similar to single student
problems). Finally, in an instance of author text, all relevant aspects of the author text
were coded individually (e.g., definitions were coded separately than clarifications and
elaborations). This instance was labeled with the union of the individual codes.
In determining the code(s) to assign to each aspect of an instance, I followed the
guiding questions for coding (Table 2), and used the Table of Codes (Table 3) to apply
the appropriate codes to the mathematical content of each instance. In coding each
instance, I proceeded through the Table of Guiding Questions in the hierarchical order

18

In labeling a grouped instance with a set of codes, each code was applied only once.
That is, the frequency of codes with respect to the same code being applied to multiple
sub-problems was not taken into account. Rather, labeling a grouped instance with a code
is meant to indicate that some aspect of the mathematical content of the instance is
related to that code.
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presented in the table. To effectively determine an appropriate code, I answered each
guiding question, and examined the answer through the Resolution of the Guiding
Question column in Table 2. I then reexamined my answer through the description of the
code in the Table of Codes to reasonably ensure the appropriateness of each assigned
code. Importantly, by virtue of proceeding through the process of identifying instances
relevant to this study, as well as the coding process, every instance identified through the
data collection process was rechecked for its appropriateness to this study. Furthermore,
if an instance was determined to be appropriate for this study, it was assigned the code,
PC-R19. In other words, every instance included in this study was identified, at minimum,
to be related to pattern recognition constructs. Furthermore, every pattern within this
study was either presented in a strictly numeric context (NP) or in a geometric context
(GP). Consequently, every grouped instance in this study was, at minimum, coded as
either PC-R and NP, or PC-R and GP. As such, these two sets of codes are the base of all
other sets of codes in this study.
Coding Reliability
To assess and ensure the reliability of the coding of patterning concepts used to
develop qualitative descriptions and analysis of ALTs, I conducted a reliability coding
study with a mathematician and a mathematics educator20. The mathematician, the
mathematics educator, and I coded the same twelve pages from each textbook within the

19

For this study, the basic construct for patterning concepts was defined to be pattern
recognition. That is, PC-R serves as the base of any set of codes.
20
The mathematician was an assistant professor and algebraist currently in a tenure-track
appointment in the mathematics department at an institution of higher education. The
mathematics educator was an assistant professor in a tenure-track appointment in the
mathematics department at an institution of higher education.
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Glencoe and Connected Mathematics textbook series. An initial set of codes was used,
training was conducted, coding completed, codes compared, and discussion conducted
related to the reconciliation of any disparate codes. For a complete description of the
procedure and analysis of the associated reliability data, see the Appendix: The
Reliability Study in Detail.
Overall, it was determined by the participants of the reliability study that any
disagreements between the coders that were within a difference of two codes was
acceptable. This range of having two or less of our codes being different was determined
as the limit of the range in which our discussions adequately reconciled differences and
informed the modification of definitions and elaborations of the codes used for this study.
As such, I was within this acceptable range of agreement with the mathematician on 87%
of the material in both textbooks (74% in CMP and 95% in Glencoe). Similarly, the
mathematics educator and I were within this acceptable range in 97% of the material in
both textbooks (100% in CMP and 96% in Glencoe). Consequently, through this work,
the reliability of the coding process was deemed to be quite satisfactory for the detailed
level of analysis involved.
Furthermore, through the reliability process, the set of codes in Table 3 was
established as an agreeable set of codes to delineate and explicate the patterning and
algebraic thinking concepts addressed by this study. In particular, the reliability process
guided the development of the procedure for consistently grouping instances for the
purposes of coding (Table 1), the development of guiding questions to clarify the nature
of the concepts related patterning within a grouped instance (Table 2), and the
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development of a richly defined set of codes (Table 3) used in the coding process for this
study.
Applications of the Textbook Coding Scheme
To provide concrete illustrations of what codes were assigned to instances of
patterning concepts in this study, I provide examples of coded pages within the Grade 6
and Grade 7 textbooks from the Glencoe and CMP series. Brief discussions of how and
why the codes were assigned to instances are also provided to help clarify each
illustrative example.
Example Coding of Pages in Glencoe Mathematics Course 1, Grade 6. The
textbook pages shown in Figure 6 and Figure 7 are consecutive pages in Grade 6. These
two pages are in a lesson entitled, Patterns and Functions: Sequences (Bailey, et al.,
2006a, pp. 282-284), and were coded using the previously described coding procedures.
The textbook page shown in Figure 6 has six instances related to patterning concepts and
algebraic thinking. I refer to these six instances as Groups A, B, C, D, E, and F. The SPP
for this page is found in Box G of Figure 6 and is .48.
The author examples in Group A engage students with patterns in numeric
contexts. In these examples, the authors present content related to pattern recognition and
extension constructs and general sequence concepts. In particular the authors highlight
that in a certain type of sequence, a pattern can be recognized wherein terms of the
sequence are determined to be multiples of previous terms. However, the authors do not
explicitly specify that the sequence they are presenting to the students is a geometric
sequence. The authors also do not provide students with a constant ratio in the prompt of
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Group A:
PC-R, PC-E,
NP, SQ

Group B:
PC-R, NP,
SQ

Group C:
PC-R, NP, ASQ

Group D:
PC-R, NP, SQ,
IV
Group E:
PC-R, PC-E,
NP, SQ
Group F:
PC-R, NP,
SQ, IV

Box G: SPP = .48

Figure 6: Sample coded page from Mathematics: Applications and Concepts, Course 1
(Bailey, et al., 2006a, p. 283).
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Group H:
PC-R, PC-E,
NP, SQ

Group I:
PC-R, NP,
SQ, IV

Group J:
PC-R, PC-E,
NP

Group K:
PC-R, PC-E,
GP, SQ

Group L:
PC-R, NP,
SQ, IV

Group M:
PC-R, PC-E,
NP, SQ, EV
Box N:
SPP = .48

Figure 7: Sample coded page from Mathematics: Applications and Concepts, Course 1
(Bailey, et al., 2006a, p. 284).
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these examples; rather, in their solutions, the authors identify that these two particular
examples have constant ratios between terms. That is, in the prompt for the examples, the
authors do not clearly state any relationship between the terms of the sequence. Any
indication that there is a constant multiplier between each term is only revealed in the
authors’ solution to the example problems. Also of note, the patterns are given in numeric
contexts. That is, the numbers are not explicitly connected to any visual or geometric
contexts. Without such connections, the pattern was coded as being in a numeric context
(rather than a geometric context). As such, Group A was coded as PC-R, PC-E, NP, and
SQ for pattern recognition and extension constructs21, the numeric context, and the
identification of the pattern as a sequence without specific mention of arithmetic or
geometric sequences. In summary, Group A is an instance in which the authors present
patterns in numeric contexts that are identified by the authors in their prompts as being
sequences. In this instance, the authors also incorporate pattern recognition constructs
and pattern extension constructs through the use of the prompt to “describe the pattern”
(recognition constructs), and “find the next three terms” (extension constructs).
The textbook authors present further interaction with patterning concepts in the
instance of an individual student problem in Group B. In particular, the authors prompt
students to describe the relationship among the numbers of a pattern presented in a
numeric context that is identified as a sequence. In this respect, the authors incorporate
pattern recognition constructs. Thus, this instance was coded as involving pattern
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It is important to note that though problems are determined to be related to pattern
recognition, extension, or generalization, it is not assumed that there must be a specific,
correct pattern recognized, nor a specific, correct way in which to extend or generalize
the recognized pattern.
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recognition constructs, but not pattern extension or generalization constructs.
Furthermore, the authors identify this pattern as a sequence, but not specifically as an
arithmetic or geometric sequence. Accordingly, this instance of an individual student
problem in Group B was coded as PC-R, NP, and SQ. In other words, looking at the
codes, Group B represents a pattern provided in a numeric context that is also identified
by the authors as being a sequence. The prompt for the students to, “tell how the numbers
in the sequence are related” is similar to the prompt to, “describe the pattern” as in Group
A. Consequently, this instance involves pattern recognition constructs, as well as
sequence concepts, both of which are presented through the use of a numeric context.
The instance of an individual student problem in Group C differs slightly from
that in Group B. For example, in Group C, the authors clearly prompt the students to
1
write a sequence that has a common difference of 14 between each term. The authors
clearly indicate that the way in which a sequence in the problem is to be constructed is
through the use of this common difference. That is, the authors incorporate pattern
recognition constructs to determine the sequence of terms. However, the students are not
expected to extend this pattern, nor provide an explicit generalization for any given term
of the sequence. Furthermore, the way in which the sequence is to be constructed is
clearly an arithmetic progression, namely, a sequence created following a constant
additive pattern. Importantly, this prompt is absent of any clear geometric context.
Although conceivably a student could address this prompt by constructing a sequence in
a geometric context, without an explicit prompt to do so, it was assumed in this study that
in such cases, the sequence is to be constructed in a numeric context. As a result, Group
C was coded as PC-R, NP, and ASQ (see Table 3).
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The authors present an opportunity for students to engage with general pattern and
sequence concepts through the analysis and examination of two students’ work related to
patterns in numeric contexts in Group D. In particular, the students are prompted to
determine if Meghan or Drake found the correct missing number in the sequence. In other
words, the students are asked to explain which of these two students recognized the
pattern correctly, which in turn requires the students to engage in pattern recognition
constructs themselves. Furthermore, in determining the correctness of the students work,
the authors’ provide an implicit opportunity for the use of variable concepts in the
analysis of the problem. Namely, the students are essentially determining if an answer for
an unknown quantity is the correct number in a sequence. Moreover, it is not explicitly
clear as to the specific type of sequence (arithmetic or geometric) that is being presented
in this prompt. Accordingly, Group D was coded as PC-R, NP, SQ, and IV.
The concepts and problems in the instance of the student sub-problems in Group
E are nearly identical to the author sub-examples in Group A. For instance, the students
in each case are presented a pattern in a numeric context that is identified as a sequence.
The students are engaged in pattern recognition constructs to determine a possible
structure underlying the numeric context. The students then are prompted to utilize
pattern extension constructs to find the two terms that follow the given numbers in the
sequence. As such, through these problems, the authors incorporate pattern recognition
and extension constructs, as well as sequence concepts in a numeric context. As a result,
Group E was coded as PC-R, PC-E, NP, and SQ.
Finally, the problem and concepts in the instance in Group F are quite similar to
those in Groups D and E. Instead of prompting the students to utilize pattern extension
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constructs to find terms that follow a pattern in a numeric context identified as a
sequence, as in Group E, the authors provide an opportunity for the students to find a
missing term. In doing so, the authors implicitly engage students in variable concepts as
in Group D. Consequently, students are prompted to provide a missing term, or identify
an unknown quantity, that completes a pattern identified as a sequence. The students are
to determine this missing term by utilizing pattern recognition constructs to determine an
underlying structure to the pattern. The students, however, are not prompted to extend or
generalize this sequence in any way. Moreover, this sequence is not defined to be
arithmetic or geometric. Accordingly, Group F was coded as PC-R, NP, SQ, and IV.
The textbook page shown in Figure 7 has six instances that are related to
patterning concepts and algebraic thinking. I refer to these six instances as Groups H, I, J,
K, L, and M. The SPP for this page is found in Box N of Figure 3.2 and is .48.
The problems and concepts in the instance in Group H are similar to those in
Group E (Figure 6) on the preceding page in the textbook. In particular, the authors
present patterns in numeric contexts that they also identify as sequences. Through the
associated prompts, students are to extend each sequence, and as such, utilize pattern
recognition and extension constructs. As such, Group H was coded the same as Group E
due to the type of problems employed by the authors to engage students in pattern
recognition and extension constructs, and sequence concepts. Accordingly, Group H was
coded as PC-R, PC-E, NP, and SQ.
The instance of sub-problems in Group I is also quite similar to that in Group F.
The main difference is in the presentation of the sequences. Specifically, in Group I the
authors indicate that the sequences continue through the use of ellipses, and in Group F,
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the sequence only has 4 terms. However, the authors only prompt students to find the
missing number, which involves pattern recognition constructs, and implicitly using
variable concepts to find an unknown quantity. Furthermore, the patterns are all in a
numeric context. Consequently, Group I was coded the same as Group F, namely, PC-R,
NP, SQ, and IV.
Although presented in a different context, and with a modified prompt, the
authors engage students with a similar problem and concepts in the instance in Group J to
those identified in Group H and Group E. In particular, the authors present patterns in
numeric contexts. Furthermore, the authors engage students in pattern recognition and
extension constructs. However, in this particular problem, the authors do not identify the
pattern as being a sequence. Instead, the authors provide the underlying context of drill
bit sizes to provide an underlying structure to the pattern. As such, Group J was coded as
PC-R, PC-E, and NP.
In the instance in Group K, the authors engage the students with a pattern in a
geometric context. Specifically, as seen in the diagram, the first seven numbers of the
pattern are connected to this geometric context. The students are engaged in pattern
recognition constructs to determine the first seven numbers (out of the first ten required
by the prompt). The students are then engaged in pattern extension constructs in
determining the next three numbers of the pattern based on the geometric context. Also,
the authors clearly identify the pattern in this problem as a sequence. Accordingly, Group
K was coded PC-R, PC-E, GP, and SQ.
The problem and concepts in the instance in Group L are similar to those in
Group I and Group F. In particular, the authors employ pattern recognition constructs
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related to patterns in numeric contexts, and sequence and implicit variable concepts.
Hence, Group L was coded PC-R, NP, SQ, and IV.
Finally, in the instance in Group M the authors provide an opportunity for the
students to explicitly work with variable concepts. In particular, the use of variable in this
problem requires the students to understand that the pattern is not necessarily defined by
the variable. Instead, the pattern is given in a numeric context with regard to the
exponents of the variable. In other words, the problem is similar to one in which the
prompt is to extend, by one term, the pattern: 1, 2, 3, 4, …; which requires students to
explicitly think about concepts related to the meaning of variables. Furthermore, the
prompt associated with this problem is similar to previous problems, in that, the students
are asked to find the next term of a pattern that is identified as a sequence. Such a prompt
involves both pattern recognition and pattern extension constructs. As a result, the Group
M was coded PC-R, PC-E, NP, SQ, as well as EV.
Example Coding of Pages in Glencoe Mathematics Course 2, Grade 7. The
textbook pages shown in Figure 8 and Figure 9 are consecutive pages in the Grade 7
textbook. These two pages are in a lesson, Sequences (Bailey, et al., 2006b, pp. 34-36),
and were coded using the previously described coding procedures. The textbook page
shown in Figure 8 has eight instances related to patterning concepts and algebraic
thinking. I refer to these instances as Groups AA, BB, CC, DD, EE, FF, GG, and HH.
The SPP for this page is found in Box II of Figure 8 and is 0.0622.
In Group AA, in the instance of author examples, the authors present patterns in
numeric contexts that are identified as sequences. In the prompts related to each of these
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The textbook length for Course 2 is 547 pages.
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Group AA:
PC-R, PC-E,
NP, SQ

Group BB:
PC-R, NP,
ASQ, GSQ

Group CC:
PC-R, PC-E,
NP, SQ

Group FF:
PC-R, PCE, NP, SQ

Group DD:
PC-R, PC-G,
NP, ASQ, IV
Group GG:
PC-R, PCE, NP, SQ,
IV

Group EE:
PC-R, NP,
SQ, ASQ,
GSQ

Group HH:
PC-R, NP,
SQ, GSQ
Box II:
SPP = 0.06

Figure 8: Sample coded page from Mathematics: Applications and Concepts, Course 2
(Bailey, et al., 2006b, p. 35).

106

Group JJ:
PC-R, NP,
SQ, ASQ,
GSQ
Group KK:
PC-R, PC-E,
NP, SQ
Group LL:
PC-R, PC-E,
NP, ASQ
Group MM:
PC-R, PC-E,
PC-G, GP,
SQ, IV

Group NN:
PC-R, PC-E,
NP, ASQ,
EV

Group OO:
PC-R, PC-E,
NP

Group PP:
PC-R, PC-E, NP, SQ

Box QQ:
SPP = 0.06

Figure 9: Sample coded page from Mathematics: Applications and Concepts, Course 2
(Bailey, et al., 2006b, p. 36).
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examples, the sequences are not explicitly identified as arithmetic or geometric
sequences. Hence, this instance was coded SQ (see Table 3). Furthermore, since these
patterns are presented solely in a numeric context, this instance was also coded NP. In
each of the sub-examples within this instance, the authors engage students with pattern
recognition and extension constructs by providing prompts to find the next terms of the
patterns. Accordingly, this instance was coded PC-R and PC-E. Consequently, this
instance of author examples was coded PC-R, PC-E, NP, and SQ.
The instance in Group BB is incorporates arithmetic and geometric sequence
concepts. Hence, Group BB was coded as ASQ and GSQ. Moreover, in order to compare
and contrast these two types of sequences, it is necessary to recognize the differences
among patterns associated with the two sequences. Hence, this instance was coded PC-R
for the pattern recognition constructs necessary to compare the structures of these two
sequences through the examination of patterns. Furthermore, since the exact structure of
these problems is not identified, it is presumed that patterns used to address this problem
would be provided in numeric contexts. As such, this instance was coded as PC-R, NP,
ASQ, and GSQ.
The authors employ the use of a pattern in a numeric context in the instance in
Group CC. The authors ask the students to explain how they would find subsequent terms
of the pattern that is identified as a sequence. The students are expected to use pattern
recognition and extension constructs to first determine a structure to the pattern, and then
to subsequently describe a way in which to extend the pattern. Consequently, Group CC
was coded as PC-R, PC-E, NP and SQ.
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In the instance in Group DD, the authors clearly identify that the pattern to be
created is an arithmetic sequence. Furthermore, the authors prompt the students to use
pattern generalization constructs to determine a rule for finding terms of this arithmetic
sequence. This generalization could be articulated in many ways, the vast majority of
which I argue would be based on variable concepts. One might not specifically use x or n
to describe a rule, but rather another representation for an unknown value. Consequently,
in this instance, the authors prompt the students to utilize pattern recognition constructs to
provide five terms of an arithmetic sequence, and to then utilize pattern generalization
constructs to describe a rule for finding the terms of the sequence. Again, as with Group
C, absent any explicit prompt to provide the terms of this sequence in a geometric
context, it was assumed that a student would likely construct an arithmetic sequence in a
numeric context. Accordingly, Group DD was coded as PC-R, PC-G, NP, ASQ and IV.
In Group EE, the authors’ engage the students in thinking about patterning
concepts with regard to the “description” of a pattern in a numeric context that is
identified as a sequence. However, this “description” of a pattern is not explicitly
identified as describing a rule for a pattern, or describing a process for finding any term
in the sequence. That is, the authors’ present the problem of identifying each sequence as
either arithmetic, geometric, or neither. As such, the instance in Group EE was coded as
PC-R, NP, SQ, ASQ, and GSQ.
In the instance in Group FF, the authors provide patterns in numeric contexts that
are identified as sequences. Furthermore, the prompt instructs the students to extend the
patterns for three more terms. As such, this instance involves both pattern recognition and
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pattern extension constructs. Consequently, Group FF was coded as PC-R, PC-E, NP and
SQ.
The sequence presented in the instance in Group GG is a pattern in a numeric
context that is not explicitly identified as a geometric or arithmetic sequence. The use of
missing terms by the authors, however, present the opportunity for students to implicitly
think about variable concepts in determining the missing terms. Moreover, the authors
incorporate pattern recognition constructs related to the identification of the structure of
the pattern in order to determine a possible solution for the unknown term in the
sequence. Thus, Group GG was coded PC-R, PC-E, NP, SQ, and IV.
Finally, the instance in Group HH incorporates sequence concepts. The sequence
that is to be created is a geometric sequence due to the stipulation that each term is to be
found by multiplying the previous term by one-tenth. Also, similar to Groups C and DD,
this prompt is void of any discussion of the context of the pattern. Hence, in the absence
of explicit prompts regarding the context of the pattern, it was assumed that the sequence
would be created through the construction of a pattern in a numeric context. Furthermore,
to create this sequence, there is a necessity to utilize pattern recognition constructs to
identify the integral structure to the pattern, namely, the multiplying of the previous term
by 0.1. In other words, this problem requires some facility related to pattern recognition
constructs. Accordingly, Group HH was coded as PC-R, NP, SQ and GSQ.
The textbook page shown in Figure 9 has seven instances related to patterning
concepts and algebraic thinking. I refer to these instances as Groups JJ, KK, LL, MM,
NN, OO, and PP. The SPP for this page is found in Box QQ of Figure 3.4 and is 0.06.
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In the first instance, Group JJ, the authors present similar problems and concepts
as found on the previous page. Specifically, the prompt is precisely the same in Group JJ
as in Group EE with regard to arithmetic and geometric sequences. As such, Group JJ
was coded the same as Group EE, namely PC-R, NP, SQ, ASQ, and GSQ.
The instance in Group KK is similar to that in Group FF. The authors present
patterns in numeric contexts that are identified as sequences; the students are prompted to
determine the next three terms of each sequence. Accordingly, both Group KK and
Group FF were coded PC-R, PC-E, NP and SQ.
The instance in Group LL, however, is different than any of the instances on the
previous textbook page. In particular, the students are presented with a problem in which
they are to utilize pattern recognition constructs to identify patterns in the cycles of
cicadas, and then utilize pattern extension constructs to extend the cicada cycles to
identify the next three times they will emerge. Furthermore, the provided cycles of
cicadas are particularly notable because they follow a pattern that is modeled by an
arithmetic sequence (the common difference of years between the cicada’s emergences is
17 years). Consequently, Group LL was coded as PC-R, PC-E, NP, and ASQ.
In the instance in Group MM, the authors present problems and concepts that
relate to patterns of triangular numbers. In framing the problems, the authors employ
pattern recognition, extension, and generalization constructs, as well as a geometric
context through which specific types of numbers arise (the numbers arise from the
number of dots within a triangular array). The authors present the pattern of the first five
triangular numbers in both a numeric and geometric context. However, in terms of
coding, if the numeric context is related or otherwise connected to the geometric context,
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it was considered that the pattern is presented to students in a geometric context. In the
sub-problems of this instance, the authors engage students with pattern recognition,
extension, and generalization constructs. Importantly, there is no explicit prompt for the
students to use a variable in writing the rule that generates the pattern that is identified as
a sequence. However, in finding this rule, I argue that the use of a variable in
representing an unknown quantity is implicit in the generation of a general rule.
Accordingly, Group MM was coded to be PC-R, PC-E, PC-G, GP, SQ, and IV.
In the instance in Group NN, the authors present a problem and concepts that
involve arithmetic sequences. The authors provide a written discussion regarding a
method for using a formula for the representation of the general rule for any arithmetic
sequence. In their discussion, the authors draw heavily on the students’ ability to
understand and work with variables to complete the formula. Moreover, the authors
prompt the students to find a specific term of a pattern in a numeric context that is
identified as a sequence. Through the use of the formula and the prompt to determine a
specific term of an arithmetic sequence, the authors engage the students in pattern
recognition constructs with regard to identifying critical mathematical structures of an
arithmetic sequence. The authors then prompt students to utilize pattern extension
constructs to find the eleventh term of the pattern. As a result, Group NN was coded as
PC-R, PC-E, NP, ASQ, and EV.
In the instance in Group OO, the authors provide a chart of the first three hours of
growth of a bamboo plant, and the height in inches of the plant at hours 0, 1, 2, and 3.
Furthermore, the authors provide a prompt to find the height of the bamboo plat after 6
hours. I argue that in this instance, the authors provide a problem that engages the
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students in thinking about the way in which the growth of a plant can be observed and
posit possible extensions related to future growth. That is, the authors incorporate pattern
recognition and extension constructs to prompt students to provide an extension of the
pattern related to the height of the plant after 6 hours. Furthermore, the table that the
authors provide is a pattern in a numeric context related to the growth of the bamboo
plant. Moreover, although presented in the form of a table, there is no explicit
identification of time as an input and plant height as an output. Thus, Group OO was
coded PC-R, PC-E, and NP.
Lastly, the instance in Group PP is similar to those found in Group KK and Group
FF. In particular, the authors present a pattern in a numeric context that is identified as a
sequence. The authors also engage the students in pattern recognition and extension
constructs. In particular, students are to recognize a pattern underlying the sequence of
numbers, and subsequently use that pattern to provide an extension of the sequence by
one term. As a result, Group PP was coded as PC-R, PC-E, NP and SQ.
Example Coding of Pages in Connected Mathematics 2, Grade 6. The textbook
pages shown in Figures 10, 11, 12, and 13 are consecutive pages in the Grade 6 textbook.
These four pages are in the investigation entitled, Polygon Properties and Tiling, in
Shapes and Designs: Two-Dimensional Geometry, Connected Mathematics 2, Grade 6
(Lappan, Fey, Fitzgerald, Friel, & Phillips, 2009d, pp. 54-57). These pages were coded
using the previously described coding procedures and codes (see Table 3). The textbook
page shown in Figure 10 has one instance related to patterning concepts and algebraic
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SPP:
SPP = .33

Author Text 3.1:
PC-R, GP

Figure 10: Sample coded page from Shapes and Designs: Two-Dimensional Geometry,
Connected Mathematics 2, Grade 6 (Lappan, et al., 2009d, p. 54).
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SPP:
SPP = .33

Problem 3.1:
PC-R, PC-E, PC-G, GP, IV

Figure 11: Sample coded page from Shapes and Designs: Two-Dimensional Geometry,
Connected Mathematics 2, Grade 6 (Lappan, et al., 2009d, p. 55).
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Author Text
3.2:
PC-R, PC-E,
GP

Problem 3.2:
PC-R, PC-E, GP
SPP: SPP = .33

Figure 12: Sample coded page from Shapes and Designs: Two-Dimensional Geometry,
Connected Mathematics 2, Grade 6 (Lappan, et al., 2009d, p. 56).
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Problem 3.2:
PC-R, PC-E, GP

SPP: SPP = .33

Figure 13: Sample coded page from Shapes and Designs: Two-Dimensional Geometry,
Connected Mathematics 2, Grade 6 (Lappan, et al., 2009d, p. 57).
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thinking in Problem 3.1 (Figure 11). I refer to this instance as Author Text 3.1. The SPP
for this page is found in box SPP of Figure 10 and is .3323.
In this instance of author text, the authors engage the students in examining
patterns regarding the relationship between the number of sides of a polygon and the
angle sum. In particular, students are engaged in pattern recognition constructs in a
geometric context. As such, Author Text 3.1 was coded PC-R and GP.
The textbook page shown in Figure 11 has one instance related to patterning
concepts and algebraic thinking. This instance is a super-problem, Problem 3.1, with
various sub-problems: A.1., A.2., A.3., B, and C. I refer to this instance as Problem 3.1.
The SPP for this page is found in box SPP of Figure 10 and is .33.
In this instance, Problem 3.1, the authors initially ask students to record the
number of sides, measure of an angle, and the angle sum in a table for the following
regular polygons: triangle, square, hexagon, pentagon, and octagon. The authors then
incorporate pattern recognition constructs through the prompt for the students to examine
the table entries for the previous regular polygons. The authors then incorporate pattern
extension constructs and prompt students to extend the pattern, and fill in the table for
regular polygons with seven, nine, and ten sides. Finally, the authors incorporate pattern
generalization constructs and prompt students to describe a way in which they could find
the angle sum of a regular polygon that has N sides. Clearly, the patterns in this problem
are presented in a geometric context. Thus, Problem 3.1 was coded PC-R, PC-E, PC-G,
GP, and IV for pattern recognition, extension, and generalization constructs, the
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According to my previously discussed method for identifying CMP pagination, the
textbook length of Grade 6 is 595 pages, and the cumulative pagination for this page is
195.
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geometric context of the pattern, and the implicit variable concepts related to describing a
method, but not writing a rule for finding a polygon with N sides.
The textbook pages shown in Figures 12 and 13 have two instances related to
patterning concepts and algebraic thinking. The instance at the top of Figure 12 is author
text related to Problem 3.2. This instance of author text is labeled, Author Text 3.2. The
second instance in Figure 12 is an instance of a student super-problem that continues onto
the textbook page in Figure 13. In particular, this instance of a super-problem is Problem
3.2, that has related sub-problems: A.1., A.2., A.3., B.1, B.2, B.3, and C. I refer to this
super-problem instance as Problem 3.2. The SPP for the material in Figure 12 is found in
box SPP of Figure 12 and is .33. The SPP for the material in Figure 13 is found in box
SPP of Figure 13 and is .33.
In the instance in Author Text 3.2 (see Figure 12), the authors incorporate pattern
recognition and extension constructs in geometric contexts. In particular, the geometric
context of this pattern elicits a first “term,” a triangle, and a second “term,” a
quadrilateral. That is, the authors are engaging students in developing a pattern for
finding the sums of interior angles of any polygon by starting with a triangle and a
quadrilateral. In this manner, the authors ask the students to recognize the existing
pattern, namely: the angle sum of any triangle (180 degrees), the angle sum of any
quadrilateral (360 degrees), and so forth. The authors further prompt the students to
develop an extension regarding whether or not this pattern holds for other polygons.
Importantly, however, in prompting students to think about extensions, the authors do not
explicitly ask for any general description or other specific generalization, but rather
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encourage students to contemplate the nature of extending this pattern of angle sums. As
such, this author text was coded as PC-R, PR-E, and GP.
In the instance in Problem 3.2 (see Figures 12 and 13), the authors incorporate
pattern recognition and extension constructs related to patterns in geometric contexts. In
particular, students are asked to recognize patterns related to two methods for finding
angle sums of a triangle, a quadrilateral, a pentagon, and a hexagon. The students are
prompted to use the methods to find angle sums of the polygons, and then to provide
reasoning related to extending these methods to find angle sums of other polygons. That
is, students are to identify and recognize the patterns in the methods for finding angle
sums, as well as determining the angle sums for each polygon. The pertinent concepts
regarding patterning, as related to this study, are largely found in sub-problem C.
Specifically, the authors ask the students to recognize the pattern determined through
their work on the previous problem (Problem 3.1), which is reinforced by the concepts in
this problem (Problem 3.2). Furthermore, the authors prompt the students to provide an
explanation regarding the extension of the pattern that relates the number of sides of a
regular polygon to the angle sum. The students are prompted to then extend the patterns
of angle sums in regular polygons to identify the, presumably, same patterns of angle
sums in any polygon. As such, Problem 3.2 was coded as PC-R, PC-E, and GP.
Example Coding of Pages in Connected Mathematics 2, Grade 7. The textbook
pages shown in Figures 14, 15, 16, and 17 are consecutive pages in the Grade 7 textbook.
These four pages are in the investigation entitled, Calculator Tables and Graphs, in
Variables and Patterns: Introducing Algebra, Connected Mathematics 2, Grade 7
(Lappan, Fey, Fitzgerald, Friel, & Phillips, 2009h, pp. 74-77). These pages were coded
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Ex 7-10:
PC-R, PC-G, NP,
EV

SPP: SPP = .11

Figure 14: Sample coded page from Variables and Patterns: Introducing Algebra,
Connected Mathematics 2, Grade 7 (Lappan, et al., 2009h, p. 74).
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Problem 13:
PC-R, PC-G,
NP, EV, FN

SPP: SPP = .11

Figure 15: Sample coded page from Variables and Patterns: Introducing Algebra,
Connected Mathematics 2, Grade 7 (Lappan, et al., 2009h, p. 75).
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Problem 15:
PC-R, PC-G, GP, EV,
FN

SPP: SPP = .12

Figure 16: Sample coded page from Variables and Patterns: Introducing Algebra,
Connected Mathematics 2, Grade 7 (Lappan, et al., 2009h, p. 76).
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Problem 17:
PC-R, NP, EV, FN

SPP: SPP = .12

Figure 17: Sample coded page from Variables and Patterns: Introducing Algebra,
Connected Mathematics 2, Grade 7 (Lappan, et al., 2009h, p. 77).
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using the previously described coding procedures. The textbook page shown in Figure 14
has one instance related to patterning concepts and algebraic thinking. This instance is a
super-problem, or in this case super-prompt, followed by four sub-problems, Exercises 710. In Figure 14, I refer to this instance as Ex 7-10. The SPP for this page is found in box
SPP of Figure 14 and is .11.
In the instance Ex 7-10, the authors incorporate pattern recognition and
generalization constructs regarding patterns in numeric contexts. In particular, the authors
prompt students to write a generalization relating two variables in a pattern. However, in
this instance, the authors do not employ explicit concepts related to functions. That is,
although the patterns are presented in a table, there is no explicit or implicit identification
of one variable as an input value or output value. Furthermore, although students are
expected to write an equation relating the two variables, there is no explicit or implicit
prompt for students to identify a relationship between variables in these tables that would
guarantee that for every input there exists only one output. For example, one might
assume in Exercise 7 that since the authors provide the relationship: if a is 1, b is 7 (or
similarly if b is 7, a is 1), there will not be another value for b if a is 1. However, there is
no clear stipulation that the blank entry for a between 3 and 8 should not be 1. Although
this most likely is not the case, the lack of explicit or even implicit identification that for
each value for a there is only one value for b, the possibility exists that one value of a
will produce two values of b and one value of b will produce two values of a. Hence, the
possibility exists that the relationship between a and b in Exercise 7 is not a functional
relationship. Furthermore, the relationships between the variables in Exercises 8, 9 and
10 could be functional relationships if the variable in the first (top) position of the table is
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considered to be the input. However, if the variable in the second (bottom) position of the
table is considered to be the input, then there could presumably be one input value that
produces two or more output values. For example, in Exercise 8, if y is considered to be
the input variable, and the table is completed with the value of 9 in the blank entries, then
for the input value of 9, there would be output values of 3, 4, 8, 20, and 100. Thus, Ex 710 was coded PC-R, PC-G, NP, and EV, but not FN.
The textbook page shown in Figure 15 contains one instance that is related to
patterning concepts and algebraic thinking. As with the previous instance, this instance
also contains a super-problem, 13, or in this case super-prompt, followed by three subproblems 13.a, 13.b, and 13.c. I refer to this instance in Figure 15 as Problem 13. The
SPP for this page is found in box SPP of Figure 15 and is .11.
In the instance in Problem 13, the authors present a pattern in a numeric context
through the use of a table that describes a relationship between the cost of a ferry ride and
the number of customers. In the first sub-problem, the authors incorporate pattern
recognition and generalization constructs, and ask students to write an equation for the
rule that relates the cost of the ferry ride and the number of customers. In doing so, the
students are explicitly expected to provide a generalization using variable concepts. It is
important to note that the questions related to pattern extension constructs regarding
finding the cost of 35 people, or the number of people who can ride the ferry for $75
presuppose the arithmetic continuation of the pattern. That is, one must assume that when
there are 10 customers, the cost of the ferry ride does not become discounted in some
manner. Although the pattern of adding $2.50 for each customer holds for 1 through 9
customers, there is no explicit or implicit identification that with the 10th customer the
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increments only increase by $2 per person until the 20th customer, at which point each
additional person only pays $1 (particularly when booking a large tour group). Although
these are important considerations related to the appropriateness of the extension of the
relationships identified in the table, the fact is that an extension of this pattern for any
given number of customers (discounted or not) will not produce a situation in which there
is more than one cost for ferry ride containing any number of persons. In other words,
unless the price per new customer plateaus and becomes unchanged, the relationship
between these two variables will be a function. Thus, identifying the respective
corresponding values for 35 people and the cost of a $75 ferry ride is not related to
pattern extension constructs, but rather related to the examination of a function rule that
describes and predicts the extension of this pattern in the given context. That is, the
authors engage students, to some degree, with function concepts in the instance in
Problem 13. Consequently, Problem 13 was coded as PC-R, PC-G, NP, EV, and FN.
The textbook page shown in Figure 16 contains one instance related to patterning
concepts and algebraic thinking. As with the previous examples, this instance contains a
super-problem, 15, in this case super-prompt, followed by four sub-problems 15.a, 15.b,
15.c, and 15.d. In Figure 16, I refer to this instance as Problem 15. The SPP for this page
is found in box SPP of Figure 16 and is .12.
In the instance in Problem 15, the authors incorporate pattern recognition and
generalization constructs regarding patterns in geometric contexts. In particular, the
students are asked to recognize and generalize patterns related to the number of
diagonals, sum of interior angles, and angle size of polygons and regular polygons.
Importantly, as with the previously discussed instance in Problem 13, the examination of

127

the formulas for each of these patterns is not necessarily related to extensions of the
patterns. Similarly, facility in understanding the formulas in this problem incorporates
variable concepts. Moreover, the authors’ prompts in 15.b, 15.c, and 15.d are related to
function concepts. In particular, for each polygon (as defined by the number of sides),
there is only one value for the number of diagonals, one value for the sum of the interior
angles, and one value for the size of each angle if the polygon is regular. Students are
asked to determine the number of sides for a polygon that has exactly 10 diagonals, and
thus are prompted to determine a value for the number of sides of a polygon in which
exactly 10 diagonals can be drawn from a single vertex. Consequently, Problem 15 was
coded PC-R, PC-G, GP, EV, and FN.
The textbook page shown in Figure 17 contains one instance related to patterning
concepts and algebraic thinking. As with the previous examples, this instance contains a
super-problem, 17, in this case super-prompt, followed by two sub-problems 17.a and
17.b. In Figure 17, I refer to this instance as Problem 17. The SPP for this page is found
in box SPP of Figure 17 and is .12.
In the instance in Problem 17, the authors prompt students to create a table of x
and y values for the following values of x: 0, 1, 2, and 3. The authors provide the
functions from which the students are to create these tables. However, the patterning
concepts related to this problem are related to the authors’ prompts for the students to
describe the pattern of change in each variable by identifying how the values for y change
as the values of x increase. As such, I argue that the authors integrate pattern recognition
constructs related to the patterns in the tables. In this instance, students are asked to
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explicitly use variables to identify the way in which the output variable changes as the
input variable increases. Consequently, Problem 17 was coded as PC-R, NP, EV, and FN.
Data Analysis
Code Count and Content Data
Analyses were conducted on the set of codes for the instances of patterning and
algebra thinking in the 12 textbooks studied. A code count for each code, and
combination of codes, was performed to identify the frequency of occurrence of
particular patterning constructs, contexts patterns, algebraic thinking concepts, and
combinations thereof. The code counts were also utilized to identify groupings of related
content with regard to SPP proximity, SPP spans, and key concepts defined by code
frequency.
Analyses were also conducted on the nature of the content within sets of codes.
Once the descriptive coding was complete, a secondary pass through the data was
conducted in which more elaborate descriptions of the mathematical content in each
instance were created and recorded alongside the related set of codes for the particular
instance. These descriptions generally took the form of unstructured notes, rather than
formalized descriptions. However, this informal descriptive elaboration of the
mathematical content underlying a set of codes provided a final checkpoint regarding the
appropriateness of a set of codes for a particular instance. Moreover, this process
provided a more richly developed set of data on which analysis was conducted to inform
the development of the key findings of this study, namely, the descriptions and
identification of the ALTs within each textbook and across textbook series. For example,
in Saxon Course 2, an instance was coded as PC-R, PC-E, PC-G, NP, SQ. However, to
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better inform the analysis of these data, the following brief description was developed to
identify the underlying mathematics content of this instance: use words to describe the
rule of the sequence, find the next three terms: (…10, 8, 6, 4, 2, …). This description
identifies that the authors present students with a pattern in a numeric context that in turn
is identified as a sequence. Furthermore, this description clearly identifies the related
prompt for students, which is to provide an extension of the pattern.
Once each instance was examined, and the mathematical content underlying each
set of codes was described, analysis was conducted in which SPPs and code counts were
utilized to identify high frequency instances that were in relative proximity to one
another. This analysis further informed the identification and construction of the
descriptions of ALTs by providing a map of the development of mathematical content
within each of the textbooks and textbook series. Through the examination of the data
and the analyses conducted on the data, patterns emerged in which some patterning
constructs were presented before other patterning constructs within the textbooks.
Furthermore, patterns emerged related to the integration of sequence and algebraic
thinking concepts with respect to certain patterning constructs within each of these
textbooks. Consequently, through this analysis of all of the available data, prior analyses
of data, and the identification and examination of emerging patterns of mathematical
content, the rich descriptions of ALTs were constructed. It is these identifications and
descriptions of ALTs that are provided in the first part of Chapter 4.
ALT Descriptive Data
The ALT descriptive data were defined through the identification of ALTs and the
subsequent formation of the ALT descriptions. Once this set of data was established
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through the detailed narratives in the first part of Chapter 4, an analysis of the data was
conducted. In other words, the ALTs described in this study served as the data set that
was used to answer the second research question of this study. In particular, the data
analysis conducted examined the ALTs identified in the first part of this study through
the mirror of the six disciplinary perspectives of clarity, comprehensiveness, accuracy,
depth of mathematical inquiry and mathematical reasoning, organization, and balance.
To guide the analysis of the ALTs through the mirror of the six disciplinary
perspectives, the definitions provided in the NRC report, as well as guiding questions for
each perspective were considered. The questions addressed for the six perspectives were:
•

To what degree does the clarity of the mathematical content in the relevant
instances of an ALT affect the development of the mathematics associated
with the ALT?

•

To what degree is the mathematical content within the ALT comprehensively
developed through identifying connections in the mathematics related to the
patterning constructs, sequence concepts, and algebraic thinking concepts
within the relevant instances of the ALT?

•

To what degree is there accuracy of mathematical content within the relevant
instances of an ALT?

•

To what degree do the authors provide opportunities for depth of
mathematical inquiry and mathematical reasoning related to the mathematical
content within the relevant instances of an ALT? What is the nature of the
mathematical content in the instances in which authors provide opportunities
for depth of mathematical inquiry and mathematical reasoning?
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•

What is the structure or organization of an ALT with respect to the
mathematical content within the relevant instances of the ALT?

•

To what degree do authors provide balance regarding the presentation of
mathematical content within and among the relevant instances of an ALT?

