Home

Search

Collections

Journals

About

Contact us

My IOPscience

Spin, acceleration and gravity

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
2004 Class. Quantum Grav. 21 3893
(http://iopscience.iop.org/0264-9381/21/16/005)
View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 128.206.162.204
The article was downloaded on 20/09/2010 at 15:54

Please note that terms and conditions apply.

INSTITUTE OF PHYSICS PUBLISHING

CLASSICAL AND QUANTUM GRAVITY

Class. Quantum Grav. 21 (2004) 3893–3908

PII: S0264-9381(04)82049-5

Spin, acceleration and gravity
Donato Bini1,2,3, Christian Cherubini2,4,5 and Bahram Mashhoon6
1

Istituto per le Applicazioni del Calcolo ‘M Picone’, CNR, I-00161 Roma, Italy
International Center for Relativistic Astrophysics, University of Rome, I-00185 Roma, Italy
3 Sezione INFN di Firenze, Polo Scientifico, Via Sansone 1, I-50019 Sesto Fiorentino (FI), Italy
4 Faculty of Engineering, University Campus Bio-Medico of Rome, via E Longoni 47,
00155 Rome, Italy
5 Institute of Cosmology and Gravitation, University of Portsmouth, Portsmouth, PO1 2EG, UK
6 Department of Physics and Astronomy, University of Missouri-Columbia, Columbia,
MO 65211, USA
2

Received 14 June 2004
Published 23 July 2004
Online at stacks.iop.org/CQG/21/3893
doi:10.1088/0264-9381/21/16/005

Abstract
The massless field perturbations of the accelerating Minkowski and
Schwarzschild spacetimes are studied. The results are extended to the
propagation of the Proca field in Rindler spacetime. We examine critically
the possibility of existence of a general spin–acceleration coupling in complete
analogy with the well-known spin–rotation coupling. We argue that such a
direct coupling between spin and linear acceleration does not exist.
PACS number: 04.20.Cv

1. Introduction
It was first suggested about 40 years ago that polarized objects may violate the principle
of equivalence of inertial and gravitational masses through a coupling of intrinsic spin with
the acceleration of gravity proportional to h̄σ · g/c, where S = h̄σ is the spin of a Dirac
particle [1] and g is the acceleration of gravity. Soon upper limits were placed on the strength
of such an interaction from the measurements of the hyperfine splitting of the ground state
of hydrogen [2] and the gravitational acceleration of free neutrons [3]. More generally, an
interaction Hamiltonian of the form
Hint = f (r)h̄σ · g/c

(1.1)

has been considered by a number of authors in connection with possible violations of parity and
time-reversal invariance in the gravitational interaction [2, 4–6]. Over the years, experimental
claims for the existence of such a spin–acceleration coupling have been refuted [7] and at
present there is no observational evidence in favour of such an interaction. Moreover, such
terms are absent in the usual treatments of the Dirac equation in accelerated systems and
0264-9381/04/163893+16$30.00 © 2004 IOP Publishing Ltd Printed in the UK
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gravitational fields (see, for instance, [8–10]). This subject has been briefly reviewed in [11].
Let us note for the sake of concreteness that for a spin-1/2 particle, the interaction Hamiltonian
h̄σ · g/c implies that the energy difference between the spin-up and spin-down states in the
Earth’s gravitational field is h̄g⊕ /c  2 × 10−23 eV. It is important to recognize that the
present experimental accuracy for such a measurement is an order of magnitude better, i.e.
2 × 10−24 eV [12].
In contrast to the coupling of spin with linear acceleration, there is ample evidence, both
direct and indirect, for a general spin–rotation coupling [11, 13, 14]. In the case of photons,
for instance, helicity–rotation coupling has been verified to high accuracy via rotating GPS
receivers; indeed, this coupling is responsible for the phenomenon of phase wrap-up [15].
Intrinsic spin couples to the rotation of the observer according to the Hamiltonian −S · Ω,
where Ω is the observer’s proper frequency of rotation. This phenomenon is ultimately due to
the inertia of intrinsic spin. Moreover, as a consequence of Einstein’s principle of equivalence,
or equivalently the gravitational Larmor theorem, there is a corresponding coupling of intrinsic
spin with the gravitomagnetic field generated by a rotating gravitational source. This is a direct
analogue of −µ · B coupling in electrodynamics extended to the gravitational interaction. It
follows that in a laboratory fixed on the Earth, to every spin Hamiltonian one must add
δH  −S · Ω⊕ + S · ΩP ,