Analysis of the narratives and descriptions of the ALTs presented in the first part of
Chapter 4 was conducted to determine answers to these questions. The answers
constructed to these questions were then further developed and elaborated upon to
provide depth to the descriptions of the degree to which the six disciplinary perspectives
were addressed by the authors through the mathematical content of an ALT. These
answers and the other related findings regarding the alignment of ALTs to the six
disciplinary perspectives are presented in the second part of Chapter 4.
Limitations
As with every study that utilizes qualitative methods for data collection and
analysis, the methods employed in this study have limitations. The rather novel approach
taken in this study regarding the use of a new construct, the articulated learning
trajectory, poses certain limitations. The development of a framework for mathematical
content analyses that utilize the ALT construct has certain limitations as well.
Specifically, the nature of a content analysis of textbooks introduces a degree of
uncertainty related to the reliability of a coding scheme. In this study, these concerns
were mitigated through the collaboration of a mathematician, a mathematics educator,
and myself. Importantly, all three of these individuals were integral in implementing,
redeveloping, and refining the coding methods that were used in this study. Moreover,
although the novelty of the methods used present certain limitations, the importance of
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introducing such methods to the consciousness of the field is crucial to the continual
development of a collective knowledge base. As such, it is imperative that these
limitations be recognized, but also that the important findings of the study not be
dismissed at the hand of such limitations. It is crucial that novel approaches in developing
methods for content analyses, such as those in this study, be developed and articulated
through future mathematical content analysis studies that integrate, at their core, the
construct of the articulated learning trajectory.
Summary
In this study, data were collected through a thorough examination of the pages of
12 middle grades textbooks. Through this examination, instances were identified in
which authors incorporate patterning and algebraic thinking concepts. A coding scheme
was developed and authenticated through a reliability study involving a mathematician
and mathematics educator. The coding scheme was then applied to each previously
identified instance. Code counts were conducted, and descriptions of the mathematical
content underlying a set of codes were developed from which ALTs were identified and
rich descriptions thereof were formed. The set of data represented by the narratives and
descriptions of the ALTs was then analyzed through the mirror of the six disciplinary
perspectives of clarity, comprehensiveness, accuracy, depth of mathematical inquiry and
mathematical reasoning, organization, and balance. Furthermore, for clarity, in this
chapter, examples of the identification of the instances of mathematical content were
provided. Also, sample applications of the coding scheme, as well as a report regarding
coding reliability, was provided.
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CHAPTER 4: ANALYSIS OF THE DATA AND RESULTS

In this chapter I present data pertaining to and descriptions of articulated learning
trajectories related to a specific aspect of algebraic thinking, namely, the way in which
patterning constructs are utilized by authors of textbooks to develop function concepts in
middle-grades mathematics textbooks. The data, descriptions, and comparisons in this
chapter are the result of an in-depth descriptive mathematical content analysis of twelve
middle-grades mathematics textbooks comprising four separate textbook series. The
chapter is organized around the study’s two main research questions:
1. What are the articulated learning trajectories related to the development of
algebraic thinking that stem from patterning concepts within the written
curriculum in four middle school mathematics textbook series? More
specifically, in what ways do the textbook authors employ ladder-like,
branching, or other forms of trajectory in the development of these concepts?
2. How are the algebraic thinking articulated learning trajectories as embodied in
patterning concepts in the chosen textbooks aligned with the six disciplinary
perspectives of clarity, comprehensiveness, accuracy, depth of mathematical
inquiry and mathematical reasoning, organization, and balance?
This chapter is comprised of three sections. In the first section, which addresses
the first research question, I describe the articulated learning trajectories I identified.
These descriptions are based on and informed by data collected through an in-depth
process of identifying and examining content related to patterning concepts in each of the
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textbooks in the study. In particular, I provide descriptions and comparisons of articulated
learning trajectories within specific grade levels of textbook series and across grade
levels within a textbook series
To address the second research question, the second section of this chapter
focuses on the analysis of the ALTs through the lens of the disciplinary perspectives
outlined by the authors of the NRC report on curricular effectiveness. Specifically, I
focus on the analysis and comparisons of the articulated learning trajectories on the
disciplinary perspectives of clarity, comprehensiveness, accuracy, mathematical inquiry
and reasoning, organization, and balance. Importantly, the aim of this aspect of this study
is to provide minimally evaluative descriptions and analysis of these textbook series on
these perspectives. Finally, in the last section of this chapter, I provide a summary of the
findings and results of my analysis.
Question 1: Articulated Learning Trajectories Described
In this study, I examined textbooks from four middle-grades textbook series from
a theoretical perspective of a construct I have defined as the articulated learning
trajectory (ALT). I analyzed ALTs related to the development of formal algebraic
generalizations and function concepts through the examination of patterns in numeric and
geometric contexts. It is important to note that an ALT is a learning trajectory that goes
beyond predicting how students might currently and subsequently develop their thinking
and understanding of mathematics content. It is rather, a precise sequence of content as
written by authors of textbooks that serves as a baseline for what mathematics students
have an opportunity to learn, as well as a specific characterization of how that content is
developed within the textbook.
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This first section of the chapter is divided into several subsections that relate to
the description and analysis of ALTs within specific grade levels from each textbook
series (Saxon, Glencoe, Math Thematics, and CMP). That is, in this section are the
findings related to ALTs within specific grade levels (e.g., Saxon, Course 1; Saxon,
Course 2; Saxon, Course 3). The variant curriculum span of the ALT construct allows for
any number of ALTs to be identified within a textbook or textbook series. Depending on
the desired span of examination, one can conceivably define an ALT across a chapter,
across a series of chapters, across a textbook, across a textbook series, and so forth.
The purpose of identifying and describing ALTs in this chapter is to illustrate the
ALTs that are identifiable as having curriculum spans across significant portions of the
textbooks, across the entirety of the textbooks, across significant portions of the textbook
series, or across the entirety of the textbook series. Given the plethora of potential ALTs
that could be described in this chapter, I do not necessarily focus on presenting ALTs that
span a chapter, or series of chapters, as such descriptions, and finer iterations thereof,
could conceivably continue ad infinitum. Rather, I focus on the identification and
description of ALTs that are likely to provide a holistic tapestry of the development of
content across large portions of the textbooks and textbook series.
I focus on broad descriptions of ALTs in this chapter for three reasons. First, I
wish to provide an initial broad presentation of the way in which the ALT construct can
be an informative tool in mathematical content analyses. Secondly, I wish to provide
meaningful descriptions of how content is developed across a textbook and textbook
series to inform similarly broad aspects of the mathematics education field, such as,
student learning outcomes associated with a textbook or textbook series, the adoption of a
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textbook or textbook series as related to standards documents, and so forth. Finally, I
wish to develop broad descriptions of the development of mathematics content among
these four textbook series so that meaningful comparisons can be broadly addressed with
respect to the six disciplinary perspectives of clarity, comprehensiveness, accuracy, depth
of mathematical inquiry and mathematical reasoning, organization, and balance.
Number and Distribution of Instances of Patterns
Across the four textbook series, there was a total of 1,032 instances identified and
subsequently coded. However, the number of total instances varied substantially across
the textbook series. As shown in Table 4, the number of instances within each textbook
series was quite different. Since the nature of the instances among the four textbook
series is different (see Table 1 for types), care must be taken when interpreting the
numbers presented in Table 4. For example, as was illustrated in Chapter 3, the nature of
Table 4
Number of Instances of Patterns
Textbook Series

Number of Instances (Grades 6-8)

Saxon

289

Glencoe

245

Math Thematics

227

Connected Mathematics

271

the instances within the Glencoe and CMP textbooks was different in that the number and
structure of super-problems were quite dissimilar, as was the case with the authors’
examples and author text in these series.
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The number of instances of patterning also varies across textbooks. For example,
at the low end, CMP, Grade 6 has 29 instances, and at the high end, Saxon, Course 3 has
146 and CMP, Grade 8 has 154 instances. Furthermore, distributions of instances across
textbooks varies. Some textbooks start with patterning concepts very early in the
textbook (e.g., Glencoe, Course 1, 0.009), and some textbooks have a relatively delayed
start (e.g., Math Thematics, Book 3, 0.121). Sometimes instances of pattern concepts are
spread out, and sometimes instances of patterning concepts are clumped. Figure 18 shows
an example of the distribution across CMP, Grade 6. Similarly, Figure 19 shows an
example of the distribution across Glencoe, Course 1.
In these two examples, it is clear that the number of instances differs dramatically
between these two grade 6 textbooks. Moreover, the distributions and sequencing of the
instances of patterning in these two textbooks is dramatically different in terms of the
clumping of instances, the context of instances, and the nature of the patterning
constructs involved.
Example Illustration of an Articulated Learning Trajectory
In order to provide an anchor for the discussion and narrative prose that follows in
this chapter, an example of an articulated learning trajectory that spans the entirety of the
Glencoe, Course 1 textbook is provided in Figure 20. In this figure, the main patterning
constructs, patterning concepts, and algebraic thinking concepts are identified in the top
boxes. In this figure, pattern extension (PC-E) and pattern generalization (PC-G)
constructs are identified, as are sequence (SQ) and function (FN) concepts. Each of these
instances has an associated SPP indicating where in the textbook they were introduced,
and this index is recorded in the bottom box. That is, the authors introduce pattern
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Figure 18: Distribution and sequencing of instances of patterning in CMP, Grade 6.
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Figure 19: Distribution and sequencing of instances of patterning in Glencoe, Course 1.

extension constructs (PC-E) at an SPP of 0.009, but do not introduce function concepts
along with pattern extension constructs (PC-E, FN) until an SPP of 0.54.

PC-E
0.009

!

PC-E, SQ
0.483

!

PC-E (Bridging and
Table Problem)
0.538
SPP Span

!

PC-E, FN and
PC-G, FN
0.54 and 0.49

!

PC-G, FN
0.93

Figure 20: Visual representation of a broad ALT spanning the entire Glencoe, Course 1
textbook.
Importantly, within each of the four instances on either side of the middle
instance, other ALTs can be identified and described depending on the size and
specificity of the curriculum span that one wishes to examine. For the purposes of this
illustration I focus only on these five data points. In this Glencoe, Course 1 example, as
shown in Figure 20, the authors initially present students with instances involving pattern
extension constructs (Box 1 in the figure). These instances are exemplified by patterns
presented in numeric or geometric contexts in which students are asked to extend a
pattern by a three terms. In this ALT, the authors then integrate sequence concepts,
largely by reclassifying patterns, patterns similar to those presented earlier in the ALT
(see Box 2). The prompts in the instances within this portion of the ALT are very similar
to previous prompts. At the third point identified in this ALT (PC-E), the authors present
students with a pattern in a numeric context that is presented via a function type table.
That is, the table has headings of “input” and “output,” but is not identified as a
“function” table. The authors provide the first three terms of the pattern, and prompt the
students to find the fourth number in the pattern. After this instance, the authors phase out
attention to sequence concepts, and begin to provide instances involving function
concepts and pattern generalization and pattern extension constructs. Eventually, as is
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shown by the last instance in Figure 20, the authors focus on presenting students with
instances involving pattern generalization constructs and function concepts through the
integration of function tables, function machines, and so forth.
This description of an ALT is one of several that could be identified that span the
textbook, and only one of numerous ALTs that can be identified and described within the
textbook series. In the remainder of this chapter, I principally rely on data compiled in
data tables, as well as textbook images, to provide a context for the descriptions of the
ALTs that are identified and described.
Description of Data Tables
In the analysis and descriptions in this chapter, I present several types of data to
illustrate the ways in which the authors use particular types of questions to form an ALT.
One main data presentation mode is data tables, tables that include code counts and
percentages, and spans of related standardized page positions (SPPs). Table 5 and Table 6
are representative examples of this structure. In these data tables related to Saxon, Course
1, the columns and rows reflect the coding scheme used in this study.
In Table 5 the three main columns relate to the major patterning constructs:
pattern recognition (PC-R); pattern recognition and extension (Up to PC-E); and pattern
generalization including pattern recognition and possibly pattern extension (Up to PC-G).
The two main rows relate to the mathematical context of the patterns used by the authors,
namely, numeric context (NP) or geometric context (GP).
The columns in Table 6 directly relate to the patterning constructs (columns) and
the mathematical context of patterns (rows) described in Table 5. The rows in Table 6
represent the seven major concepts attended to in this study: sequence concepts (SQ),
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Table 5
Data Related to Patterning Constructs and Pattern Structures in Saxon Math, Course 1,
Grade 6
Codes

PC-R

Up to
PC-E

Up to
PC-G

Totals

NP

n
%
SPP

8
89% (15%)
0.07-0.79

30
88% (56%)
0.10-0.90

16
89% (30%)
0.07-0.98

54
89% (100%)
0.07-0.98

GP

n
%
SPP

1
11% (14%)
0.03

4
12% (57%)
0.002-0.58

2
11% (29%)
0.67-0.81

7
11% (100%)
0.002-0.81

Totals

n
%
SPP

9
100% (15%)
0.03-0.79

34
100% (56%)
0.002-0.90

18
100% (30%)
0.07-0.98

61
100% (100%)
0.002-0.98

sequences identified as specifically arithmetic and/or geometric (ASQ/GSQ), variable
concepts (EV/IV), function concepts (FN), sequence concepts [including SQ, ASQ, and
GSQ] and variable concepts together (SQ/V), sequence concepts [including SQ, ASQ,
and GSQ] and function concepts together (SQ/FN), and variable concepts and function
concepts together (V/FN).
Each cell in Table 5 and Table 6 displays four data points: total counts of items
coded (n); two percentages associated with the total counts (via parenthetical cues); and
the span of the standardized page positions (SPPs) associated with the particular cell. For
example, the shaded cell in Table 5 indicates that there are 16 items that are associated
with pattern generalization constructs in which the structure of the pattern is numeric.
Other data in this cell relate to two percentages regarding the code count of 16. In
particular, the percentage not in parentheses is with respect to the bottom total, and the
percentage in parentheses is with respect to the right hand total. That is, this cell indicates
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Table 6
Data Related to Patterning Constructs, Pattern Structures, and Related Concepts in
Saxon Math, Course 1, Grade 6
PC-R

Up to
PC-E

Up to
PC-G

5
56% (13%)

24
71% (62%)

SPP

0.07-0.43

0.002-0.80

n
%

0
0% (0%)

1
3% (25%)

NA

0.10

4
44% (33%)

0
0% (0%)

0.14-0.79

NA

3
33% (27%)

1
3% (9%)

SPP

0.78-0.79

0.90

SQ/V

n
%
SPP

3
33% (75%)
0.135-0.43

SQ/FN

n
%
SPP

Codes
SQ

ASQ/
GSQ

n
%

SPP
EV/IV

n
%
SPP

FN

V/FN

n
%

n
%
SPP

Totals

n
%
SPP

NP

GP

Totals

10
56%
(26%)
0.07-0.76

38
70% (97%)

1
14% (3%)

0.07-0.80

0.002

39
64%
(100%)
0.002-0.80

3
17%
(75%)
0.070.073

4
7% (100%)

0
0% (0%)

4
7% (100%)

0.07-0.10

NA

0.07-0.10

8
44%
(67%)
0.14-0.98

12
22%
(100%)
0.14-0.98

0
0% (0%)

12
20%
(100%)
0.14-0.98

7
39%
(64%)
0.7790.98

10
19% (91%)

1
14% (9%)

0.779-0.98

0.81

11
18%
(100%)
0.779-0.98

0
0% (0%)
NA

1
6% (25%)
0.145

4
7% (100%)

0
0% (0%)
NA

4
7% (100%)
0.135-0.43

0
0% (0%)
NA

0
0% (0%)
NA

0
0% (0%)
NA

0
0% (0%)
NA

0
0% (0%)
NA

0
0% (100%)
NA

1
11% (13%)

0
0% (0%)

7
13% (88%)

0.79

NA

7
39%
(88%)
0.78-0.98

1
14%
(13%)
0.81

8
13%
(100%)
0.78-0.98

9
100%
(15%)
0.03-0.79

34
100%
(56%)
0.002-0.90

18
100%
(30%)
0.07-0.98

54
100%
(89%)
0.07-0.98

7
100%
(11%)
0.0020.81

61
100%
(100%)
0.002-0.98

144

0.78-0.98

NA

that 89% (16 out of 18) of instances related to pattern generalization constructs are
presented in a numeric context. Similarly, 30% (16 out of 54) of all the instances in
which patterns are presented in numeric contexts are related to the development of
pattern concepts through pattern generalization constructs. Lastly, the span of pattern
generalization constructs presented via a numeric context is from 0.07 to 0.98. That is,
from 7% of the way through the textbook to 98% of the way through the textbook, one
can expect to find patterning items related to the generalization of patterns in numeric
contexts.
As another example, consider the shaded cell in Table 6. This cell shows that in
24 instances in this textbook, patterns are presented via extension constructs in which
patterns are explicitly identified by the authors as sequences. These 24 instances
represent 71% of all the instances related to pattern extension constructs (24 out of 34),
and represent 62% of all instances related to sequence concepts (24 out of 39). In other
words, when working with pattern extension constructs, in 71% of the instances, students
will be extending patterns that are explicitly identified as sequences. Moreover, if
students encounter sequence concepts in this textbook, in 62% of the instances, the
students will work with pattern extension constructs. Finally, the associated SPP data
point (0.002 to 0.80) implies that students can expect to encounter pattern extension
constructs as related to sequence concepts in a large part of the textbook. More
specifically, these concepts are found in the first 80% of the material.
Another data source I draw upon to provide depth to my analysis is illustrative
textbook examples that highlight authors’ use of particular constructs and concepts in
context. I present these examples to facilitate discussions regarding the differences and
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similarities in the way the authors structure content around similar concepts. These
examples are intended to illustrate how the authors of Saxon, Glencoe, Math Thematics,
and CMP structure textbook content related to patterns, sequences, variables, and
functions.
Articulated Learning Trajectories Within Saxon Math, Course 1, Grade 6
Tables 5 and 6 contain data related to the Grade 6, Course 1 textbook for Saxon
Math. There are 630 pages in this textbook dedicated to the presentation of mathematical
content. This page count does not include pages related to upfront material, such as the
table of contents, letter from the authors, and other miscellaneous material related to an
overview of the textbook. Nor does the page count include pages related to material at the
end of the textbook, such as glossaries, indices, supplementary exercises, and answer
pages24. Among the 630 pages, there are 61 instances, or groupings of content25,
specifically related to pattern concepts. Of the 61 groupings, 89% (54) involve patterns in
numeric contexts and 11% (7) involve patterns in geometric contexts. That is, nearly all
instances of patterning concepts in this textbook are presented in numeric contexts, while
only a handful are presented in geometric contexts. As such, with regard to this textbook,
I will not delineate further between instances in which patterns are presented in numeric

24

The nature of the textbook pages included in this study was defined in the previous
chapter in discussions related to Flanders’ (1994) method of determining standardized
page positions.
25

The nature of an instance or content grouping is identified and discussed in the
previous chapter (e.g., author text, author examples, singular problems, grouping of
problems related to the same prompt, and so forth). For variety, in this chapter, unless
otherwise noted, I will use the terms “instance” and “grouping” in a generally
synonymous fashion.
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contexts and geometric contexts, but rather recognize that the majority of the work
related to patterning concepts in this textbook is with respect to a numeric context.
Pattern extension constructs. The majority, 56% (34), of the 61 groupings involve
pattern recognition and extension constructs. An illustrative example is problem 10 in
Figure 21. The structure of problem 10 is typical of instances in this textbook related to
pattern recognition and pattern extension. Specifically, students are generally prompted to
find the next terms in a sequence or pattern of numbers. In other problems with similar
coding, the determination of subsequent terms in a sequence is integral to determining the
solution to the problem. For example, in one particular problem, the authors provide
students with a sequence of four terms (multiples of 6): 6, 12, 18, 24, …, and prompt the
students to determine the ratio of the first term to the fifth term.
As illustrated in Problem 10, the authors often identify patterns as “sequences,”
and frequently use the terms “pattern” and “sequence” interchangeably when referring to
a pattern. In fact, the authors specifically refer to “sequences” in 71% (24 of 34) of the
instances related to pattern recognition and extension. In particular, in this textbook, the
authors define a sequence in the context of the sequence of multiples of 5 starting with
the number 5 (5, 10, 15, 20, 25, …) and the doubling sequence starting with 5 (5, 10, 20,
40, 80, …) as, “an ordered list of numbers, called terms that follows a certain rule”
(Hake, 2007a, p. 50). Although the authors do not define “sequence” until page 50, they
do use the term in the very first lesson in the book in relation to a three-term sequence of
square numbers: 4 pennies, 9 pennies, and 16 pennies. The authors’ identification of this
pattern of square numbers as a sequence before formally defining a “sequence” is
indicative of the casual manner in which the authors’ interchangeably use the terms
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Figure 21: Problem related to pattern recognition, pattern extension, and sequences based
on a numerically defined pattern from Saxon, Course 1 (Hake, 2007a, p. 66).
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pattern and sequence. Furthermore, 62% of the instances involving sequences are
presented through pattern extension constructs (see Table 6). Interestingly, in one such
instance, the authors’ present students with wording that is related to both geometric and
arithmetic sequences. In this problem, Problem 18 in Figure 22, the authors indicate,
“The rule for the sequence below is different from the rules for addition sequences26 and
multiplication sequences27. What is the next number in the sequence” (Hake, 2007a, p.
71). Although addition and multiplication sequences (i.e., arithmetic and geometric
sequences) are defined relatively early in the textbook (SPP .07028), specific mention of
these constructs only appear three more times in Course 1, all within the first 10% of the
textbook. In particular, explicit mention of these types of sequences occurs twice (SPPs
of .071 and .073) related to pattern generalization constructs. In each of these two
instances, the first of which is an author example and the second a set of two practice
problems, the authors use a nearly identical prompt related to addition and multiplication
sequences: “Describe the following sequence as an addition sequence or multiplication
sequence. State the rule of the sequence, and find the next term” (Hake, 2007a, p. 51).
The third mention of addition and multiplication sequences is the previously identified

26

Prior to this problem, the authors define an addition sequence to be similar to an
arithmetic sequence in that, “the same number is added to each term of the sequence to
get the next term” (Hake, 2007a, p. 50).
27

Prior to this problem, the authors define a multiplication sequence to be similar to a
geometric sequence in that, “each term of the sequence is multiplied by the same number
to get the next term” (Hake, 2007a, p. 50).
28

Additional place values for the SPPs are provided when there is a need to emphasize
the relative proximity of related concepts.
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Figure 22: Problem related to pattern extension constructs and general, arithmetic, and
geometric sequence concepts based on a pattern with a numeric context from Saxon,
Course 1 (Hake, 2007a, p. 71).
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problem in which students are informed that the rule is not related to either an addition
sequence or a multiplication sequence (SPP of .103).
In this textbook, the authors interchangeably use the terms pattern and sequence
to describe a list of numbers (and more seldom geometric shapes). Furthermore, they do
not provide students with the terms arithmetic or geometric with regard to these number
patterns and sequences, but rather describe these mathematically specifically defined
terms generally as addition and multiplication sequences.
Finally, of the material related to pattern extension constructs, the authors include
one instance also involving function concepts. In this instance, near the end of the book
(SPP of .90), the authors provide students with a rule for determining four pairs of
numbers to include in a function table provided. The rule is: “y is twice x” (Hake, 2007a,
p. 570). Students are expected to recognize the pattern in the relationship between x and y
and subsequently extend this pattern to four terms to be represented as four number pairs
in a function table. Although a rule is provided, this problem involves pattern extension
constructs. Specifically, the authors do not explicitly prompt the students to use the rule
to determine each term in the function table (i.e., doubling the value of x to find y).
Accordingly, this problem could be solved by finding terms for which this relationship
holds, recognizing the relationship among the terms, and then finding more terms by
extending the pattern using the relationship among consecutive terms instead of using the
given rule.
A major learning trajectory that is identified in this textbook is the consistent use
of pattern recognition and extension constructs related to patterns in numeric contexts. In
fact, instances related to pattern extension constructs make up about 56% of the
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groupings of content in this textbook. The content in these instances is often related to
sequence concepts, but is seldom identified with a specific type of sequence (e.g.,
arithmetic or geometric). The standardized page positions of these instances range from
the opening of the textbook (SPP of .002) to near the end of the textbook (SPP of .90).
The structure and prompts in these instances are similar, however, the last instance of this
type incorporates function concepts through the use of a function table to organize the
pattern development.
Pattern recognition constructs. Although the previously discussed problems make
up the better part of the material in this textbook related to pattern concepts, the authors
attend to other concepts. In particular, the authors utilize only pattern recognition
constructs in 15% (9 groupings) of the textbook. The span of these instances is the initial
three-fourths of the book, that is, from a SPP of .03 to .77. The problems in these
instances are generally structured in two ways. One way is through describing or
identifying a pattern as the sequence, such as the sets of odd and even numbers as a
sequence of terms. The other way is through prompting students to use pattern
recognition constructs to find a missing term of a sequence. Problems of this latter type
generally have a prompt similar to the following: Determine the missing term in the
following sequence: 5, 10, ?, 20, 25, …. In problems such as these there is no need to
utilize pattern extension constructs. Nor is there a need to utilize any manner of pattern
generalization constructs. Rather, students are to use pattern recognition constructs to
identify the missing term.
Pattern generalization constructs. In other instances, the authors explicitly
prompt students to identify a generalization of a pattern. Of the 61 total instances, 30%
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(18 groupings) incorporate pattern generalization constructs. In 39% (7 of these 18
groupings) the authors prompt students to generalize patterns with respect to variable and
function concepts. In fact, instances involving pattern generalization constructs with
respect to variable and function concepts represent 88% (7 of 8 groupings) of the
instances involving variable and function concepts. The authors engage students in these
constructs and concepts through prompts to describe, write, or otherwise provide a rule;
for example, “finding A when s is known” (Hake, 2007a, p. 601). Problem 30 in Figure
23 is an illustration of this particular type of problem. The curriculum span of instances
involving pattern generalization occurs throughout the breadth of the textbook, from a
SPP of .07 through .98. However, the cluster of seven groupings related to pattern
generalization constructs and variable and function concepts occur s in the latter onefourth of the textbook, between a SPP of .78 and .98.
Transitions among sequence and algebraic thinking concepts. In the latter onefourth of the textbook (between a SPP of .78 and .98) all 11 instances related to function
concepts are found. Of these 11 groupings, seven (64% of all instances involving FN) are
related to pattern generalization constructs. Of the other four problems, three (27% of all
instances involving FN) are based only on pattern recognition constructs and one (9% of
all instances involving FN) incorporates pattern recognition and pattern extension
constructs. The authors incorporate function concepts through the use of “function tables”
in all 11 instances.
Summary observations of Saxon Math, Course 1, Grade 6. In developing pattern
concepts, the authors repeatedly use the same number patterns, or subsets thereof,
throughout the textbook. For example, in the initial problem (SPP .002) the authors use a
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Figure 23: Problem utilizing a numeric pattern based on perfect squares and function
concepts from Saxon, Course 1 (Hake, 2007a, p. 601).
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pattern consisting of perfect square numbers. The sequence of perfect square numbers is
utilized four more times in the rest of the textbook (SPPs of .15, .26, .71, and .94).
Moreover, in each of the first three instances, a part of each prompt is to either find the
next term or number, or to find the next three terms. The last problem (Problem 30 in
Figure 23) is to utilize the pattern of perfect square numbers to determine a rule for the
pattern.
A major articulated learning trajectory utilized by the authors of Saxon, Course 1
involves the repetition of instances involving pattern extension constructs, often related to
sequence concepts. The data show that along with pattern extension constructs, the
authors utilize pattern recognition constructs in the first three-fourths of the textbook.
Similarly, the span of instances involving pattern generalization constructs is across the
textbook. However, in the latter one-fourth of the textbook variable and function concepts
are incorporated into instances involving pattern generalization constructs. Furthermore,
it is in this same span that function concepts are exclusively found in this textbook.
However, the data overall suggest that the authors engage students with pattern extension
constructs in the majority of the material. These problems often take the form: given a
pattern of numbers, describe the pattern and find the next term(s). Along with the
repetitious inclusion of these instances throughout the text, the authors include groupings
in the final one-fourth of the textbook that incorporate pattern generalization constructs,
patterns in numeric contexts, and variable concepts in the context of function tables.
Articulated Learning Trajectories Within Saxon Math, Course 2, Grade 7
The Grade 7, Course 2, textbook for Saxon Math has 841 pages of content.
Within these pages, there are 82 instances specifically related to pattern concepts. Of
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these 82 instances, 90% (74) involve patterns in numeric contexts, and 10% (8) involve
patterns in geometric contexts. As with the Course 1 textbook, nearly all of the patterning
concepts are presented in numeric contexts. As such, I will not delineate between
instances involving numeric contexts or instances involving geometric contexts unless
such delineations are integral to the discussion of any ALT.
As is shown in Table 7, over one-half (43 out of 82) of all the content groupings
involve pattern extension constructs. A little over one-third (30 out of 82) of the
groupings incorporate pattern generalization constructs. Around one-tenth (9 out of 82) of
the instances solely involve pattern recognition constructs.
Table 7
Data Related to Patterning Constructs and Pattern Structures in Saxon Math, Course 2,
Grade 7
Codes

PC-R

Up to
PC-E

Up to
PC-G

Totals

NP

n
%
SPP

8
89% (11%)
0.30-0.85

37
86% (50%)
0.01-0.92

29
97% (39%)
0.03-0.69

74
90% (100%)
0.01-0.92

GP

n
%
SPP

1
11% (13%)
0.47

6
14% (75%)
0.001-0.92

1
3% (13%)
0.90

8
10% (100%)
0.001-0.92

Totals

n
%
SPP

9
100% (11%)
0.03-0.85

43
100% (52%)
0.001-0.92

30
100% (37%)
0.03-0.90

82
100% (100%)
0.001-0.92

In examining Table 8, it is shown that within the 82 total instances, 38% (31) are
related to sequence concepts, 29% (24) involve the use of variables, and 48% (39)
incorporate functional concepts. Importantly, the authors define “sequence” and discuss
related concepts in the context of triangular numbers within the first lesson of this
textbook as, “a list of terms arranged according to a certain rule. We must find the rule of
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Table 8
Data Related to Patterning Constructs, Pattern Structures, and Related Concepts in
Saxon Math, Course 2, Grade 7
PC-R

Up to
PC-E

Up to
PC-G

NP

GP

Totals

n
%

2
22% (6%)

23
53% (74%)

0.03, 0.35

0.001-0.92

30
41%
(97%)
0.03-0.92

1
13% (3%)

SPP

6
20%
(19%)
0.03-0.33

0.001

31
38%
(100%)
0.001-0.92

1
11%
(100%)
0.03

0
0% (0%)

0
0% (0%)

0
0% (0%)

1
1% (100%)

NA

NA

1
1%
(100%)
0.03

NA

0.03

7
78%
(29%)
0.47-0.85

1
2% (4%)

16
53%
(67%)
0.46-0.68

23
31%
(96%)
0.46-0.85

1
13% (4%)

24
29%
(100%)
0.46-0.85

10
23% (27%)

22
73%
(56%)
0.1250.68

36
49%
(92%)
0.1250.85

3
38% (8%)

SPP

7
78%
(18%)
0.47-0.85

0.16, 0.19,
0.46

SQ/V

n
%
SPP

0
0% (0%)
NA

0
0% (0%)
NA

0
0% (0%)
NA

0
0% (0%)
NA

0
0% (0%)
NA

0
0% (100%)
NA

SQ/FN

n
%
SPP

0
0% (0%)
NA

0
0% (0%)
NA

0
0% (0%)
NA

0
0% (0%)
NA

0
0% (0%)
NA

0
0% (100%)
NA

n
%

7
78%
(29%)
0.47-0.85

1
2% (4%)

23
31%
(96%)
0.46-0.85

1
13% (4%)

0.48

16
53%
(67%)
0.46-0.68

0.47

24
29%
(100%)
0.46-0.85

9
100%
(11%)
0.03-0.85

43
100%
(52%)
0.001-0.92

30
100%
(37%)
0.03-0.90

74
100%
(90%)
0.01-0.92

8
100%
(10%)
0.001-0.92

82
100%
(100%)
0.001-0.92

Codes
SQ

ASQ/
GSQ

n
%
SPP

EV/IV

n
%
SPP

FN

V/FN

n
%

SPP
Totals

n
%
SPP

0.48

0.126-0.48

0.47

39
48%
(100%)
0.125-0.85

a sequence in order to extend it. Finding a sequence’s rule is also called finding a
pattern” (Hake, 2007b, p. 6). This connection between determining a sequence’s rule and
finding a pattern highlights the authors’ frequent interchangeable use of the terms pattern
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and sequence. Interestingly, no instance involving sequence concepts also involves the
use of variable and/or function concepts. In fact, the 24 instances involving variable
concepts also involve function concepts.
Pattern extension constructs. One major aspect of a learning trajectory related to
the development of pattern concepts in this textbook is the use of sequence concepts in
instances in which pattern extension constructs are involved. That is, a major thread of
content utilized by these authors that forms an articulated learning trajectory is the
extension of patterns that are identified as sequences. In particular, the vast majority,
74%, of the groupings in which sequence concepts are incorporated is done with regard
to pattern extension constructs, as opposed to incorporating only to pattern recognition
constructs, or also incorporating pattern generalization constructs. In this textbook, all
instances, save one, that involve pattern extension constructs related to sequence concepts
are found in the first one-half of the textbook (SPP span of 0.001 to 0.482). The one other
grouping occurs 92% of the way through the textbook (SPP of 0.92). The instances of
pattern extension constructs take various forms in this textbook. The main type of
extension problem is one in which the first terms of a sequence are provided, and then
students are prompted to find the next term, two terms, or three terms. The textbook page
shown in Figure 24, SPP of 0.03, illustrates this type of problem in the Practice Set
section, parts k and l. Here the authors employ an essentially identical prompt to extend
each sequence, the first of which is the sequence of integers and the second of which is
the sequence of perfect squares. The same structure is utilized throughout this textbook.
In particular, in the final instance of this type in the book, a problem is structured
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Figure 24: Two pattern extension problems related to sequence concepts in Saxon,
Course 2 (Hake, 2007b, p. 31).
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identically, however, the number pattern used is the Fibonacci Sequence, although it is
never identified as such.
The other major way the authors incorporate pattern extension constructs related
to sequence concepts in this book is by providing a rule for the sequence, the first terms
of the sequence, and a prompt for students to find subsequent terms of the sequence. The
rule is often provided using variables. However, the directions to the students to use such
variable concepts is not made explicit, nor is there any requirement for the students to
utilize the rule in determining subsequent terms. In this respect, the information provided
related to the rule could be viewed as superfluous to a student with a knowledge of and
propensity for utilizing pattern extension constructs. For example, in Problem 29 in
Figure 25, the authors provide students with a rule for the sequence of perfect cubes.
However, the only prompt related to this problem is identical to the previously identified
prompts, namely, to find the next terms of the given sequence. In these problems, an
understanding of variable is not integral to determining a solution to this problem. Nor do
these problems involve pattern generalization constructs, as there is no prompt for the
students to determine a rule or otherwise generalize the pattern in the sequence. Rather,
these problems simply involve the extension of a sequence by one or more terms.
Pattern generalization constructs. The other mathematics concepts that form the
basis of an articulated learning trajectory in Saxon, Course 2 are related to pattern
generalization constructs, and variable and function concepts. In this textbook, pattern
generalization constructs are involved in 37% of the instances, of which 73% is
associated with function concepts and 53% is associated both function and variable
concepts. That is, the vast majority of instances involving pattern generalization
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Figure 25: Problem involving pattern extension constructs related to a given rule and
sequence concepts in Saxon, Course 2 (Hake, 2007b, p. 168).
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constructs also involve function concepts. These groupings often include a pattern given
via a function table, and a prompt to describe the rule without specific prompts to include
variables in an equation. Instances such as these, as illustrated by Practice Set part j in
Figure 26, are clustered in the front of the textbook (SPP span of .125 to .23). These
groupings are generally in the same span of the textbook as the previously discussed
instances involving pattern extension constructs, and come before problems involving
pattern generalization constructs through the use of variables. However, in the early
groupings involving pattern generalization constructs, variable concepts are noticeably
absent. For example, in part j, the authors’ prompt the students to utilize the given
function table, but ask students to provide a rule for the function, as opposed to an
equation for the rule of the function.
Other instances associated with function concepts and pattern generalization
constructs also incorporate variable concepts. Specifically, these concepts first appear
about 46% of the way through the textbook (SPP of 0.46). Furthermore, the use of
variable and function concepts extends to near the end of the textbook (SPP of 0.85).
These groupings generally appear after extensions of patterns in sequences, and
they are largely structured through the use of function tables and function rules. a
generalization based on the pattern in a numeric context that is presented in the function
table. In this respect, these problems encompass pattern generalization constructs along
with variable and function concepts. In particular, the authors provide students with a
function table, a prompt to write the rule as an equation with variables associated with the
input and the output of the table (often x and y), and a prompt to find a missing number,
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Figure 26: Problem involving pattern generalization constructs associated with function
concepts, absent variable concepts, in Saxon, Course 2 (Hake, 2007b, p. 111).
However, although these instances generally incorporate the format of function tables,
the tables often consist of only four terms (or pairs of numbers) with a prompt to provide
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generally an output value. An example of such an instance is illustrated by problem 20 in
Figure 27. In this problem the authors provide the students with a function table of input
values, x, and output values, y. The associated prompt to this problem is for students to
write a rule for the function both in words and as an equation, and then find the missing
output value associated with an input value of 4.
Summary observations of Saxon Math, Course 2, Grade 7. In developing pattern
concepts, the authors repeatedly use the same patterns, or subsets there of, throughout the
textbook. In particular, three specific patterns are utilized at least thrice each. Also,
number patterns related to the Fibonacci sequence are used twice, once with respect to
pattern extension constructs related finding the next number in the pattern: 2, 3, 5, 8, …
at an SPP of 0.13, and once near the end of the textbook (SPP of 0.92). In this latter
instance involving pattern extension constructs in a numeric context, the authors prompt
students to: “find the next three numbers in this sequence: 1, 1, 2, 3, 5, 8, 13, …” (Hake,
2007b, p. 778).
The other three patterns repetitiously utilized by the authors are: perfect square
1
numbers, powers of 2 (and in one related case, powers of 2 ), and powers of 10.
Specifically, the authors use perfect square contexts five times in the first one-half of the
textbook regarding problems related to pattern extension constructs (SPPs of 0.030,
1
0.031, 0.05, 0.16, and 0.47). Number patterns related to the powers of 2 and powers of 2
are found five times within the first one-fifth of the textbook. In particular, these number
patterns are found at SPPs of 0.030, 0.032, 0.071, 0.078, and 0.16. Lastly, the authors
utilize patterns with a numeric context of the powers of 10 in three problems between an
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Figure 27: Problem related to authors’ use of function tables with respect to pattern
generalization constructs, and variable and function concepts in Saxon, Course 2 (Hake,
2007b, p. 543).
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SPP of 0.18 and 0.33. In two of these instances, the numeric value of one-tenth is
included, once as the fraction

1
, and once as the decimal 0.1. In relation to all of the
10

previous patterns, the authors utilize pattern extension constructs in all but one instance.
The initial use of the!powers of 2 in providing a numeric context for a pattern is
structured through pattern recognition constructs and is explicitly identified as a
geometric sequence. That is, the authors present the sequence: 1, 2, 4, 8, 16, … for
students to identify and recognize as a pattern of numbers that is classified as a geometric
sequence.
As evidenced in the previous discussion, the authors of Saxon, Course 2 have
established a major articulated learning trajectory related to the development of pattern
concepts. The authors initially use extensions, sequences, and rules for sequences, which
develop into generalizing patterns with respect to function tables in which variable
concepts are eventually incorporated. Within the same span of the textbook, the authors
employ the use of function tables with respect to the generalization of patterns within the
function table. However, at this point of the textbook, the authors focus on having
students describe these rules rather than formalizing the rules through the use of variables
and equations. At around 40% of the way through the textbook, pattern extension
constructs with respect to sequence concepts become less prevalent, as do pattern
generalizations via function tables without variable connections. The focus then shifts to
incorporating variable concepts in the problems associated with function tables and
pattern generalizations. This development of content, then, is a major trajectory in Saxon,
Course 2. This articulated learning trajectory is related to the development of algebraic
thinking constructs, as embodied by function tables, rules, and equations, through pattern
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extension constructs related to sequences and pattern generalization constructs related to
function tables and function rules in numeric contexts.
Articulated Learning Trajectories Within Saxon Math, Course 3, Grade 8
The Grade 8, Course 3, textbook for Saxon Math has 779 pages of content
relevant to this study. Within these pages, there are 146 instances specifically related to
pattern concepts as is shown in Table 9 and Table 10. Of these 146 instances, 95% (138)
involve numeric contexts, and 5% (8) involve geometric contexts. As with the other
Saxon textbooks, nearly all of the patterning concepts in this textbook are based in a
numeric context. As such, I will not delineate between instances in which patterns are
presented in a numeric context and instances in which patterns are presented in geometric
contexts unless such delineations are integral to the discussion of any ALTs.
Table 9
Data Related to Patterning Constructs and Pattern Structures in Saxon Math, Course 3,
Grade 8
Codes

PC-R

Up to
PC-E

Up to
PC-G

Totals

NP

n
%
SPP

40
95% (29%)
0.004-0.93

46
90% (33%)
0.03-0.97

52
98% (38%)
0.15-0.94

138
95% (100%)
0.004-0.97

GP

n
%
SPP

2
5% (25%)
0.350, 0.747

5
10% (63%)
0.21-0.748

1
2% (13%)
0.352

8
5% (100%)
0.21-0.748

Totals

n
%
SPP

42
100% (29%)
0.004-0.93

51
100% (35%)
0.03-0.97

53
100% (36%)
0.15-0.94

146
100% (100%)
0.004-0.97

In examining the data provided in Table 9, around one-third (51 out of 146) of the
total groupings involve concepts related to pattern extension constructs. A little over onethird (53 out of 146) of the total groupings incorporated pattern generalization constructs,
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and nearly three-tenths (42 out of 146) were related to material based on pattern
recognition constructs. Given these data, the authors of Saxon, Course 3 utilize each of
these patterning constructs around the same number of times in this textbook.
Furthermore, as shown in Table 9, the span of these constructs is nearly identical.
Interestingly, pattern recognition constructs are introduced first (SPP of 0.004), pattern
extension constructs are introduced next (SPP of 0.03), and pattern generalization
constructs are introduced last (SPP of 0.15). This sequencing of these constructs indicates
a potential conceptual hierarchy among the three pattern constructs: recognition,
extension, and generalization.
Sequence concepts related to patterning constructs. In this textbook, the initial
patterning constructs are also related to sequences. As is shown in Table 10, 41% (60 out
of 146) of instances involving patterning constructs in this textbook involve patterns that
are specifically identified as sequences. Moreover, of the groupings related to pattern
recognition, pattern extension, or pattern generalization constructs, 40%, 53%, and 30%,
respectively, are identified as explicitly using sequence terminology. The most prevalent
use of sequence concepts is associated with the integration of pattern extension
constructs, which span the bulk of the textbook (SPP of 0.03 to 0.89). Throughout the
textbook, with these problems, the authors provide students with similar prompts. These
problems generally include a sequence of numbers, and a prompt for students to find the
next several numbers, or terms, of the sequence.
Interestingly, the authors utilize a very similar prompt in engaging students with
concepts related to the derivatives of algebraic expressions. However, these problems are
not specifically related to sequence concepts. The three such instances occur near the end
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Table 10
Data Related to Patterning Constructs, Pattern Structures, and Related Concepts in
Saxon Math, Course 3, Grade 8
PC-R