(1.2)

where cΩP is the gravitomagnetic field of the Earth,
GJ
ΩP = 2 3 [3(J · r)r − J].
(1.3)
c r
Here J is the Earth’s angular momentum and ΩP is the precession frequency of an ideal test
gyroscope held at rest in the Earth’s gravitational field and Ω⊕ is the Earth’s proper rotation
frequency.
For a spin-1/2 particle, the spin–rotation part of equation (1.2) implies that the maximum
energy difference between spin-up and spin-down states is h̄⊕  10−19 eV. The experimental
results of [16] can be interpreted to be an indirect measurement of the spin–rotation coupling
for a spin-1/2 particle [17]; further possible indirect measurements have been discussed by
Papini et al [18–21]. Moreover, the corresponding energy difference for the spin-gravity term
in equation (1.2) is h̄P  10−29 eV; the prospects for the measurement of this effect have
been discussed in [11].
Consider an accelerated observer in Minkowski spacetime. The observer carries an
µ
orthonormal tetrad frame λ(α) (τ ) along its worldline x µ (τ ), where τ is the proper time along
the path. For the sake of simplicity, we choose units such that c = G = 1 in the rest of this
paper. The variation of the tetrad along the worldline is given by
µ 
µ
(1.4)
dλ(α) dτ = (α) (β) λ(β) ,
where (α)(β) is the antisymmetric acceleration tensor. In analogy with the Faraday tensor,
one can decompose it into its ‘electric’ and ‘magnetic’ parts, (α)(β) → (−a, ω ), where
(0)(i) = a(i) and (i)(j ) = (i)(j )(k) ω(k) . The translational acceleration of the worldline is
given by Aµ = d2 x µ /dτ 2 and the projection of this vector on the spatial triad results in
µ
a(i) = Aµ λ(i) . On the other hand, it can be shown that ω is the frequency of rotation of the
spatial triad with respect to a nonrotating (i.e. Fermi–Walker transported) spatial triad along
the worldline. Intrinsic spin couples with the ‘magnetic’ part of the acceleration tensor and
so it is natural to enquire whether a similar coupling exists with the ‘electric’ part of the
acceleration tensor. Let us note that under the parity transformation, a behaves as a vector,
but ω behaves as a pseudovector, while under the time-reversal operation, a remains invariant,
but ω changes sign, just as would be expected from the electromagnetic analogy. It follows
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from this discussion that the spin–rotation coupling does not violate parity and time-reversal
invariance in contrast to the coupling of intrinsic spin with translational acceleration.
In a recent interesting paper, Obukhov [22] has argued that in the treatment of the Dirac
equation in accelerated systems and gravitational fields, the Foldy–Wouthuysen transformation
is not unique. Taking advantage of this fact, he then showed that one can introduce a −S · A/2
term in the low-energy Hamiltonian of a spin-1/2 particle in a system with uniform acceleration
A. It follows from Einstein’s principle of equivalence that the analogue of this term in the
Schwarzschild field would be S · g/2 [22]. Unless other extra criteria are introduced that
would rule out such terms, one is left with the possibility that terms involving spin–linear
acceleration–gravity coupling could in principle exist in the treatment of the Dirac equation in
linearly accelerated systems and gravitational fields. On the other hand, if such an interaction
exists for a Dirac particle, we expect that it should be a general coupling in analogy with
the spin–rotation coupling. In particular, we note that the spin–linear acceleration–gravity
coupling tentatively suggested by Obukhov [22] does not depend upon the mass of the Dirac
particle (assumed to be nonzero in [22]). Therefore, in section 2 we study the propagation
of massless fields in a uniformly accelerated system of reference and show that a natural
coupling of spin with linear acceleration does not arise in this case. In section 3, we
concentrate on the propagation of electromagnetic waves and show explicitly that there is
no direct coupling of massless or massive photon spin with linear acceleration. We reach a
similar conclusion in section 4, where we discuss massless field perturbations of the vacuum
C-metric, which represents the exterior of a uniformly accelerating Schwarzschild spacetime.
Section 5 contains a discussion of our results.
2. Massless perturbations of Rindler spacetime
Imagine a test particle of mass m in a background Minkowski spacetime with inertial
coordinates x µ = {t, x, y, z}. The particle is accelerated along the negative z-axis with
uniform acceleration A  0. Let τ be the proper time of the test particle; then, its worldline
can be expressed as
t=

1
sinh Aτ,
A

x = 0,

y = 0,

z = z0 −

1
(−1 + cosh Aτ ).
A

(2.1)

We choose z0 = −1/A for the sake of simplicity; therefore, the path of m is given by
xmµ =

1
(sinh Aτ, 0, 0, − cosh Aτ ).
A

(2.2)

It is useful to establish a nonrotating (i.e. Fermi–Walker transported) tetrad frame along the
worldline given by
λ(0) = cosh Aτ ∂t − sinh Aτ ∂z ,
λ(1) = ∂x ,
λ(2) = ∂y ,
λ(3) = −sinh Aτ ∂t + cosh Aτ ∂z .

(2.3)

Using this tetrad frame, it is possible to set up a Fermi normal coordinate system {T , X, Y, Z}
along the worldline such that
µ

x µ − xmµ = Xi λ(i) ,

τ = T.

(2.4)
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It follows that the map {t, x, y, z} → {T , X, Y, Z} can be written as


1
− Z sinh AT ,
t=
A
x = X,

(2.5)
y = Y,


1
− Z cosh AT .
z=−
A
Under this coordinate transformation, the line element ds 2 = dt 2 − dx 2 − dy 2 − dz2 takes the
form
(2.6)
ds 2 = (1 − AZ)2 dT 2 − dX2 − dY 2 − dZ 2 .
The coordinates in (2.6) are admissible for T ∈ (−∞, +∞), X ∈ (−∞, +∞),
Y ∈ (−∞, +∞) and Z ∈ (−∞, 1/A). In this Rindler spacetime [23], the hypersurfaceorthogonal Killing vector ∂T is timelike, but becomes null on the horizon Z = 1/A. The
coordinate system breaks down beyond this limit and is not admissible; in fact Z = 1/A
corresponds to a null cone in {t, x, y, z} coordinates, since z2 − t 2 = (Z − 1/A)2 .
Let us consider metric (2.6) with the associated Newman–Penrose (NP) principal null
frame
(1 − AZ)−2
[∂T − (1 − AZ)∂Z ],
l=
√
2
1
n = √ [∂T + (1 − AZ)∂Z ],
(2.7)
2
1
m = √ [∂X + i∂Y ];
2
√
the only nonvanishing NP spin coefficient is γ = A/ 2, while the Weyl scalars are obviously
all zero. We do not wish to deviate from the standard NP notation; therefore, it is important
to observe that the notation employed in this section, section 4 and appendix A is partly
independent of the rest of this paper. Using the standard NP terminology and notation [24],
the massless perturbations of the flat spacetime (2.6) are described by:
{[D − ρ ∗ +  ∗ +  − 2s(ρ + )]( + µ − 2sγ ) − [δ + π ∗ − α ∗ + β − 2s(τ + β)]
× (δ ∗ + π − 2sα) − 2(s − 1)(s − 1/2)ψ2 }s = 0
(2.8)
for spin weights s = 1/2, 1, 2 and
{[ − γ ∗ + µ∗ − γ − 2s(γ + µ)](D − ρ − 2s) − [δ ∗ − τ ∗ + β ∗ − α − 2s(α + π )]
× (δ − τ − 2sβ) − 2(s + 1)(s + 1/2)ψ2 }s = 0
(2.9)
for s = −1/2, −1, −2. The case s = ±3/2 can be derived instead by following the work
of Güven [25], which is expressed in the alternative Geroch–Held–Penrose formalism [26].
Finally the case s = 0 is given by
[D + D − δ ∗ δ − δδ ∗ + (−γ − γ ∗ + µ + µ∗ )D + ( +  ∗ − ρ ∗ − ρ)
+ (−β ∗ − π + α + τ ∗ )δ + (−π ∗ + τ − β + α ∗ )δ ∗ ]s = 0.
All these equations can be cast in a unique ‘master equation’ [27, 28]