Up to
PC-E

Up to
PC-G

NP

GP

Totals

n
%

17
40% (28%)

27
53% (45%)

16
30% (27%)

58
42% (97%)

SPP

0.004-0.87

0.03-0.886

0.53-0.89

0.004-0.89

2
25%
(3%)
0.626,
0.628

60
41%
(100%)
0.004-0.89

n
%
SPP

6
14% (75%)
0.53-0.87

1
2% (13%)
0.68

1
2% (13%)
0.529

8
6% (100%)
0.53-0.87

0
0% (0%)
NA

8
5% (100%)
0.53-0.87

n
%

5
12% (7%)

17
33% (25%)

47
89% (68%)

65
47% (94%)

SPP

0.35-0.93

0.63-0.97

0.15-0.94

0.15-0.97

4
50%
(6%)
0.35-0.75

69
47%
(100%)
0.15-0.97

n
%

25
60% (35%)

11
22% (15%)

35
66% (49%)

67
49% (97%)

SPP

0.350-0.93

0.41-0.93

0.352-0.94

0.353-0.94

4
50%
(6%)
0.35-0.75

71
49%
(100%)
0.350-0.94

0
0% (0%)

10
20% (42%)

14
26% (58%)

23
17% (96%)

SPP

NA

0.63-0.886

0.53-0.893

0.53-0.893

1
13%
(4%)
0.626

24
16%
(100%)
0.53-0.893

n
%
SPP

0
0% (0%)
NA

0
0% (0%)
NA

1
2% (100%)
0.529

1
1% (100%)
0.529

0
0% (0%)
NA

1
1% (100%)
0.529

n
%

4
10% (10%)

4
20% (10%)

32
60% (80%)

37
27% (93%)

SPP

0.350-0.93

0.748-0.93

0.352-0.94

0.353-0.94

3
38%
(8%)
0.350,
0.352,
0.748

40
27%
(100%)
0.350-0.94

n
%

42
100%
(29%)
0.004-0.93

51
100%
(35%)
0.03-0.97

53
100%
(36%)
0.15-0.94

138
100%
(95%)
0.004-0.97

8
100%
(5%)
0.210.748

146
100%
(100%)
0.004-0.97

Codes
SQ

ASQ/
GSQ
EV/IV

FN

SQ/V

SQ/FN

V/FN

Totals

n
%

SPP

of the textbook, pages 707 (SPP of 0.90), 731 (SPP of 0.93), and 758 (SPP of 0.97). The
focus of these instances is on the procedure for finding a derivative of algebraic
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expressions, as evidenced in the Power Up – Problem Solving section of page 707 in
Figure 28. This grouping contains concepts related to the extension of a pattern
associated with derivatives of algebraic expressions. It also serves as an illustration of the
prompts utilized by the authors in the vast majority of instances involving pattern
extension constructs in this textbook. That is, the authors provide a number pattern, and
ask the students to find the next terms, or in this case the next term associated with the
derivative of 3x4.
Sequence concepts related to pattern recognition constructs. As identified
previously, the interchangeable use of patterns and sequence concepts play a prominent
role in the authors’ development of content within this textbook. In particular, the first
appearance of pattern concepts in this textbook is in an instance related to sequence
concepts. Such sequence concepts occur across the first pages of the textbook (SPPs of
0.004 through 0.017), and involve pattern recognition constructs. Specifically, in the first
group of material of this type, the authors provide the definition of a sequence in the
context of the set of even numbers as being, “an ordered list of numbers that follows a
rule” (Hake, 2007c, p. 8).
Within this brief span related to pattern recognition constructs and sequence
concepts, the authors prompt students to graph the sequences on a number line. For
example, given the sequence 2, 4, 6, …, the authors prompt students to create a number
line and put dots on the corresponding points. As such, the students are prompted to use
pattern recognition constructs to identify the underlying pattern associated with the
sequence and transfer that pattern to a number line graph.
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Figure 28: Typical structure and prompt in pattern extension problems, and a connection
to the algorithmic procedure for determining a derivative of an algebraic expression in
Saxon, Course 3 (Hake, 2007c, p. 707).
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The sequences utilized in these initial instances are the set of even numbers, odd
numbers, and multiples of 5. Although the authors provide examples and definitions
related to general sequence concepts early in the textbook, specific concepts related to
arithmetic and geometric sequences do not arise until over 50% of the way through the
textbook. Around 53% of the way through the textbook, the authors provide definitions
of arithmetic and geometric sequences. The authors define arithmetic sequences as
having, “a constant difference between terms;” and a geometric sequence as having, “a
constant ratio between terms” (Hake, 2007c, p. 416). Although a small percentage of the
groupings in this textbook are related to patterning concepts in which arithmetic and/or
geometric sequences are specifically identified (5%), it is worth noting that nearly all (6
out of 8) of these specific types of sequences are discussed through pattern recognition
constructs. That is, these groupings generally take the form of explanatory author text
(e.g., providing definitions and examples), identifying sequences as either arithmetic,
geometric, or neither, or finding the constant difference or ratio of a sequence identified
by the authors as either arithmetic or geometric.
Algebraic thinking concepts related to patterning constructs. Another major set of
concepts the authors incorporate through patterning constructs are variable and function
concepts. Specifically, the authors include variable concepts related to patterning
constructs in 47% of the instances in this textbook, 68% of which are specifically
connected to pattern generalization constructs. Furthermore, the authors include function
concepts in 49% of all instances, 35% of which are connected to pattern recognition
constructs, and 49% are connected to pattern generalization constructs. Moreover, the
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authors include both function and variable concepts in 27% of all instances, the vast
majority of which (80%) are related to pattern generalization constructs.
With respect to groupings in which concepts are strictly related to variables and
pattern generalization constructs, the authors largely provide a structure and prompt
similar to Problem 9 in Figure 29. In particular, the authors provide students with a
pattern in a numeric context that is generally structured by a table. The authors then
prompt the students to determine an equation that shows the relationship of the number
pattern within the table. Importantly, the authors do not identify this table to be a function
table (as they do in other problems), nor do they identify the relationship in the pattern as
a function (as they do in other problems). The authors do, however, provide variables
associated with each aspect of the pattern, that is, x represents the term number, and y
represents the term. Finally, the authors prompt students to provide an equation that
represents the relationship shown in the table on the textbook page.
With respect to function concepts in relation to pattern constructs, the authors
predominantly utilize pattern recognition and pattern generalization constructs. With
regard to pattern recognition constructs, the authors generally provide the students with a
table, and prompt the students to identify whether the relationship between the numbers is
a function, an example of direct variation, or a proportional relationship. Specifically, the
first of these instances occurs about one-third of the way through the textbook (SPP of
0.36). In this instance the authors provide the students with a table of values for x and y.
The x values provided are 0, 1, 1, and 2. The associated y values given are 0, 1, -1, and 2.
The authors then provide the following prompt: “state why the relationship between the
numbers in this table is not a function” (Hake, 2007c, p. 284).
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Figure 29: Problem related to the use of variable concepts in conjunction with pattern
generalization constructs in Saxon, Course 3 (Hake, 2007c, p. 298).
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Other instances in this textbook involve a similar set up and prompt, the last of
which occurs around 84% of the way through the textbook. This last instance
encompasses two tables of values and the prompt for the students is to, “determine if the
variables in tables 1 and 2 are inversely proportional and explain how you made that
determination” (Hake, 2007c, p. 661). In these instances, the authors are employing the
use of function concepts of input and output as related to pattern recognition in the given
tables of numbers. As noted previously, this type of inclusion of pattern recognition
constructs generally occurs from around the middle one-third to around the last onefourth of the textbook. Specifically, the span of these instances is from a SPP of 0.35 to
0.84.
The last major aspect of patterning constructs that the authors utilize in a learning
trajectory is the concurrent use of function and variable concepts and pattern
generalization constructs. Groupings with these concepts initially occur about one-third
of the way through the textbook (SPP of 0.35), and continue throughout the rest of the
book (SPP of 0.94). In particular, initial groupings related to this content involve writing
an equation for a given table or relationship identified as a function. In one such instance,
the authors provide students with a table relating the number of pints (1, 2, 3, and 4) to
the number of ounces in each of the number of pints (16, 32, 48, and 64). With this table,
the authors provide the following text:
This table shows the capacity in ounces of a given number of pint
containers. Describe with words the rule of the function and write an
equation that relates pints (p) to ounces (z). Then find the number of
ounces in 5 pints. (Hake, 2007c, p. 283)
Problems such as the previous example illustrate the general structure of the vast
majority of instances involving pattern generalization constructs related to
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variable and function concepts. Specifically, the final grouping related to variable
and function concepts is structured through the integration of pattern
generalization constructs (see Problem 25 in Figure 30). In this instance, the
authors provide a table with three columns: A, B, and B/A. The A column consists
of the numbers: 1, 2, 4, and 5; the B column: 3, 6, 12, and 15; and the B/A column
is blank. Along with the table, the students are to “Use the table to complete a and
b.” These two prompts follow: “a. Write an equation for the relationship between
A and B.; and b. Complete the table and find the constant of proportionality”
(Hake, 2007c, p. 736).
Summary observations of Saxon Math, Course 3, Grade 8. The authors of Saxon,
Course 3 have established major articulated learning trajectories related to the
development of pattern concepts through the integration of pattern recognition, extension,
and generalization constructs with respect to sequence, variable, and function concepts.
The authors repetitiously use several patterns throughout this textbook to provide
generally numeric contexts for the pattern concepts. In particular, they use even numbers
and multiples of 2 seven times, multiples of 3 seven times, multiples of 5 five times,
square numbers five times, powers of 2 four times, and cube numbers three times.
At the beginning of the textbook, the authors establish definitions related to
sequence concepts in numeric contexts. These concepts are largely presented through
pattern extension constructs, the vast majority of which have prompts related to
extending sequences and number patterns by one, two, or three terms. These pattern
extension constructs related to sequences are generally found in the first three-fourths of
the textbook, immediately followed by instances involving pattern generalization
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Figure 30: Problem related to the use of variable and function concepts in conjunction
with pattern generalization constructs in Saxon, Course 3 (Hake, 2007c, p. 298).

177

constructs. That is, around an SPP of 0.82, the authors shift the trajectory focus from
recognizing and extending sequences to writing formulas and recursive rules for the
sequences.
The authors employ the use of function tables with respect to engaging students
with pattern generalization constructs. However, the authors often focus on having
students describe these rules rather than formalizing them through the use of variables
and equations. At around an SPP of 0.40 (40% of the way through the textbook), pattern
extension constructs with sequence concepts become less prevalent, as do pattern
generalization constructs via function tables absent variable connections. It is also around
this point in the textbook where the authors begin to incorporate variable concepts in the
instances associated with function tables and pattern generalization constructs. This
development of content is a major trajectory in Saxon, Course 3. This articulated learning
trajectory is related to the development of algebraic thinking concepts through the
integration of patterning concepts related to the extension of sequences and
generalizations patterns in function tables.
Another articulated learning trajectory employed by the authors relates to the use
of function tables and pattern recognition constructs, as well as function tables and
variable concepts with respect to pattern generalization constructs. In particular, initial
instances occur around the first one-third of the textbook. Specifically, in this part of the
textbook the authors prompt students to recognize functions, as well as provide equations
that relate input and output of relationships identified as functions. Such instances occur
throughout the rest of the textbook, with students being prompted to recognize when a
number pattern represents direct variation or proportionality. These concepts become
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intertwined about 60% of the way through the textbook. In such instances, the authors
prompt the students to write an equation for the relationship in the pattern in the function
table. They then prompt the students to identify whether the relationship is proportional, a
function, or an example of direct variation.
The authors of Saxon, Course 3 utilize articulated learning trajectories to develop
sequence concepts first through pattern extension constructs in numeric contexts, and
then provide students with opportunities to examine pattern generalization constructs
related to patterns in numeric contexts that are identified as sequences. Furthermore, the
authors develop another articulated learning trajectory that is not explicitly associated
with the previous trajectory. The authors provide students with instances in which pattern
recognition constructs are presented in numeric contexts related to functional
relationships, and pattern generalization constructs are presented wherein patterns in
numeric contexts are identified as functions. The bulk of the sequence concepts occur in
the initial three-fourths of the textbook, and the function and variable concepts arise in
the latter two-thirds of the textbook.
ALTs at Each Grade Level within Glencoe Mathematics
In this section, I present findings and analysis regarding articulated learning
trajectories within each of the grade levels of Glencoe Mathematics (Courses 1 through
3). In each of the following sections, I highlight the most pertinent data relevant to
articulated learning trajectories utilized by the authors of these textbooks. In presenting
these data, I provide similar tables to those presented in the analysis and discussion of
Saxon Math. I also include illustrative example pages from the textbooks to provide a
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sense of how the authors present patterning constructs and algebraic thinking structures
related to variable and function concepts.
Articulated Learning Trajectories Within Glencoe Mathematics, Course 1, Grade 6
The Grade 6, Course 1, textbook for Glencoe Mathematics has 580 pages of
content relevant to this study. Within these pages, there are 95 instances specifically
related to pattern concepts as is shown in Table 11. Of these 95 instances, 79% (75)
Table 11
Data Related to Patterning Constructs and Pattern Structures in Glencoe Mathematics,
Course 1, Grade 6
Codes

PC-R

Up to
PC-E

Up to
PC-G

Totals

NP

n
%
SPP

16
89% (21%)
0.30-0.84

31
65% (41%)
0.009-0.93

28
97% (29%)
0.009-0.93

75
79% (100%)
0.009-0.93

GP

n
%
SPP

2
11% (10%)
0.66-0.81

17
35% (85%)
0.01-0.98

1
3% (5%)
0.80

20
21% (100%)
0.01-0.98

Totals

n
%
SPP

18
100% (19%)
0.30-0.84

48
100% (51%)
0.009-0.98

29
100% (31%)
0.009-0.93

95
100% (100%)
0.009-0.98

involve patterns in numeric contexts, and 21 % (20) involve patterns in geometric
contexts. Of the instances in which patters are presented in geometric contexts, nearly all,
85% (17 of 20), involve pattern extension constructs. That is, nearly every instance in this
textbook in which patterns are presented in geometric contexts involves similar
patterning constructs. In these instances, the authors provide a pattern in a geometric
context and prompt the students to provide a drawing of the next figure in the pattern, as
illustrated by Problem 47 in Figure 31. In this respect, such instances involve extending a
pattern that is provided in a geometric context. Moreover, the SPP span of these
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Figure 31: Problem involving an author prompt used for nearly all geometrically
structured patterns in Glencoe Mathematics, Course 1 (Bailey, et al., 2006a, p. 27).
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groupings associated with pattern extension constructs in geometric contexts is from 0.01
to 0.98. That is, these groupings span the entirety of the textbook.
Furthermore, in examining the data in Table 11, 51% (48 of 95) of the total
groupings in this textbook involve pattern extension constructs. About 30% (29 of 95) of
the total groupings incorporate pattern generalization constructs, and slightly less than
20% (18 of 95) of these groupings are related to material based on pattern recognition
constructs.
Pattern extension constructs and sequence concepts. Clearly, the authors utilize
pattern extension constructs in the majority of the instances involving patterning in this
textbook. A geometric context is provided in 35% of the instances involving pattern
extension constructs, which indicates that 65% of the instances associated with pattern
extension constructs involve patterns in numeric contexts. However, in the vast majority
of instances involving pattern extension constructs and numeric contexts, the authors
provide similar prompts and structure as the geometry patterns. Specifically, in instances
in which pattern extension constructs are provided in numeric contexts, the authors
generally provide students with a pattern consisting of one or two unknown terms on the
end of the pattern, and a prompt for students to complete the pattern. For example, in
Problem 13 on page 9, the authors prompt the students to: “Complete the pattern: 1, 1, 2,
6, 24, ?” (Bailey, et al., 2006a, p. 9).
The authors further utilize this particular prompt structure in instances involving
pattern extension constructs and sequence concepts. As is shown in Table 12, groupings
involving pattern extension constructs and sequence concepts comprise 59% (10 of 17) of
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Table 12
Data Related to Patterning Constructs, Pattern Structures, and Related Concepts in
Glencoe Mathematics, Course 1, Grade 6
PC-R

Up to
PC-E

Up to
PC-G

n
%

7
39% (41%)

10
21% (59%)

0
0% (0%)

SPP

0.483-0.55

0.481-0.51

NA

n
%

1
6% (100%)

0
0% (0%)

0
0% (0%)

0.483

NA

n
%

9
50% (25%)

3
6% (8%)

SPP

0.333-0.84

0.328-0.63

0
0% (0%)

3
6% (12%)

NA

n
%

Codes
SQ

ASQ/
GSQ

NP

GP

Totals

16
21%
(94%)
0.481-0.55

1
5% (6%)
0.484

17
18%
(100%)
0.481-0.55

0
0% (0%)

1
1% (100%)

NA

1
1%
(100%)
0.483

NA

0.483

24
83%
(67%)
0.49-0.93

36
48%
(100%)
0.33-0.93

0
0% (0%)

36
38%
(100%)
0.328-0.93

25
33%
(100%)
0.49-0.93

0
0% (0%)

0.54-0.64

22
76%
(88%)
0.49-0.93

NA

25
26%
(100%)
0.49-0.93

6
33% (86%)

1
2% (14%)

0
0% (0%)

0
0% (0%)

7
7% (100%)

SPP

0.483-0.55

0.484

NA

7
9%
(100%)
0.483-0.55

NA

0.483-0.55

n
%
SPP

0
0% (0%)
NA

0
0% (0%)
NA

0
0% (0%)
NA

0
0% (0%)
NA

0
0% (0%)
NA

0
0% (100%)
NA

n
%

0
0% (0%)

1
2% (4%)
0.63

23
31%
(100%)
0.49-0.93

0
0% (0%)

NA

22
76%
(96%)
0.49-0.93

NA

23
24%
(100%)
0.49-0.93

18
100% (19%)

48
100%
(61%)
0.009-0.98

29
100%
(31%)
0.0090.93

75
100%
(79%)
0.009-0.93

20
100%
(21%)
0.01-0.98

95
100%
(100%)
0.009-0.98

SPP
EV/IV

FN

n
%
SPP

SQ/V

SQ/FN

V/FN

SPP
Totals

n
%
SPP

0.30-0.84

NA

all instances related to sequence concepts in this textbook, and 24% (10 of 48) of all
instances related to pattern extension constructs.
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Consequently, an articulated learning trajectory associated with pattern extension
constructs begins early in the textbook (SPP of 0.009) and continues throughout the
textbook (SPP of 0.98). Within this trajectory, the authors use similar structures and
prompts for the vast majority of the groupings, namely, given a pattern or sequence,
determine the next term (or two or three). However, the nature of the presentation of the
content within the instances changes slightly throughout the textbook. In particular, 35%
of the instances throughout the book involve geometric contexts rather than numeric
contexts.
Moreover, around the midpoint of the textbook (48% of the way through), the
authors introduce sequence concepts. For a short textual span (SPPs of 0.48 through 0.51)
the authors provide instances involving pattern extension constructs through the use of
sequence concepts. However, although the nature of these patterns changes throughout
the course of the textbook material (e.g., numeric contexts, geometric contexts, and
sequences), the structures related to pattern extension constructs do not change. That is,
whether a pattern is presented in a numeric context, a geometric context, or identified as a
sequence, the authors’ prompts for the students remain relatively unchanged.
Specifically, as evidenced in the previous discussions, for the vast majority of instances
involving pattern extension constructs, the authors’ prompt students to find the next term,
number, or picture.
The one problem that stands out as an exception to such a learning trajectory is an
instance involving pattern extension constructs that appears to connect the previously
discussed ALT with an ALT related to function concepts and pattern generalization
constructs. Problem 14 in Figure 32 is a student problem from a section related to ]
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Figure 32: Problem in which the authors use function concepts with respect to pattern
extension constructs in Glencoe Mathematics, Course 1 (Bailey, et al., 2006a, p. 315).
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developing problem-solving strategies. In this problem, the authors superimpose function
concepts onto a structure that is related to the structure utilized in the instances related to
pattern extension constructs. Specifically, without the context of function concepts of
input and output, Problem 14 is, in essence, the pattern: 5, 8, 11, ?, with the associated
prompt: if this pattern continues, what is the next number? However, the inclusion of this
problem by the authors connects the prior instances involving pattern extension
constructs to the latter groupings involving pattern generalization constructs and function
concepts. In particular, 47 pages after this Problem 14 (from SPP of 0.55 to 0.62), the
authors formally define functions, function tables, and function rules. Although the table
in Problem 14 is not specifically identified as a function table, the inclusion of “input”
and “output” as the headings for the columns of numbers, as well as the prompt to find
“output when the input is 3” is certainly related to the development of function concepts.
Pattern generalization constructs and algebraic thinking concepts. Immediately
preceding the authors definition of function, the authors provide an instance in which
students are prompted to create a function machine that is based on a number pattern in a
function table and the rule: n x 4. The final prompt in this grouping is evidence of the
authors’ connections between patterning constructs and function concepts: “Explain why
using a function machine is like finding a pattern” (Bailey, et al., 2006a, p. 361).
The instances that follow the previously discussed problems related to function
concepts, pattern extension constructs, and function machines are largely structured via
pattern generalization constructs wherein the authors include variable and function
concepts. Of the 29 instances involving pattern generalization constructs, 83% (24 of the
29) incorporate variable concepts, 76% (22 of 29) incorporate function concepts, and
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76% (22 of 29) incorporate both variable and function concepts. That is, in all of the
instances structured via pattern generalization constructs related to function concepts,
variable concepts are also included. In other words, students are to utilize variables with
regard to function concepts in every instance related to pattern generalization constructs.
The formal introduction of function concepts with variable concepts related to pattern
generalization constructs is a little over 60% of the way through the textbook (SPP of
0.62). Furthermore, the bulk of the 22 instances (19 of 22) of this type occur in the span
from a SPP of 0.62 to 0.64. That is, the focus of formally representing a function through
pattern generalization constructs involving variables takes place in a span of 2% of the
textbook, which closely follows the previously discussed instance, Problem 14, related to
function concepts and pattern extension constructs.
Summary observations of Glencoe Mathematics, Course 1, Grade 6. Overall, I
maintain that the authors of Glencoe, Course 1 employ several learning trajectories that,
when further examined, form a larger articulated learning trajectory. In particular, an
articulated learning trajectory that spans the entirety of the textbook and is associated
with pattern extension constructs in geometric and numeric contexts, and sequence
concepts. Through the repetitious nature of this trajectory throughout the textbook, a
larger articulated learning trajectory is formed that includes the span of the instances
related to function concepts. This ALT related to function concepts is initially developed
with a pattern extension problem that, although related to function concepts, is
structurally and conceptually consistent with problems in the previous ALT related to
pattern extension constructs. After this instance, the authors develop another ALT related
to the development of function concepts through pattern generalization constructs and the
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use of variables, function machines, and function tables. That is, this ALT of pattern
generalizations involving function and variable concepts is based on prior concepts
related to an ALT involving pattern extension constructs.
Articulated Learning Trajectories within Glencoe Mathematics, Course 2, Grade 7
The Grade 7, Course 2, textbook for Glencoe Mathematics has 548 pages of
content relevant to this study. Within these pages, there are 69 instances specifically
related to pattern concepts as is shown in Table 13. Of these 69 instances, 81% (56)
involve patterns in numeric contexts, and 19% (13) involve patterns in geometric
contexts.
Table 13
Data Related to Patterning Constructs and Pattern Structures in Glencoe Mathematics,
Course 2, Grade 7
Codes

PC-R

Up to
PC-E

Up to
PC-G

Totals

NP

n
%
SPP

14
93% (25%)
0.009-0.33

30
81% (54%)
0.018-0.81

12
71% (21%)
0.031-0.43

56
81% (100%)
0.009-0.81

GP

n
%
SPP

1
7% (8%)
0.02

7
19% (54%)
0.011-0.96

5
29% (38%)
0.027-0.97

13
19% (100%)
0.01-0.97

Totals

n
%
SPP

15
100% (22%)
0.009-0.33

37
100% (54%)
0.01-0.96

17
100% (25%)
0.02-0.97

69
100% (100%)
0.009-0.97

Of the 69 instances, 54% (37 of 69) involve pattern extension constructs, 25% (17
of 69) involve pattern generalization constructs, and 22% (15 of 69) involve pattern
recognition constructs. More specifically, only 7% of the instances involving pattern
recognition constructs are presented in geometric contexts, around 20% of the instances
involving pattern extension constructs are presented in geometric contexts, and nearly
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30% of the instances involving pattern generalization constructs are presented in
geometric contexts.
Sequence concepts related to patterning constructs. As shown in Table 14, the
authors utilize sequence concepts in 26% (18 of 69) of all groupings. The authors
specifically utilize arithmetic or geometric sequence concepts in 19% (13 of 69) of all
groupings29. In the vast majority of instances specific to arithmetic or geometric sequence
concepts, the authors utilize a particular structure and prompt. In these instances, the
authors provide students with various patterns in numeric contexts, and the prompt to:
“describe the pattern in each sequence and identify the sequence as arithmetic, geometric,
or neither” (Bailey, et al., 2006b, p. 32). In such instances, the students are asked to
engage in pattern recognition constructs with patterns identified as sequences, but are not
required to extend or generalize these patterns. That is, these instances involve pattern
recognition constructs and specific sequence concepts related to arithmetic and geometric
sequences.
Algebraic thinking concepts related to patterning constructs. The authors also
employ the use of variable concepts in 32% (22 of 69) of all instances. These variable
concepts are concurrently associated with sequence concepts in 10% (7 of 69) of all
instances. The authors also explicitly utilize functional concepts of input and output in
30% (21 of 69) of all instances. These function concepts are concurrently associated with
sequence concepts in 2% (2 of 69) of all instances, and with variable concepts in 22% (15
of 69) of all instances. Although variable concepts and function concepts were identified

29

It is important to note that an instance can be identified as encompassing arithmetic
sequence concepts (ASQ) or geometric sequence concepts (GSQ), and not identified as
involving general sequence concepts (SQ).
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Table 14
Data Related to Patterning Constructs, Pattern Structures, and Related Concepts in
Glencoe Mathematics, Course 2, Grade 7
PC-R

Up to
PC-E

Up to
PC-G

n
%

6
40% (33%)

10
27% (56%)

2
12% (11%)

SPP

0.057-0.18

0.058-0.10

0.060,
0.062

n
%

8
53% (62%)

4
11% (31%)

1
6% (8%)

SPP

0.057-0.08

0.06-0.09

0.058

n
%

2
13% (9%)

5
14% (23%)

15
88% (68%)

SPP

0.18, 0.32

0.06-0.60

0.03-0.97

n
%

4
27% (19%)

5
14% (24%)

12
71% (57%)

SPP

0.32-0.33

0.088-0.60

0.027-0.97

n
%

1
7% (14%)

3
8% (43%)

3
18% (43%)

SPP

0.18

0.058,
0.060,
0.088

0.058,
0.060,
0.062

n
%
SPP

0
0% (0%)
NA

1
3% (50%)
0.088

n
%

1
7% (7%)

Codes
SQ

ASQ/
GSQ

EV/IV

FN

SQ/V

SQ/FN

V/FN

SPP
Totals

n
%
SPP

NP

GP

Totals

16
29%
(89%)
0.0570.18

2
15%
(11%)
0.060,
0.09

18
26%
(100%)
0.057-0.18

12
21%
(92%)
0.0570.08

1
8% (8%)
0.09

13
19%
(100%)
0.057-0.09

17
30%
(77%)
0.03-0.60

5
38%
(23%)
0.06-0.97

22
32%
(100%)
0.03-0.97

16
30%
(76%)
0.32-0.60

5
38%
(24%)
0.0270.97

21
30%
(100%)
0.027-0.97

6
11%
(86%)
0.0580.18

1
8% (14%)

7
10%
(100%)
0.058-0.18

1
6% (50%)
0.062

1
2% (50%)
0.062

1
8% (50%)
0.088

2
3% (100%)
0.060,
0.062, 0.088

3
8% (20%)

11
65% (73%)

0.32

0.088-0.60

0.062-0.97

4
31%
(27%)
0.09-0.97

15
22%
(100%)
0.060-0.97

15
100%
(22%)
0.009-0.33

37
100%
(54%)
0.01-0.96

17
100%
(25%)
0.02-0.97

11
21%
(73%)
0.0320.60
56
100%
(81%)
0.0090.81

13
100%
(19%)
0.01-0.97

69
100%
(100%)
0.009-0.97
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0.088

across the textbook (SPP spans of 0.03 to 0.97 and 0.027 to 0.97 respectively), these
concepts were concurrently coded with sequence concepts in the first one-fifth of the
textbook. Material including variable and function concepts together occurs across most
of the textbook (SPP span of 0.06 to 0.97).
The authors provide the definition of a function around 30% (SPP of 0.32) of the
way through the textbook. In particular the authors note that a function is, “a relationship
where one thing depends on another…in a function, you start with an input number,
perform one or more operations on it, and get an output number” (Bailey, et al., 2006b, p.
177). After this definition, within an approximate SPP span of 0.02 (0.32 to 0.34), the
authors include an instance in which pattern generalization constructs are associated with
variable and function concepts. In particular, 7 of the 11 instances involving variable and
function concepts related to pattern generalization constructs are in this span of textbook
material. Each of these instances involve either the creation of a function table using a
given rule and the subsequent writing of an equation, or writing an equation for a
function using a given function table. In the latter case, students are provided tables,
which generally consist of four input/output pairs, and are prompted to, “write an
equation for the function shown in each function table” (Bailey, et al., 2006b, p. 181).
These instances are an extension of previous patterning constructs utilized by the authors
of this textbook. In particular, the structure of a function table is simply another means to
organize a pattern in a numeric context that the authors prompt students to generalize.
Furthermore, many of the patterns provided in function tables mirror the sequence
concepts previously presented in the textbook. For example, some input/output pairs that
mirror sequence concepts (e.g., inputs of term numbers: 1, 2, 3, 4, …) are: (1, 3), (2, 4),
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(3, 5), and (4, 6); and (1, 3), (2, 4), (3, 6), (4, 9). Clearly, these two patterns presented
through the structure of a function table, are similar to other patterns provided by the
authors, namely: 3, 4, 5, 6, …; and 3, 4, 6, 9, ….
Other instances in which variable and function concepts are related to pattern
generalization constructs involve the authors providing a rate. For example, the authors
provide the rate of $20 a month for Internet service, and the prompt to, “make a table that
shows the total charge for 1, 2, 3, and 4 months of service. Write an equation in which x
represents months and y represents the total charge” (Bailey, et al., 2006b, p. 180).
Although these instances are clearly related to variable and function concepts with
respect to providing a generalization in the form of an equation, the structure of the
instances mirrors previous instances. In particular, although not identified as such, the
pattern associated with the output values (20, 40, 60, and 80), would be if identified as an
arithmetic sequence (that is, associated with term numbers of 1, 2, 3, and 4). Specifically,
suppose the authors provide a prompt for students to identify the sequence: 20, 40, 60,
and 80, as arithmetic, geometric, or neither; find the next three terms; and determine an
equation or rule for the sequence. Given this structure and prompt, clearly this instance
could be included in the authors’ previous presentation of sequence concepts.
Importantly, however, the structure of the instances in which function concepts of input
and output values clearly indicates that this problem, although related to previous
patterning and sequence concepts, is an aspect of conceptual development with regard to
pattern generalization constructs and function concepts with respect patterns in function
tables.
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Summary observations of Glencoe Mathematics, Course 2, Grade 7. Although the
authors do not excessively utilize the same patterns repetitiously, they do noticeably
utilize two patterns: the powers of 2 and perfect square numbers. Specifically, the authors
use the powers of 2 to provide a context for patterns in four problems. In one such
instance, the authors utilize the pattern related to decreasing powers of 2 (16, 8, 4, 2, ?) to
prompt students to, “write a convincing argument that any number, except 0, raised to the
0 power equals 1” (Bailey, et al., 2006b, p. 13). The authors also utilize the pattern of
perfect square numbers in three problems. In each of these instances, students are
provided with the pattern in both numeric and geometric contexts: 1, 4, 9, and 16. In one
problem, students are prompted to identify the pattern as an arithmetic sequence,
geometric sequence, or neither. In the other two problems, the authors prompt students to
extend the pattern to determine the 6th term, and 5th term respectively.
Furthermore, the authors utilize two relatively smaller learning trajectories (with
regard to the respective SPP spans) to develop a larger articulated trajectory related to the
development of algebraic thinking concepts involving the generalization of patterns in
function tables. In particular, the authors provide initial material related to the
development of pattern extension constructs with respect to sequence concepts, and the
identification of the structural aspects of arithmetic and geometric sequence concepts
(e.g., common differences and common ratios). The later presentation of variable and
function concepts relies partly on this previous work with patterns and sequence
concepts. Specifically, the use of “rates” to develop function tables with input values of
1, 2, 3, and 4 is akin to creating an arithmetic sequence of four terms.
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Moreover, the authors present these minor trajectories in relative proximity. The
last instance involving a sequence concept related to arithmetic or geometric sequences is
at an SPP of 0.08, nearly one-tenth of the way through the textbook; the initial instance
related to pattern generalization constructs with variable and function concepts occurs at
an SPP of 0.32. These two minor learning trajectories related to sequence concepts and
variable and function concepts are within one-fifth of the textbook from one another. The
overarching articulated learning trajectory then, as related to the development of
algebraic thinking concepts via pattern constructs, occurs across a SPP span of 0.08 to
around 0.40. In other words, this trajectory occurs across 30% in the first one-half of the
textbook.
Articulated Learning Trajectories within Glencoe Mathematics, Course 3, Grade 8
The Grade 8, Course 3, textbook for Glencoe Mathematics has 594 pages of
content relevant to this study. Within these pages, there are 81 instances specifically
related to pattern concepts as is shown in Table 15. Of these 81 instances, 78% (63)
Table 15
Data Related to Patterning Constructs and Pattern Structures in Glencoe Mathematics,
Course 3, Grade 8
Codes
NP
GP
Totals

n
%
SPP
n
%
SPP
n
%
SPP

PC-R

Up to
PC-E

Up to
PC-G

Totals

16
89% (25%)
0.05-0.997
2
11% (11%)
0.50*, 0.86
18
100% (22%)
0.05-0.997

37
76% (59%)
0.01-1.00
12
24% (67%)
0.005-0.987
49
100% (60%)
0.005-1.00

10
71% (16%)
0.06-.87
4
29% (22%)
0.07-1.00
14
100% (17%)
0.06-1.00

63
78% (100%)
0.01-1.00
18
22% (100%)
0.005-1.00
81
100% (100%)
0.005-1.00
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involve a numeric context, and 22% (18) involve a geometric context. Of the 81
groupings, 60% (49 of 81) are structured by pattern extension constructs, 22% (18 of 81)
are structured by pattern recognition constructs, and 17% (14 of 81) are structured by
pattern generalization constructs. More specifically, only 11% of the instances involving
pattern recognition constructs are in a geometric context, around 20% of the instances
involving pattern extension constructs are in a geometric context, and nearly 30% of the
instances involving pattern generalization constructs are in a geometric context.
Similarly, 67% of the instances involving a geometric context are associated with pattern
extension constructs. That is, a geometric context is most often utilized with regard to
extending a pattern. The authors structure these instances in a manner similar to those in
the first textbook, namely, a pattern in a geometric context, and a prompt to find or draw
the next shape(s) in the pattern.
Sequence concepts related to patterning constructs. As shown in Table 16, the
authors utilize sequence concepts in 21% (17 of 81) of all instances, and specifically
utilize arithmetic or geometric sequence concepts in 25% (20 of 81) of all instances.
These sequence concepts initially appear 85% of the way through the textbook, and
continue through the 92% mark of the textbook. The vast majority of both general
sequence concepts, and arithmetic or geometric sequence concepts are structured by
pattern extension constructs. Specifically, 76% of sequence concepts and 80% of
arithmetic or geometric sequence concepts are structured in this manner. In these
instances, the authors utilize prompts for students to provide the next term of a sequence,
and if specifically identified as an arithmetic or geometric sequence to also provide the
constant difference or ratio. For example, in one such instance involving pattern
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Table 16
Related to Patterning Constructs, Pattern Structures, and Related Concepts in Glencoe
Mathematics, Course 3, Grade 8
PC-R

Up to
PC-E

Up to
PC-G

NP

GP

Totals

n
%

3
17% (18%)

13
27% (76%)

1
7% (6%)

15
24% (88%)

SPP

0.860-0.862

0.857-0.93

0.864

0.857-0.93

2
11%
(12%)
0.862,
0.864

17
21%
(100%)
0.857-0.93

n
%

4
22% (20%)

16
33% (80%)

0
0% (0%)

19
30% (95%)

1
6% (5%)

SPP

0.860-0.862

0.857-0.93

NA

0.857-0.93

0.862

20
25%
(100%)
0.857-0.93

n
%

8
44% (38%)

1
2% (4%)

18
29% (86%)

SPP

0.89-0.997

0.931

12
86%
(57%)
0.0611.00

3
17%
(14%)
0.0661.00

21
26%
(100%)
0.061-1.00

n
%

9
50% (56%)

3
6% (19%)

15
24% (94%)

1
6% (6%)

16
20%

SPP

0.89-0.997

0.931,
0.941, 1.00

4
29%
(25%)
0.6331.00

0.633-1.00

1.00

0.633-1.00

SQ/V

n
%
SPP

0
0% (0%)
NA

0
0% (0%)
NA

0
0% (0%)
NA

0
0% (0%)
NA

0
0% (0%)
NA

0
0% (100%)
NA

SQ/FN

n
%
SPP

0
0% (0%)
NA

0
0% (0%)
NA

0
0% (0%)
NA

0
0% (0%)
NA

0
0% (0%)
NA

0
0% (100%)
NA

n
%

8
44% (62%)

1
2% (8%)

12
19% (92%)

1
6% (8%)

SPP

0.89-0.968

0.931

4
29%
(31%)
0.6331.00

0.6330.968

1.00

13
16%
(100%)
0.633-1.00

18
100% (22%)

49
100%
(60%)
0.005-1.00

14
100%
(17%)
0.06-1.00

63
100%
(78%)
0.01-1.00

18
100%
(22%)
0.0051.00

Codes
SQ

ASQ/
GSQ

EV/IV

FN

V/FN

Totals

n
%
SPP

0.05-0.997
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0.061-0.87

81
100%
(100%)
0.005-1.00

extension constructs and specific sequence concepts, the authors provide the following
prompt for students in a section labeled, “Guided Practice:”
State whether each sequence is arithmetic, geometric, or neither. If it is
arithmetic or geometric, state the common difference or common ratio.
Write the next three terms of each sequence. 2, 4, 6, 8, 10, …; 11, 4, -2, -7,
-11, …; 3, -6, 12, -24, 48,…. (Bailey, et al., 2006c, p. 514)
Although most instances involving sequence concepts and pattern
extension constructs are structured similar to this example, the authors provide
students with other opportunities to create sequences within certain parameters. In
particular, in three instances, the authors prompt students to write the first several
terms of a sequence, given certain information about the sequence. For example,
in one such grouping, the authors prompt the students to answer the following
prompt: “what are the first four terms of a geometric sequence with a common
ratio of -6 if the first term is 100” (Bailey, et al., 2006c, p. 514).
Algebraic thinking concepts related to patterning constructs. Other
concepts related to patterning and algebraic thinking involve variable use and
function concepts of input and output. Specifically, the authors utilize variable
concepts in 26% (21 of 81) of all groupings. Of these, the vast majority, 57% (12
of 21) involve pattern generalization constructs. The authors also utilize function
concepts in 20% (16 of 81) of all instances. Of these, over one-half, 56% (9 of
16), involve pattern recognition constructs. Also, one-quarter of the instances
associated with function concepts involve pattern generalization constructs.
The authors concurrently incorporate variable and function concepts in only 16%
(13 of 81) of all of the instances. Of these, the authors structure eight (62%) of the
instances using patterning recognition constructs, and four (31%) of the instances
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using patterning generalization constructs. Specifically, Problems 8 and 23 (SPP
of 0.94) in Figure 33 illustrate the authors’ use of pattern recognition constructs
related to variable and function concepts. In particular, these two problems are
part of two broader groupings (although the associated prompts are identical).
However, the structure of these two problems is indicative of the way in which
the authors consistently present sequence concepts. That is, the x values for each
of these tables are 1, 2, 3, and 4, in other words, the first four terms of a sequence.
The y values for these two tables can then be related to the structure of a sequence
as being arithmetic, geometric, or neither. The prompt for students to determine if
these tables represent a linear or nonlinear function is akin to prompting students
to determine if the sequences 1, 4, 9, 16, and 0, 2, 6, 12 are arithmetic or nonarithmetic. However, nowhere in the textbook series do the authors provide any
prompts or connections in which students have the opportunity to explore the
mathematical structure of a sequence with respect to function concepts.
Importantly, the SPP span of variable concepts, and function concepts are
different. In particular, the authors include variable concepts at various instances
across the whole of the textbook, from an SPP of 0.06 to 1.00. However, the
authors include function concepts only in the latter one-third of the textbook, from
an SPP of 0.63 to 1.00. Consequently, the material related to the overlap of
variable and function concepts is only in the latter one-third of the textbook, from
an SPP of 0.63 to 1.00.
Summary observations of Glencoe Mathematics, Course 3, Grade 8. The authors
of this textbook heavily incorporate sequence concepts in instances involving pattern
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Figure 33: Problems illustrating connections between sequence concepts and function
concepts via number patterns and function tables in Glencoe Mathematics, Course 3
(Bailey, et al., 2006c, p. 562).
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extension constructs. Such instances appear near the last one-fifth of the textbook, and
are related to the development of pattern recognition constructs and variable concepts in
which students are prompted to identify linear and nonlinear functions.
Although patterning concepts are found throughout the textbook, it is only in the
final one-fifth of the textbook that the authors develop an important articulated learning
trajectory related to the development of algebraic thinking concepts. This ALT is initially
based on the foundation of material related to general and specific (arithmetic and/or
geometric) sequence concepts with respect to pattern extension constructs. The authors
provide a transition from instances involving sequences to instances that develop
concepts specifically related to variables and functions. In particular, the authors include
patterns in function tables that mirror the prior instances involving sequence concepts. In
doing so, an articulated learning trajectory is formed connecting instances involving
pattern recognition and extension constructs with regard to arithmetic sequences, to
instances involving pattern recognition constructs related to patterns underlying linear
and nonlinear functions.
ALTs at Each Grade Level within Middle Grades Math Thematics
In this section, I present findings and analysis regarding articulated learning
trajectories within each of the grade levels of Middle Grades Math Thematics (Books 1
through 3). In each of the following sections, I highlight the most pertinent data relevant
to the articulated learning trajectories utilized by the authors of these textbooks. In
presenting these data, I provide similar tables to those in the previous sections, as well as
illustrative example pages from the textbooks to provide a sense of how the authors
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present patterning concepts in the development of algebraic thinking structures related to
variable and function concepts.
Articulated Learning Trajectories Within Math Thematics, Book 1, Grade 6
The Grade 6, Book 1, textbook for Math Thematics has 563 pages of content
relevant to this study. Within these pages, there are 72 instances specifically related to
pattern concepts as is shown in Table 17. Of these groupings, 68% (49) involve a
numeric context, and 32% (23) involve a geometric context. That is, the authors
presented nearly one-third of all the instances of patterning concepts in Math Thematics,
Book 1 in a geometric context. In particular, 95% of the instances in geometric contexts
involve pattern extension constructs (43%) and pattern generalization constructs (52%).
Table 17
Data Related to Patterning Constructs and Pattern Structures in Math Thematics, Book
1, Grade 6
Codes

PC-R

Up to
PC-E

Up to
PC-G

Totals

NP

n
%
SPP

4
80% (8%)
0.0.124-0.673

23
70% (32%)
0.030-0.986

22
65% (31%)
0.028-0467

49
68% (100%)
0.028-0.098

GP

n
%
SPP

1
20% (4%)
0.030

10
30% (43%)
0.027-0.977

12
35% (52%)
0.028-0.789

23
32% (100%)
0.027-0.977

Totals

n
%
SPP

5
100% (7%)
0.030-0.673

33
100% (46%)
0.027-0.986

34
100% (47%)
0.028-0.789

72
100% (100%)
0.027-0.986

In several of these instances involving geometric contexts, the authors provide both a
numeric context and a geometric context, and present connections between the two
contexts. In such cases, these instances are considered to primarily involve a geometric
context, from which a numeric context arises. Problems 11, 12, and 13 in Figure 34 are
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Figure 34: Problems illustrating connections between numeric and geometric contexts in
Math Thematics, Book 1, Grade 6 (Billstein & Williamson, 2008a, p. 18).
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examples of instances in which the authors present patterning concepts in both numeric
and geometric contexts. The “shape sequence” in this instance serves as the fundamental
context for the development of the concepts related to the sub-problems. The initial
instances in this textbook related to patterning concepts are presented in geometric
contexts and are related to sequence concepts (SPP of 0.28).
In Table 17, it is also shown that 93% of the instances in Math Thematics, Book 1
involve pattern extension constructs (46%) or pattern generalization constructs (47%).
Clearly then, students using this textbook will generally encounter pattern concepts in
one of the other of these two structures. In Table 18, it is shown that the authors also
utilize other patterning concepts related to these structures. In particular, 58% (42 of 72)
of the instances in this textbook involve patterning that is associated with sequence
concepts, of which, 52% (22 of 42) is structured using pattern generalization constructs,
and 38% (16 of 42) using pattern extension constructs. The authors also utilize variable
concepts in 38% (27 of 72) of all of the instances, of which the vast majority, 85% (23 of
27), involve pattern generalization constructs. Function concepts are associated with 21%
(15 of 72) of all instances, of which 73% (11 of 15) and 27% (4 of 15) involve pattern
generalization and pattern extension constructs, respectively. Interestingly, although the
authors extensively utilize both pattern extension constructs and pattern generalization
constructs, the instances in which sequence, variable, and function concepts overlap
nearly exclusively involve pattern generalization constructs.
Pattern extension constructs. Nearly one-half, 48% (16 of 33), of the instances
involving pattern extension constructs also incorporate sequence concepts. Many of these
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Table 18
Data Related to Patterning Constructs, Pattern Structures, and Related Concepts in Math
Thematics, Book 1, Grade 6
PC-R

Up to
PC-E

Up to
PC-G

NP

GP

Totals

n
%

4
80% (10%)

16
48% (38%)

SPP

0.030-0.258

0.0270.977

22
65%
(52%)
0.0280.295

29
59%
(69%)
0.0280.295

13
57%
(31%)
0.0270.977

42
58%
(100%)
0.0270.977

n
%
SPP

0
0% (0%)
NA

0
0% (0%)
NA

0
0% (0%)
NA

0
0% (0%)
NA

0
0% (0%)
NA

0
0% (100%)
NA

n
%

3
60% (11%)

1
3% (4%)

SPP

0.124,
0.256, 0.258

0.092

23
68%
(85%)
0.0340.785

21
43%
(78%)
0.0340.467

6
26%
(22%)
0.0340.785

27
38%
(100%)
0.0340.785

n
%

0
0%

4
12% (27%)

SPP

NA

0.275-0.61

11
32%
(73%)
0.034-0.47

11
22%
(73%)
0.0340.61

4
17%
(27%)
0.034-0.47

15
21%
(100%)
0.034-0.61

n
%

3
60% (14%)

1
3% (5%)

SPP

0.124,
0.256, 0.258

0.092

17
50%
(81%)
0.0340.295

16
33%
(76%)
0.0340.295

5
22%
(24%)
0.0340.044

21
29%
(100%)
0.0340.295

0
0% (0%)

0
0% (0%)

2
4% (33%)

NA

0
0% (0%)

0
0% (0%)

NA

NA

4
17%
(67%)
0.0340.295
3
12%
(33%)
0.036,
0.043,
0.464

6
8% (100%)

NA

6
18%
(100%)
0.0340.295
9
26%
(100%)
0.0340.467

n
%

5
100% (7%)

SPP

0.030-0.673

33
100%
(46%)
0.0270.986

34
100%
(47%)
0.0280.789

49
100%
(68%)
0.0280.098

23
100%
(32%)
0.0270.977

72
100%
(100%)
0.0270.986

Codes
SQ

ASQ/
GSQ
EV/IV

FN

SQ/V

SQ/FN

n
%
SPP

V/FN

n
%
SPP

Totals
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0.034,
0.089
6
12%
(67%)
0.0340.467

0.0340.295
9
13%
(100%)
0.0340.467

instances are similar in structure and presentation to Problems 28 through 31 on the
textbook page 147 as shown in Figure 35. That is, the authors often present students with
a pattern in a numeric context that consists of four terms, and the prompt to, “find the
next three terms in each sequence” (Billstein & Williamson, 2008a, p. 147). However, the
authors occasionally incorporate other prompts, such as the decreasing powers of 2 to
elicit the value of 20, with respect to sequence concepts and pattern extension constructs.
The utilization of sequence concepts with regard to pattern extension constructs occurs
through out the span of the textbook (SPP of 0.027 to 0.98). In particular, the authors
provide the definition of sequence on the first page associated with patterning concepts.
Specifically, at an SPP of 0.027, the authors define sequence as, “an ordered list of
numbers or objects” (Billstein & Williamson, 2008a, p. 15).
In four groupings, the authors briefly use the structure of pattern extension
constructs to integrate function concepts. In particular, these four instances generally
involve prompting students to identify the change in the output as related to the change in
the input values. Specifically, Problem 43 in Figure 36 illustrates the authors’ use of a
table in which inputs and outputs are clearly identified. In this problem, the authors
prompt students to examine how patterns can be used to evaluate the accuracy of
predictions that were made using a graph related to the values in the table. These four
instances related to function concepts and pattern extension constructs occur within the
middle of the textbook (SPP span of 0.28 to 0.61), generally near material related to
function concepts and pattern generalization constructs.
Pattern generalization constructs. As with pattern extension constructs, pattern
generalization constructs comprise over 45% of all of the instances. However, although

205

Figure 35: Illustrative example of problems structured via pattern extension constructs in
Math Thematics, Book 1, Grade 6 (Billstein & Williamson, 2008a, p. 147).

206

Figure 36: Illustrative example of function concepts structured via pattern extension
constructs in Math Thematics, Book 1, Grade 6 (Billstein & Williamson, 2008a, p. 260).
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38% of the instances related to sequence concepts involve pattern extension constructs,
the authors utilize pattern generalization constructs in over one-half (52%) of the
instances related to sequence concepts. For example, Problem 5 in Figure 37 is an
illustration in which a pattern is identified as a sequence, and the authors prompt students
to, “write an expression for the general term of the sequence” (Billstein & Williamson,
2008a, p. 166). Furthermore, this problem is an illustration of the authors’ use of variable
concepts with respect to pattern generalization constructs. In particular, 85% of the
instances involving variable concepts also involve pattern generalization constructs. The
inclusion of variable concepts in instances involving pattern generalization constructs
occurs across the first three-fourths of the textbook (SPP span of 0.03 to 0.78).
Furthermore, the authors utilize function concepts with respect to pattern
extension constructs across an SPP span from 0.28 to 0.61. The authors provide the
structure of pattern generalization constructs for groupings involving function concepts in
nearly three-fourths of the material (73%). The authors initially present this material early
in the textbook and continue through the first one-half of the book (SPP span of 0.034 to
0.47). That is, the authors first introduce function concepts within the structure of pattern
generalization constructs. One-fourth of the way through the book the authors incorporate
pattern extension constructs related to function concepts. The authors then present
students with both pattern extension and pattern generalization constructs related to
function concepts, with the connection to generalization constructs ceasing around onehalf of the way through the textbook, and extension constructs ceasing around three-fifths
of the way through the textbook.
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Figure 37: Problem related to the use of pattern generalization constructs with respect to
sequence concepts in Math Thematics, Book 1, Grade 6 (Billstein & Williamson, 2008a,
p. 166).
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Problem 19 in Figure 38 illustrates the authors’ use of pattern generalization
constructs in structuring problems associated with function concepts. Specifically, the
authors provide students with a table of input and output values, and the prompt to, “write
a rule for the output based on the input” (Billstein & Williamson, 2008a, p. 263). The
identification of input and output values along with the prompt to write a rule in which
one value is based on the other clearly indicates the authors use of algebraic thinking
concepts in the context of pattern generalization constructs.
Summary observations of Math Thematics, Book 1, Grade 6. The authors of this
textbook rely heavily on structuring patterning concepts through pattern extension
constructs and pattern generalization constructs. Also, over one-half of the instances
involving patterns in this textbook involve sequences. Of the groupings in which
sequence concepts are included, the authors provide a geometric context in over threetenths of these instances. In their definition of sequence30, the authors identify sequences
as being associated with both numeric and geometric contexts. Consequently, an
articulated learning trajectory within this textbook is related to the use of geometric
contexts in patterning constructs. In particular, the authors often utilize geometric
contexts to establish numeric contexts by connecting the underlying structures of the
geometric context of a pattern to the associated numeric context.
With respect to an articulated learning trajectory related to sequence concepts,
although pattern extension constructs are found throughout the textbook, pattern
generalization constructs are only utilized in the first three-tenths of the textbook. That is,

30

The definition of sequence provided by the authors is, “an ordered list of numbers or
objects” (Billstein & Williamson, 2008a, p. 15).
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Figure 38: Problem involving function concepts with respect to pattern generalization
constructs in Math Thematics, Book 1 (Billstein & Williamson, 2008a, p. 263).
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the authors provide students with material related to determining a rule for a sequence in
the first part of the textbook, which overlaps with the bulk of the material related to
function concepts and pattern generalization constructs. Moreover, the authors generally
incorporate variable and function concepts in problems associated with pattern
generalization constructs. All of the instances involving pattern generalization constructs
and algebraic thinking concepts occur across the first three-fourths of the textbook.
Instances specifically involving function concepts and pattern generalization constructs
are found in the first one-half of the textbook, in proximity to the instances involving
function concepts and pattern extensions constructs.
Articulated Learning Trajectories Within Math Thematics, Book 2, Grade 7
The Grade 7, Book 2, textbook for Math Thematics has 571 pages of content
relevant to this study. Within these pages, there are 53 instances specifically related to
pattern concepts as is shown in Table 19. Of these instances, 74% (39) involve numeric
Table 19
Data Related to Patterning Constructs and Pattern Structures in Math Thematics, Book
2, Grade 7
PC-R

Up to
PC-E

Up to
PC-G

Totals

%
SPP

2
50% (5%)
0.24, 0.57

20
77% (38%)
0.13-0.95

17
74% (32%)
0.081-0.32

39
74% (100%)
0.081-0.95

GP

n
%
SPP

2
50% (14%)
0.20, 0.98

6
23% (43%)
0.20-0.77

6
26% (43%)
0.21-0.86

14
26% (100%)
0.203-0.98

Totals

n
%
SPP

4
100% (8%)
0.20-0.981

26
100% (49%)
0.13-0.95

23
100% (43%)
0.081-0.86

53
100% (100%)
0.081-0.98

Codes
NP

n
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contexts, and 26% (14) involve geometric contexts. In particular, several instances
presented in geometric contexts mirror the structures in Book 1 in which the authors
connect numeric contexts to the underlying structures of a geometric context. The authors
also structure 92% (49 of 53) of the instances in this textbook via pattern extension
constructs (49%) and pattern generalization constructs (43%). Both of these constructs
are found across the vast majority of the textbook. The authors initially utilize pattern
generalization constructs (SPP of 0.08), and subsequently introduce pattern extension
constructs (SPP of 0.13). Pattern generalization constructs continue to a SPP of 0.86, and
pattern extension constructs continue to near the end of the textbook (SPP of 0.95).
Contextualized structures for pattern extension and generalization constructs.
Importantly, the instances involving pattern extension and pattern generalization
constructs in this textbook are generally presented in the context of a larger problem. The
authors do not substantially utilize prompts related to extending pattern without context.
Such non-contextualized patterning problems are similar to ones previously identified in
this chapter, for example: Given the pattern 1, 2, 3, 4, …, find the next three terms.
Patterning concepts structured by extension and generalization constructs are
often provided with respect to a context. For example, Problems 19 and 20 in Figure 39
and Problem 7 in Figure 40 illustrate the authors’ use of context in prompting students to
extend or generalize patterns. In particular, in Problem 19, the authors prompt students to
extend a table related to the sum of the measures of the angles of polygons, and thereby
encourage students to extend the related pattern. In Problem 20, the authors extend the
concepts in the previous problem, and prompt students to explain how sums for any given
polygon can be found. In these two problems, the authors engage students by providing a
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Figure 39: Problems related to contextualized structures of patterning constructs utilized
by the authors of Math Thematics, Book 2, Grade 7 (Billstein & Williamson, 2008b, p.
440).
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Figure 40: Problem related to contextualized structures of patterning constructs utilized
by the authors of Math Thematics, Book 2, Grade 7 (Billstein & Williamson, 2008b, p.
542).
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geometric context related to sums of the measures of the angles in polygons with respect
to pattern extension and pattern generalization constructs.
In Problem 7 in Figure 40, the authors engage students with pattern extension
constructs. Specifically, the authors prompt the students to, “copy the triangle and use the
pattern you found in part (a) to complete each row in the triangle” (Billstein &
Williamson, 2008b, p. 542). In this problem, the authors provide a numeric context for
the pattern, as well as a broader mathematical context related to permutations to frame
the related patterning concepts. In this respect, the context of permutations provides a
foundation for prompts in which students are to describe the meaning of each number in
the columns and why the columns begin with 1, and to utilize the extended pattern to
address a question related to permutations of letters.
Sequence concepts related to patterning constructs. The authors utilize sequence
concepts in 36% (19 of 53) of the instances related to patterning, as is shown in Table 20.
With respect to the inclusion of sequence concepts, the authors utilize familiar structures
for pattern extension constructs (e.g., given a pattern, find the next three terms). The
authors also prompt students to write an equation for a given sequence, as well as prompt
students to make a table, graph the points, and then predict a given term. Problems 16 and
17 in Figure 41 illustrate this context for these problems.
Function and sequence concepts related to pattern constructs. The authors
provide prompts that are explicitly connected to function concepts in instances involving
sequences. As is shown in Table 20, the authors utilize function concepts in 19% (10 of
53) of the instances, and utilize both sequence and function concepts in 8% (4 of 53) of
the instances. Problem 10 in Figure 42 and Problem 12 in Figure 43 illustrate the authors’
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Table 20
Table of Data Related to Patterning Constructs, Pattern Structures, and Related
Concepts in Math Thematics, Book 2, Grade 7
PC-R

Up to
PC-E

Up to
PC-G

NP

GP

Totals

1
25% (5%)

9
35% (47%)

9
39% (47%)

12
31% (63%)

SPP

0.203

0.200-0.40

0.205-0.23

0.200-0.40

7
50%
(13%)
0.203-0.28

19
36%
(100%)
0.200-0.40

n
%
SPP

0
0% (0%)
NA

0
0% (0%)
NA

0
0% (0%)
NA

0
0% (0%)
NA

0
0% (0%)
NA

0
0% (100%)
NA

n
%

1
25% (6%)

0
0% (0%)

16
70% (94%)

13
33% (76%)

0.57

NA

0.081-0.23

0.081-0.57

4
29%
(24%)
0.205-0.22

17
32%
(100%)
0.081-0.57

0
0% (0%)

0
0% (0%)

5
13% (50%)

NA

NA

10
43%
(100%)
0.081-0.86

5
36%
(50%)
0.205-0.86

10
19%
(100%)
0.081-0.86

0
0% (0%)

0
0% (0%)

3
8% (43%)

NA

NA

7
30%
(100%)
0.205-0.23

4
29%
(57%)
0.205-0.22

7
13%
(100%)
0.205-0.23

0
0% (0%)

0
0% (0%)

4
8% (100%)

NA

NA

4
29%
(100%)
0.205-0.22

0
0% (0%)

0
0% (0%)

NA

9
17%
(100%)
0.081-0.22

4
100%
(8%)
0.200.981

53
100%
(100%)
0.081-0.98

Codes
SQ

ASQ/
GSQ
EV/IV

n
%

SPP
FN

n
%
SPP

SQ/V

n
%
SPP

SQ/FN

n
%
SPP

V/FN

n
%
SPP

Totals

n
%
SPP

4
17%
(100%)
0.205-0.22

0.081-1.00

0.214-0.23
0
0%
NA
4
10% (44%)

NA

9
39%
(100%)
0.081-0.22

0.081-1.00

5
36%
(56%)
0.205-0.22

26
100%
(49%)
0.13-0.95

23
100%
(43%)
0.081-0.86

39
100%
(74%)
0.081-0.95

14
100%
(26%)
0.203-0.98
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0.205-0.22

Figure 41: Problems related to familiar structures for patterning concepts as utilized by
the authors of Math Thematics, Book 2, Grade 7 (Billstein & Williamson, 2008b, p. 126).
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Figure 42: Problem in which sequence, variable, and function concepts are structured via
pattern generalization constructs in Math Thematics, Book 2, Grade 7 (Billstein &
Williamson, 2008b, p. 117).
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Figure 43: Problem in which sequence, variable, and function concepts are structured via
pattern generalization constructs in Math Thematics, Book 2, Grade 7 (Billstein &
Williamson, 2008b, p. 118).
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use of function concepts with respect to sequence concepts. Specifically, in each
problem, the authors prompt students to write equations that can be used to find any term
of the sequence from its term number. This phrasing is specifically related to function
concepts of input and output. That is, in using these equations, any term (output) can be
found from its term number (input). Although these instances provide a connection
between sequence and function concepts, the authors do not provide, in any of the
textbooks, a definition of sequence that includes the mathematical structure of a function.
Interestingly, all but two groupings related to sequence concepts occur in the span of 14
pages (SPP of 0.200 to 0.226), and function concepts are first introduced at an SPP of
0.08. In other words, the instances involving function concepts with respect to sequences
follow prior material related to function concepts and pattern concepts.
Function concepts related to patterning constructs. The authors provide the
definition of function within the first one-tenth of the textbook as, “a relationship between
input and output. For each input, there is exactly one output. Output depends on input”
(Billstein & Williamson, 2008b, p. 47). Although the authors explicitly utilize function
concepts as related to this definition in 19% (10 of 53) of the instances, they also
incorporate variable concepts in 90% (9 of 10) of these instances. Moreover, all of the
instances related to variable and function concepts involve pattern generalization
constructs. Problems 15, 16, and 17 in Figure 44 are illustrative of the groupings in which
the authors incorporate function and variable concepts with respect to generalizing
patterns. Specifically, the authors’ prompt in which students are to make a table involves
pattern recognition and pattern extension constructs. The authors’ prompt to provide an
equation related to the table, the inclusion of variable concepts, and the function concepts

221

Figure 44: Problem involving variable and function concepts structured via pattern
generalization constructs in Math Thematics, Book 2, Grade 7 (Billstein & Williamson,
2008b, p. 57).
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embodied in using three input values engages students in pattern generalization
constructs with respect to variable and function concepts.
Summary observations of Math Thematics, Book 2, Grade 7. In the Grade 7, Book
2, textbook in the Math Thematics series, the authors include instances involving
patterning, sequence, variable, and function concepts. In particular, the authors provide a
structure for patterning and algebraic thinking concepts through the initial inclusion of
function concepts. Specifically, the authors incorporate function concepts throughout the
textbook. However, these concepts are specifically related to sequence concepts and
variable concepts in the first one-fourth of the textbook.
Consequently, an articulated learning trajectory that the authors employ in this
textbook is related to the initial presentation of function concepts, and the subsequent
inclusion of sequence and variable concepts. In particular, these three aspects of
patterning and algebraic thinking are exclusively structured through the use of pattern
generalization constructs.
Another articulated learning trajectory identified in this textbook incorporates the
previous trajectory. In particular, after the initial groupings related to sequence, variable,
and function concepts, the authors provide further opportunities for students to engage in
thinking related to patterning concepts through both pattern extension and pattern
generalization constructs. Specifically, the authors provide opportunities for students to
work in contextualized settings related to the extension of patterns in which the authors
provide connections to other mathematics content. Overall, early in the textbook (within
the first one-fourth), the authors structure students’ work with variable and function
concepts exclusively through pattern generalization concepts. However, throughout the
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textbook, but generally in the latter three-fourths, the authors also provide students with
opportunities to engage in the use of pattern extension constructs.
Articulated Learning Trajectories Within Math Thematics, Book 3, Grade 8
The Grade 8, Book 3, textbook of Math Thematics has 577 pages of content
relevant to this study. In this textbook, there are 102 instances specifically related to
pattern concepts as is shown in Table 21. The authors structure 19% (19 of 102) of the
instances via pattern recognition constructs, 43% (44 of 102) via pattern extension
constructs, and 38% (39 of 102) via pattern generalization constructs. The authors also
present patterns in a numeric context in 74% (75 of 102) of the instances, and in a
geometric context in 26% (27 of 102) of the instances.
Table 21
Data Related to Patterning Constructs and Pattern Structures in Math Thematics, Book
3, Grade 8
Codes

PC-R

Up to
PC-E

Up to
PC-G

Totals

NP

n
%
SPP

16
84% (21%)
0.686-0.998

31
70% (41%)
0.128-0.991

28
72% (37%)
0.142-0.998

75
74% (100%)
0.128-0.998

GP

n
%
SPP

3
16% (22%)
0.60, 0.91, 0.998

13
30% (48%)
0.121-0.997

11
28% (41%)
0.121-0.919

27
26% (100%)
0.121-0.997

Totals

n
%
SPP

19
100% (19%)
0.60-0.998

44
100% (43%)
0.121-0.997

39
100% (38%)
0.121-0.998

102
100% (100%)
0.121-0.998

Although instances that highlight connections among geometric and numeric
contexts with respect to pattern concepts are not prevalent in this book, the authors
provide opportunities related to patterning in contexts associated with other mathematical
content. One such illustration is Problem 12 in Figure 45. In particular, the authors utilize
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Figure 45: Problem involving a geometric context and pattern recognition constructs in
Math Thematics, Book 3, Grade 8 (Billstein & Williamson, 2008c, p. 347).
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the geometric context of triangles, which is related to the section in which the problem is
provided, Working with Triangles. Interestingly, in this same section and a page previous
to the one in Figure 45, the authors provide students with a pattern problem in a numeric
context that, although related to sequence concepts, is void of any connections to other
mathematical concepts or contexts. In particular, the problem is thus: “Find the next three
terms in the sequence 3, 4, 5, 6, 8, 10, 9, 12, 15, …. Explain how you got your answer”
(Billstein & Williamson, 2008c, p. 346). This problem appears at a point in the textbook
more than 150 pages (SPP span from 0.598 to 0.899) before the authors formally define a
sequence, and subsequently present the bulk of the content related to sequence concepts.
Sequence concepts related to patterning constructs. Aside from the previously
discussed problem involving sequence concepts, the entirety of sequence concepts is
found in the last one-tenth of the textbook. In a span of 58 pages (SPP span from 0.899 to
0.998), the authors define “sequence,” present material specifically related to arithmetic
and geometric sequence concepts, and structure sequence concepts through pattern
recognition, pattern extension, and pattern generalization constructs. Specifically, as is
shown in Table 22, sequence concepts represent 29% (30 of 102) of all of the instances.
In particular, concepts specifically related to arithmetic and geometric sequence concepts
represent 15% (15 of 102) of all of the instances related to patterning concepts.
In the span of three pages, the authors provide the definitions of a sequence, an
arithmetic sequence, and a geometric sequence. In particular the authors define a
sequence to be, “an ordered list of numbers or objects called terms” (p. 519). They
present the definition of an arithmetic sequence as, “one in which each term after the first
is found by adding a constant to the previous term” (p. 520). Finally, they include a
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Table 22
Data Related to Patterning Constructs, Pattern Structures, and Related Concepts in Math
Thematics, Book 3, Grade 8
Codes
SQ

n
%
SPP

ASQ/
GSQ

n
%
SPP

EV/IV

FN

n
%

PC-R

Up to
PC-E

Up to
PC-G

NP

GP

Totals

9
47%
(30%)
0.5980.998

11
25%
(37%)
0.9010.997

10
26% (33%)

22
29% (73%)

30
29% (100%)

0.901-0.998

0.8990.998

8
30%
(27%)
0.9080.998

8
42%
(53%)
0.9010.998

1
2% (7%)

6
15% (40%)

12
16% (80%)

15
15% (100%)

0.997

0.901-0.998

0.9010.998

3
11%
(20%)
0.9100.998

1
5% (3%)

5
11%
(15%)
0.6530.991

27
69% (82%)

25
33% (76%)

33
32% (100%)

0.121-0.998

0.1420.998

8
30%
(24%)
0.1210.919

25
25% (100%)

SPP

0.919

n
%

2
11%
(8%)
0.688,
0.692

4
9% (16%)

19
49% (76%)

20
27% (80%)

0.7310.979

0.121-0.912

0.6880.979

5
19%
(20%)
0.1210.908

SPP

0.598-0.998

0.901-0.998

0.121-0.998

0.121-0.979

SQ/V

n
%
SPP

1
5% (7%)
0.919

2
5% (13%)
0.912,
0.991

12
31% (80%)
0.901-0.998

13
17% (87%)
0.9010.998

2
7% (13%)
0.917,
0.919

15
15% (100%)
0.901-0.988

SQ/FN

n
%
SPP

0
0% (0%)
NA

0
0% (0%)
NA

8
21% (100%)
0.90-0.912

7
9% (88%)
0.90-0.912

1
4% (13%)
0.908

8
8% (100%)
0.90-0.912

n
%

0
0% (0%)

1
2% (6%)

15
38% (94%)

13
17% (81%)

16
16% (100%)

NA

0.745

0.121-0.912

0.69-0.912

3
11%
(19%)
0.121,
0.51, 0.73

19
100%
(19%)
0.600.998

44
100%
(43%)
0.1210.997

39
100% (38%)

75
100%
(74%)
0.1280.998

27
100%
(26%)
0.1210.997

102
100%
(100%)
0.121-0.998

V/FN

SPP
Totals

n
%
SPP

0.121-0.998

227

0.121-0.912

definition of a geometric sequence as, “one in which each term after the first is found by
multiplying the previous term by a non-zero constant” (p. 521).
The following figures (Figure 46, Figure 47, and Figure 48) serve as illustrations
related to the authors’ use of sequence concepts, arithmetic sequence concepts, and
geometric sequence concepts with respect to patterning constructs. In particular,
Problems 5, 6, and 7 in Figure 46 relate to arithmetic sequence concepts. Specifically,
Problems 5 and 6 engage students in developing their understanding of arithmetic
sequences through a series of guiding questions. Then in Problem 7, the authors engage
the students in the generalizing of arithmetic sequences.
In Problems 9, 10, 11, and 12 in Figure 47, the authors incorporate geometric sequence
concepts and pattern generalization constructs. In particular, in Problem 9, the authors
utilize a similar structure of questioning to that used in Problems 5 and 6 in the previous
example. Furthermore, in Problem 12, the authors employ a similar structure to that in
Problem 7 of the previous example. Specifically, the authors first prompt students to
identify a sequence as either arithmetic or geometric, and then prompt students to provide
an equation for each sequence.
Finally, Problems 17 and 18 in Figure 48 illustrate the authors’ use of geometric
contexts in developing patterning concepts related to sequences. Specifically, the authors
utilize two separate contexts related to triangles, the first related to the number of small
triangles within larger triangles, and the second related to triangular numbers.
Interestingly, in Problem 19, the authors use a nearly identical structure and prompt to
those previously discussed. Specifically, the authors provide the students with a sequence
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Figure 46: Problems specifically related to arithmetic sequence concepts in Math
Thematics, Book 3 (Billstein & Williamson, 2008c, p. 520).
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Figure 47: Problems specifically related to geometric sequence concepts in Math
Thematics, Book 3 (Billstein & Williamson, 2008c, p. 521).
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Figure 48: Contextualized and non-contextualized problems related to general sequence
concepts in Math Thematics, Book 3 (Billstein & Williamson, 2008c, p. 524).
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of five terms, and prompt students to, “then find the next three terms” (Billstein &
Williamson, 2008c, p. 524).
Over the course of the two pages immediately preceding page 524 in Figure 48,
the authors provide a series of instances in which students are guided through the
development of the Fibonacci sequence. The authors provide the following rationale for
their inclusion of the Fibonacci sequence, “Some sequences are neither arithmetic nor
geometric yet follow a definite pattern” (p. 522). In developing this sequence, the authors
provide the context of Fibonacci’s rabbit problem, namely:
Suppose two newborn rabbits, male and female, are put into a cage. How
many rabbits will there be at the end of one year if this pair of rabbits
produces another pair every month, and every new pair of rabbits produces
another new pair every month? All rabbits must be two months old before
they can produce more rabbits. (p. 522)
The inclusion of this exploration of the Fibonacci sequence over the course of two
textbook pages is illustrative of the authors’ use of context in presenting
patterning and sequence concepts.
Although the authors frequently provide a context in which they engage students
with patterning and sequence concepts, they also provide students with opportunities
related to the extension and identification of sequences in non-contextualized settings.
Although less frequent than instances involving contexts, in the pages that follow the
previous examples (SPP span of 0.912 to 0.919), the authors intermittently present
students with opportunities associated with non-contextualized patterns in numeric
contexts. Specifically, the authors incorporate instances in which students are given a
group of sequences in a numeric context and must identify them as arithmetic, geometric,
or neither; find the next three terms; describe the pattern; or write a rule for finding a
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term of each sequence. Consequently, although the authors provide situational contexts
for the vast majority of the groupings related to sequence concepts, they do provide
opportunities in which students are presented with problems associated more with skill
based recognition, extension, and generalization of patterns in a numeric context without
other mathematical connections or broader conceptual contexts.
Algebraic thinking concepts related to pattern generalization constructs. As is
shown in Table 22, the authors of Math Thematics, Book 3 include function concepts in
25% (25 of 102) of all of the instances, variable concepts in 32% (33 of 102) of all of the
instances, and these concepts together in 16% (16 of 102) of all of the instances. For the
vast majority of the groupings involving these concepts, the authors engage students in
pattern generalization constructs. In particular, in 82% of the groupings related to
variable concepts, the authors prompt students to generalize a pattern. Specifically, the
authors often prompt students to write an equation using specific variables. For example,
as previously discussed, in Problem 5 of Figure 46, the authors provide the prompt for
students to, “write an equation that uses the term number n to find the nth term t of the
sequence” (Billstein & Williamson, 2008c, p. 520). Although the authors do not always
provide the specific variable students are expected to use, throughout the textbook, nearly
all instances involving variable concepts with respect to pattern generalization constructs
are similar to this structure. That is, across the latter nine-tenths of the textbook (SPP
span from 0.121 to 0.998), the authors expect students to generalize patterns by creating
an equation with variables.
With respect to function concepts, the authors provide the bulk of material (all but
two problems) in the latter one-third of the textbook (SPP span from 0.979). The authors
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present the definition of a function over two-thirds of the way through the textbook (SPP
of 0.688). Specifically, the authors define a function as, “a relationship between input and
output. For each value, there is exactly one output value. Output is a function of input”
(Billstein & Williamson, 2008c, p. 397).
Although the authors utilize function concepts throughout the latter one-third of
the textbook, their use of specific language in the span of content related to sequence
concepts provides connections among variable, function, and sequence concepts. That is,
in the final one-tenth of the textbook, the authors utilize function concepts (with respect
to the provided definition) related to the generalization of sequence concepts. For
example, in Problem 9 in Figure 4731, the authors provide wording that is illustrative of
the way in which they prompt students to generalize sequences through equations in
which one variable depends on the other. Specifically, the authors prompt students to,
“write an equation that uses the term number n to find the nth term t of the geometric
sequence” (Billstein & Williamson, 2008c, p. 521). In these instances, the authors
provide students with opportunities to work with sequence concepts, algebraic thinking
concepts, and pattern generalization constructs.
Summary observations of Math Thematics, Book 3, Grade 8. In the Math
Thematics, Book 3, Grade 8 textbook, the authors provide substantial material related to
patterning, sequence, variable, and function concepts. In particular, the authors introduce
concepts specifically related to arithmetic and geometric sequences, and provide students
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As noted previously, Problem 9 in Figure 44 and Problem 5 in Figure 43 are similarly
structured. Furthermore, these two problems are illustrative of the authors’ wording with
respect to sequence, variable, and function concepts as related to pattern generalization
constructs.
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with opportunities to generalize these sequences via algebraic thinking concepts. The
authors engage students with problems involving pattern extension and generalization
constructs throughout the textbook. However, three-fifths of the way through the
textbook, the authors introduce, in earnest, concepts related to variables with respect to
functions and pattern generalization constructs.
The inclusion of function and variable concepts with respect to pattern
generalization constructs serves as an initial point for a major articulated learning
trajectory employed by the authors. Specifically, two-thirds of the way through the
textbook, the authors provide the definition of a function, and engage students with
function concepts. The authors then incorporate sequence concepts in the last one-tenth
of the textbook, as related to function concepts. However, in this textbook series, the
authors do not provide a formal definition of a sequence that explicitly and
mathematically connects the mathematical structure of a sequence to the mathematical
structure of a function.
Specifically, in the last one-tenth of the textbook, the authors develop sequence
concepts across an articulated learning trajectory. In this trajectory, the authors introduce
concepts specifically related to arithmetic and geometric sequences. The authors then
engage students with sequences that are not identified as arithmetic or geometric, such as
the Fibonacci sequence. The authors then provide students with opportunities to extend
and generalize sequences based on patterns in numeric contexts.
Within this ALT related to the development of sequence concepts, I argue that the
authors integrate variable and function use in generalizing patterns. In particular, as
evidenced in the previous discussion, the authors wording in student prompts related to
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generalizing sequences clearly is related to algebraic thinking concepts. Specifically, the
prompts utilized by the authors related to generalizing sequences involves the tacit
recognition that in sequences, the term (output) is directly related to the term number
(input). However, without a formal definition of a sequence in which these relationships
are mathematically grounded, this connection between sequences and functions remains
tacit in Math Thematics, Book 3.
Consequently, three articulated learning trajectories utilized by the authors relate
to the development of function concepts, and the subsequent inclusion of function
concepts in the development of sequence concepts. Specifically, the authors largely
develop two trajectories separately, one related to function concepts, and the other related
to sequence concepts. However, the third and more broadly spanning trajectory utilized
by the authors is related to the integration of algebraic thinking concepts (as embodied by
variable and function concepts) in the development of sequence concepts in general, and
arithmetic and geometric sequence concepts in particular.
ALTs at Each Grade Level within Connected Mathematics 2
In this section, I present findings and analysis regarding articulated learning
trajectories within each of the grade levels of Connected Mathematics 2 (Grades 6
through 8). In each of the following sections, I highlight the most pertinent data relevant
to articulated learning trajectories utilized by the authors of these textbooks. In presenting
these data, I provide similar tables to those previously referenced, as well as include
illustrative example pages from the textbooks to provide a sense of how the authors
present patterning concepts in the development of algebraic thinking structures related to
variable and function concepts.
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Articulated Learning Trajectories Within Connected Mathematics 2, Grade 6
The Grade 6 textbook of Connected Mathematics has 595 pages of content
relevant to this study. In this textbook, there are 29 instances specifically related to
pattern concepts as is shown in Table 23. The authors structured 28% (8 of 29) of the
instances via pattern recognition constructs, 38% (11 of 29) via pattern extension
constructs, and 34% (10 of 29) via pattern generalization constructs. These pattern
concepts are presented in a numeric context in 28% (11 of 29) of the instances and in a
geometric context in 62% (18 of 29) of the instances.
Table 23
Data Related to Patterning Constructs and Pattern Structures in Connected Mathematics
2, Grade 6
Codes

Up to
PC-E
4
36% (36%)
0.08-0.719

Up to
PC-G
4
40% (36%)
0.42-0.686

Totals
11
38% (100%)
0.06-0.719

NP

n
%
SPP

PC-R
3
37% (27%)
0.06, 0.719, 0.719

GP

n
%
SPP

5
63% (28%)
0.32-0.613

7
64% (39%)
0.04-0.632

6
60% (33%)
0.33-0.617

18
62% (100%)
0.04-0.632

Totals

n
%
SPP

8
100% (28%)
0.06-0.719

11
100% (38%)
0.04-0.719

10
100% (34%)
0.33-0.686

29
100% (100%)
0.04-0.719

Patterning constructs in numeric and geometric contexts. The authors include
patterning concepts across the first three-fourths of the Grade 6 textbook. They utilize
both numeric and geometric contexts in presenting patterning concepts to students. As
identified in Table 23, the authors utilize geometric contexts nearly twice as much as they
utilize numeric contexts. However, in some instances, the authors incorporate instances
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involving the examination of the connections between numeric and geometric contexts32.
On such instance is illustrated by Problem 41 in Figure 49.
In Problem 41 in Figure 49, the authors provide a pattern related to the sums of
consecutive odd numbers. Importantly, the authors also provide a geometric context for
the way in which tiles can be used to make squares in which the decomposition of the
area of the square models the summation of consecutive odd numbers. In particular, in
this problem, the authors utilize a geometric context to provide students with a
connection between numeric and geometric contexts. The authors also present this
problem through the structure of pattern extension constructs. That is, the authors present
students with a pattern based in a geometric context and the prompt to, “complete the
next four rows in the number pattern” (Lappan, et al., 2009c, p. 46). Importantly, in
contrast to other instances within the four textbook series, the authors do not simply
provide the pattern (or sequence): 1, 4, 9, 16, …, and prompt students to, “find the next
four terms.” The authors also do not simply provide a pattern (or sequence) of squares
consisting of: 1 tile, 4 tiles, 9 tiles, 16 tiles, …, and prompt students to, “draw the next
four terms.” Instead, the authors prompt students to complete the next four rows in the
number pattern. In this instance, the authors provide students with three representations
of the same pattern: a geometric context related to area and tiles, a computational pattern
regarding the sum of consecutive odd numbers based on the geometric representation,
and a pattern in a numeric context related to four numbers are perfect squares.