∂2
∂2
∂2
∂2
(1 − AZ)−2 2 −
−
−
∂T
∂X2
∂Y 2
∂Z 2

−2 ∂
−1 ∂
s = 0.
− 2As(1 − AZ)
+ A(2s + 1)(1 − AZ)
∂T
∂Z

(2.10)

(2.11)
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Table 1. The spin-weight s and the physical field component s for the master equation in the
Minkowski spacetime.
s
s

0


−1/2
χ1

1/2
χ0

1
φ0

−1
φ2

3/2
0

−3/2
3

2
ψ0

−2
ψ4

The quantities satisfying the master equation are listed in table 1. The transformation
properties of the master equation (2.11) are discussed in appendix A. Normal modes of
equation (2.11) can be expressed as s (T , X, Y, Z) = e−iωT eikX X eikY Y Ps (Z), with Ps (Z)
satisfying the equation


A(1 + 2s) 
ω2 − 2isAω

2
2
Ps = 0,
(2.12)
Ps −
P − kX + kY −
(1 − AZ) s
(1 − AZ)2
where the prime denotes differentiation with respect to Z. If A = 0, then (2.12) has the
expected solutions e±ikZ Z , where ω2 = kX2 + kY2 + kZ2 . For A > 0, it is useful to assume that
kX2 + kY2 > 0 and consider the following transformations in (2.12)
iq
1
Z= −
,
Ps (Z) = (iq)−s Qs (q),
(2.13)
A
k2 + k2
X

Y

which result in
q 2 Q̈s + q Q̇s + (q 2 − σ 2 )Qs = 0.
Here σ = s +
(2.14) is

i Aω

(2.14)

and (2.14) is the standard Bessel equation; therefore, the general solution of

Qs (q) = C1 Jσ (q) + C2 Nσ (q),

(2.15)

where Jσ and Nσ are the standard Bessel and Neumann functions, respectively, and C1 and
C2 are constants.
The coordinates in (2.6) are admissible for Z < 1/A; therefore, it follows from (2.13) that
the admissible range for q is such that iq is a positive real number. The constants in (2.15) are
determined by the boundary conditions that would be appropriate for the particular physical
situation under consideration. Inspection of the Bessel and Neumann functions reveals that
there is no direct coupling between the spin-weight s and the acceleration A. For instance,
Jσ (q) = (q/2)σ

∞

k=0

(−q 2 /4)k
,
k!(σ + k + 1)

Nσ (q) =

Jσ (q) cos σ π − J−σ (q)
sin σ π

(2.16)

by definition and


ω q
ω q
ln
+ i sin
ln
.
(2.17)
(q/2)σ = (q/2)s cos
A 2
A 2
A similar functional separation between the real and imaginary parts of σ is also present in
the gamma function in Jσ (q); hence, the spin part does not directly couple with the ω/A part.
An analogous argument holds for the Neumann function as well.
Finally let us consider the kX = kY = 0 case that we excluded from the treatment in
(2.13)–(2.17). Thus for A > 0 let us define in this case q̂ and Q̂s such that
1
Ps (Z) = q̂ −s Q̂s (q̂).
Z = − q̂,
(2.18)
A
It follows from (2.12) that
q̂ 2

d2 Q̂s
dQ̂s
− σ 2 Q̂s = 0.
+ q̂
2
dq̂
dq̂

(2.19)
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The general solution of this equation can be expressed as
Q̂s = Ĉ1 q̂ σ + Ĉ2 q̂ −σ ,