32

As identified previously, in cases where authors include both a numeric context and a
geometric context, the material was considered to be based in a geometric context.
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Figure 49: Problem involving connections between numeric and geometric contexts,
including computational representations, related to patterning constructs in Connected
Mathematics, Grade 6 (Lappan, Fey, Fitzgerald, Friel, & Phillips, 2009c, p. 46).
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Importantly, this problem, and those similar in structure, is introduced relatively early,
within the first one-tenth of the first textbook (SPP of 0.076) in the CMP textbook series.
An instance that is illustrative of the way in which the authors provide students
with opportunities to explore patterning concepts exclusively in a numeric context is
exemplified by Problems 35 through 40 in Figure 50. Specifically, in Problems 35 and
36, the authors prompt students to identify patterns related to the decimal representations
of fractions with the denominators of 99 and 999, respectively. Problems 37 through 40
are extensions of the prior two problems in that the authors prompt students to use the
patterns they develop to then write fractions for the given decimal representations. That
is, although Problems 35 and 36 are structured via pattern recognition constructs, e.g.,
“what patterns do you see?” (Lappan, et al., 2009b, p. 47), the authors utilize pattern
extension constructs in Problems 37 through 40. In other words, the students are
prompted to extend the patterns that develop in the preceding problems to help them
determine the fractions associated with the next four decimal representations.
These six problems illustrate the ways in which the authors incorporate patterning
concepts to explore number concepts. That is, the authors structure the exploration of
relationships between fraction and decimal representations through pattern recognition
and pattern extension constructs. The authors similarly utilize patterning constructs in
providing students with opportunities to develop algorithms to generalize numeric
computations, and in doing so, implicitly engage students with variable concepts
structured via pattern generalization constructs.
Variable concepts related to pattern generalization constructs. As is shown in
Table 24, the authors incorporate variable concepts in 28% (8 of 29) of the instances, all
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Figure 50: Problems in numeric contexts related to pattern recognition and pattern
extension constructs in Connected Mathematics, Grade 6 (Lappan, Fey, Fitzgerald, Friel,
& Phillips, 2009b, p. 47).
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Table 24
Data Related to Patterning Constructs, Pattern Structures, and Related Concepts in
Connected Mathematics 2, Grade 6
Codes

PC-R

Up to
PC-E

Up to
PC-G

NP

GP

Totals

SQ

n
%
SPP

0
0% (0%)
NA

0
0% (0%)
NA

0
0% (0%)
NA

0
0% (0%)
NA

0
0% (0%)
NA

0
0% (100%)
NA

ASQ/
GSQ

n
%
SPP

0
0% (0%)
NA

0
0% (0%)
NA

0
0% (0%)
NA

0
0% (0%)
NA

0
0% (0%)
NA

0
0% (100%)
NA

n
%

0
0% (0%)

0
0% (0%)

SPP

NA

NA

8
80%
(100%)
0.330.686

4
36%
(50%)
0.330.617

4
22%
(50%)
0.42-0.686

8
28%
(100%)
0.33-0.686

FN

n
%
SPP

0
0% (0%)
NA

0
0% (0%)
NA

0
0% (0%)
NA

0
0% (0%)
NA

0
0% (0%)
NA

0
0% (100%)
NA

SQ/V

n
%
SPP

0
0% (0%)
NA

0
0% (0%)
NA

0
0% (0%)
NA

0
0% (0%)
NA

0
0% (0%)
NA

0
0% (100%)
NA

SQ/FN

n
%
SPP

0
0% (0%)
NA

0
0% (0%)
NA

0
0% (0%)
NA

0
0% (0%)
NA

0
0% (0%)
NA

0
0% (100%)
NA

V/FN

n
%
SPP

0
0% (0%)
NA

0
0% (0%)
NA

0
0% (0%)
NA

0
0% (0%)
NA

0
0% (0%)
NA

0
0% (100%)
NA

Totals

n
%

8
100% (28%)

11
100%
(38%)
0.040.719

10
100%
(34%)
0.330.686

11
100%
(38%)
0.060.719

18
100%
(62%)
0.04-0.632

29
100%
(100%)
0.04-0.719

EV/IV

SPP

0.06-0.719

of which are structured via pattern generalization constructs. The authors incorporate
patterning concepts in instances associated with fraction and decimal concepts. The
authors also provide students with opportunities to explore fraction computation through
patterning constructs. In particular, Problem 3.5 in Figure 51 is an illustrative example of
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Figure 51: Problem related to the authors’ use of numeric context with respect variable
concepts and patterning constructs in Connected Mathematics, Grade 6 (Lappan, Fey,
Fitzgerald, Friel, & Phillips, 2009a, p. 39).
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how the authors structure concepts related to numeric computations via patterning
constructs. Specifically, the authors engage students in pattern recognition constructs
through the prompt to, “describe what the problems in each group have in common”
(Lappan, et al., 2009a, p. 39). The authors also engage students in pattern extension
through the prompt to, “make up one new problem that fits in each group” (p. 39). The
authors engage students in pattern generalization constructs through the prompt to, “write
an algorithm that will work for multiplying any two fractions, including mixed numbers”
(p. 39). With respect to this last prompt, the authors also implicitly engage students in the
use of variable concepts.
Problem 3.1 in Figure 52 is another illustrative example of the way in which the
authors incorporate variable concepts with pattern generalization constructs. This
problem is also an example of the authors’ use of geometric contexts. Specifically, the
authors provide the context of angle sums of regular polygons to engage students in
pattern recognition and pattern extension constructs, as well as pattern generalization
constructs.
In particular, I maintain that pattern recognition and extension constructs are
related to the prompts in parts 2 and 3 in which the students are to describe the patterns
that they see, and then use that pattern to fill in the table. Furthermore, the authors
explicitly engage students in using variable concepts with respect to pattern
generalization constructs through the prompt to, “describe how you could find the angle
sum of a regular polygon that has N sides” (Lappan, et al., 2009d, p. 55).
Summary observations of Connected Mathematics 2, Grade 6. The authors of
Connected Mathematics, Grade 6 provide a geometric context for the vast majority of the
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Figure 52: Problem related to the authors’ use of numeric context with respect variable
concepts and patterning constructs in Connected Mathematics, Grade 6 (Lappan, et al.,
2009d, p. 55).
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instances involving patterning constructs. The authors also provide instances in which
they provide students with patterning problems that illustrate connections between
numeric and geometric contexts. I argue that this utilization of geometric contexts for the
vast majority of patterning constructs defines an articulated learning trajectory.
Specifically, with respect to the percent of instances involving numeric or geometric
contexts, the authors of this textbook have the largest percent of use of geometric
contexts for any of the 12 textbooks in this study. As such, the learning trajectory
associated with such substantial opportunities to work with patterning concepts in
geometric structures serves as a foundation for many other concepts in the textbook, and
textbook series.
In providing students with opportunities to examine connections between
geometric and numeric contexts, the authors also provide students with computational
representations (e.g., the sums of consecutive odd numbers). I maintain that because the
authors engage students in examining these contextual and computational connections
early in the first textbook33 of the textbook series, students are at very least exposed to the
idea that a pattern can be modeled through multiple representations.
Another articulated learning trajectory used by the authors is related to patterning
concepts associated with number concepts and computations. The authors engage
students in identifying algorithms for fraction multiplication, as well as fraction addition,
subtraction, and division. The authors also provide students with opportunities to identify
connections between fraction and decimal representations through pattern recognition

33

As previously noted, problems such as these are found within the first one-tenth of the
textbook.
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constructs and pattern extension constructs. Interestingly, in this textbook, the authors do
not specifically identify any pattern as being a sequence.
Articulated Learning Trajectories Within Connected Mathematics 2, Grade 7
The Grade 7 textbook of Connected Mathematics has 650 pages of content
relevant to this study. In this textbook, there are 88 instances specifically related to
pattern concepts as is shown in Table 25. Of these 88 groupings, 86% (76 of 88) involve
patterns in a numeric context, and 14% (12 of 88) involve patterns in a geometric context.
The authors use pattern recognition constructs in 43% (38 of 88) of all of the instances,
and pattern generalization constructs for 41% (36 of 88) of all of the instances. That is,
the authors utilize these two patterning constructs for the vast majority, 84% (74 of 88),
Table 25
Data Related to Patterning Constructs and Pattern Structures in Connected Mathematics
2, Grade 7
Codes

Up to
PC-E
13
93% (17%)
0.042-0.86

Up to
PC-G
34
94% (45%)
0.046-0.65

Totals
76
86% (100%)
0.009-0.86

NP

n
%
SPP

PC-R
29
76% (38%)
0.009-0.65

GP

n
%
SPP

9
24% (75%)
0.063-0.75

1
7% (8%)
0.034

2
6% (17%)
0.09, 0.12

12
14% (100%)
0.034-0.75

Totals

n
%
SPP

38
100% (43%)
0.009-0.75

14
100% (16%)
0.034-0.86

36
100% (41%)
0.046-0.64

88
100%
0.009-0.86

of the material. However, some instances, 16% (14 of 88), do involve pattern extension
constructs.
As is shown in Table 26, the authors also include instances involving variable and
function concepts. In particular, one-half, 49% (43 of 88), of the instances in this
textbook also involve variable concepts. Nearly three-fifths, 57% (50 of 88), of all of the
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Table 26
Data Related to Patterning Constructs, Pattern Structures, and Related Concepts in
Connected Mathematics 2, Grade 7
PC-R

Up to
PC-E

Up to
PC-G

0
0% (0%)

1
7% (100%)

0
0% (0%)

SPP

NA

0.242

n
%
SPP

0
0% (0%)
NA

n
%

Codes

NP

GP

Totals

0
0% (0%)

1
1% (100%)

NA

1
1%
(100%)
0.242

NA

0.242

0
0% (0%)
NA

0
0% (0%)
NA

0
0% (0%)
NA

0
0% (0%)
NA

0
0% (100%)
NA

11
29% (26%)

1
7% (2%)

SPP

0.046-0.71

0.543

31
86%
(72%)
0.046-0.64

37
49%
(86%)
0.0460.65

6
50%
(14%)
0.0650.71

43
49%
(100%)
0.046-0.71

n
%

20
53% (40%)

3
21% (6%)

SPP

0.046-0.65

0.365,
0.529, 0.543

27
75%
(54%)
0.075-0.64

44
58%
(88%)
0.0460.65

6
50%
(12%)
0.0650.115

50
57%
(100%)
0.046-0.65

SQ/V

n
%
SPP

0
0% (0%)
NA

0
0% (0%)
NA

0
0% (0%)
NA

0
0% (0%)
NA

0
0% (0%)
NA

0
0% (100%)
NA

SQ/FN

n
%
SPP

0
0% (0%)
NA

0
0% (0%)
NA

0
0% (0%)
NA

0
0% (0%)
NA

0
0% (0%)
NA

0
0% (100%)
NA

n
%

8
21% (22%)

1
7% (3%)

SPP

0.046-0.65

0.543

27
75%
(75%)
0.075-0.64

31
41%
(86%)
0.0460.64

5
42%
(14%)
0.0650.115

36
41%
(100%)
0.046-0.65

n
%

38
100%
(43%)
0.009-0.75

14
100% (16%)

36
100%
(41%)
0.046-0.64

76
100%
(86%)
0.0090.86

12
100%
(14%)
0.0340.75

88
100%
(100%)
0.009-0.86

SQ

ASQ/
GSQ
EV/IV

FN

V/FN

Totals

n
%

SPP

0.034-0.86

instances in this textbook involve function concepts. Two-fifths, 41% (36 of 88), of all of
the instances in this textbook are related to both variable and function concepts.
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Specifically, three-fourths (72% and 75% respectively) of the instances related to variable
concepts and variable and function concepts are structured through the use of pattern
generalization constructs. Of all of the instances involving only function concepts, 40%
involve pattern recognition constructs, and 54% involve pattern generalization constructs.
Pattern recognition constructs. As is shown in Table 26, the authors largely
utilize the structure of pattern recognition constructs with respect to function concepts.
Although the authors incorporate pattern recognition constructs throughout the first threefourths of the textbook (SPP span of 0.009 to 0.74), there is one substantial cluster of
instances involving these constructs. This cluster is within the first one-tenth of the
textbook (SPP span from 0.009 to 0.071). Specifically, within this span the authors
provide students with opportunities related to instances involving pattern recognition
constructs in numeric contexts, as well as more contextualized instances involving
algebraic thinking concepts related to describing patterns of change with respect to
variable concepts.
The instances in Figure 53 are illustrative of simple pattern recognition constructs
used by the authors in numeric and geometric contexts. Specifically, in Problems 13
through 15, students are expected to recognize the pattern, and provide a description of
the pattern related to how each number is obtained from the previous number.
The authors incorporate algebraic thinking concepts through the use of pattern
recognition constructs in Problem 7 in Figure 54. Specifically, the pattern provided
relates to campsite fees with respect to the number of days the campsite is used. It is in
the final prompt that the authors incorporate algebraic thinking concepts. Specifically, as
is shown in Figure 54, the authors prompt the students to, “describe the pattern relating
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Figure 53: Problems involving pattern recognition constructs with respect to patterns in
numeric contexts in Connected Mathematics, Grade 7 (Lappan, et al., 2009h, p. 23).
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Figure 54: Problem involving algebraic thinking concepts related to variables and
functions with respect to pattern recognition constructs in a numeric context in Connected
Mathematics, Grade 7 (Lappan, et al., 2009h, p. 39).

251

the variables days of use and campsite fee” (Lappan, et al., 2009h, p. 39). Along with
identifying the variables, the authors also incorporate function concepts in this prompt
with regard to describing the relationship between the variables. That is, although this
problem does not take on a more traditional representation of function concepts as related
to “function rules,” the two variables serve as input and output values.
A similar illustrative example is Problem 24 in Figure 55. In particular, in this
problem, the authors present a table and a pattern based in a geometric context. Using this
table, the students are prompted to make a graph of the data, and to describe the pattern
of change between the degrees in a turn as the number of sides increase. The authors
engage students with variable concepts related to the number of sides, and the degrees in
a turn. Furthermore, the authors prompt the students to engage with function concepts
through the question, “what pattern of change do you see in the degrees Adriana must
turn as the number of sides increases?” More specifically, students are asked to identify
how one variable changes with respect to the other variable.
Pattern generalization constructs. In this textbook, there are two substantial
clusters of material related to pattern generalization constructs and variable and function
concepts. The first cluster is in a subsection of the textbook titled, Variables and Patterns
– Introducing Algebra. The second cluster is in a subsection of the textbook, Moving
Straight Ahead – Linear Relationships. Specifically, the first cluster is found in the SPP
span from 0.075 to 0.115; the second cluster is found in the SPP span from 0.509 to
0.552. Clearly, the titles of these subsections connote a mathematical connection to
algebraic thinking concepts. Although, these major clusters appear in subsections of the
textbook that largely consist of algebraic thinking concepts, the authors also provide
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Figure 55: Problem involving algebraic thinking concepts related to variables and
functions with respect to pattern recognition constructs in a geometric context in
Connected Mathematics, Grade 7 (Lappan, et al., 2009h, p. 47).
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opportunities related to algebraic thinking concepts and pattern generalization constructs
between these two main clusters.
Problem 3 in Figure 56 is in the subsection of the textbook, Comparing and
Scaling – Ratio, Proportion, and Percent (SPP of 0.34). In this problem, the authors
provide students with a numeric context for a pattern associated with the number of
calories in a given number of grams of trail mix. The authors then prompt the students to,
“use the pattern in the table to answer the questions.” The last two prompts are then
related to function concepts. In one prompt, students are asked to write an equation that
can be used to find the number of Calories if one is given the number of grams of trail
mix. Conversely, in the final prompt, the authors ask the students to write an equation
that can be used to find the number of grams of trail mix that will have any given amount
of Calories. These prompts engage the students in considering both of variables in the
table for the input value and the output value. In the former case, students are to write an
equation in which the output (Calories) can be found with any given input (grams of trail
mix). In the latter case, students are to write an equation in which the output (grams of
trail mix) can be found with any given input (Calories).
In the subsection of the textbook, Moving Straight Ahead – Linear Relationships,
there are instances involving variable and function concepts with respect to pattern
generalization constructs. In this section of the textbook, these instances involve
contextualized pattern generalization constructs, and variable and function concepts.
However, the authors also include less contextualized instances, which are generally
without connections to other mathematical concepts.
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Figure 56: Problem involving algebraic thinking concepts related to variables and
functions with respect to pattern generalization constructs in Connected Mathematics,
Grade 7 (Lappan, Fey, Fitzgerald, Friel, & Phillips, 2009e, p. 40).
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Problem 4 in Figure 57 is an illustrative example of the various contextualized
instances that the authors include in the second major cluster of material (SPP of 0.518).
In this problem, the authors provide a table of values associated with time and cycling
distance. In the first sub-problem, the authors employ the use of pattern generalization
constructs through the prompt for students to write an equation for distance given t hours.
The authors include variable and function concepts in this problem that relate to writing
an equation in which one variable depends on the other. Throughout the rest of the
problem, the authors provide students with questions that encourage them to further
engage with variable and function concepts. In particular, in the third prompt, the authors
encourage students to analyze ways in which tables, graphs, and equations can be used in
extending a numeric pattern, or in other words, in finding an output value for a given
input value.
Lastly, with respect to pattern generalization constructs and algebraic thinking
concepts, the authors present students with less contextualized instances. These groupings
come after the authors engage students with instances that involve a similar depth of
context to Problem 4 in Figure 57. In particular, in Problem 7 in Figure 58, the authors
provide students with four patterns within tables. The students are to use these patterns,
supposing the patterns continue, to identify which of them represent linear relationships.
For each pattern that is determined to be linear, the authors prompt the students to, “write
an equation that expresses the relationship.” In this problem, the authors engage students
with variable concepts through the use of the variables in the headings of the tables, as
well as in the prompt to write an equation. Similarly, the authors include function
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Figure 57: Problem involving algebraic thinking concepts related to variables and
functions with respect to pattern recognition constructs in Connected Mathematics, Grade
7 (Lappan, Fey, Fitzgerald, Friel, & Phillips, 2009f, p. 13).
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Figure 58: Problem involving algebraic thinking concepts related to variables and
functions with respect to pattern recognition constructs in a numeric context in Connected
Mathematics, Grade 7 (Lappan, et al., 2009f, p. 35).
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concepts in the prompts to identify linear relationships, and then write equations for those
relationships.
Sequence concepts. In this textbook, the authors specifically identify a pattern as a
sequence only once. This instance is found about one-fourth of the way through the
textbook (SPP of 0.24) in the subsection, Stretching and Shrinking – Understanding
Similarity. The authors provide students with the opportunity to look for patterns, extend
a pattern, and examine ratios between consecutive terms. In particular, the authors
present students with the first 14 terms of the Fibonacci sequence: 1, 1, 2, 3, 5, 8, 13, 21,
34, 55, 89, 144, 233, 377, …, and the prompt: “Look for patterns in this sequence. Figure
out how the numbers are found. Use your idea to find the next four terms” (Lappan, Fey,
Fitzgerald, Friel, & Phillips, 2009g, p. 76). The authors then prompt students to examine
the ratio of each term, and to relate their findings to the golden ratios they examined in
prior explorations.
Summary Observations of Connected Mathematics 2, Grade 7. The authors of
Connected Mathematics, Grade 7 have established a major learning trajectory related to
algebraic thinking concepts through the initial development of patterning concepts related
to pattern recognition constructs. The authors integrate variable concepts and function
concepts into instances involving pattern recognition constructs. The authors then
incorporate pattern generalization constructs to further develop these algebraic thinking
concepts.
This trajectory is the main ALT related to the development of algebraic thinking
through the use of patterning concepts in this textbook. In this ALT, initial concepts
related to pattern recognition constructs are developed within the first one-tenth of the
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textbook. These concepts first appear in terms of recognizing patterns in numeric or
geometric contexts. The authors then integrate variable and function concepts related to
pattern recognition constructs. Importantly, the authors largely integrate these concepts
through situational contexts.
The authors then further integrate variable and function concepts into instances
involving pattern generalization constructs. The authors utilize this structure throughout
the remainder of the textbook, generally in situational contexts that are similar to the
problems discussed in this section. Furthermore, these instances largely appear in two
separate subsections of the textbook. The first subsection is directly after the initial
instances involving pattern recognition constructs, and is related to the development of
algebraic thinking concepts through pattern generalization constructs, all within the first
one-tenth of the textbook.
After the initial introduction involving variable and function concepts, the authors
revisit these concepts briefly around the one-third mark of the textbook with respect to
ratios, proportions, and percents. The authors, however, do not heavily incorporate
algebraic thinking concepts until the second one-half of the textbook. At this point, the
authors utilize pattern generalization constructs to develop concepts related to the
formulation of equations for patterns that students have identified as linear or non-linear.
In this span of the textbook, the authors first present instances in which there are clear
situational contexts, and then provide subsequent opportunities in which students are
prompted to identify patterns in numeric contexts as representing linear relationships
without any situational contexts.
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Overall, this articulated learning trajectory provides students with opportunities to
engage with algebraic thinking concepts through pattern recognition constructs. That is,
students identify variables and the relationships between variables in which one variable
changes with respect to the other variable. The authors then build on these pattern
recognition constructs to provide students with opportunities to generalize patterns.
Specifically, the authors provide situational contexts through which students are
prompted to examine and describe the patterns of change in the variables, and then
provide generalizations in the form of equations. Lastly, the authors engage students in
recognizing and generalizing linear patterns that are presented in only numeric contexts,
without connections to situational contexts.
Articulated Learning Trajectories Within Connected Mathematics 2, Grade 8
The Grade 8 textbook of Connected Mathematics has 645 pages of content
relevant to this study. In this textbook, there are 154 instances specifically related to
pattern concepts as is show in Table 27. Of these 154 groupings, 67% (103 of 154)
Table 27
Data Related to Patterning Constructs and Pattern Structures in Connected Mathematics
2, Grade 8
Codes

PC-R

Up to
PC-E

Up to
PC-G

Totals

NP

n
%
SPP

20
83% (20%)
0.020-0.721

23
70% (22%)
0.009-0.65

60
62% (58%)
0.029-0.83

103
67% (100%)
0.009-0.83

GP

n
%
SPP

4
17% (6%)
0.014-0.338

10
30% (20%)
0.016-0.767

37
38% (73%)
0.023-0.769

51
33% (100%)
0.014-0.769

Totals

n
%
SPP

24
100% (16%)
0.014-0.721

33
100% (21%)
0.009-0.767

97
100% (63%)
0.023-0.83

154
100% (100%)
0.009-0.83
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involve patterns in a numeric context, and 33% (51 of 154) involve patterns in a
geometric context. That is, the authors utilize geometric contexts related to pattern
problems in one-third of the material. Other data, as shown in Table 21, indicate that the
authors incorporate pattern recognition constructs in 16% (24 of 154) of all of the
instances, pattern extension constructs in 21% (33 of 154) of all of the instances, and
pattern generalization constructs in 63% (97 of 154) of all of the instances. Although, the
authors do utilize pattern recognition and pattern extension constructs in this textbook,
clearly the authors of this textbook extensively utilize pattern generalization constructs.
Pattern recognition and pattern extension constructs. As is shown in Table 28,
only 5% (5 of 100) and 6% (6 of 100) of the instances involving variable concepts are
structured using pattern recognition constructs and pattern extension constructs,
respectively. Similarly, only 14% (12 of 88) and 13% (11 of 88) of the instances
involving function concepts are structured using these respective constructs. Furthermore,
only 7% (5 of 72) and 3% (2 of 72) of the instances involving both variable and function
concepts are respectively structured using these constructs.
Additionally, as is shown in Table 28, the authors dedicate one-fifth (5 of 24) of
all pattern recognition constructs to the presentation of variable concepts, one-half (12 of
24) to the presentation of function concepts, and one-fifth (5 of 24) of all pattern
recognition constructs to the presentation of variable and function concepts. Similarly,
the authors dedicate one-fifth (6 of 33) of all pattern extension constructs to the
presentation of variable concepts, one-third (11 of 33) to the presentation of function
concepts, and three-fiftieths (2 of 33) of all pattern extension constructs to the
presentation of variable and function concepts.
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Table 28
Data Related to Patterning Constructs, Pattern Structures, and Related Concepts in
Connected Mathematics 2, Grade 8
PC-R

Up to
PC-E

Up to
PC-G

NP

GP

Totals

0
0% (0%)

0
0% (0%)

1
2% (100%)

0
0% (0%)

SPP

NA

NA

0.722

NA

1
2%
(100%)
0.722

1
0.6%
(100%)
0.722

n
%
SPP

0
0% (0%)
NA

0
0% (0%)
NA

0
0% (0%)
NA

0
0% (0%)
NA

0
0% (0%)
NA

0
0% (100%)
NA

n
%

5
21% (5%)

6
18% (6%)

89
92% (89%)

65
63% (65%)

SPP

0.4090.45

0.2910.44

0.023-0.83

0.029-0.83

35
69%
(35%)
0.0230.769

100
65%
(100%)
0.023-0.83

n
%

12
50%
(14%)
0.0200.45

11
33%
(13%)
0.0090.65

65
67% (74%)

59
57% (67%)

0.023-0.83

0.009-0.83

29
57%
(33%)
0.0160.769

88
57%
(100%)
0.009-0.83

0
0% (0%)

0
0% (0%)

1
1% (100%)

0
0% (0%)

1
6% (100%)

SPP

NA

NA

0.722

NA

1
20%
(100%)
0.722

n
%
SPP

0
0% (0%)
NA

0
0% (0%)
NA

1
100%
0.722

0
0% (0%)
NA

1
100%
0.722

1
6 (100%)%
0.722

n
%

5
21% (7%)

2
6% (3%)

65
67% (90%)

47
46% (65%)

SPP

0.4090.45

0.425,
0.437

0.023-0.83

0.039-0.83

25
49%
(35%)
0.0230.769

72
47%
(100%)
0.023-0.83

n
%

24
100%
(16%)
0.0140.721

33
100%
(21%)
0.0090.767

97
100% (63%)

103
100%
(67%)
0.009-0.83

51
100%
(33%)
0.0140.769

154
100%
(100%)
0.009-0.83

Codes
SQ

n
%

ASQ/
GSQ
EV/IV

FN

SPP
SQ/V

SQ/FN

V/FN

Totals

n
%

SPP

0.023-0.83

0.722

In other words, as is shown in Table 28, the authors do not extensively structure
algebraic thinking concepts through pattern recognition constructs or pattern extension
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constructs. Instead, the authors largely utilize these patterning constructs in two ways.
First, with respect to instances involving variable concepts and function concepts, the
authors utilize these patterning constructs before and after instances involving pattern
generalization constructs. Second, with respect to instances involving variable concepts
or function concepts, the authors utilize these patterning constructs in the development of
patterns related to numeric representations (e.g., connections between fraction and
decimal representation), numeric computations, or other material associated only with
pattern recognition or extension.
Almost one-fifth of the way through the textbook (SPP of 0.19), the authors
present students with instances involving the connections between fraction and decimal
representations. In one instance, the authors provide a nearly identical context to that
previously identified in Grade 6. In this instance, patterns are explored related to the
numeric representations of decimals and fractions with denominators of 99 and 999. In
this instance, the authors present prompts that are identical to those discussed in Figure
33, with only minor changes in wording and different decimal representations.
Consequently, this instance involves patterns in numeric contexts and pattern recognition
constructs.
Problem 38 in Figure 59 is illustrative of other the instances in this textbook
related to pattern recognition and extension constructs that are solely in the context of a
numeric pattern. In particular, the authors provide a table that the students are to
complete. The students are then prompted to describe the pattern and use it to write
decimal representations for fractions with denominators of 9 that are equal to and greater
than 1.
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Figure 59: Problem related to pattern extension constructs with respect to connections
between fraction and decimal representations in Connected Mathematics, Grade 8
(Lappan, Fey, Fitzgerald, Friel, & Phillips, 2009k, p. 59).
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These instances are illustrative of instances in which there are no clear
connections to variable or function concepts; these instances are found in the subsection
of the textbook, Looking for Pythagoras – The Pythagorean Theorem. However, the
authors also incorporate such instances in subsections that are more explicitly associated
with function concepts. For example, in Problem 52 in Figure 60 from the subsection
Growing, Growing, Growing – Exponential Relationships, students are engaged with
patterns related to summations of exponential expressions. Specifically, the authors
prompt the students to extend the pattern by writing the expression that would be in the
5th row, and then to compute its sum. They then prompt the students to extend the pattern
to find the sum of row 10, row 20, and to describe the pattern in words as well as with a
symbolic expression. In this instance, the authors provide a structure in which students
are to recognize a pattern, extend that pattern, and generalize the pattern.
Pattern recognition, extension, and generalization constructs related to linearity.
The authors also provide students with opportunities to explore material related to
variables and linear relationships associated with pattern recognition constructs and
pattern extension constructs. The authors incorporate such instances either to provide a
basis of content on which they can develop these concepts through pattern generalization
constructs. The authors also incorporate such instances after instances involving pattern
generalization constructs as a way to provide opportunities for students to engage with
variable and function concepts without engaging in pattern generalization.
Throughout this textbook, the authors repeatedly use this pattern of content
development throughout three of the subsections of the textbook. These three subsections
involve linear, exponential, and quadratic relationships, respectively. In particular, this
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Figure 60: Problem related to pattern extension constructs with respect to summation
patterns in numeric contexts in Connected Mathematics 2, Grade 8 (Lappan, Fey,
Fitzgerald, Friel, & Phillips, 2009j, p. 68).
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pattern of content development begins with instances involving pattern recognition and/or
pattern extension constructs. In these instances, as exemplified by Problem 5 in Figure 61
and Problem 35 in Figure 63, pattern recognition and/or pattern extension constructs
come before (Problem 5), and then after (Problem 35) other instances that involve pattern
generalization constructs. Specifically, these two particular problems come before and
after Problem 2.2 in Figure 62.
The authors first introduce linear models through geometric contexts in Problem
5. They then provide an opportunity for students to work in situational contexts as related
to pattern generalization constructs in Problem 2.2. They then present students with
instances involving function concepts regarding linearity and pattern recognition
constructs in Problem 35. Although the first pattern in Problem 5 is related to triangular
numbers, the latter pattern in Problem 5 involves concepts of linearity that are revisited in
Problem 2.2 and Problem 35.
The SPP for each of these three instances is 0.022, 0.043, and 0.060, respectively.
That is, within a SPP span of 0.04, the authors partially develop concepts related to
linearity in this manner (e.g., contextualized extension, contextualized generalization,
then recognition in numeric contexts). Although the authors do not always follow this
exact progression for the development of concepts, this serves as an illustrative example
of how the authors often develop broader concepts related to function concepts (e.g.,
linear, exponential, and quadratic) in this textbook.
Within each of these broader subsections, the authors employ patterning
constructs in similar ways. With respect to variable and function concepts, the authors
utilize pattern recognition and pattern extension constructs to a lesser extent than they

268

269

Figure 61: Problem associated with initial concepts related to linear functions with
respect to pattern extension constructs in Connected Mathematics, Grade 8 (Lappan, Fey,
Fitzgerald, Friel, & Phillips, 2009n, p. 15).
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Figure 62: Problem related to pattern generalization constructs and algebraic thinking
concepts with respect to a situational context in Connected Mathematics, Grade 8
(Lappan, et al., 2009n, p. 15).
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Figure 63: Problem related to function concepts regarding linear relationships and pattern
recognition constructs in Connected Mathematics, Grade 8 (Lappan, et al., 2009n, p. 40).

273

utilize pattern generalization constructs. The two former constructs generally serve to
bookend the instances involving pattern generalization constructs. As is shown in Table
28, the authors utilize pattern generalization constructs in 89% of the instances related to
variable concepts, 74% of the instances related to function concepts, and 90% of the
instances related to both variable and function concepts. Clearly then, the vast majority of
the instances involving algebraic thinking concepts also involve pattern generalization
constructs.
Algebraic thinking concepts and patterning constructs in textbook subsections.
The authors largely integrate patterning constructs into the three major subsections of the
textbook related to linear, exponential, and quadratic functions, respectively. The
instances identified in the previous section (Figures 61, 62, and 63) are found in the first
major subsection, Thinking with Mathematical Models – Linear and Inverse Variation,
which spans the first one-tenth of the textbook (SPP of 0.009 to 0.096). The second major
subsection, Growing, Growing, Growing – Exponential Relationships, spans a little over
one-tenth of the textbook (SPP from 0.19 to 0.31). Instances in this second subsection
involve patterning constructs, and variable and function constructs related to exponential
relationships. Instances in the third major subsection, Frogs, Fleas, and Painted Cubes –
Quadratic Relationships, involve patterning constructs, and algebraic thinking concepts
related to quadratic relationships. This third subsection spans a little over one-tenth of the
textbook (SPP from 0.327 to 0.445), and directly follows the second subsection.
In two other major subsections, the authors provide opportunities for students as
related to variable and function concepts with respect to patterning constructs near the
end of the textbook. In these subsections, Say It With Symbols – Making Sense of Symbols
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and The Shapes of Algebra – Linear Systems and Inequalities, the authors provide
opportunities for students to synthesize concepts related to linear, exponential, and
quadratic functions through the structure of patterning constructs. Many of the instances
in these two subsections, however, are related to algebraic thinking concepts, but do not
involve any patterning constructs. For example, the instances in Figure 64, although
clearly related to algebraic thinking concepts (and arguably algebra concepts) are not
based on patterning concepts, and are therefore beyond the scope of this study. The
instances in Figure 64, however, are illustrative of the instances in these latter subsections
of this textbook that involve algebraic concepts not associated with patterning constructs.
Such instances are found nearly 85% of the way through the textbook (SPP of 0.83).
Patterning concepts related to exponential relationships. The authors provide
students with various opportunities to examine and identify exponential relationships.
Problem 1.3 in Figure 65 and Problems 26 through 30 in Figure 66 illustrate the authors’
use of situational contexts to introduce a concept, and provide subsequent connections
between exponential and linear relationships within a numeric context.
In Problem 1.3, the authors present students with a table related to three “plans,”
which are each discussed in the previous pages. The three plans are, in essence, related to
the powers of 2, powers of 3, and powers of 4. In this instance, the authors prompt
students to describe the ways in which these patters are similar or different and to write
equations for the patterns associated with each plan. Lastly, the authors prompt the
students to analyze and discuss the validity of the “queen’s assistants” equation with
respect to the equation given on the previous page: r = 4 n – 1. In this respect, the authors
integrate pattern recognition, pattern extension, and pattern generalization constructs in
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Figure 64: Problems related to algebra concepts with no underlying patterning constructs
or contexts in Connected Mathematics, Grade 8 (Lappan, Fey, Fitzgerald, Friel, &
Phillips, 2009m, p. 60).
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Figure 65: Problem in a situational context related to algebraic thinking concepts of
variable and function with respect to exponential relationships and pattern generalization
constructs in Connected Mathematics, Grade 8 (Lappan, et al., 2009j, p. 9).
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Figure 66: Problems related to patterns in numeric contexts identified as linear,
exponential, or neither in Connected Mathematics, Grade 8 (Lappan, et al., 2009j, p. 15).
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this instance, as well as variable and function concepts associated with exponential
relationships.
Problems 26 through 30 in Figure 66 illustrate the type of prompts the authors
provide for students following instances involving situational contexts. Specifically, the
authors provide five tables consisting of patterns in numeric contexts, and prompt the
students to indicate if the relationships are linear, exponential, or neither. If a number
pattern is identified as linear or exponential, the students are to provide an equation for
the relationship. Clearly, this instance involves a less contextualized setting than the
previous instance. Importantly, however, in this instance, the authors provide a prompt in
which connections are drawn to the content of the previous subsection, namely, linear
functions.
Patterning concepts related to quadratic relationships. The authors provide
opportunities, with respect to quadratic relationships, that are similar to opportunities
provided regarding linear and exponential relationships. With respect to quadratic
relationships, the authors initially provide students with instances involving situational
contexts; the authors then provide instances involving less contextualized settings.
Problem 3.1 in Figure 67 illustrates the authors use of a geometric context related
to triangular numbers. The authors prompt the students to extend the pattern of triangular
numbers to find the sixth and tenth numbers. The authors also prompt students to write an
equation for the, “nth triangular number t.” Finally, the authors engage students in
determining if this equation represents a quadratic relationship.
Later in this same subsection, the authors provide students with a less
contextualized problem related to identifying quadratic relationships. Problem 46 in
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Figure 67: Problem relating the pattern of triangular numbers in a geometric context with
quadratic relationships in Connected Mathematics, Grade 8 (Lappan, et al., 2009i, p. 41).
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Figure 68 illustrates the authors’ use of patterns in numeric contexts to engage students in
identifying quadratic relationships. In particular, this instance involves four multiplechoice answers that are tables consisting of patterns in numeric contexts; the students are
prompted to identify which pattern could represent a quadratic relationship. These two
instances illustrate a similar structure to the development of content used by these
authors; these instances represent the pattern generalization constructs in contextualized
settings, and pattern recognition constructs in numeric contexts aspects of the previously
discussed major trajectories used in these subsections.
Patterning concepts and overall connections. In the two major subsections near
the end of the textbook, Say It With Symbols and The Shapes of Algebra, the authors also
provide opportunities for students to draw connections among the mathematical content
and structures that are in the other three major subsections. The authors integrate
instances in which students are prompted to identify the patterns in relationships as linear,
exponential, quadratic, or neither. In Problem 7 in Figure 69, the authors provide a
pattern in a geometric context, and prompt the students to determine if certain aspects of
this pattern represent one of these three relationships.
In Problems 52 through 55 in Figure 70, the authors provide patterns in numeric
contexts within tables and prompt students to determine if the relationships represented
are linear, quadratic, exponential, or inverse-variation; the students are also prompted to
provide an equation for each relationship. These instances in the latter subsections,
clearly involve mathematics content that represents the breadth of the relevant content
that is presented by the authors across this textbook.
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Figure 68: Problem integrating function concepts related to quadratic relationships and
pattern recognition constructs in a numeric context in Connected Mathematics 2, Grade 8
(Lappan, et al., 2009i, p. 74).
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Figure 69: Problem related to geometric contexts regarding content connections among
linear, quadratic, and exponential relationships in Connected Mathematics 2, Grade 8
(Lappan, Fey, Fitzgerald, Friel, & Phillips, 2009l, p. 62).
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Figure 70: Problem related to numeric contexts regarding content connections among
linear, quadratic, and exponential relationships in Connected Mathematics 2, Grade 8
(Lappan, et al., 2009m, p. 63).
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Summary observations of Connected Mathematics 2, Grade 8. The authors of
Connected Mathematics, Grade 8 have established a major articulated learning trajectory
related to the development of algebraic thinking constructs as embodied by variable and
function concepts with respect to linear, exponential, and quadratic relationships.
Specifically, the authors develop three minor articulated learning trajectories associated
with each of these functional relationships. The authors integrate patterning concepts in
two of the latter subsections of the textbook. In these latter subsections, the authors
provide opportunities for students to draw connections among the content developed
across the previous three trajectories.
Within the three minor trajectories, the authors generally initially present
instances involving situational contexts that go beyond simple numeric or geometric
contexts. These initial instances often do not involve pattern generalization concepts;
instead, the instances generally involve the development of variable and function
concepts through pattern recognition or pattern extension constructs. The authors then
integrate instances involving pattern generalization constructs related to variables and
function concepts. Finally, the authors provide students with instances that involve more
procedurally oriented and less contextualized prompts related to pattern recognition
constructs related to patterns in numeric contexts. An illustration of this type of an
instance involving a more procedurally oriented prompt is instance involving a multiplechoice answer in the previous discussion. The inclusion of such instances clearly
indicates that, along with providing instances involving contextualized settings, the
authors also provide instances involving more procedurally oriented, and less
contextualized settings.
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Consequently, the major articulated learning trajectory in this textbook is defined
across these three minor trajectories and extends to the latter subsections in the textbook.
The authors initially engage students in an ALT related to the development of concepts
related to linear relationships. They then engage students in an ALT related to the
development of concepts related to exponential relationships. The authors then engage
students in an ALT related to the development of concepts related to quadratic
relationships. Finally, the authors engage students in a minor ALT in which the students
are expected to identify patterns in, mainly numeric, contexts as representing linear,
exponential, quadratic, or other relationships.
This overarching articulated learning trajectory that spans the textbook,
encompasses four key ALTs related to linear, exponential, quadratic relationships. The
first three ALTs are directly related to linear, exponential, and quadratic relationships,
and each developed across the associated subsections. The fourth ALT involves synthesis
of function relationships and is found in the latter sections of the textbook, which are
largely associated with algebraic concepts.
Articulated Learning Trajectories within the Saxon Math Textbook Series
The Saxon Math textbook series, Courses 1 through 3, Grades 6 through 8, has
2250 pages of content relevant to this study. Across these three textbooks there are 289
instances specifically related to pattern concepts. As is shown in Table 29, 92% (266 of
289) of the instances involving pattern concepts in this textbook series involve patterns in
numeric contexts, and 8% (23 of 289) involve patterns in geometric contexts.
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Table 29
Data Related to Patterning Constructs and Pattern Structures in the Saxon Math
Textbook Series
Codes

PC-R

Up to
PC-E

Up to
PC-G

Totals

NP

n
%

56
93% (21%)

113
88% (39%)

97
96% (34%)

266
92% (100%)

GP

n
%

4
7% (17%)

15
12% (65%)

4
4% (17%)

23
8% (100%)

Totals

n
%

60
100% (21%)

128
100% (44%)

101
100% (35%)

289
100% (100%)

Sequence concepts in Saxon Math. As is shown in Table 30, the authors explicitly
identify patterns as being sequences in 45% (130 of 289) of all of the instances across this
textbook series. The majority, 58% (74 of 130), of these instances related to sequence
concepts involves pattern extension constructs. The authors of Saxon Math generally
engage students with pattern extension constructs, particularly in instances involving
sequences, by providing a pattern in a numeric context, and a prompt to find subsequent
terms (e.g., find the next three terms of the sequence, 1, 4, 9, …).
In Figure 71 data are displayed related to the curriculum span (according to SPPs)
of four specific aspects of pattern concepts in this textbook series with respect to the
development of algebraic thinking concepts. Specifically, the four aspects represented in
the figure are: sequence concepts (SQ), variable concepts (V), sequence concepts related
to pattern generalization constructs (SQ, PC-G), and variable and function concepts
related to pattern generalization constructs (V/FN, PC-G).
As is shown in Figure 71, the authors integrate sequence concepts throughout the
first 80% of the textbook in Course 1, and the vast majority of these instances involve
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Table 30
Data Related to Patterning Constructs, Pattern Structures, and Related Concepts in the
Saxon Math Textbook Series
Codes

PC-R

Up to
PC-E

Up to
PC-G

NP

GP

Totals

SQ

n
%

24
40% (18%)

74
58% (57%)

32
32% (25%)

126
56% (97%)

4
17%
(3%)

130
45%
(100%)

ASQ/
GSQ

n
%

7
12% (54%)

2
2% (12%)

4
4% (31%)

13
6% (100%)

0
0%

13
4% (100%)

EV/IV

n
%

16
27% (15%)

18
14% (17%)

71
70% (68%)

100
44% (95%)

5
22%
(5%)

105
36%
(100%)

FN

n
%

35
58% (29%)

22
17% (18%)

64
63% (53%)

113
50% (93%)

8
35%
(7%)

121
42%
(100%)

SQ/V

n
%

3
5% (11%)

10
8% (36%)

15
15% (54%)

27
12% (96%)

1
4% (4%)

28
10%
(100%)

SQ/FN

n
%

0
0% (0%)

0
0% (0%)

1
1% (100%)

1
0.4%
(100%)

0
0% (0%)

1
0.3%
(100%)

V/FN

n
%

12
20% (17%)

5
4% (7%)

55
54% (76%)

67
30% (93%)

5
22%
(7%)

72
25%
(100%)

Totals

n
%

60
100% (21%)

128
100% (44%)

101
100% (35%)

266
100%
(92%)

23
100%
(8%)

289
100%
(100%)

pattern extension constructs (62%). These concepts also nearly span the entirety of the
Course 2 and Course 3 textbooks (SPPs of 0 to 0.92 and 0 to 0.89, respectively).
However, when incorporated with pattern generalization constructs, these concepts only
appear within the first three-fourths of Course 1 (SPP of 0.07 to 0.76), the first one-third
of Course 2 (SPP of 0.03 to 0.33), and the last one-half of Course 3 (SPP of 0.53 to 0.89).
Interestingly, the authors utilize arithmetic and geometric sequence concepts in a 3%
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SPP
0

Course 1, Grade 6
SQ,
PC- V/FN,
SQ
V
G
PC-G
0

Saxon Math Pattern Problems
Course 2, Grade 7
SQ,
PC- V/FN,
SQ
V
G
PC-G
0
0.03

Course 3, Grade 8
SQ,
PC- V/FN,
SQ
V
G
PC-G
0

0.07
10
0.14

0.15

20

30

0.33

0.35

40
0.46

0.46

50

0.53

60

0.68

70
0.76
80

0.80

0.78
0.85

90

100

0.89

0.91

0.98

0.89

0.97

0.98

0.94

Figure 71: Curriculum span of sequence, variable, and function concepts as well as
related patterning constructs in each grade level of Saxon Math.
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span within the first one-tenth of the Course 1 textbook (SPP of 0.07 to 0.10). In
particular, the authors utilize these concepts in tandem with pattern generalization
constructs in Course 1. In Course 3, although 75% of arithmetic and geometric sequence
concepts are associated with pattern recognition constructs, the authors include all of
these problems in the same textbook span as the sequence concepts related to pattern
generalization constructs, namely a SPP span of 0.53 to 0.87.
Variable concepts and function concepts in Saxon Math. The authors also
incorporate variable, function, and the combination of the two concepts in 36% (105 of
289), 43% (121 of 289), and 25% (72 of 289) of all of the instances, respectively. That is,
in over one-third of the instances in this textbook series related to patterning concepts, the
authors integrate variable concepts without specific connections to function concepts. In
over two-fifths of the instances in this textbook series related to these concepts, the
authors integrate function concepts without specific connections to variable concepts.
The authors also provide students with opportunities to engage with both variable and
function concepts as related to pattern concepts in one-fourth of the instances across this
textbook series.
Of the instances in this textbook series related to variable and function concepts
with respect to patterning constructs, 11% (8 of 72) are found in Course 1, 33% (24 of
72) are found in Course 2, and 56% (40 of 72) are found in Course 3. Of these, over
three-fourths (55 of 72) involve pattern generalization constructs across the series.
Furthermore, as is shown in Figure 71, pattern generalization constructs with respect to
variable and function concepts are found within the last three-fourths of the instances in
Course 1 (SPP of 0.78 to 0.98), one-fourth of the instances in the middle of Course 2
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(SPP of 0.46 to 0.68), and the last two-thirds of the instances in Course 3 (SPP of 0.35 to
0.94).
Summary observations of Saxon Math. The authors of Saxon Math almost
exclusively utilize pattern problems in numeric contexts across the textbook series. The
authors also utilize sequence concepts in nearly one-half of all of the instances across the
three textbooks. These sequence concepts span large portions of each textbook within the
series. However, when coupled with pattern generalization constructs, these sequence
concepts occur across the majority of Course 1, and the first one-third of Course 2.
Sequence concepts with respect to pattern generalization constructs are then revisited
towards the latter one-half of Course 3. The authors of this textbook series engage
students with an articulated learning trajectory related to the development of sequence
concepts across the three textbooks. In particular, the authors consistently provide
students with instances involving sequence concepts throughout the better part of the
three textbooks.
The articulated learning trajectory associated with sequence concepts is related to
the development of the articulated learning trajectory associated with pattern
generalization constructs, which also involves variable and function concepts. The
authors provide instances involving pattern generalization constructs, variable concepts,
and function concepts in the textbook span that comes after the span associated with
pattern generalization constructs and sequence concepts in Course 1, after the span
associated with pattern generalization constructs and sequence concepts in Course 2, and
before the span associated with pattern generalization constructs and sequence concepts
in Course 3. The authors seeming utilize pattern generalization constructs and sequence
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concepts as a way of leading into the development of variable and function concepts via
pattern generalization constructs in Course 1 and Course 2. However, the authors present
pattern generalization constructs and sequence concepts before pattern generalization
constructs and variable and function concepts in Course 3. Although the authors
incorporate sequence concepts in a trajectory related to the development of variable and
function concepts, it is important to note that there is no mathematical definition of
sequence in which a sequence is identified as a function in this textbook series.
Articulated Learning Trajectories within the Glencoe Mathematics Textbook Series
The Glencoe Mathematics textbook series, Courses 1 through 3, Grades 6 through
8, has 1772 pages of content relevant to this study. Across these three textbooks there are
245 instances specifically related to pattern concepts. As is shown in Table 31, 79% (194
of 245) of the instances involving pattern concepts in this textbook series involve patterns
in numeric contexts, and 21% (51 of 245) involve patterns in geometric contexts.
Table 31
Data Related to Patterning Constructs and Pattern Structure in the Glencoe Mathematics
Textbook Series
Codes

PC-R

Up to
PC-E

Up to
PC-G

Totals

NP

n
%

46
90% (24%)

98
73% (51%)

50
83% (26%)

194
79% (100%)

GP

n
%

5
10% (10%)

36
27% (71%)

10
17% (20%)

51
21% (100%)

Totals

n
%

51
100% (21%)

134
100% (55%)

60
100% (24%)

245
100% (100%)

Sequence concepts as a foundation for variable and function concepts in Glencoe
Mathematics. The authors of Glencoe Mathematics utilize pattern extension constructs in
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over one-half of the instances in each of the three grade levels. In particular, the authors
utilize pattern extension constructs in 51% of the instances in Course 1, 54% in Course 2,
and 60% in Course 3. As is shown in Table 32, the authors utilize pattern extension
constructs in 55% of all of the instances across the textbook series. The authors also
incorporate sequence concepts in 21% of all of the instances across the textbook series.
The authors incorporate arithmetic or geometric sequence concepts in 13% of all of the
instances across the series. This inclusion of arithmetic and geometric sequence concepts
Table 32
Data Related to Patterning Constructs, Pattern Structures, and Related Concepts in the
Glencoe Mathematics Textbook Series
Codes
SQ
n
%

PC-R
16
31% (31%)

Up to
PC-E
23
17% (44%)

Up to
PC-G
3
5% (6%)

NP
47
24% (90%)

GP
5
10%
(10%)

Totals
52
21%
(100%)

ASQ/
GSQ

n
%

13
25% (38%)

20
14% (59%)

1
2% (3%)

32
16% (94%)

2
4% (6%)

34
14%
(100%)

EV/IV

n
%

16
31% (21%)

9
8% (12%)

51
85% (67%)

68
35% (89%)

8
16%
(11%)

76
31%
(100%)

FN

n
%

13
25% (21%)

11
9% (18%)

38
63% (61%)

56
29% (90%)

6
12%
(10%)

62
25%
(100%)

SQ/V

n
%

7
14% (50%)

4
3% (29%)

3
5% (21%)

13
7% (93%)

1
2% (7%)

14
6% (100%)

SQ/FN

n
%

0
0% (0%)

1
1% (50%)

1
2% (50%)

1
1% (50%)

1
2% (50%)

2
1% (100%)

V/FN

n
%

6
12% (13%)

5
4% (10%)

37
62% (77%)

44
23% (92%)

5
10% (8%)

48
20%
(100%)

Totals

n
%

51
100% (21%)

134
100% (55%)

60
100%
(24%)

194
100%
(79%)

51
100%
(21%)

245
100%
(100%)
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in 13% of all of the instances in the textbook series is the highest percentage of inclusion
for these concepts among the four textbook series.
The authors structure 44% of all of the instances related to sequence concepts
through pattern extension constructs, and 59% of all of the instances related to arithmetic
and geometric sequence concepts through pattern extension constructs. These percentages
are also reflective of the authors’ use of pattern extension constructs with respect to
sequence concepts within each grade level.
Variable and function concepts in Glencoe Mathematics. The authors largely
incorporate instances involving both variable and function concepts after the initial
integration of sequence concepts with regard to pattern extension constructs. As is shown
in Table 32, the authors include variable concepts in 31% of all of the instances across
the textbook series, function concepts in 25% of all of the instances, and both variable
and function concepts in 20% of all of the instances across the series.
In Figure 72, curriculum spans of four aspects of patterning concepts related to
the development of articulated learning trajectories in Glencoe Mathematics are
displayed. Specifically, the four aspects are: sequence concepts (SQ), variable concepts
(V), sequence concepts related to pattern extension constructs (SQ, PC-E), and variable
and function concepts related to pattern generalization constructs (V/FN, PC-G). In
particular, as is shown in Figure 72, the authors present sequence concepts across 8% of
the middle of the Course 1 textbook. They also present these concepts across the first
two-fifths of Course 2, and across one-fifth of latter part of Course 3.
Summary observations of Glencoe Mathematics. A major articulated learning
trajectory established by the authors of Glencoe is related to the initial presentation of
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Figure 72: Curriculum span of sequence, variable, and function concepts as well as
related patterning constructs in each grade level of Glencoe Mathematics.
295

general sequence concepts, as well as arithmetic and geometric sequence concepts, and
function concepts through pattern generalization constructs. With respect to material
related to variable and function concepts, the authors transition students by first working
primarily with pattern extension constructs and sequence concepts, then to working
primarily with variable and function concepts through pattern generalization constructs.
In particular, in Course 1, sequence concepts and pattern extension constructs
come at the beginning of the textbook span related to variable and function concepts and
pattern generalization constructs. In Course 2, sequence concepts and pattern extension
constructs occur at the beginning of the textbook, and variable and function concepts
involving pattern generalization constructs do not occur until over one-half of the
textbook later. In Course 3, at around two-thirds of the way through the textbook, the
authors initially present variable and function concepts with regard to pattern
generalization constructs. The authors then incorporate sequence concepts and pattern
extension constructs over four-fifths of the way through the textbook.
That is, across the series, the authors provide students with initial opportunities
related to sequence concepts and pattern extension constructs, and then integrate variable
and function concepts involving pattern generalization constructs. However, in the latter
part of the Course 3 textbook, the authors do not integrate sequence concepts and pattern
extension constructs until well after the integration of variable and function concepts
related to pattern generalization constructs.
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Articulated Learning Trajectories within the Math Thematics Textbook Series
The Math Thematics textbook series, Books 1 through 3, Grades 6 through 8, has
1711 pages of content relevant to this study. Across these three textbooks there are 227
instances specifically related to pattern concepts. As is shown in Table 33, 72% (163 of
227) of the instances involving pattern concepts in this textbook series involve patterns in
numeric contexts, and 28% (64 of 227) involve patterns in geometric contexts. Also, the
authors structure the vast majority (87%) of patterning problems in this textbook series
through either pattern extension constructs (45%) or pattern generalization constructs
(42%). The authors incorporate only pattern recognition constructs in about one-tenth of
all of the instances across the textbook series. That is, for the most part, across this series
the authors prompt students to extend or generalize patterns rather than describing,
identifying, or categorizing patterns.
Table 33
Data Related to Patterning Constructs and Pattern Structures in the Math Thematics
Textbook Series
Codes

PC-R

Up to
PC-E

Up to
PC-G

Totals

NP

n
%

22
79% (13%)

74
72% (45%)

67
70% (41%)

163
72% (100%)

GP

n
%

6
21% (9%)

29
28% (45%)

29
30% (45%)

64
28% (100%)

Totals

n
%

28
100% (12%)

103
100% (45%)

96
100% (42%)

227
100% (100%)

Sequence concepts in Math Thematics. Although the authors only structure 12%
of all of the instances across the textbook series through the use of pattern recognition
constructs, they utilize sequence concepts in 46% of such instances as is shown in Table
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34. That is, nearly one-half of all of the instances involving pattern recognition constructs
are related to sequence concepts in general; nearly three-tenths are associated with
concepts specifically related to arithmetic and geometric sequences. In these instances
Table 34
Data Related to Patterning Constructs, Pattern Structures, and Related Concepts in the
Math Thematics Textbook Series
Codes

PC-R

Up to
PC-E

Up to
PC-G

NP

GP

Totals

41
43% (46%)

62
38% (69%)

6
6% (40%)
66
69% (86%)

12
7% (80%)
59
36% (77%)

28
44%
(31%)
3
5% (20%)
18
28%
(23%)
14
22%
(28%)
11
17%
(26%)
9
14%
(50%)
11
17%
(32%)
64
100%
(28%)

90
40%
(100%)
15
7% (100%)
77
34%
(100%)
50
22%
(100%)
43
19%
(100%)
18
8% (100%)

SQ

n
%

13
46% (14%)

ASQ/
GSQ
EV/IV

n
%
n
%

8
29% (53%)
5
18% (6%)

36
35%
(40%)
1
1% (7%)
6
6% (8%)

FN

n
%

2
7% (4%)

8
8% (16%)

40
42% (80%)

36
22% (72%)

SQ/V

n
%

4
14% (9%)

3
3% (7%)

36
38% (84%)

32
20% (74%)

SQ/FN

n
%

0
0% (0%)

0
0% (0%)

18
19% (100%)

9
6% (50%)

V/FN

n
%

0
0% (0%)

1
1% (3%)

33
34% (97%)

23
14% (68%)

Totals

n
%

28
100% (12%)

103
100%
(45%)

96
100% (42%)

163
100%
(72%)

34
15%
(100%)
227
100%
(100%)

involving pattern recognition constructs, students are often provided a set of sequences
and prompted to identify which are arithmetic, which are geometric, and which are
neither.
Although the authors utilize sequence concepts as a context to engage students in
pattern recognition constructs, the vast majority of the instances associated with sequence
concepts are structured though pattern extension constructs (40%) and pattern
generalization constructs (46%). It is through the authors’ use of these two constructs that
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concepts related to algebraic thinking (e.g., variable and function concepts) are
developed.
As previously noted, sequence concepts are in 40% of all of the instances related
across this textbook series. More specifically, the authors incorporate variable concepts in
tandem with sequence concepts in one-fifth (19%) of all of the instances across the
textbook series. This percentage of inclusion of sequence and variable concepts together
is the highest percentage among the four textbook series, and is nearly double the next
highest percentage34.
In Figure 73, curriculum spans are displayed for four aspects of patterning
concepts related to the development of articulated learning trajectories in Math
Thematics. Specifically, the four aspects are: sequence concepts (SQ), sequence and
variable concepts (SQ/V), sequence concepts related to pattern generalization constructs
(SQ, PC-G), and variable and function concepts related to pattern generalization
constructs (V/FN, PC-G). Importantly, this graph displays the span of sequence and
variable concepts in each textbook; the authors’ utilization of variables in conjunction
with sequence concepts forms the basis of an articulated learning trajectory spanning the
textbook series, which also involves pattern generalization constructs related to variable
and function concepts.
Algebraic thinking concepts and pattern generalization constructs in Math
Thematics. As is shown in Figure 73, variable and function concepts related to pattern

34

The authors of Saxon Math incorporate sequence and variable concepts together in

one-tenth (10%) of all of the instances across the textbook series.
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Figure 73: Curriculum span of sequence, variable, and function concepts as well as
related patterning constructs in each grade level of Math Thematics.
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generalization constructs are incorporated across the first 45% of Book 1. Instances
involving variable and function concepts and pattern generalization constructs are in a
15% span of the first one-fourth of Book 2. Although the authors do not incorporate these
concepts and pattern generalization constructs across much of Book 2, they do provide
students with opportunities to engage with such concepts in nearly 80% of the material
across the middle of Book 3. That is, across the textbook series, the authors provide
initial work related to variable and function concepts related to pattern generalization
constructs across 45% of Book 1, provide a span nearly one-third of the Book 1 length in
Book 2, and in Book 3, the authors provide a span that is nearly double that of the Book 1
span, and nearly five times that of the Book 2 span.
In Book 1, the authors provide students with opportunities to engage with
sequence and variable concepts related to pattern generalization constructs across the
same span involving variable and function concepts and pattern generalization constructs.
However, the span of variable and function concepts continues after the span of sequence
and variable concepts concludes.
Interestingly, in both Book 2 and Book 3, with respect to pattern generalization
constructs, the authors first present students with variable and function concepts and then
integrate sequence and variable concepts. In particular, in Book 2, the authors integrate
sequence and variable concepts within the latter portion of the same span associated with
variable and function concepts. In Book 3, the authors essentially integrate sequence and
variable concepts immediately after the span of variable and function concepts. As such,
a major learning trajectory across this textbook series is related to the authors’ use of
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pattern generalization constructs with respect to sequence and variable concepts, as well
as variable and function concepts.
Summary observations of Math Thematics. The authors of the Math Thematics
textbook series incorporate sequence concepts to a large extent. In particular, one major
articulated learning trajectory in this textbook series is the inclusion of pattern
recognition and extension constructs with respect to sequence concepts. These sequence
concepts extend to the end of Book 3, wherein the authors introduce arithmetic and
geometric sequence concepts.
A separate, but related trajectory relates to the inclusion of pattern generalization
constructs with sequence and variable concepts, and variable and function concepts. With
respect to pattern generalization constructs, the authors integrate variable and function
concepts in relative textual proximity to sequence and variable concepts. In Book 1 and
Book 2 these concepts overlap, and in Book 3, the concepts related to sequences come
directly after the expansive span of material related to variable and function concepts.
That is, the authors provide students with opportunities to engage in the recognition and
extension of patterns identified as sequences. In the same span of material related to
sequences, the authors integrate variable concepts as related to generalizing sequences.
Articulated Learning Trajectories within the Connected Mathematics 2 Textbook Series
The Connected Mathematics 2 textbook series, Grades 6 through 8 has 1890
pages of content relevant to this study. Across these three textbooks there are 271
instances specifically related to pattern concepts. As is shown in Table 35, 70% (190 of
271) of all of the instances involving pattern concepts in this textbook series involve
patterns in numeric contexts, and 30% (81 of 271) involve patterns in geometric contexts.
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The authors structure the majority (53%) of patterning problems in this textbook series
through pattern generalization constructs. The authors incorporate pattern recognition
Table 35
Data Related to Patterning Constructs and Pattern Structures in the Connected
Mathematics 2 Textbook Series
Codes

PC-R

Up to
PC-E

Up to
PC-G

Totals

NP

n
%

52
74% (27%)

40
69% (21%)

98
69% (52%)

190
70% (100%)

GP

n
%

18
26% (22%)

18
31% (22%)

45
31% (56%)

81
30% (100%)

Totals

n
%

70
100% (26%)

58
100% (21%)

143
100% (53%)

271
100% (100%)

constructs in about one-fourth (26%) of all of the instances across the textbook series.
The authors incorporate pattern extension constructs in about one-fifth (21%) of all of the
instances across the textbook series. Furthermore, all of the instances in Grade 6
represent 11% (29 of 271) of all of the instances across the textbook series. Similarly, all
of the instances in Grade 7 and Grade 8 represent 32% (88 of 271) and 57% (154 of 271),
respectively, of all of the instances across the textbook series. That is, the majority of all
of the instances related to patterning concepts in this textbook series occurs in the Grade
8 textbook, and nearly one-third occurs in the Grade 7 textbook. In other words, nearly
90% of all of the instances related to the recognition, extension, or generalization of
patterns in Connected Mathematics occurs in either Grade 7 or Grade 8.
As is shown in Table 36, the authors of this textbook series specifically identify a
pattern as a sequence twice, once in the Grade 7 textbook, and once in the Grade 8
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textbook. In the Grade 7 textbook, the authors present students with the Fibonacci
sequence, and as such identify this number pattern as a “sequence.” In the Grade 8
Table 36
Table of Data Related to Patterning Constructs, Pattern Structures, and Related
Concepts in the Connected Mathematics 2 Textbook Series
Codes

PC-R

Up to
PC-E

Up to
PC-G

NP

GP

Totals

SQ

n
%

0
0% (0%)

1
2% (50%)

1
0.7%
(50%)

1
0.5%
(50%)

1
1% (50%)

2
0.7%
(100%)

ASQ/
GSQ

n
%

0
0% (0%)

0
0% (0%)

0
0% (0%)

0
0% (0%)

0
0% (0%)

0
0% (100%)

EV/IV

n
%

16
23% (11%)

7
12% (5%)

128
90% (85%)

106
56% (70%)

45
56%
(30%)

151
56%
(100%)

FN

n
%

31
44% (22%)

15
26% (11%)

94
66% (67%)

102
54% (73%)

38
47%
(27%)

140
52%
(100%)

SQ/V

n
%

0
0% (0%)

0
0% (0%)

1
0.7%
(100%)

0
0% (0%)

1
1%
(100%)

1
0.4%
(100%)

SQ/FN

n
%

0
0% (0%)

0
0% (0%)

1
0.7%
(100%)

0
0% (0%)

1
1%
(100%)

1
0.4%
(100%)

V/FN

n
%

13
19% (12%)

3
5% (3%)

92
64% (85%)

78
41% (72%)

30
37%
(28%)

108
40%
(100%)

Totals

n
%

70
100% (26%)

58
100%
(21%)

143
100%
(53%)

190
100%
(70%)

81
100%
(30%)

271
100%
(100%)

textbook, the authors present students with a pattern in a geometric context related to
buildings constructed using cubes. The authors provide the first three constructions, and
prompt the students to, “study the sequence of cube buildings below” (Lappan, et al.,
2009l, p. 78).
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Furthermore, as is shown in Table 36, the authors utilize variable concepts in 56%
(151 of 271) of all of the instances across the textbook series. The authors utilize function
concepts in 52% (140 of 271) of all of the instances across the series, and they integrate
both variable and function concepts in 41% (110 of 271) of all of the instances across the
textbook series. That is, the authors heavily integrate variable and function concepts
related to patterning across the textbook series. More specifically, as is shown in Table
30, 90% (128 of 151) of the instances related to variable concepts involve pattern
generalization constructs. Similarly, the authors utilize pattern generalization constructs
in 66% (94 of 140) of the instances related to function concepts, and 66% (94 of 110) of
the instances related to both variable and function concepts.
Variable concepts in Connected Mathematics 2. As is shown in Figure 74, the
authors integrate variable concepts across the middle one-third of the Grade 6 textbook.
The authors also integrate these concepts nearly across the initial three-fourths of the
Grade 7 textbook, and the initial four-fifths of the Grade 8 textbook. In other words, a
substantial span of the Grade 6 textbook, as related to patterning concepts, involves
variable concepts. Variable concepts also span significant portions of the Grade 7
textbook, and even more so Grade 8.
Variable concepts occur in 28% of the instances in Grade 6, all of which involve
pattern generalization constructs. Variable concepts also occur in 49% of the instances in
Grade 7, and nearly three-fourths (72%) of these instances involve pattern generalization
constructs. Variable concepts also occur in 65% of the instances in Grade 8, of which
nearly 90% involve patterning generalization constructs. In other words, the authors, to a
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Figure 74: Curriculum span of sequence, variable, and function concepts as well as
related patterning constructs in each grade level of Connected Mathematics 2.
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large extent, structure instances involving variable concepts through the use of pattern
generalization constructs across the three grade levels.
Function concepts in Connected Mathematics 2. As is shown in Figure 74, the
authors do not identifiably integrate function concepts in the Grade 6 textbook with
respect to patterning concepts. However, the authors do integrate function concepts
related to patterning concepts across the initial two-thirds of the Grade 7 textbook, and
the initial four-fifths of the Grade 8 textbook. In other words, the authors integrate
function concepts with respect to patterning across a significant portion of the material in
Grade 7, and even more so Grade 8.
Function concepts within the Connected Mathematics textbook series largely are
structured through pattern generalization constructs. In particular, across the series, 67%
(94 of 140) of the instances related to function concepts involve pattern generalization
constructs. Function concepts occur in 57% (50 of 88) of the Grade 7 textbook, and over
one-half (54%) of these instances involve pattern generalization constructs. Similarly, in
the Grade 8 textbook, the authors incorporate function concepts into 57% (88 of 154) of
the instances, and nearly three-fourths (74%) of these involve pattern generalization
constructs.
Variable and function concepts in Connected Mathematics 2. As is shown in
Figure 74, since the authors do not identifiably integrate function concepts in the Grade 6
textbook with respect to patterning concepts, they do not integrate variable and function
concepts together in the textbook. However, the authors do integrate variable and
function concepts with respect to pattern generalization constructs across the initial twothirds of the Grade 7 textbook, and the initial four-fifths of the Grade 8 textbook. That is,
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although these concepts are absent in the Grade 6 textbook, the authors integrate variable
and function concepts and pattern generalization constructs across a significant portion
the Grade 7 and Grade 8 textbooks.
Variable and function concepts related to pattern generalization constructs within
the Connected Mathematics textbook series make up a significant portion of all of the
instances involving variable and function concepts. In particular, across the series, 41%
(110 of 271) of all of the instances involve variable and function concepts. Variable and
function concepts occur in 41% (36 of 88) of the instances in the Grade 7 textbook, and
three-fourths (75%) of these instances involve pattern generalization constructs.
Similarly, in the Grade 8 textbook, the authors incorporate variable and function concepts
into 47% (72 of 154) of the instances, and nine-tenths (90%) of these involve pattern
generalization constructs. That is, in presenting variable and function concepts, the
authors largely structure these concepts through pattern generalization constructs. In fact,
in the Grade 8 textbook the authors almost exclusively utilize pattern generalization
constructs in instances involving both variable and function concepts.
Summary observations of Connected Mathematics 2. Although the authors of
Connected Mathematics do not integrate patterns that are specifically identified as
sequences into the textbook series, they do provide students with opportunities to engage
in material related to pattern recognition, extension, and generalization. The vast majority
of these instances related to patterning concepts are in the Grade 7 and Grade 8
textbooks.
The authors of Connected Mathematics often present pattern problems in a
geometric context across the textbook series. In particular, in the Grade 6 textbook, the
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authors heavily integrate a geometric context into instances involving pattern concepts. In
the Grade 6 textbook, there are no instances involving function concepts related to
patterning concepts. However, there are some instances in the Grade 6 textbook do
involve variable concepts. In the Grade 7 and Grade 8 textbooks, the authors do present
students with instances involving variable concepts, function concepts, or both variable
and function concepts.
There is no major articulated learning trajectory spanning the Connected
Mathematics series that is related to sequence concepts. However, the authors provide
students with instances involving variable or function concepts, particularly as presented
through pattern generalization constructs. The authors provide students with initial work
with variable concepts in Grade 6, and incorporate function concepts across Grade 7 and
Grade 8. In the instances involving variable or function concepts across Grades 7 and 8,
the authors, to a large extent, integrate pattern generalization constructs. In particular, an
ALT is defined that includes initial work in Grade 6 related to variable concepts and
extends to Grade 7 and Grade 8 through the inclusion of function concepts, and the
eventual development of the concepts in Grade 8 related to linear, exponential, and
quadratic relationships.
Comparative Examination of Curriculum Spans Across Textbook Series
In examining curriculum spans among textbook series, comparisons show
important differences among the four textbook series studied. For instance, as Figure 75
shows, the spans of concepts related to sequences (SQ), variables (V), functions (FN),
and variables and functions involving pattern generalization constructs (V/FN, PC-G) are
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Figure 75: Comparative spans of patterning concepts in Glencoe and Connected Mathematics.

quite different between the Glencoe and CMP textbook series. In particular, it is clear that
there is a considerable difference in the position of the start of the spans of these concepts
within each grade level. The authors of CMP begin working with variable and function
concepts in the Grade 8 textbook. In contrast, in the Grade 8 textbook, the authors of
Glencoe do not begin working with variable and function concepts as they relate to
patterning until nearly two-thirds of the way through the textbook. This is one of but
many differences between these two textbook series that are highlighted in Figure 75.
These comparisons strongly support the conventional wisdom that there are key
differences between commercially developed textbooks and NSF-funded textbooks.
The comparisons highlighted in Figure 76 illustrate curriculum span differences
between the Glencoe and Saxon textbook series, two commercially developed and
published series. Specifically in this figure, it is evident that the authors of Saxon
introduce sequence concepts immediately in each of their grade level textbooks, and the
authors of Glencoe delay the introduction of these concepts until later in each of their
grade level textbooks. Another key difference is in the introduction of function concepts
in the Grade 6 textbooks. The authors of Glencoe introduce function concepts around
one-half of the way through the textbook, while the authors of Saxon do not introduce
these concepts until over three-fourths of the way through the textbook. Although it is
difficult to discern exactly what affect this relative delay in introducing function concepts
will have on student learning outcomes, it is nevertheless clear that there are important
differences between these two textbook series. The existence of these important
differences between these two commercial textbook series provides evidence that
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Figure 76: Comparative spans of patterning concepts in Glencoe and Saxon.

counters the conventional wisdom that commercial textbook series develop mathematical
concepts similarly.
Discussion
The authors of the four textbook series examined in this study clearly utilize
patterning concepts through numeric and geometric contexts as a means to develop
variable and function concepts. By examining the authors’ inclusion and sequencing of
patterning concepts throughout the textbooks, associated articulated learning trajectories
related to this mathematical content were identified and described.
The articulated learning trajectories utilized by the authors often encompass
branching aspects. One example of a branching ALT is the authors’ development of
sequence concepts, and specifically, arithmetic and geometric sequence concepts. In
particular, authors of Saxon, Glencoe, and Math Thematics all incorporate arithmetic and
geometric sequence concepts into a larger trajectory where sequence concepts are used to
develop variable and function concepts. In this case, the development of arithmetic and
geometric sequence concepts is a trajectory that branches off of the larger trajectory
related to the development of sequence, variable, and function concepts. In these two
trajectories (the minor branching trajectory related to arithmetic and geometric
sequences, and the major trajectory related to the development of sequence, variable, and
function concepts), the authors often utilize different patterning constructs in the
development of these concepts. The development of sequence, variable, and function
concepts is generally through pattern extension and generalization constructs. Specific
sequence concepts (arithmetic and geometric) are generally developed through pattern
recognition constructs. I maintain that the branching trajectories related to sequence
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concepts with specific structures provides students with conceptual boundaries in which
to work on developing pattern recognition, extension, and generalization skills and
conceptual understandings. That is, these branching trajectories provide a more defined
structure to a problem, and as such place restrictions on the type of sequence with which
students are working. These branching trajectories then potentially provide a bridge to
more ladder-like trajectories associated with the development of variable and function
concepts. Specifically, in this example, the branching of sequence concepts to include
arithmetic and geometric sequence concepts allows for more structure with regard to the
development of sequence concepts in ladder-like trajectories. However, a more
meaningful use of such a branching trajectory potentially allows for authors to draw
connections between mathematical structures of sequences and aspects of articulated
learning trajectories in which linear and exponential functional concepts are developed.
Another example of authors’ use of branching aspects within articulated learning
trajectories is in the development of connections between the geometric contexts and
associated number contexts for a pattern. In particular, the authors of Math Thematics
and Connected Mathematics provide students with material in which connections are
provided between the geometric context of patterns and the associated numeric contexts.
Although these trajectories are relatively minor, the development of these connections are
often branching in nature due to the use of geometric contexts to provide a basis for
engaging students in exploring the patterns found in the associated numeric contexts.
I maintain that the branching trajectories utilized by the authors are part of larger
ladder-like articulated learning trajectories that have a broader range of content and wider
SPP span. An example of ladder-like development of content is the use of function type
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tables to structure patterns in numeric contexts. The authors’ often integrate these tables
into material that is between prior work related to the recognition, extension, or
generalization of patterns and latter work related to the generalization of patterns with
regard to function rules and function tables.
Another example that epitomizes authors’ use of ladder-like articulated learning
trajectories that span the entirety of the textbook, and incorporate minor branching
trajectories, is the Grade 8 textbook of Connected Mathematics. Across this textbook, a
ladder-like trajectory is defined by the authors’ development of patterning concepts with
respect to linear relationships followed by exponential relationships and quadratic
relationships. Furthermore, in the latter sections of the textbook, the authors provide final
aspects of the ladder-like trajectory by presenting material in which students are
prompted to draw connections among these functional relationships. Within this broad
ladder-like articulated learning trajectory, students encounter branching trajectories that
further develop the content of patterning concepts with respect to each of these functional
relationships. An example of one such branching trajectory is related to the presentation
of patterns within both geometric and numeric contexts to define linear, exponential, or
quadratic relationships. I argue that in the instances where branching trajectories serve to
provide students with more defined mathematical structures related to patterning,
sequence, variable, and function concepts, there appears to be more opportunity for
formal connections among the mathematical concepts that are common to each of these
concepts. Although there are connections provided by the authors across the four series,
many potential connections among the mathematical structures linking patterning,
sequence, variable, and function concepts are seldom explicit within these four series. In
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developing future curriculum materials (and writing standards documents), I argue that
authors should be more purposeful in developing the mathematical connections between
branching trajectories and ladder-like trajectories.
Summary of RQ 1
As a whole, the articulated learning trajectories described in this study indicate
authors’ diverse presentation of material, as well as the diverse development of patterning
and algebraic thinking concepts across these textbook series. These descriptions suggest
that each of these textbook series provide students with a qualitatively different
mathematical experience. One such area in which students have qualitatively different
experiences is in the opportunities to examine patterns in geometric contexts and numeric
contexts. That is, the authors of these textbook series utilized these contexts in
dramatically different ways, not only in relation to the percentage of use of these
contexts, but also in the nature of the opportunities afforded students to draw
mathematical connections between the geometric context and numeric context of a
pattern.
Furthermore, the authors of these textbooks provide qualitatively different
opportunities for students in relation to the articulated learning trajectories associated
with sequence concepts. Most of the authors integrate sequence concepts into learning
trajectories associated with the development of patterning concepts, however, the extent
to which they provide structures related to pattern recognition, pattern extension, and
pattern generalization constructs differs dramatically. Moreover, the opportunities
provided for students to engage with sequence concepts that have more defined
mathematical structures, such as arithmetic and geometric sequences, differs as well.
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The authors also provide students with qualitatively different opportunities to
engage with functional relationships. That is, the extent to which the authors develop
articulated learning trajectories in which patterning concepts are used to develop students
thinking related to linear, exponential, and quadratic relationships dramatically varies. In
particular, the authors of Connected Mathematics are the only authors that provide a
clearly identifiable trajectory across the textbook series in which students are clearly
engaged with patterning concepts in the development of linear, exponential, and then
quadratic relationships.
In summary, the articulated learning trajectories identified clearly indicate that
among these textbooks, authors develop content in very divergent manners. In particular,
even within textbook series that are identified as conventional or NSF-funded, very
different articulated learning trajectories are defined related to the development of
algebraic thinking through the use of patterning concepts. These descriptions suggest that
although conventional textbooks are often considered to be similar with regard to the
scope and sequence of mathematics content, students are provided qualitatively different
opportunities to develop algebraic thinking concepts. Furthermore, with respect to the
NSF-funded curricula, it is clear that the authors develop algebraic thinking though the
use of patterning concepts by employing entirely different learning trajectories. That is,
these descriptions suggest that, although curricula are thought to be similar and often are
considered to present the development of mathematics content in a relatively identical
manner, these assumptions must be reconsidered. Clearly, at least with respect to the
development of algebraic thinking through the use of patterning concepts, the authors of
the two conventional curricula have employed different learning trajectories. Similarly,
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clearly the authors of the NSF-funded curricula present students with very different
learning trajectories.
These data clearly indicate that with regard to this aspect of mathematical content
in middle grades mathematics textbooks, the learning trajectories utilized by authors
differ widely. The descriptions provided in this study only begin to identify the
differences among articulated learning trajectories of various areas of mathematics
content within K-12 mathematics textbooks. More descriptive studies using the ALT
construct presented in this study are needed to provide the field with the data needed for
clearer understandings of the learning trajectories utilized by authors in other important
conceptual areas. Through the explication and description of articulated learning
trajectories, teachers, researchers, and developers will have a clearer conception of the
development of mathematics content within textbooks, and the associated opportunities
to learn afforded to students using these textbooks.
Question 2: Trajectories and the Disciplinary Perspectives
In the first part of this chapter, I provided data and examples related to the main
purpose of this study. In particular, the main purpose of this study is to provide
descriptions of articulated learning trajectories utilized by the authors of four textbook
series related to the use of patterning constructs in developing algebraic thinking
concepts. As part of providing descriptions of the articulated learning trajectories, another
primary purpose of the study is to determine the extent to which more evaluative
comparisons and descriptions can be made.
To provide further depth to the descriptions of articulated learning trajectories in
the previous section of this chapter, I now discuss the six disciplinary perspectives of a
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content analysis study as identified by the authors of the NRC report (2004). In particular,
I utilize these six disciplinary perspectives to frame comparisons and descriptions. That
is, related to patterning concepts and algebraic thinking, I utilize the six disciplinary
perspectives as a mirror to frame my analysis. Specifically, I provide descriptions
regarding the relative degree to which the articulated learning trajectories in these
textbook series embody clarity, comprehensiveness, accuracy, depth of mathematical
inquiry and mathematical reasoning, organization, and balance.
However, the degree to which the six disciplinary perspectives can be discussed is
largely dependent on the data collected and analyzed with regard to developing the ALT
descriptions in the previous section. Therefore, the analysis presented here is not
necessarily comprehensive nor is it evaluative, but rather it is comparative and
descriptive, and it relies on the ALT descriptive data generated and reported in the
previous section.
Clarity
As identified in the Chapter 1, the authors of the NRC report call for content
analysis studies to address the disciplinary perspective of clarity. In particular, the
authors indicate that one value of addressing the clarity of curricular objectives is that
unessential or omitted content can be located. Clarity then, in part, relates to the degree to
which authors of textbooks identify their objectives and major concepts for a given level
of mathematical material (e.g., lesson level, chapter level, unit level, grade level, grade
band level). The degree to which clarity can be addressed in this study is related to the
ways in which the authors present the major concepts. Specifically, the ways in which
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sequence, variable, and function concepts pertain to pattern recognition, extension, and
generalization constructs.
Clarity of terminology with regard to patterns and sequences. Throughout the
Saxon textbook series, the authors interchangeably use the terms “pattern” and
“sequence” to describe a list of numbers that are associated with one another via an
underlying pattern or structure. The interchangeable use of these two terms has
implications related to the clarity of objectives with respect to the development of
variable and function concepts based on specific mathematical structures. In particular,
certain sequences have a specific mathematical structure (e.g., arithmetic, geometric, or
other sequences such as the Fibonacci sequence), and thus the underlying structure is
more clearly identifiable than with a general nondescript pattern. Moreover, the term
sequence has a particular mathematical definition. Specifically, a mathematical definition
of a sequence is the following:
A function f whose domain is the set Nn = {1, 2, 3, …, n}, where n is a
positive integer, is called a finite sequence [or simply a sequence], and the
range of a finite sequence, range of f = {f(t): t an element of Nn}, is written
as {a1, a2, a3, …, an}. (Papick, 2007, p. 21)
As such, I have assumed an objective of the articulated learning trajectories analyzed is to
engage students with patterning concepts in order to develop the ability to recognize
specific mathematical structures and provide generalizations with respect to variable and
function concepts. Consequently, I argue that clarity with respect to more well defined
mathematical structures of sequences versus the more loosely defined structures of nondescript patterns is essential.
For example, the authors of Saxon incorporate the term sequence early in the
textbook series, specifically, in the first lesson of Course 1, page 7. However, the term is
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not formally defined until page 50 in Course 1. This gap of 43 pages between when the
term is used and subsequently defined potentially raises issues of clarity within the
associated articulated learning trajectory.
The authors of Glencoe, to a lesser extent than the authors of Saxon, use the terms
pattern and sequence interchangeably. In particular, the authors present students with an
early patterning problem similar in structure to problems related to sequences early in the
Course 1 textbook. Specifically, in this problem presented early in Course 1, the students
are prompted to, “complete the pattern: 6, 11, 16, 21, ?, ?, ?” (Bailey, et al., 2006a, p. 9).
One interpretation, and arguably the intended interpretation, of this pattern is that it is an
arithmetic sequence with a common difference of 5 between the terms of the sequence.
Throughout this textbook, the authors provide students with several other opportunities
similar to this problem. Although these patterning problems can be interpreted as having
specific mathematical structures related to sequence concepts, the Glencoe authors do not
identify these patterns as being sequences until after they formally define sequence on
page 282. Although the authors do not interchangeably use the terms pattern and
sequence in the nearly 300 pages before sequence is defined35, the specific underlying
mathematical structures of particular patterns is never made explicit. I maintain that
because the authors of Glencoe do not interchangeably use the terms pattern and
sequence, they possibly intend to keep the structures of patterns vague and open-ended to
allow for varied interpretations. However, the same statement cannot be hypothesized for
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They do not interchangeably use the terms because they only use the term pattern
across this initial span of the textbook.
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the authors’ of Saxon due to their abundant interchangeable use of the two terms across
the textbook series.
The authors of Math Thematics address the clarity of the use of sequence
concepts in the development of patterning concepts and algebraic thinking differently
than the previous textbook authors. In particular, the authors of Math Thematics provide
the definition of a sequence on page 15 of the Book 1 textbook. Specifically, the authors
connect their definition of a sequence, “an ordered list of numbers or objects like this is a
sequence” (Billstein & Williamson, 2008a, p. 15)36, to the sequence of triangular
numbers. The authors also provide the students with information regarding the underlying
mathematical structure of the sequence of triangular numbers. In providing the students
with an example, the authors note that 6 is called a triangular number because, “six
pebbles can be arranged to form an equilateral triangle…” (Billstein & Williamson,
2008a, p. 15). I argue that the authors’ connection between a sequence and the underlying
mathematical structure via a geometric context is crucial to providing clarity related to
important differences between the nondescript structure of a pattern and the specific
mathematical structure of a sequence.
The authors of Connected Mathematics handle the sequence issue differently. In
particular, as related to patterning concepts, the authors use the term sequence only twice
throughout the textbook series. In the Grade 7 textbook the authors include the term
sequence with regard to one problem in which students are prompted to recognize the
recursive structure of the Fibonacci sequence. Specifically, the authors provide the first
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In the textbook, the authors are referencing a list of numbers: 1, 3, 6, 10, … that they
identify as being the first four triangular numbers.
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14 numbers in the sequence and prompt the students to, “look for patterns in this
sequence” (Lappan, et al., 2009g, p. 72). In the Grade 8 textbook, the authors use the
term in a problem in which the authors present students with a sequence of constructions
using cubes. In particular, the authors prompt students to, “study the sequence of cube
buildings below. What patterns do you notice? Use the pattern to construct the next
building in the sequence” (Lappan, et al., 2009l, p. 78). I argue, that although used
sparingly, the consistent use of the term sequence indicates the authors’ use of the terms
pattern and sequence is in a clear and consistent manner.
Clarity of terminology with regard to function concepts. The degree of clarity in
which the authors incorporate function concepts is another aspect of the described
articulated learning trajectories that can be analyzed through the available data. The
authors of the various textbook series bring a degree of clarity to their presentation of
function concepts in a variety of ways. In particular, the authors of Saxon predominantly
utilize function tables consisting of four pairs of numbers. They then often prompt the
students to describe the relationship between the numbers, or to provide a rule for the
function and write an equation that relates the two variables in the table. Although the
authors provide students with material in which functions are presented as relationships
between two values, other aspects of functions related to change in one variable affecting
change in the other variable are largely absent. The Saxon authors’ conception of
function as a rule that relates two numbers in a particular manner is relatively closely
aligned to the acceptable mathematical definition of function presented in Chapter 1, with
the important exception of the uniqueness of the relationship. Specifically, the definition
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provided in Chapter 1 is: “Let S, T be sets; a function or mapping f from S to T is a rule
that assigns to each element s of S a unique element t of T” (Herstein, 1996, p. 8).
The authors of Glencoe similarly utilize the structure of function tables through
which students are prompted to write an equation for the function in each table. The
authors also utilize pattern recognition constructs to prompt students to identify whether a
given table of values represents a linear or non-linear function. As such, the authors
generally engage students in material related to patterning and function concepts through
the representation of a function table in which there is relationship that connects the input
values to the output values. In this regard, the authors of Glencoe and Saxon similarly
utilize function tables to structure number patterns, and then prompt students to provide a
general formula or rule for the presented patterns.
The authors of Math Thematics incorporate function concepts with a different
degree of clarity. In particular, although the authors often utilize tables to structure
number patterns related to geometric contexts or other situational contexts, they generally
clearly identify input and output values within the tables. Perhaps more importantly,
related to clarity within this textbook series, the authors then provide students with
prompts in which they identify that an output value depends on an input value, rather than
simply implying a relationship between the two values. For example, in one such prompt
from the Book 1 textbook, the authors ask the students to, “write a rule for the output
based on the input” (Billstein & Williamson, 2008a, p. 263). I argue that because this
prompt is provided to students in the Book 1 textbook, the related content across the
textbook series has a degree of clarity whereby students have the opportunity to develop

324

knowledge related to functional relationships in which one variable depends on another
variable.
As identified in the previous descriptions of articulated learning trajectories,
although the authors of Connected Mathematics do not noticeably integrate function
concepts with respect to patterns in the Grade 6 textbook, they do incorporate these
concepts heavily in the Grade 7 and Grade 8 textbooks. In the Grade 7 textbook, the
authors generally introduce function concepts with respect to linear relationships. In the
Grade 8 textbook, the authors then engage students with function concepts related to
linear, exponential, and quadratic relationships. To that end, the degree of clarity of
Function concepts in Connected Mathematics is inherently connected to the high degree
to which the authors clearly identify the concepts of input and output as related to these
functional relationships. Specifically, the authors often present students with number
patterns in tables that are based on geometric contexts or other situational contexts, and
prompt them to write equations in which one variable can be found in terms of the other
variable.
In problems in which the authors identify relationships related to patterns of
change as potentially being linear, exponential, or quadratic, they often prompt students
to write an equation for the relationship between the two numbers. In this respect,
although the authors’ prompt is similar to those found in Saxon, I maintain that there is a
fundamental qualitative difference related to clarity with regard to the structure of the
problem. The authors of the Saxon series generally do not indicate that a given table of
numbers is potentially linear, much less potentially exponential or quadratic. As such, in
identifying the possible structures of number patterns, the authors of Connected
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Mathematics provide a higher degree of clarity to the students’ opportunities to engage
with function concepts. In particular, by having a mathematically defined structure in
which to work, students have an opportunity to further explore, analyze, and compare the
underlying mathematical concepts related to linear, exponential, and quadratic functional
relationships.
Importantly, authors may intend from time to time to present an informal or
unstructured introduction to mathematical terms and definitions as a matter of textbook
design. However, among the four textbook series examined in this study, it is not obvious
whether authors intended the introduction of terms and concepts to be informal or
inadvertently this turned out to be the case. For example, in Glencoe, Course 1 the
authors introduce patterns very early in the textbook, but they do not provide a definition
for a sequence until about one-half of the way through the textbook. In this textbook, as
with several other instances among the four series, it is unclear whether this delay or
vagueness in the use of terminology was planned or not.
The data collected in this study only allow for discussions related to the degree of
clarity with respect to the inclusion and definition of sequence concepts and function
concepts. The following sections are dependent on the same data set, and as such, the
resulting discussions and comparisons are largely related to the same aspects of
articulated learning trajectories in these textbook series, namely, the authors use and
development of sequence concepts and function concepts.
Comprehensiveness
As noted in Chapter 1, the NRC authors indicate that by clarifying the curricular
objectives, analysis related to comprehensiveness can be thoroughly conducted. That is,
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comprehensiveness is related to identifying missing material that could potentially cause
issues with students developing a full and deep understanding of mathematical concepts.
Although the data collected in this study do not allow for a complete clarification of
curricular objectives, important descriptions and comparisons can be made related to
comprehensiveness.
Comprehensiveness of sequence and function concepts within Saxon. As
discussed in the previous section, the authors of Saxon interchangeably use the terms
pattern and sequence. The authors also structure the material related to function concepts
through the use of numeric patterns in function tables, and engage students in the
examination of functions as being relationships between two variables. The authors’
presentation of sequence concepts in this textbook series has implications for the
completeness of these mathematical concepts. In particular, the interchangeable use of
pattern and sequence indicates a potential lack of completeness related to the use of the
mathematical structure of sequences to develop general function concepts, and
specifically, function concepts related to linear, quadratic, and exponential relationships.
Specifically, the authors of Saxon initially use the term sequence in the first lesson of the
Course 1 textbook regarding the sequence of perfect square numbers starting with 4, that
is, 4, 9, and 16. The authors then note that the students are to extend the sequence an
additional three terms. Furthermore, the authors continue to utilize the sequence of
perfect squares throughout the textbook series. In particular, later in the Course 1
textbook, the authors present students with a function table in which the s values are 1, 2,
3, and 4, and the A values are 1, 4, 9, and 16. The students are then prompted to describe
a rule for finding A when s is known. That is, the authors clearly present students with a
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function in which the domain is the set of positive integers, and the range (if the function
is assumed to continue in a manner consistent with the output being the area of a square
with a related input being positive integer side lengths) is the set of perfect square
numbers.
Furthermore, in the Course 3 textbook, the authors revisit this sequence with
regard to function concepts. In particular, the authors provide an example in which they
present the prompt, “for the function A = s2, describe the rule with words and make a
table that shows at least four pairs of numbers that satisfy the function” (Hake, 2007c, p.
281). I maintain that degree of clarity with which the mathematical concept of a sequence
is defined and utilized throughout this textbook series has implications for how
comprehensively this concept can be used in problems. For example, if the definition of a
sequence includes the fact that the mathematical structure of a sequence is fundamentally
a functional relationship, then prompts such as the previous Course 3 example can be
more comprehensively connected to other mathematical concepts. In particular, the
authors use of the function A = s2 can potentially draw connections for students that, with
respect to measurements of side length and area, the only viable pairs of numbers for this
function are ones in which the s values are positive integers. Specifically, clearly across
the textbook series, the values for A and s are connected via a learning trajectory, first
with a sequence of perfect squares (a function with the domain of the set of positive
integers). Then with a function table that has input values of 1, 2, 3, and 4, and output
values of 1, 4, 9, and 16 (a function with an assumed domain of the set of positive
integers, and assumed appropriate rule to be A = s2). Finally, later with a function defined
as A = s2 (a function with an assumed domain of the set of real numbers). However, it is
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not evident through the authors’ use of sequence concepts that there is any coherent
connection in which students are given the opportunity to understand the mathematical
connections between sequences and functions. In particular, in the initial lesson of the
Course 3 textbook, the authors define a sequence as, “an ordered list of numbers that
follows a rule” (Hake, 2007c, p. 8), and revisit this same definition in Lesson 61 on page
415. Furthermore, in this textbook, the authors define a function to be, “a mathematical
rule that identifies a relationship between two sets of numbers. A function’s rule is
applied to an input number to generate an output number” (Hake, 2007c, p. 278). I argue
that by not providing a definition or description of a sequence that pertains to the
underlying mathematical structure of a sequence as related to a function, there are
potential issues related to the comprehensiveness of any articulated learning trajectory
incorporating sequence concepts and function concepts.
Comprehensiveness of sequence and function concepts within Glencoe. As
previously discussed, the authors of Glencoe also interchangeably use the terms pattern
and sequence throughout the textbook series. Furthermore, these authors also provide a
definition of a sequence that is similar to that presented by the Saxon authors. The
definition of sequence presented in the Course 1 textbook, is nearly identical to the
definitions provided in the other two textbooks, namely that, “a sequence is a list of
numbers in a specific order” (Bailey, et al., 2006a, p. 282). The authors also provide a
relatively consistent definition for function across the textbook series similar to the
definition in the Course 3 textbook, namely that, “a relationship where one thing depends
on another is called a function” (Bailey, et al., 2006c, p. 517).
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I argue that with respect to the mathematical definition of a sequence in which a
function is defined from the set of positive integers, the articulated learning trajectories
within Glencoe have issues with comprehensiveness similar to those in Saxon. That is,
the authors of Glencoe utilize pattern problems, and in particular, sequence concepts, to
develop function concepts related to input and output values, extending function tables,
and providing generalizations of functions. However, by not purposefully providing
material in which connections are made between sequences and functions with respect to
the definition of a sequence as a function, the opportunity for students to be exposed to
such connections does not exist.
Comprehensiveness of sequence and function concepts within Math Thematics. As
with the previous sets of authors, the authors of Math Thematics provide a similar
definition for sequence. This definition is similar across each textbook of the series.
Specifically, the definition provided in Book 3 is representative of the series, “a sequence
is an ordered list of numbers or objects called terms” (Billstein & Williamson, 2008c, p.
519). Furthermore, in Book 3, the authors define a function as, “a relationship between
input and output. For each input, there is exactly one output value.” (Billstein &
Williamson, 2008c, p. 397).
The authors of Math Thematics do not generally use the term sequence in
reference to a nondescript list of numbers (or objects), but rather identify such lists
simply as patterns. However, the issues regarding comprehensiveness in relation to
connections between sequence and function concepts are similar to those in the previous
textbook series. In particular, the issues of comprehensiveness are related to the definition
of sequences provided by the authors. That is, the authors of this textbook series do not
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identify sequences in terms of functions with domains of positive integers, but rather
describe them as ordered lists of terms.
For example, in Book 3 the authors clearly define function over 100 pages before
they define sequence. I maintain that the definition of function with respect to a
relationship between input and output could potentially be integrated into the subsequent
discussion of sequence concepts. In other words, a potentially more comprehensive
examination of sequence concepts could be to identify a sequence as a particular type of
functional relationship in which the only input values will be positive integers, and as a
matter of notation, the output values are written with respect to the ascending order of the
input values. This, however, is not done.
Comprehensiveness of sequence and function concepts within Connected
Mathematics. As previously discussed, the authors of Connected Mathematics only
identify sequences twice in the textbook series. In neither of these two instances do the
authors provide a clear mathematical definition of a sequence. However, the authors do
extensively utilize patterns in numeric and geometric contexts to develop function
concepts. Clearly, in not identifying the functional relationship inherent within a
sequence, the issues with comprehensiveness in connections between the two mentions of
sequences and other function concepts are similar to the previously discussed textbook
series.
However, although not explicitly addressed in this study, many of the problems in
Connected Mathematics are presented in situational contexts beyond simple numeric or
geometric contexts. For example, several problems used as illustrations in the
descriptions of articulated learning trajectories exemplify the nature of these situational
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contexts. In particular, in Problem 7 in Figure 54 the authors provide students with a
number pattern for campsite fees that is based on the number of days of use. Also, in
Problem 52 in Figure 60 the authors provide four rows of sums related to the addition of
1
increasing powers of 2 , and prompt students to determine the associated pattern. Another
example is Problem 3.1 in Figure 67. In this problem, the authors incorporate a geometric
context related to the number of squares within a figure as related to the triangular
numbers. I maintain, that although the authors do not identify any of the patterns in these
problems as being a sequence, the mathematical structure exists to accurately identify
these patterns as sequences. Specifically in each of these patterns, the authors start the
pattern with Day 1, Row 1, or Figure 1, as filling the role of input values that affect the
resulting output value in the pattern.
I further argue that although not identified as being sequences with structures
related to function concepts, the prompts that are provided by the authors often engage
students in examining underlying functional relationships. For example, a prompt
provided by the authors in Problem 3.1 in Figure 67 is, “write an equation for the nth
triangular number t. In other words, write an equation for the number of squares t in
Figure n. Explain your reasoning” (Lappan, et al., 2009i, p. 41). I maintain that this
prompt exemplifies the authors’ use of relationships between the input and output values
in pattern problems to develop functional concepts related to linear, exponential, and
quadratic relationships. In particular, the authors of Connected Mathematics define a
function to be, “a relationship between two variables in which the value of one variable
depends on the value of the other variable…If the variable y is a function of the variable
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x, then there is exactly one y-value for every x-value” (Lappan, et al., 2009i, p. 83)37. As
such, I argue then that in Problem 3.1 the authors incorporate the notion that the value of
a triangular number depends on the number of squares in a given figure. That is, as
related to sequence concepts, the output of the function is the triangular number, and the
input is the positive integer associated with the term number of a given figure. I maintain,
however, that there are potential issues related to comprehensiveness among sequence
and function concepts due to the fact that the authors do not associate sequence concepts
with functional relationships.
In summary, each of these textbook series are missing content that potentially
affects the extent to which students are provided the opportunity to examine connections
between the mathematical structures of sequences and function concepts. Furthermore,
this lack of comprehensiveness related to connections appears to be due, in part, to the
issues identified related to the degree of clarity in which the authors present material
related to both sequence and function concepts.
Accuracy
As previously noted, the authors of the NRC report included accuracy as related
to the mathematical accuracy of the textbook material. While there is always a desire for
error-free textbooks and curricular materials, the authors maintain that content analyses
should always address whether or not this was found to be the case. The desire for
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This definition is found in the pages dedicated to the glossary of terms. Consequently,
this page was not initially analyzed. However, in an attempt to determine the authors’
definition of function, the glossary pages were reexamined for the purpose of
clarification, and not included in the consideration of any codes.
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error-free textbooks relates to the concern that textbooks are not misleading or
misrepresenting the mathematics concepts being developed.
In Chapter 1, I discussed the two categories of errors I considered for this aspect
of my analysis. In particular, I argue that explicit and implicit errors affect the degree to
which an ALT aligns with the accuracy criterion. Explicit errors are those that relate to
mathematically inaccurate content. For example, if an author presents students with a
problem in which 2 is added to 2 in base 10 and the answer given is 7, then the author has
included an explicit mathematical error in the textbook. Implicit errors are errors in
which the authors’ have a particular expectation for an answer although the problem
potentially has multiple answers. These implicit errors also can be embedded in
incomplete definitions of terms, or related terminology, that is idiosyncratic to the
textbook series.
As with the previous sections, the method of data collection in this study was not
specifically structured to address issues related to the accuracy of the mathematics
content presented by the authors. In particular, data were not collected to specifically
identifying explicit errors related to accuracy of computations. However, the descriptions
and analysis presented in the initial section of this chapter allow for the identification of
content in which the authors do not accurately represent the mathematical concepts
within the identified articulated learning trajectories. Consequently, the analysis
presented in this section focuses on implicit errors related to the accuracy of the authors’
presentation of pattern, sequence, and function concepts.
Accuracy of pattern, sequence, and function concepts in Saxon. As previously
discussed, Saxon authors often use the terms pattern and sequence interchangeably to
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refer to a list of numbers (e.g., 1, 3, 5, 7, …). I argue that the lack of definition related to
these two terms within this textbook series amounts to an implicit error in articulated
learning trajectories in which these terms are used to develop associated mathematical
content. Furthermore, I maintain that problems such as Problem 10 in Figure 19 contain
implicit mathematical errors. In particular, in these types of problems, the authors do not
provide the students with any context other than that the numbers 1, 2, 4, and 8 are the
first four terms of a sequence. The authors then prompt students to provide the next three
terms of the sequence. I maintain that the implicit error related to this problem is the
perceived expectation that there exist three terms that are the accurate terms that extend
this sequence. In particular, one possible answer to this problem would be 16, 32, and 64,
if the function that defines the sequence maps the input value, n, to the output value, 2n–1.
However, a sequence is a function that maps the positive integers onto a set, and as such,
without further clarification it is impossible to know if 16, 32, and 64 (in that order) are
the “correct” three terms that accurately address the authors’ prompt.
I also maintain that the authors definition of a function as, “a mathematical rule
that identifies a relationship between two sets of numbers. A function’s rule is applied to
an input number to generate an output number” (Hake, 2007c, p. 278), contains an
implicit error due to the incompleteness of the definition. Specifically, the authors’
omission of the mathematical structure wherein a function maps an input number to
exactly one output number is critical to the definition of a function. As stated by the
authors, in a function that relates the set of integers to the set of integers, an input number
of 1 could generate an output number of 1, as well as an output number of -1.
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Accuracy of pattern, sequence, and function concepts in Glencoe. The authors of
Glencoe incorporate similar implicit errors as those found in the Saxon textbook series.
Specifically, throughout the textbook series, the authors often provide a list of numbers
that they identify as a sequence, but provide no other context necessary to determine the
function that defines the sequence. For example, an illustrative problem is one in which
the authors provide students with a sequence with a missing first term: ?, 1, 3, 9, …, and
the prompt to, “find the missing number” (Bailey, et al., 2006a, p. 284). These problems
pose issues with respect to accuracy, similar to the problems in Saxon. In particular, it is
impossible to discern a single term that correctly addresses the authors’ prompt. In this
problem it is unclear as to whether the range of the function that defines the sequence
includes only integers, positive integers, or possibly rational or irrational numbers.
Throughout this textbook series, the authors consistently engage students in material that
contains similar implicit errors.
The authors of Glencoe provide a definition of function that has the potential to
mislead or misrepresent the mathematics content being developed. In particular, the
authors define a function as, “a relationship where one thing depends on another…in a
function, you start with an input number, perform one or more operations on it, and get
an output number” (Bailey, et al., 2006b, p. 177). However, in this definition the authors
do not explicitly identify a key property of a function in which for an input number, there
is exactly one output number.
Accuracy of pattern, sequence, and function concepts in Math Thematics.
Although the authors of Math Thematics, more often than the previous authors, provide a
geometric context connected to the numeric context of a sequence, the authors
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nevertheless incorporate errors related to the development of sequence concepts similar
to those found in the previous textbook series. In particular, the authors include problems
in which they provide prompts, such as, “find the next three terms in each sequence”
(Billstein & Williamson, 2008a, p. 147). The sequences to which they refer do not have
any other context other than the provided numeric context, for example: 0.4, 0.54, 0.68,
0.82, …. As such, the authors clearly neglect the fundamental structure of a sequence,
which is a particular mapping of a function. Although there appears to be a pattern in
which one term is related to another term, there is no other identification provided as to
how the mapping of the function is defined.
However, in defining a function, these authors do not include the same implicit
error as the authors of Saxon and Glencoe. Specifically, the authors define a function as,
“a relationship between input and output. For each input, there is exactly one output.
Output depends on input” (Billstein & Williamson, 2008b, p. 47). The authors include the
critical component in the definition of function. That is, for each input value there is
exactly one output value.
Accuracy of pattern, sequence, and function concepts in Connected Mathematics.
As previously discussed, the authors of Connected Mathematics sparingly use the term
sequence. Furthermore, they do not provide a definition of sequence in the textbook
series38. As such, the use of an undefined term that has a specific mathematical structure
clearly indicates an explicit error that has the potential to affect the accuracy of the
development of material associated with the term. However, the authors do not use the
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A definition of sequence was not found in the pages initially identified for coding and
analysis. Further examination of other pages, such as glossaries, also did not yield a
definition of sequence.
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term outside of two problems, and as such, the terminology related to sequence concepts
does not have as prominent a role in this textbook series as in the previous three textbook
series.
With respect to function concepts, the authors provide a definition of function that
is most similar to the authors of Math Thematics. Specifically, the authors define a
function as, “a relationship between two variables in which the value of one variable
depends on the value of the other variable…If the variable y is a function of the variable
x, then there is exactly one y-value for every x-value” (Lappan, et al., 2009i, p. 83). Thus,
the authors identify the key aspect of a functional relationship, that one assigns each input
value to exactly one output value. As such, with respect to the definition of a function,
the authors of Connected Mathematics do not include any implicit or explicit errors.
Depth of Mathematical Inquiry and Mathematical Reasoning
As with the analysis related to the other disciplinary perspectives, the data
collected and the method of data collection for this study limit the degree to which
descriptions and comparisons can be made among the textbook series. In particular, with
respect to the perspectives of mathematical inquiry and mathematical reasoning, the
method of data collection did not nearly provide the depth and richness of data necessary
to fully address all aspects of these perspectives. That said, meaningful observations are
provided that indicate aspects of the textbook series that promote and engage students in
mathematical inquiry and mathematical reasoning. That is, the descriptions provided in
the first section of this chapter can be utilized to address the NRC authors’ concern that,
“one must determine in a content analysis whether a balance between the two
[mathematical inquiry and mathematical reasoning] is achieved so that the material both
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invites students’ entry and exploration of the origin and evolution of the ideas and builds
intuition, and ensures their development of disciplined forms of evidence and proof” (p.
79). As identified in Chapter 1, the authors of the NRC report provide the following
delineation of the relationship between mathematical inquiry and mathematical
reasoning:
Mathematical inquiry…refers to the elements of intuition necessary to
create insight into the genesis and evolution of mathematical ideas, to
make conjectures, to identify and develop mathematical patterns, and to
conduct and study simulations. Mathematical reasoning refers to
formalization, definition, and proof, often based on deductive reasoning,
formal use of induction, and other methods of establishing the correctness,
rigor, and precise meaning of ideas and patterns found through
mathematical inquiry. (p. 79)
Consequently, with respect to the previously described articulated learning trajectories
and mathematics content identified in the textbook series, the discussion and comparisons
in this section serve to assess the balance struck by the authors between inquiry and
reasoning.
Elements of mathematical inquiry and mathematical reasoning related to pattern
concepts among the textbook series. Through the examination of the material related to
the articulated learning trajectories identified in this study, it is evident that in many
instances, the authors of the four textbook series use similar structures related to elements
of mathematical inquiry. Specifically, the four author teams use similar structures in
presenting students with material that is related to creating insight into the genesis and
development of mathematical ideas, making conjectures, and identifying and developing
mathematical patterns. These structures have implications for formalization, definition,
proof, and other methods of establishing the correctness and precise meaning of ideas and
patterns found through mathematical inquiry.
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The four author teams provide students with opportunities to develop insight into
the nature of identifying patterns within a list of numbers. The author teams also provide
students with opportunities to gain insight into the mathematical development of the
pattern through which constructs related to pattern recognition, pattern extension, and
pattern generalization are developed. The structures that are common among the textbook
series include the authors’ use of patterns in numeric or geometric contexts in which
students are prompted to describe the rule underlying the development of the pattern, and
then to extend or generalize the pattern using a rule. Examples of these problems were
provided in the first section of this chapter, see Problems 11, 12, and 13 in Figure 34. In
these problems, the authors of Math Thematics provide students with a pattern in a
geometric context as well as in the associated numeric pattern. The authors prompt the
students to describe the relationship between the shapes in the table and the related
number sequence. Furthermore, in these problems, the authors prompt the students to
develop the pattern by extending the number sequence. The authors also engage students
in aspects of mathematical inquiry and mathematical reasoning by prompting them to
make a conjecture in which they are to predict the 10th term of the number sequence.
Another example of a similar structure related to mathematical inquiry and
mathematical reasoning is Problem 14 in Figure 32. In this problem, the authors of
Glencoe engage the students in recognizing a pattern provided to them through a table of
input and output values. The authors then prompt the students to extend the pattern to
determine the output value when given the next whole number input value. This method
of structuring patterning problems in which students are expected to recognize a pattern
and then extend the pattern, or use the pattern to predict an unknown term is common
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among the textbook authors. However, the students using Saxon and Glencoe more often
have the opportunity to engage in elements of mathematical inquiry and mathematical
reasoning related to pattern recognition and extension in problems similar to Problem 14
than in problems similar to Problems 11, 12, and 13. Conversely, students using
Connected Mathematics and Math Thematics more often have the opportunity to engage
in elements of mathematical inquiry and mathematical reasoning related to pattern
recognition and extension in problems similar to Problems 11, 12, and 13 than in
problems similar to Problem 14.
In general the authors of Saxon and Glencoe present students with number
patterns in which they prompt students to identify the structure of the pattern and then use
the structure to extend the pattern by one or more terms. However, more often than the
authors of Saxon and Glencoe, the authors of Connected Mathematics and Math
Thematics present students with patterns in both numeric and geometric contexts and
prompt the students to identify the relationships and connections between the two
contexts as related to the structure of the pattern. Furthermore, the CMP and Math
Thematics author teams then often prompt the students to use both contexts to extend the
pattern.
I maintain that the four author teams utilize a similar structure related to engaging
students first in pattern recognition and then in pattern extension. However, the ways in
which these four author teams provide students with opportunities for developing
connections among different representations of a pattern indicates that students using
these four textbook series are engaged with different levels of depth of mathematical
inquiry and mathematical reasoning within the articulated learning trajectories.
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Elements of mathematical inquiry and mathematical reasoning related to function
concepts among the textbook series. The ways in which the four author teams engage
students in elements of mathematical inquiry and mathematical reasoning related to
function concepts are somewhat similar. In particular, the authors of Saxon and Glencoe
often engage students with function concepts explicitly related to number patterns within
function tables. Problem 14 in Figure 32 is an example in which the authors of Glencoe
provide students with a table from which students are to extend the number pattern. Also,
Problem 30 in Figure 24 is an example in which the authors of Saxon provide students
with a function table in which, presumably, s is the input value and A is the output value.
The Saxon authors then prompt the students to describe a rule related to finding a value
for A for a known value of s.
The authors of Math Thematics and Connected Mathematics, however, often
engage students with function concepts through material in which the structure of the
underlying pattern is connected to contexts other than simply a numeric or a geometric
context. Problem 10 in Figure 42 is an example of the way in which the authors of Math
Thematics engage the students in connecting the numeric context of a pattern to the
underlying geometry that provides a structure for the numeric context. The Math
Thematics authors then provide a similar prompt used by the authors of Saxon in which
the students are to provide a rule for finding an output value given a known input value.
Specifically, the authors of Math Thematics prompt the students to write an equation for
finding any term of the number sequence given the term number.
Problem 5 in Figure 61 is also an example of the way in which the authors of
Connected Mathematics provide a context other than simply a numeric or a geometric
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context to engage students with function concepts. In particular, the authors provide
students with a real-world geometric context related to the number of steps within a
platform structure and the amount of carpet needed to carpet the platforms. These authors
prompt the students to determine the numeric pattern related to the geometric context,
and then to describe the patterns of change in the output (the amount of carped needed) as
the input (the number of steps) changes.
In summary, based on the preceding discussion and examples, I conclude that the
authors of Math Thematics and Connected Mathematics qualitatively engage students
with a deeper level of mathematical inquiry and mathematical reasoning than do the
authors of Saxon and Glencoe, as related to the identification of the ways in which output
values depend on input values within a functional relationship. These authors also
provide different opportunities for students to make conjectures related to the association
between a functional relationship and the structure of the underlying pattern.
With respect to the articulated learning trajectories in which patterns are utilized
in the development of function concepts, these four author teams provide different
opportunities for students. Specifically, these authors engage students to different degrees
in which the students are provided the opportunities to create insight into the genesis and
development of functional relationships based on patterns in numeric, geometric, and
real-world contexts.
Clearly then, these four author teams provide different opportunities related to the
context of a pattern, its structure, and functional relationships with regard to
mathematical inquiry and mathematical reasoning. However, they do provide a strikingly
similar structure for material in which students have the opportunity to identify types of
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functional relationships when given a pattern in a strictly numeric context. In particular,
the presentation of material related to function concepts by the authors of Glencoe in
Problem 23 in Figure 33 and the authors of Connected Mathematics in Problems 52, 53,
54, and 55 in Figure 70 are good examples of similar structures utilized by these four
author teams. Specifically, in these problems, students are provided a pattern within a
table in a numeric context, and are prompted to determine the nature of the represented
relationship. This structure, in which there is a number pattern presented in a table for
which the students are to identify a functional relationship, provides students with
different levels of depth of mathematical inquiry and reasoning with respect to the
functional relationships the students are asked to identify. For example, as identified in
the previous descriptions of articulated learning trajectories, the authors of Connected
Mathematics most often incorporate the specific identification of exponential and
quadratic relationships into the major ALTs that utilize patterning concepts in the
development of algebraic thinking as related to function concepts.
Organization
The importance of the progression of the development of mathematical concepts
is a key reason for the inclusion of organization as a disciplinary perspective to consider
in a content analysis. In particular, the NRC authors note that, “for some, an analysis of
the logical progression of concept development determines the sequence of activities” (p.
82). Importantly, the report also indicates that concept development occurs in various
ways and could follow a linear progression, a spiral approach, or a thematic approach.
In the first section of this chapter, a substantial number of pages were devoted to
identifying material related to patterning and algebraic thinking concepts. Furthermore, in
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these pages detailed descriptions were provided that clarified the nature and development
of mathematical concepts within articulated learning trajectories related to patterning and
algebraic thinking concepts. These descriptions were then analyzed and subsequently
identified as being reflective of ladder-like trajectories or branching trajectories.
Consequently, the organization of the mathematical concepts within these textbook series
is addressed in detail earlier in section 1, but recall there were several important
observations made. In particular, within at least one textbook within each series, the four
author teams utilize both branching and ladder-like trajectories. Moreover, generally the
authors of Saxon and Glencoe first engage students with pattern extension constructs and
sequence concepts, after which they present variable and function concepts through the
use of pattern generalization constructs. The Math Thematics author team develops
function concepts through pattern generalization constructs, and then engages students in
pattern extension constructs and function concepts. The CMP author team organizes the
presentation of patterning concepts differently for each of the textbooks, however, they
do extensively incorporate linear, exponential, and quadratic relationships into the
presentation of pattern concepts in grades 7 and 8. Thus it is fair to conclude that there
are important organizational differences among the four textbook series examined.
Balance
The authors of the NRC report indicate that balance relates to, “the relative
emphasis among choices of approaches used to attain comprehensiveness, accuracy,
depth of mathematical inquiry and reasoning, and organization” (p. 83). More
specifically, as related to this study, the authors note that, “in reference to mathematics
curricula, decisions on balance include: conceptual versus procedural, activities versus
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practice, applications versus exercises, and balance among selected representations such
as the use of numerical data and tables, graphs, and equations” (p. 83). The author teams’
attention to the balance of two particular aspects of the presentation of patterning
concepts in articulated learning trajectories related to the development of algebraic
thinking is clearly evident in the data compiled in this study. In particular, two particular
mathematical areas that have been identified are the authors’ balanced use of structures
related to the presentation of sequence concepts, and the authors’ balanced use of context
related to the presentation of patterns.
As related to the decisions on conceptual versus procedural presentation of
material, analyses clearly indicate that the authors of these textbooks balance their
material differently. The authors of Saxon and Glencoe focus heavily on the procedural
end of the continuum by frequently presenting students with a number pattern and the
prompt to extend the pattern by one or more terms. Although the authors of Math
Thematics use similar problems within their articulated learning trajectories, they do not
do so to the same extent as the authors of Saxon and Glencoe. The authors of Connected
Mathematics utilize this specific structure related to the extension of patterns in a
numeric context and then only sparingly, and only once with respect to sequence
concepts. Consequently, there is a clear difference in the balance employed by the author
teams related to conceptual versus procedural when pattern concepts in numeric contexts
are addressed.
As identified previously, another key aspect related to the balance of contexts in
which patterns are presented is the percentage of patterns in numeric contexts versus
patterns in geometric contexts. The authors of Saxon present patterns in numeric contexts
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in 92% of the instances, and present patterns in geometric contexts in 8% of the
instances. Similarly, the authors of Glencoe present patterns in numeric contexts in 79%
of the instances, and present patterns in geometric contexts in 21% of the instances.
Likewise, the authors of Math Thematics present patterns in numeric contexts in 72% of
the instances, and present patterns in geometric contexts in 28% of the instances; and the
authors of Connected Mathematics present patterns in numeric contexts in 70% of the
instances, and present patterns in geometric contexts in 30% of the instances. In other
words, these authors balance the presentation of patterns in numeric versus geometric
contexts to strikingly different degrees. Moreover, as evidenced throughout this chapter,
the presentation of patterns in both contexts, and the opportunities provided for students
to draw connections between the two contexts has implications for the degree of the
depth of mathematical inquiry and mathematical reasoning, as well as the clarity and
comprehensiveness of the development and presentation of pattern problems.
Summary of Research Question 2
The analyses in this section indicate that the authors of these textbook series
qualitatively differ in the degree of clarity that they provide students with respect to
mathematical concepts. Specifically, none of the author teams clearly delineate between
the definitions and mathematical structures of terms pattern and sequence. Specifically,
the mathematical structure of a sequence as a function that maps the positive integers into
a set is not clearly articulated in any of the twelve textbooks analyzed in this study.
However, the authors of Math Thematics and Connected Mathematics do include the key
component of the definition of function: for each input value there is exactly one output
value.
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The data presented in this section indicate that because of this lack of clarity
related to the terms pattern, sequence, and function, there are critical issues related to the
comprehensiveness of the mathematical development of these concepts. In particular,
without first identifying a sequence as a function with a specific domain and range,
comprehensive and deep connections between sequence concepts and function concepts
will not be made. Consequently, students only have the opportunity to draw connections
between sequence concepts and function concepts related to the development of patterns,
and not through the examination of the mathematical structure of functions.
The clarity, or lack thereof, of the definitions of the terms pattern, sequence, and
function, also has implications related to the mathematical accuracy regarding the
presentation of material in which any of these three concepts are integral. In particular,
the lack of clarity and accuracy in defining sequence and pattern leads to further issues
related to the presentation of patterns in numeric contexts without other identifiable
mathematical structures. Specifically, the inclusion of a pattern or sequence in which the
first three numbers are provided with the prompt to identify the next one or more
numbers is an implicit error that is present in each of the four textbook series studied.
Furthermore, the lack of inclusion of the key mathematical component of a function in
which one input is mapped to exactly one output is an implicit error that was identified in
both the Saxon and Glencoe textbook series.
The authors of the four textbook series all included material to varying degrees of
depth of mathematical inquiry and mathematical reasoning. In terms of the presentation
of material related to sequence and function concepts, the authors of Saxon and Glencoe
often provided students with less depth of mathematical inquiry and mathematical
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reasoning than the authors of Math Thematics and Connected Mathematics. Furthermore,
the authors of Connected Mathematics provided the most opportunities for students to
mathematically inquire and mathematically reason with regard to exponential and
quadratic functional relationships (as developed through the use of patterning concepts).
The disciplinary perspective of balance was addressed with respect to the
presentation of sequence concepts and the context in which patterns were provided.
Problems, which provide the first three terms of a pattern and then prompt students to
extend the pattern by one or more terms, are ubiquitous across the four textbook series.
However, the authors of Saxon and Glencoe include these problems to a much larger
extent than the authors of Math Thematics and Connected Mathematics. Furthermore, the
authors of Connected Mathematics more sparingly include these typical pattern-type
problems across the textbook series than the authors of Math Thematics. Moreover, in
presenting patterning concepts, the authors of Connected Mathematics provide the most
material in geometric contexts. The authors of Math Thematics present patterns in
geometric contexts slightly less than the authors of Connected Mathematics, and slightly
more than the authors of Glencoe. The authors of Saxon seldom present students with
patterns in geometric contexts, and even less frequently prompt students to explore
connections between the numeric and geometric context related to a pattern.
Summary
In this chapter descriptions, comparisons, and analysis from the two parts of this
study were presented. The data collected were utilized to identify and describe articulated
learning trajectories employed by middle-grades textbook authors to develop algebraic
thinking concepts through the integration of patterning concepts. The resulting
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descriptions provided evidence of the vastly different ways in which the authors of these
textbook series identify, define, and develop mathematical concepts related to patterning
constructs and algebraic thinking concepts as they relate to variables and functions. The
extensive identification and descriptions of articulated learning trajectories provided a
basis for comparisons among the textbook series related to the NRC disciplinary
perspectives of clarity, comprehensiveness, accuracy, mathematical inquiry and
reasoning, organization, and balance.
In the first section of this chapter, extensive descriptions of articulated learning
trajectories within textbooks and across textbook series were presented. The authors of
Saxon were identified as nearly exclusively utilizing patterning concepts in numeric
contexts. Through this use of numeric contexts, these authors interchangeably use the
terms pattern and sequence to engage students in pattern extension concepts. That is, in
many of the problems, the authors prompt students to extend a pattern in a numeric
context by one or more terms. Furthermore, the authors also utilize a numeric context to
engage students in the exploration of function and variable concepts through the use of
function tables. In general, these authors employ the use of branching trajectories related
to the development of patterning concepts or function concepts. These branching
trajectories are found within larger ladder-like trajectories in which initial patterning
concepts are provided through pattern extension constructs are built upon to develop
function concepts related to pattern generalization constructs.
The Glencoe author team utilize similar structures to those of the authors of
Saxon. In general, these authors utilize pattern extension constructs to develop pattern
generalization constructs through function tables and function rules. However, these
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authors do not interchangeably use the terms pattern and sequence to the same degree as
the Saxon author team.
The authors of Math Thematics also incorporate more minor branching
trajectories within larger ladder-like trajectories. In general, these branching trajectories
develop sequence concepts and function concepts in absence of one another, but together
form a larger ladder-like trajectory in which pattern extension constructs are more
associated with sequence concepts, and pattern generalization constructs are more
associated with function concepts. Moreover, these authors incorporate geometric
contexts to a much larger degree than the Saxon, and even Glencoe author teams. In
providing these contexts, the authors engage students in drawing connections among
numeric and geometric contexts for patterns and sequences.
The authors of Connected Mathematics incorporate the highest percentage of
geometric contexts of any of the textbook authors. In particular, nearly two-thirds of the
patterns presented in grade 6 are presented in a geometric context. These authors also
provide students with opportunities to draw connections between the structure of a
pattern in a geometric context and the related numeric context. Furthermore, the authors
do not identifiably incorporate sequence concepts in grade 6, nor do they incorporate
function concepts in grade 6. In the other two textbooks, these authors heavily
incorporate a branching structure to the ALTs related to the development of patterning
and algebraic thinking concepts. In particular, these authors structure the grade 8
textbook around linear, exponential, and quadratic relationships. Within each of these
branching trajectories, the authors establish a common ladder-like trajectory wherein
students are engaged with highly contextualized pattern problems in which they draw
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connections among numeric, geometric, and real-world contexts of patterns through
pattern extension and generalization constructs. The authors then engage students in
pattern recognition constructs in which patterns are presented in numeric contexts to be
identified as linear, exponential, or quadratic relationships.
Each of these four author teams’ textbooks has different degrees of alignment
with the six disciplinary perspectives. Regarding clarity, each of these author teams does
not address the mathematical differences between the terms pattern and sequence. In
particular, not one of the author teams identifies the key mathematical structure of a
sequence, namely, that a sequence is a function. This oversight regarding clarity affects
the degree to which each of the four author teams are able to comprehensively
mathematically connect the underlying concepts of a sequence to function concepts.
Consequently, the comprehensiveness of ALTs related to the development of algebraic
thinking concepts through the introduction of pattern concepts embodied in sequences is
questionable in each of these textbook series. However, by not incorporating sequence
concepts, the CMP author team focuses on the development of algebraic thinking
concepts strictly through integration of pattern concepts without meaningfully
incorporating sequence concepts.
Due to the lack of clarity in the definition of sequence and pattern, each of these
textbook series has issues related to mathematical accuracy. Furthermore, the authors of
Saxon and Glencoe provide a mathematically deficient definition of a function wherein
they do not identify that one element of the input is mapped to exactly one element of the
output. Moreover, the authors of these two textbook series provide students with less
depth of mathematical inquiry and mathematical reasoning than the authors of Math
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Thematics and Connected Mathematics. In particular, the Math Thematics and Connected
Mathematics author teams provide greater balance between numeric and geometric
contexts for patterns than the other two author teams, and particularly the Saxon author
team. The greater incorporation of multiple contexts in which pattern problems are
presented (including greater depth of real-world problems) in Math Thematics and
Connected Mathematics provides students with more opportunities to draw connections
among various contexts and more deeply mathematically inquire and reason.
Though the analysis and comparisons of these ALTs, the extent to which
mathematical content analyses that describe and explicate ALTs can be used to examine
the NRC disciplinary perspectives was shown. Consequently, a working framework for
these types of studies has been established and the potential usefulness of such studies to
the field has been demonstrated.
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CHAPTER 5: CONCLUSIONS

Summary of the Problem
Teachers clearly determine the scope and sequence of the mathematics content
delivered within their K-12 classrooms. K-12 teachers in the United States rely heavily
upon authoritative sources such as textbooks and supplemental curriculum materials to
guide their decisions concerning the mathematics they choose to provide their students
the opportunity to learn. Of these, the textbook has been widely identified by researchers
as the key authoritative source utilized by teachers in identifying the mathematics to be
taught, and it determines the developmental sequence of the mathematics that students
experience, as well.
Many in the general public and some mathematics educators hold the belief that
all mathematics curricula (textbooks) provide students with a relatively similar school
mathematics experience. There is, however, a need to understand the important
differences and similarities in the development of the mathematics within the textbooks
that teachers use. The basic foundations of the development of mathematics concepts
within textbooks are the learning trajectories that are defined through inclusion and
exclusion of content by the authors of the textbooks. That is, the fundamental structure of
learning trajectories of mathematics concepts within textbooks are articulated by the
authors through their written words within the textbooks, a construct I define as
articulated learning trajectories (ALTs).
Consequently, there is a need for mathematical content analyses that provide
detailed descriptions of the development of mathematics content within articulated
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learning trajectories across different textbook series. The research presented in this
dissertation has focused on providing such descriptions of mathematics content across
middle grade textbook series. In particular, this study addressed the following research
questions:
1. What are the articulated learning trajectories related to the development of
algebraic thinking that stem from patterning concepts within the written
curriculum in four middle school mathematics textbook series? More
specifically, in what ways do the textbook authors employ ladder-like,
branching, or other forms of trajectory in the development of these concepts?
2. How are the algebraic thinking articulated learning trajectories as embodied in
patterning concepts in the chosen textbooks aligned with the six disciplinary
perspectives of clarity, comprehensiveness, accuracy, depth of mathematical
inquiry and mathematical reasoning, organization, and balance?
Finally, there is a need within the mathematics education field for a framework
through which other mathematics content analysis studies of this nature can be
conducted. This study provides the key components and procedures for mathematical
content analyses of articulated learning trajectories within a textbook and across multiple
textbooks and textbook series.
Methodology
This dissertation is a descriptive study that identifies, documents, and analyzes the
articulated learning trajectories employed by the authors of four middle-grades textbook
series. Data were gathered through a page-by-page examination of 12 middle-grades
textbooks, three each from four textbook series (Saxon Math, Glencoe Mathematics:
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Applications and Concepts, Connected Mathematics 2, and McDougal Littell Math
Thematics). A total of 7,573 textbook pages were examined. All pages from the first
chapter through the last chapter test were examined for concepts related to patterning. A
coding scheme was developed for the categorization, examination, and description of
concepts related to patterning and algebraic thinking.
Within the twelve textbooks, 1,032 instances of material within the 12 textbooks
were coded related to the construct of the patterning problem, the context of the patterns,
and the inclusion of sequence, variable, and function concepts. Data were compiled
related to the identified material, and detailed descriptions were developed, with
supporting numerical code counts for the ways in which the authors of the textbook series
connected this mathematics content within each textbook, and across the textbook series.
From the descriptions of the ALTs employed by the authors in each of these textbook
series, further analysis was conducted with respect to six disciplinary perspectives:
clarity, comprehensiveness, accuracy, depth of mathematical inquiry and mathematical
reasoning, organization, and balance.
Findings
There were two primary components of this descriptive study. The first, an indepth examination, identification, and elucidation of the mathematics content within
learning trajectories employed by authors of four middle-grades textbook series. The
second, an analysis of the described ALTs through the mirror of the disciplinary
perspectives of clarity, comprehensiveness, accuracy, depth of mathematical inquiry and
mathematical reasoning, organization, and balance. The data collected through the
identification and coding of material within the twelve textbooks were used to develop
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the descriptions of the ALTs, which then informed the disciplinary perspective analysis
of the ALTs. The research questions that were addressed in this study are presented here
with related discussions of the associated findings.
The first research question addressed in this study is: What are the articulated
learning trajectories related to the development of algebraic thinking that stem from
patterning concepts within the written curriculum in four middle school mathematics
textbooks? More specifically, in what ways do the textbook authors employ ladder-like,
branching, or other forms of trajectory in the development of these concepts?
The Identification and Nature of the Identified Articulated Learning Trajectories.
Initially, one might think that there exists a simple linear trajectory that spans an
entire textbook. In fact, there are multiple trajectories (both ladder-like and branching)
that comprise the span of a textbook. Some trajectories start in the middle of a textbook
and extend across the remaining span of the textbook; others start toward the very end of
the textbook, are very compact, and conclude before the end of the textbook.
Within the first two textbooks of Saxon, the authors generally employ ladder-like
trajectories in which they first engage students with pattern extension constructs related
to patterns and sequences in numeric contexts. In general, the pattern extension constructs
involve the first three terms of a numeric pattern being provided, and the authors prompt
for students to determine subsequent terms of the pattern. The trajectories in these two
books then lead students to examine similar (and in some cases the exact) numeric
patterns through pattern generalization constructs in which students are prompted to
provide rules for patterns that are identified as functional relationships. Generally, in
Saxon, Course 2, the authors integrate function concepts through the use of function
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tables as a way to represent patterns in numeric contexts, which is largely not done in
Course 1. However, in the Course 3 textbook the authors employ two trajectories that,
although not identifiably connected, are considered branching in nature. Specifically, the
authors include two ladder-like trajectories, one similar to the previous trajectories in
Courses 1 and 2 in which students are first presented problems through pattern extension
constructs and later through pattern generalization constructs. The other trajectories relate
to first engaging students in the recognition, and subsequently the generalization of
functional relationships.
Within the first two textbooks of the Glencoe series, there is a similar structure to
that found in Saxon of overall ALT development. Specifically, in each of these textbooks
there is an overall branching learning trajectory that is formed through the connection of
two secondary ladder-like trajectories. In the Course 1 textbook, the authors first provide
students with a trajectory in which they present pattern extension constructs that are
developed into pattern extension constructs related to the integration of function tables to
structure patterns in numeric contexts. In the second trajectory, the authors provide
students with opportunities to work further with function tables and function machines
with respect to pattern generalization constructs. In a sense, the authors use the function
tables as a structural link that connects the two branches of ladder-like trajectories. In the
Course 2 textbook, the authors provide a similar structural link between secondary
learning trajectories. In particular, the authors first engage students with pattern extension
constructs, sequence concepts, and specifically arithmetic and geometric sequence
concepts. The authors then provide students with opportunities to engage with pattern
generalization constructs related to function concepts and rates of change, which are
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similar in structure to previous material that is related to arithmetic sequence concepts. In
Course 3, however, a learning trajectory related to patterning concepts is only established
in the last one-fifth of the textbook, and is related to the development of pattern
generalization constructs and function concepts based on initial material in which
sequence concepts are structured by pattern extension constructs.
Within each of the three textbooks in Math Thematics, the authors utilize
branching features to connect secondary ladder-like trajectories. In Book 1, the authors
utilize patterns in geometric contexts to establish connections between patterns in
numeric contexts and the underlying geometric contexts. The authors initially utilize
pattern extension constructs to develop these connections. The pattern extension
constructs are then part of another learning trajectory in which sequence concepts are
initially explored followed by the integration of pattern generalization constructs in
connection with function concepts. Within Book 2, the authors provide students with an
initial trajectory in which they develop function concepts with the inclusion of sequence
and variable concepts through the use of pattern generalization constructs. Students then
are presented with a trajectory in which they are provided the opportunity to engage with
various problems structured largely through pattern extension constructs. Lastly, within
Book 3, the authors again utilize an overall branching approach that connects two
secondary ladder-like trajectories, the first of which is related to the development of
function concepts through pattern generalization constructs. Through the second
trajectory, students are provided the opportunity to further explore function concepts
along with the development of sequence concepts (including specific arithmetic and
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geometric sequence concepts) and variable concepts through both pattern extension and
pattern generalization constructs.
Within the Grade 6 textbook of Connected Mathematics, the authors provide
students with a general branching trajectory in which two secondary ladder-like
trajectories are established. The first trajectory is one in which students are provided
opportunities to draw connections between patterns in numeric contexts and the
associated underlying geometric contexts. The authors then provide opportunities for
students to work further with patterns in numeric contexts in developing informal
algorithms related to numeric computations. The authors then prompt students to utilize
these algorithms to extend numeric patterns and draw connections among fraction
patterns within numeric contexts. Within the Grade 7 textbook, the authors provide a
general overall ladder-like trajectory in which students are first presented with material in
which variable and function concepts are explored through pattern recognition constructs.
These concepts are then developed through the integration of pattern generalization
constructs, and eventually both pattern recognition and generalization constructs are
utilized to explore linear relationships. Finally, within the Grade 8 textbook, the authors
engage students with a large branching trajectory that incorporates four separate
secondary ladder-like trajectories. The first three secondary trajectories have a similar
structure, and are respectively associated with linear, exponential, and quadratic
relationships. Within each of these trajectories, the ladder-like structure is one in which
students are first presented contexts for problems that are heavily situational, and
connections are developed between numeric contexts and the underlying associated
geometric or situational contexts. These problems are first presented through pattern
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recognition and extension constructs. The authors then integrate pattern generalization
constructs into the development of these contextualized problems. Lastly, within each of
the secondary trajectories, the authors provide students with the opportunity to engage
with linear, exponential, and quadratic concepts through the use of pattern recognition
constructs presented solely in numeric contexts. The fourth ladder-like trajectory in this
textbook is associated with algebraic thinking and symbolic manipulation. Although the
bulk of this section of the book is not based on patterning concepts, the authors do
incorporate a trajectory in which they provide a structure similar to the end of the
previous trajectories. In this trajectory, students are prompted to examine concepts related
to linear, exponential, and quadratic relationships through pattern recognition constructs
presented solely in numeric contexts.
The second research question addressed in this study is: How are the algebraic
thinking articulated learning trajectories as embodied in patterning concepts in the
chosen textbooks aligned with the six disciplinary perspectives of clarity,
comprehensiveness, accuracy, depth of mathematical inquiry and mathematical
reasoning, organization, and balance?
The Alignment of the Four Textbook Series With the Six Disciplinary Perspectives
Clarity. The degree to which the alignment of the textbook series could be
determined is recognized as being dependent on the data collected for the purposes of
examining, identifying, and describing the articulated learning trajectories. Although
potentially limited by the available data, examination and analysis of the ALTs with
regard to the disciplinary perspectives was achieved. In particular, issues related to the
clarity of the mathematical concepts of patterns, sequences, and functions affected the
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alignment with the other perspectives. Specifically, issues regarding the clarity of
terminology between the terms pattern and sequence were identified within each of the
textbook series. The critical component of the mathematical definition of a sequence in
which it is defined to be a function from the set of positive integers into another set was
absent from all definitions found within the twelve textbooks. Further complicating the
clarity of these terms was the indiscriminant interchangeable use of the terms pattern and
sequence within the Saxon series, and the slightly more discrete interchangeable use of
the terms within the Glencoe series. Although the authors of Math Thematics also did not
provide a clear mathematical structure in the definition of a sequence, they also did not
identifiably use the term interchangeably with the term pattern. Lastly, the authors of
Connected Mathematics, although not providing any definition of a sequence, only used
the term in two separate problems (once in Grade 7 and once in Grade 8). Consequently,
these authors did not overly promote a lack of clarity between the terms pattern and
sequence, but they also did not establish clarity with respect to the definition of a
sequence as related to a function. Although this lack of clarity is focused on the
mathematical definition of sequence, the authors of these textbook series apparently quite
purposely tend to rely quite heavily on common or informal definitions of the terms
pattern and sequence to varying degrees.
Similar issues of clarity were found with respect to the authors’ definitions of a
function. In particular, the authors of Saxon and Glencoe did not provide the critical
mathematical component within the definition of a function, namely that a function takes
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one element from the domain to exactly one element of the range39. Alternatively, the
authors of Math Thematics and CMP provide students with a definition of a function in
which the critical component of exactly one output value is identified. However, the
definition of a function within the CMP series is only found in the glossary material, and
subsequently was not part of the textbook material examined and analyzed for this study.
Comprehensiveness. As previously noted, the comprehensiveness of the material
within the ALTs was largely dependent on the perspective of clarity. In particular, the
lack of a clear delineation between the terms pattern and sequence within the Saxon
series, combined with the interchangeable use of these terms by the authors affected the
degree to which this textbook series comprehensively presented these concepts with
respect to the development of function concepts. In particular, without a clear, or even
tacit delineation between these terms, there is no indication of a specific underlying
mathematical structure that relates sequences to functional relationships. The authors of
Glencoe foster similar issues of comprehensiveness in the development of function
concepts from pattern and sequence concepts. That is, due to the interchangeable use of
terms, and lack of mathematical structure, opportunities for students to connect sequence
and function concepts is absent. Although the authors of Math Thematics incorporate
more mathematical structure into their definition of a function and do not engage in the
overt interchangeable use of the terms pattern and sequence, their lack of the
mathematical structure in the definition of sequence poses issues of comprehensiveness
in the development of these concepts across the textbook series. Lastly, although the
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Alternatively, a function can be defined as the relationship of one input value to exactly
one output value.
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authors of CMP provide students with a definition of a function in which they identify the
critical mathematical structures, they do not provide students with any measurable
opportunities to develop concepts specifically associated with the mathematical structures
of sequence and function. Consequently, this textbook series also contains issues of
comprehensiveness in the development of sequence and function concepts. However, the
authors of CMP clearly do engage students in a more comprehensive development of
function concepts through the purposeful development of pattern concepts within
secondary learning trajectories in the Grade 8 textbook associated with linear,
exponential, and quadratic relationships.
Accuracy. The accuracy of material in these textbook series related to the
development of pattern, sequence, and function concepts is directly related to the
previously identified issues of the clarity in the definition of these terms. In particular, the
lack of mathematical clarity in the definition of a sequence, and lack of a clear explicit
delineation between it and a pattern within all of the textbook series indicates serious
shortcomings related to the accuracy of the mathematical development of these concepts
across all four of the textbook series. Similarly, the lack of mathematical clarity in the
definition of a function within the Saxon and Glencoe series creates a serious problem for
mathematical accuracy in the presentation and development of the associated concepts.
Depth of mathematical inquiry and mathematical reasoning. The lack of clarity in
the ALTs with respect to the definition of the previously discussed terms affects the depth
to which the authors are able to engage students in mathematical inquiry and
mathematical reasoning. Another aspect of the ALTs related to the depth of mathematical
inquiry and mathematical reasoning to which the authors engage students is exemplified
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by the contexts provided by the authors regarding the structure of problems related to
pattern recognition and pattern extension constructs. In particular, the authors of Saxon
and Glencoe often provide students with opportunities to engage in patterning problems
that are without a context other than solely numeric. These problems in which students
are presented a series of numbers, and the prompt to determine the subsequent numbers
in the pattern are ubiquitous throughout the Saxon series, and are relatively common
throughout the Glencoe series. The authors of Math Thematics and CMP, however,
seldom present patterns solely in a numeric context without connections to a geometric
context or other situational context (e.g., a pattern in a numeric context that is identified
as being based on camping fee rates). The inclusion of contexts other than solely numeric
in the general presentation of patterning concepts within Math Thematics and CMP offers
students deeper learning opportunities related to depth of mathematical inquiry and
mathematical reasoning than do the contexts within Glencoe, and more so than in Saxon.
Furthermore, the degree to which each of the textbook series authors integrate a
geometric context versus a numeric context widely differs, and consequently affects the
depth of mathematical inquiry and mathematical reasoning available to the students.
Specifically, the Saxon authors only integrate a geometric context in 8% of the 289
instances across the textbook series, the Glencoe authors integrate a geometric context in
21% of the 245 instances, the Math Thematics authors 28% of the 227 instances, and the
CMP authors 30% of the 271 instances.
Organization. The organization of the twelve textbooks and four textbook series
is to a large extent addressed through the first research question of this study. That is, all
of the textbook authors employ both branching and ladder-like trajectories within each
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textbook series. However, as discussed previously, the authors of Saxon and Glencoe
generally engage students first with pattern extension constructs and sequence concepts,
and later with pattern generalization constructs and variable and function concepts. The
authors of Math Thematics, however, first develop function concepts associated with
pattern generalization constructs, and then engage students in examining function
concepts as related to pattern extension constructs. Lastly, the authors of CMP have a
different organization of patterning concepts for each of the textbooks. In particular, in
the Grade 8 textbook, the authors largely structure the organization of the secondary
learning trajectories around function concepts related to linear, exponential, and quadratic
relationships.
Balance. Two main aspects of mathematics content included in the articulated
learning trajectories affects the balance of the material within the textbook series. First,
the previously discussed variation related to the inclusion of a geometric context in which
the authors present patterns indicates a dramatic difference in the way the textbook
authors approach these concepts. That is, the balance between a geometric and numeric
context among the textbook series is evident in that the percentage of numeric to
geometric contexts within each textbook series is: Saxon, 92% to 8%; Glencoe, 79% to
21%, Math Thematics, 72% to 28%, and CMP, 70% to 30%. The balance of material
within these textbook series is also affected by the additional structure provided by the
authors in the presentation of patterning problems in which the authors prompt students
to extend a pattern. In particular, the authors of Saxon and Glencoe more often provide
students with no additional context other than a pattern in a numeric context, and the
prompt to find subsequent terms. The authors of Math Thematics and CMP more often
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provide other structures and contexts to problems in which they engage students in
pattern extension constructs. Consequently, the balance between problems associated
with procedurally determining terms that continue a pattern in a numeric context, and
problems associated with utilizing patterning concepts to determine the solution to a
larger situated problem is clearly different among each of the textbook series.
Discussion
There exists a wealth of research based on data ranging from questionnaire based
to more thorough qualitative analyses related to teachers’ heavy reliance on textbooks in
determining the scope and sequence of the mathematics in their classrooms (e.g., see
Chávez, 2003; Grouws & Cebulla, 2000; Grouws, et al., 2004; McNaught, et al., 2008;
Robitaille & Travers, 1992; Tarr, et al., 2006; Tyson & Woodward, 1989; Woodward &
Elliot, 1990). The crux of the implications regarding teachers’ use of textbooks related to
the content within textbooks is well summed-up by Robitaille and Travers (1992) who
proclaim that textbooks are a, “significant factor in determining students’ opportunity to
learn and their achievement” (p. 706). This sentiment is echoed by Tarr, Chávez, Reys,
and Reys (2006) who state that, “textbooks likely impact students’ mathematics
experience in important ways” (p. 200). Through the descriptions of the learning
trajectories used by textbook authors in this study, there is compelling evidence that the
choice of a mathematics curriculum in the middle-grades will qualitatively affect
students’ mathematical experiences and opportunities to learn. Specifically, it has been
established that, assuming teachers closely adhere to the scope and sequence of the
trajectories described in this study, that students who are exposed to the Saxon textbook
series will have vastly different opportunities to explore mathematics content and
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structures than students who are exposed to the CMP textbook series. Similarly, the
authors of the two NSF-funded textbook series provide qualitatively different
opportunities for students related to the development of patterning and algebraic thinking
concepts. Specifically, these two NSF-funded textbook series differ with respect to the
integration of sequence and pattern concepts, the development of linear, exponential, and
quadratic relationships, and the way in which function concepts are presented and
developed. Consequently, the findings of this study support the notion that each textbook
series provides students with widely different opportunities to learn. Specifically,
students who experience the development of algebraic thinking through the examination
of patterning structures in one of these textbook series will have importantly different
mathematics experiences than students who experience this middle-grades mathematics
through any one of the other three textbook series. However, the extent to which these
experiences are better or worse than one another is not within the purview of this study.
The descriptions of the articulated learning trajectories presented in this study
demonstrate the value of minimally evaluative mathematical content analyses. As
identified previously in this study, recent high-profile content analyses were generally
initiated to either evaluate curricula against external criteria or against each other.
However, the very nature of these studies serves to provide the field with limited
information related to the development of mathematics content within textbooks, but
rather polarizes the debate related to the relative worth of one textbook series over
another. Far from engaging in the evaluation and endorsement of one curriculum over
another, this study highlights the need for clear descriptions related to the mathematical
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experiences and opportunities to learn that students have through the textbook authors’
inclusion, exclusion, and development of mathematical concepts.
The concept of an articulated learning trajectory was conceived and defined for
the purposes of this study. The conception of the ALT was intentionally theorized to
provide an elaboration of a hypothetical learning trajectory in which a HLT is concretized
through the authors’ inclusion, exclusion, and development of mathematics concepts
within a textbook or textbook series. This effort to elaborate upon the HLT construct is in
direct response to the identification by Simon and Tzur (2004) that such elaborations40,
“can assist in structuring both the planning and analysis aspects of the research” (p. 102).
The findings of this study indicate that the utilization of the articulated learning trajectory
construct is integral in the execution of a mathematical content analysis. Specifically, the
ALT construct serves to frame and facilitate the development of rich descriptions of the
ways in which textbook authors develop mathematics concepts within and across grade
levels. Furthermore, the ALT construct proved useful in providing a framework through
which aspects of the development of mathematics concepts within textbooks could be
meaningfully examined with regard to the disciplinary perspectives outlined in the NRC
report.
Lastly, this study documents the importance that middle-grades curriculum plays
in the development of algebraic thinking, and the role patterning and generalization play
in such development. As identified by Hershkowitz et al. (2002), “generalizing is one of
the central activities in algebra and is traditionally interpreted as expressing patterns,
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The authors indicate these elaborations are with regard to studies of learning concepts
with respect to understanding the transitions among levels of understandings.
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structures, or processes symbolically” (p. 697). This study has illustrated that this
traditional interpretation of the central activity of algebra is currently incorporated into
each of these textbook series. In particular, the symbolic generalization of patterns,
structures, and processes was evident within each of the textbook series. However, any
indication of trepidation in the presentation of these concepts related to Lannin’s (2005)
caution was not identifiably evident throughout the course of this study in any of the
textbook series. Specifically, Lannin argues that the development of algebraic thinking
through patterning, “creates considerable difficulties as students move from a focus on
particular examples toward creating generalizations” (p. 232). Overall, it is evident that
each of the textbook authors were, at least tacitly, mindful of the NCTM (2000)
recommendations for students in grades 6-8 to understand patterns and function, and be
able to generalize patterns through a variety of representations (e.g., tables, graphs,
words, and symbolic rules).
In each of the four textbook series, variable and function concepts are associated
with pattern generalization constructs. Specifically, in Saxon there are 55 instances
involving variable and function concepts and pattern generalization (19% of all instances
in the series), in Glencoe there are 37 such instances (15% of all instances in the series),
in Math Thematics there are 33 such instances (15% of all instances in the series), and in
Connected Mathematics there are 92 such instances (34% of all instances in the series).
However, the findings in this study that indicate a lack of clarity,
comprehensiveness, accuracy, and balance in the presentation of the mathematical
structures relating sequences and functions raises concerns. This is not a blanket
indictment of the four textbook series, but rather calls attention to different aspects of the
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presentation of mathematics content that could be structurally reconsidered differently
across the four textbook series. For example, in defining sequence, the authors of Saxon,
Glencoe, and Math Thematics all provide a definition in which a sequence is identified as
a list of terms. However, if the structure of a sequence as being a function is provided and
utilized, then the connections that are already available in many of these books (e.g.,
connections between the structure of arithmetical sequences and geometric sequences and
functions in Math Thematics, Book 3) can be utilized to provide a more rich
understanding of the nature of functions.
Particularly pertinent here is the concern identified by the authors of Adding it Up
that activities need to be included in curriculum that focus on identifying structure and
justifying conclusions. Specifically, these concerns are all the more relevant in light of
the lack of activities in the four textbook series that engage students in examining the
connections in the underlying mathematical structures of sequence and function concepts
as they relate to the development of algebraic thinking and algebra.
Implications
Implications for Future Research
One of the primary purposes of this study was to provide rich descriptions of the
articulated learning trajectories found within middle-grades textbooks related to the
development of algebraic thinking concepts through patterning and generalization.
Another primary purpose was to examine these descriptions through the mirror of the
disciplinary perspectives outlined in the NRC report. Through this study, compelling
evidence was gathered and presented that further studies of this type must be conducted
to help answer critical questions being currently posed in the field, such as, “are there
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shortcomings in the way the content in the textbook is presented” (McNaught, et al.,
2008, p. 13)?
Consequently, in the interest of consistency and potential impact, future research
should utilize and continually inform a common framework for mathematical content
analyses of articulated learning trajectories. To that end, an important implication of this
study is the establishment of a usable and working framework on which further studies
can be modeled. In particular, key aspects of such a study are the identification of a
curriculum span, or curriculum spans, of articulated learning trajectories that are to be
examined. Once a curriculum span is determined, endpoints regarding the development
of relevant mathematics content should be identified in an effort to frame the
identification and development of initial coding schemes. The relevant textbook material
should be examined to identify any material that embodies the related mathematical
concepts. Once initial codes related to the mathematics content are determined, iterative
reliability coding and discussions should be conducted with at very least one mathematics
educator and one mathematician, both of whom should be external to the study. After a
set of codes is established, the identified material should be coded, the codes compiled,
and analysis conducted related to the nature of coded material. Once this analysis is
completed, key connections among the analyzed material can be examined, from which
initial descriptions and identifications of learning trajectories can be established.
Implications for In-service and Preservice Teacher Education
There are modest efforts in the field to include curriculum analysis tasks in the
experience of students enrolled in mathematics education methods courses, as well as
integration of middle-grades textbook content into mathematics education content
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courses. As part of preparing an educated teaching force, preservice and in-service
students must have an understanding of how textbook authors develop mathematics
content across a grade level, and more importantly across multiple grade levels.
For example, knowledge of the spans of important mathematical topics across
textbooks is critical to informing teachers mathematical knowledge for teaching and to
provide them with evidenced-based examinations of the differences in spans. For
instance, the span of sequence concepts in Saxon and Glencoe are markedly different. In
each of the three textbooks in Saxon, the span of sequence concepts runs at least through
the initial four-fifths of the textbooks (e.g., each span is at least 0 to 0.80). The span of
sequence concepts in the Glencoe series is much more varied. In Course 1, sequence
concepts are only found in a span between 0.48 and 0.55. In Course 2, the span is
similarly short, but is moved forward in the textbook to a span between 0.05 and 0.18. In
Course 3, the span of sequence concepts stays similarly short, but is found in the latter
part of the textbook between a span of 0.85 and 0.93.
This study and similar studies identify how mathematics content is vertically
aligned across grade levels, and thus can be used to inform both preservice and in-service
teachers how content is developed across various curricula. Furthermore, teachers’
responsibilities often include serving on adoption committees, and information from this
study, and subsequent studies, has the potential to critically inform their work as they
examine and evaluate the alignment and developmental of mathematics content across
the textbook series they are considering.
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Implications for Research on Learning Outcomes
As identified throughout this chapter, the inclusion, exclusion, and development
of mathematics content in these four textbook series has dramatic implications for
students’ mathematical experiences and their opportunities to learn. Consequently, it
must follow that a student with a mathematical experience rooted in any one of these
textbook series will likely display a qualitatively different understanding of mathematics
related to patterns, sequences, and associated algebraic thinking than will a student
experiencing any of the other textbook series. For example, a students’ mathematical
understanding of sequence concepts after studying Saxon would likely include the
viewpoint that sequences are almost exclusively defined through a numeric context, and
may assume that a sequence only requires a relationship (either general or recursive)
among the numbers involved. On the other hand, due to the greater number of instances
in CMP in which a student is potentially exposed to patterns in geometric contexts, and
prompts to identify the relationship between a geometric context of a pattern and the
associated numeric context, a student will likely develop a deeper understanding of the
structure of a pattern.
Researchers examining the learning outcomes of students in the Saxon textbook
series versus the CMP textbook series also must account for the entirely different
approach by the authors related to the identification and development of sequences and
patterns as pertaining to function concepts. Similar considerations should be heeded in
examining the learning outcomes of textbook series commonly thought to produce
relatively well-aligned learning outcomes, such as Math Thematics and CMP. There must
be recognition in the study of learning outcomes that students using Math Thematics
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textbooks and students using CMP textbooks will have quite different experiences related
to the development of pattern and sequence concepts. In other words, the findings of this
study indicate a need for caution in assuming all NSF-funded curricula will produce
relatively similar mathematical experiences and learning outcomes.
Limitations of the Study
Inherent to any content analysis, the tacit biases of the researchers contribute to
interpretations of the data in ways that are not easily identified. However, there must be a
recognition that any study of this type is heavily qualitative in nature and is thus limited
in the extent that the tacit biases of the researchers become identifiably explicit. The
structure and purpose of this study was conceived in an effort to minimize the evaluative
nature of a mathematical content analysis in order to reduce the effect of tacit biases on
the analysis, and the perceived influence of bias on the findings.
The number of textbook series was another limiting factor of this study. This
study was largely an existence proof that such studies can identify important differences
in the development of mathematics content between textbooks from different series. As
such, in choosing textbooks, I intentionally choose two textbook series developed
through NSF funding, and two textbook series developed through commercial funding.
These four textbook series are by no means the extent of available curricular materials in
the middle-grades. As such, the analysis of other middle-grades textbook series, such as
The University of Chicago School Mathematics Project (UCSMP) materials, Scott
Foresman-Addison Wesley: Middle School Math, and Holt McDougal Mathematics,
through the framework established in this study can further inform mathematical content
analyses of this type.
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Furthermore, only student editions of textbooks were analyzed in this study. An
analysis of teacher’s editions might have illuminated the ways in which textbook authors
provide guidance for teachers on how they could address potential content deficiencies or
pitfalls. Analysis of teacher editions of textbooks is warranted, and coordinating such an
examination with parallel ALTs is worthwhile and should be part of a future research
agenda.
Lastly, the content that was identified to be examined is only one part of the larger
mathematical development of algebraic thinking. Specifically, the development of
patterning concepts through generalizations and variable and function concepts only
represents one part of the way in which algebraic thinking is developed throughout the
middle grades and beyond. However, this trajectory of development of mathematics
content is one perpetually identified by mathematics education researchers as critical to
the integration of symbolic representations into students’ meaningful learning of algebra.
Summary
This study analyzed the development of algebraic thinking concepts through the
examination of patterning concepts in four middle-grades mathematics textbook series. In
this study, a mathematical content analysis was conducted with respect to the articulated
learning trajectories associated with patterning and algebraic thinking concepts. The
findings contained in this study describe the way in which authors of these textbooks
connect content within and across grade levels to establish various learning trajectories
that define the mathematical experiences and opportunities to learn of students using the
textbooks.
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All of the authors of the textbooks in this study employ both ladder-like and
branching learning trajectories in the development of algebraic thinking concepts based
on pattern recognition, extension, and generalization constructs. However, the way in
which the authors organize and structure the learning trajectories regarding the
mathematics content differs widely. All of the textbook authors fail to provide a
mathematical structure related to the definition of a sequence, and consequently do not
fully develop potential connections between the mathematical structures of sequences and
functions. In fact, the authors of one textbook series only include the term sequence twice
throughout the entire textbook series. The authors of two other textbook series differently
bring elements of ambiguity to the development of sequence concepts through the
interchangeable use of the terms pattern and sequence. Furthermore, this interchangeable
use is absent any indication of the specific mathematical structures related to the
definition of a sequence as a function.
The textbook authors drastically differ in the degree to which they balance the
presentation of patterns related to numeric versus geometric contexts. Although three
textbook series provide a relatively similar degree of balance in the presentation of these
contexts, in one textbook series, patterns are seldom presented within a geometric
context. In particular, the two NSF-funded textbook series provide nearly identical
degrees of balance between numeric and geometric contexts, and the two commercially
funded textbook series provide lesser degrees of balance, and in the one case, a stark
degree of imbalance.
This study further challenges the tacit assumptions in which commercially funded
textbook series are often identified as similar. Perhaps more crucially, this study similarly
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challenges the assumptions that NSF-funded textbook series provide students with
essentially similar mathematics experiences and opportunities to learn. The findings of
this study suggest that a student studying mathematics from one textbook series will have
a qualitatively different mathematical experience, and be afforded qualitatively disparate
opportunities to learn mathematics than a student studying mathematics from any of the
other three textbook series. Consequently, to further inform and challenge these
assumptions, and provide for more elaborate explication of mathematics content within
textbook series, a working framework for minimally evaluative mathematical content
analyses has been established. In particular, this framework was established for the
examination of mathematics content through the lens of the articulated learning trajectory
construct.
Textbooks are perpetually at the forefront of debates regarding teacher
preparedness and student achievement. The need to better understand the differences
among textbook series has been the driving force behind evaluative studies on the
effectiveness of curriculum related to measures of learning outcomes. However, the field
must better understand the ways in which the authors of these textbooks develop
mathematics content in order to have a more comprehensive understanding regarding the
nature of the differences among curricula. Through this process, research and practice
related to the teaching and learning of mathematics will be more thoroughly informed.
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APPENDIX
Textbook Coding Reliability Study in Detail
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In this appendix I describe the process used to assess the reliability of the ALT
coding process. I present results that show that coding was accurate and reliable. I
provide examples of the initial textbook codes used, the process of the reliability study,
the process of textbook code revision, and the outcomes of the reliability study.
I enlisted assistance of a mathematics educator and a mathematician in the coding
of selected material three grade levels in two textbook series, Glencoe and CMP. In
particular, twelve pages were intentionally chosen from each grade level book to include
in the reliability coding procedure41. These pages were purposely chosen for several
reasons. Some pages were included because the content of the page was focused heavily
on the development of sequence concepts. In this respect, the goal for reliability was to
determine the extent to which there was agreement on the coding of sequence concepts
with regard to broader patterning concepts. Other pages were included because there
were only one or two instances on the page related to pattern concepts. In this respect, the
goal of choosing these pages was to identify the extent to which agreement was reached
in identifying and coding patterning concepts among instances not explicitly related to
the development of these concepts. Lastly, pages were included in which I determined
there to be no instances related to patterning concepts. In this regard, the goal of choosing
these pages was to identify the extent to which there was a level of reliability related to
the non-identification of patterning concepts. That is, given a page in which there initially
were no patterning concepts identified, did any of the three coders code an instance as
relating to patterning concepts?

41

Each participant coded a total of 72 pages. That is, twelve pages for each of the three
grade levels for each of the two textbooks.
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Reliability Coding Process
I provided a mathematics educator and a mathematician the following: pages of
the textbooks to be coded (72 in total), a brief description of my research plan, and initial
textbook codes (Table A1). We met individually to discuss my research plan and the
Initial Table of Codes. I provided training on how to examine the textbook pages to
determine if a page is associated with patterning concepts, and on the proper coding of
such instances. In particular, each colleague was instructed to examine and code each
instance related to patterning concepts using the codes in Table A1. There was no
training provided with regard to how material should be grouped before assigning codes.
This oversight in training led to the development of the methods for grouping textbook
content (Table 3).
After these training discussions, the two colleagues took an average of 12 days to
complete their coding of the distributed pages. When the pages were fully coded, each
colleague and I met to discuss their codes, and to reconcile any differing codes. One of
the first outcomes of these discussions was an agreement on defining groupings of
mathematics content. This consensus formed the basis for the development of the
methods for grouping textbook content. In particular, we identified four grouping
categories, or instances, related to the organization of textbook content in each textbook
series: (1) a student problem with no sub-problems, (2) a student problem with one or
more sub-problems, (3) an author example or group of examples, (4) isolated but relevant
text not within student problems or author examples.
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Table A1
Initial Textbook Codes
Category

Code

Description

General Patterning Concept

PC

Includes general notions of patterning including
patterning recognition and pattern identification

Numerically Defined Pattern

NP

A pattern defined by a sequence or grouping of
numbers

Geometrically Defined Pattern

GP

A pattern defined by a sequence or grouping of
geometric shapes or other non-numerical pictorial
representations

Periodic Pattern

PP

A numerically or geometrically defined pattern
characterized by a “repeating core.”

General Sequence Concepts

SQ

A problem specifically related to the identification or
definition of sequences

Arithmetic Sequence Concepts

ASQ

A problem specifically related to the identification or
definition of an arithmetic sequence

Geometric Sequence Concepts

GSQ

A problem specifically related to the identification or
definition of a geometric sequence

Explicit Variable

EV

A variable is explicitly expected to be used as a
representation of an unknown aspect of a problem

Implicit Variable

IV

A variable is implicitly able to be used to assist in the
solving or completion of a problem

Function Concepts

FN

A concept or problem employs the notions of input
and output to clarify or assist in the completion of
problems or descriptions of concepts

Other

O

Other concepts, problems, or patterning constructs
that have not yet been identified

Regarding the method of organizing textbook material related to authors’ use of superproblems with various sub-problems (i.e., grouping (1)), we determined the codes
assigned would reference all parts of the problem and would be used in identifying
reliability. For example, for the previously discussed CMP problem, Problem 3.1, we
assigned our codes for the entire problem, and then determined the degree to which
agreement was achieved.
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Regarding student problems, we examined the set of codes applied to the single
problem. For example, as previously discussed, problems such as 28 and 29 in the
Glencoe textbook (Figure 3) were considered to be individual student problems.
Consequently, agreement was reached that these unrelated problems should be coded
separately as single problems. In cases where these unrelated problems were coded
together by a coder, the problems were separated into single problems. The set of codes
used to label the initial grouping of unrelated problems were reanalyzed and a sub-set of
these codes was applied to each individual problem after ungrouping. Thus, suppose
student problems 28 and 29 in Figure 3 were coded together as PC and NP. To check for
reliability, problem 28 was considered a single problem with a set of codes no more
extensive than PC and NP. Similarly, problem 29 was considered a single problem.
The next method for organizing material was author-provided single examples, or
groups of examples. For this type of material (see Figures 4 and 5), reliability coding
occurred in three ways. In terms of a single author example, the set of codes identified
with this material was used to check reliability. In this respect, determining reliability
was conducted in a similar manner to determining reliability among individual student
problems.
The coding and reliability determination of author-provided examples with subexamples was conducted in a similar fashion to super-problems with sub-problems. If a
coder grouped author examples together that were not related, then the break-up of the
grouped examples was conducted in a similar manner to the way in which multiple
unrelated student problems were pared down into single problems. In each of these
instances, the check for reliability was conducted in a similar manner to the checks
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conducted on the respective student problems. Finally, in determining reliability, the sets
of codes associated with author-presented text not explicitly associated with student
problems or author-presented examples (Figure 4) were examined.
Determining Reliability and Code Revisions
For each instance, the extent to which there was agreement on a set of codes
determined the level of reliability of the coding. If codes identically matched for an
instance, then there was complete agreement, heretofore referred to as an agreement level
of 0. For example, if Problem 3.1 was coded as PC and NP by both coders (a colleague
and myself), there was an agreement level of 0. If, however, one coder identified Problem
3.1 as PC, and the other coder identified the problem as PC and NP, then the instance was
considered to be not in agreement. Specifically, in this instance the codes are considered
to be different by a factor of one, heretofore referred to as an agreement level of 1.
Similarly, if one person coded the problem as PC, and the other person coded the
problem as NP, the coders would have an agreement level of 1. In other words, in both
cases at most one code is needed in each person’s set of codes to reach agreement with
the union of the initial sets of codes: PC and NP. Finally, if one person coded the problem
as PC and NP, and the other person did not identify the problem as needing to be coded,
the coders would have an agreement level of 2. In other words, for the second person to
reach agreement, adding two codes to their null-set of codes for this grouping, namely PC
and NP, would achieve agreement with respect to the union of initial sets of codes: PC
and NP.
For the purposes of this study, the extension of this method for identifying
agreement on the coding of an instance is as follows: given any two sets of codes, the
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highest number of codes necessary for one set to reach agreement with respect to the
union of all of the sets of codes is the factor of agreement. That is, if for a given
grouping, Person A has the set of codes: PC, NP, and ASQ, and Person B has no codes
for the same grouping, there is agreement by a factor of 3. In particular, there must be
three codes added to the second set of codes to reach agreement with the union of the sets
of codes: PC, NP, and ASQ. Similarly, given the sets of codes: PC, ASQ, and FN; and
PC, NP, ASQ, and IV; the number of codes necessary to reach agreement with the union
of the initial codes (PC, NP, ASQ, IV and FN) are 2 and 1 respectively. Consequently,
these two sets of codes would have an agreement level of 2, the larger of the two factors.
Importantly, this method was an initial determination of the degree to which the
coders did not reach agreement before engaging in discussions and reflections related to
resolving the sets of codes. In many cases resolutions were reached that aligned more
with one set of initial codes than another. In some cases a subset of the union of codes
was reached as an agreed resolution. In still other cases, total resolution was not achieved
(i.e., after discussions the coders were still at an agreement level greater than 0). In all of
these cases, the descriptions of codes were further elaborated and descriptions rewritten
to accommodate the issues underlying the differences in agreement. Importantly, the
result of these deliberations and considerations culminated in the development of Tables
1, 2, and 3 in Chapter 3 as the current method of coding textbook material for this study.
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Reliability Coding Outcomes
Among the 72 pages there were 57 instances coded for in CMP and 91 instances
coded in Glencoe. Thus, a total of 18242 sets of codes were compared with my codes for
Glencoe, and a total of 11443 sets of codes were compared with my codes for CMP.
Compiling codes from both colleagues’ sets of codes across both textbook series, a total
of 296 codes were compared with my codes. Of the 296 sets of codes, I was in total
agreement (agreement level of 0) with my colleagues on 143 sets of codes (48.3%). I had
an agreement level of 1 with my colleagues’ codes on 85 sets of codes (28.7%), an
agreement level of 2 on 44 sets of codes (14.9%), an agreement level of 3 on 22 sets of
codes (7.4%), and an agreement level of 4 on 2 sets of codes (0.7%). Although I had an
agreement level of 0 on 48.3% of the sets of codes, I had an agreement level of 1 or less
on 77% of the sets of codes, and an agreement level of 2 or less on 91.9% of the sets of
codes.
Importantly, many of the resolutions that were reached with regard to the
differences in coding were easily resolved when I was within an agreement level 2 or
less. Moreover, in instances where resolution was not immediately attainable, the
discussions, conversations, and reflections that transpired informed the development of
Tables 1, 2, and 3 in Chapter 3. In other words, although an agreement level of 0 was not
always achieved, the discussions associated with resolving sets of codes with agreement
levels of 2 or less informed the reliability of this study. In the following paragraphs I

42

91 sets of codes from the mathematician and mathematics educator respectively

.
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57 sets of codes from the mathematician and mathematics educator respectively.
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provide further reliability data, and provide examples of instances in which there was an
agreement level of 2 or less.
The outcomes of the reliability coding related to the sets of codes of my
colleagues and myself is presented in Table A2 by textbook series.
Table A2
Overall Coding Agreement by Textbook Series
Level of
Agreement

CMP

Glencoe

0
1
2
3
4
Totals

61 (53.5%)
21 (18.4%)
17 (14.9%)
14 (12.3%)
1 (0.9%)
114 (100%)

82 (45.1%)
64 (35.2%)
27 (14.8%)
8 (4.4%)
1 (0.5%)
182 (100%)

Cumulative Percentages
CMP
Glencoe
53.5 %
71.9%
86.8%
99.1%
100%

45.1%
80.2%
95.1%
99.5%
100%

In particular, my colleagues and I were within an agreement level of 2 or less on 86.6%
of the sets of codes in the CMP textbook series, and within an agreement level of 2 or
less on 95.1% of the sets of codes in the Glencoe textbook series. As previously
discussed, an agreement level of 2 or less allowed for the resolution of coding through
negotiation of initial codes or in modifications of code descriptions.
Further analysis of the reliability coding with respect to the comparisons between my sets
of codes, and those of the mathematician and mathematics educator, respectively, is
provided in Table A3. In this table, the reliability for both series together, CMP
separately, and Glencoe separately is provided. In particular, the mathematician and I
were within an agreement level of 2 or less on 86.5%, 73.7%, and 94.5% of the sets of
codes in CMP and Glencoe, CMP only, and Glencoe only, respectively. That is, overall,
the mathematician and I were within an agreement level of 2 or less on 86.5% of the
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entirety of our codes. Similarly, the mathematics educator and I were within an
agreement level of 2 or less on 97.3%, 100%, and 95.6% of the sets of codes for CMP
and Glencoe, CMP only, and Glencoe only, respectively. That is, overall, the
mathematics educator and I were within an agreement level of 2 or less on 97.3% of the
entirety of our codes.
Table A3
Percent of Agreement by Coder and Textbook Series
Level of
Agreement

Both

Textbook Series
CMP

Glencoe

Cumulative Percentages
Both
CMP
Glencoe

39 (26.4%)
53 (35.8%)
36 (24.3%)
18 (12.2%)
2 (1.4%)
148 (100%)

15 (26.3%)
13 (22.8%)
14 (24.6%)
14 (24.6%)
1 (1.7%)
57 (100%)

24 (26.4%)
40 (44.0%)
22 (24.2%)
4 (4.4%)
1 (1.1%)
91 (100%)

26.4%
62.2%
86.5%
98.7%
100%

26.3%
49.1%
73.7%
98.3%
100%

26.4%
70.3%
94.5%
98.9%
100%

104 (70.3%)

46 (80.7%)

58 (63.7%)

70.3%

80.7%

63.7%

32 (21.6%)
8 (5.4%)
4 (2.7%)
148 (100%)

8 (14.0%)
3 (5.3%)
0 (0.0%)
57 (100%)

24 (26.4%)
5 (5.5%)
4 (4.4%)
91 (100%)

91.9%
97.3%
100%

94.7%
100%
100%

90.1%
95.6%
100%

Mathematician
0
1
2
3
4
Totals
Mathematics
Educator
0
1
2
3
Totals

Summary Comment Regarding Coding Reliability Data
With the substantial agreement as evidenced by the percentages related to
agreement levels of 2 or less, it is clear that the initial set of codes developed provided a
workable framework for coding material related to pattern and algebraic thinking
concepts. Through the subsequent discussions to resolve non-agreement, this workable
framework was further defined, elaborated, and improved. Thus, this reliability study
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establishes the coding framework as one that can be reliably used to code textbook
material related to patterns and sequences, and provides assurances that the findings
reported can be considered with confidence.
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