(2.20)

where Ĉ1 and Ĉ2 are constants. It is now straightforward to conclude that there is no direct
coupling between the spin and acceleration in the perturbing massless fields. This issue is
further discussed in the next section.
3. Electromagnetic waves
The purpose of this section is to show explicitly that there is no coupling between helicity and
linear acceleration by considering electromagnetic radiation as a perturbation on Rindler and
Schwarzschild spacetimes.
To describe the propagation of electromagnetic waves in a spacetime background with
Cartesian coordinates Xµ = (T , X) and a metric ds 2 = gµν dXµ dXν with signature +2, it is
useful to employ an approach based on the idea that the gravitational field may be replaced
by an effective medium with special constitutive properties [29, 30]. To this end, we first
√
write the source-free Maxwell equations as F[µν,ρ] = 0 and ( −gF µν ),ν = 0. Next, we
√
introduce the standard decompositions Fµν → (E, B) and −gF µν → (−D, H), so that in
terms of E, B, D and H, Maxwell’s equations take the form of the standard electromagnetic
field equations in inertial coordinates but in the presence of an effective ‘material’ medium
∇ · D = 0,

∇ · B = 0,

∇ × E = −∂T B,

∇ × H = ∂T D.

(3.1)

In this case, the constitutive relations for the gravitational medium are
Di = ij Ej − (Γ × H)i ,
Bi = µij Hj + (Γ × E)i ,
(3.2)
√
ij
where ij = µij = − −gg /g00 and i = −g0i /g00 . This approach, originally due
to Skrotskii [31–33], is manifestly invariant under conformal transformations of the metric
tensor.
The linearity of the field equations (3.1) and (3.2) implies that we can treat the fields as
complex, such that their real parts would correspond to the actual physical fields. Using
complex fields, we now define the Riemann–Silberstein [34] fields F± = E ± iH and
S± = D ± iB; Maxwell’s equations then take the form
∇ · S± = 0,

∇ × F± = ±i∂T S± ,
−

S± = F± ± iΓ × F± .

(3.3)

−

The field amplitudes F and S (with F = S = 0) describe the propagation of positivehelicity waves, while F− and S− (with F+ = S+ = 0) describe the propagation of
negative-helicity waves. The concept of helicity in accelerated systems and gravitational
fields is simply an extension of this standard notion for fields in Minkowski spacetime.
Equations (3.3) completely decouple, so that F+ and S+ scatter independently of F− and S− in
this linear perturbation analysis.
Consider the propagation of electromagnetic waves in the Rindler spacetime. We find
that Γ = 0 and
+

+

ij = µij = NA δij ,

NA = 1/(1 − AZ),

(3.4)

where NA has the interpretation of index of refraction. It diverges on the horizon and for
Z ∈ (−∞, 1/A), NA ranges from 0 to infinity. The Rindler spacetime is static; therefore, we
can assume a time dependence of the form e−iωT in (3.3). The field equations then reduce to
∇ × F± = ±ωNA F± .

(3.5)
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To see if a helicity coupling of the form S · A exists, it is natural to focus attention on the
propagation of circularly polarized waves along the Z-axis. We find that plane-wave solutions
of (3.5) exist for circularly polarized waves of the form
∗

F± = f0± (X̂ ± iŶ) e−iω(T −Z ) ,

(3.6)

where f0± are constant amplitudes and Z ∗ is the tortoise coordinate for Rindler spacetime
given by
dZ 
1
(3.7)
= − ln(1 − AZ).

A
0 1 − AZ

Thus Z ∗ ∈ (−∞, ∞) for Z ∈ −∞, A1 , Z ∗ = 0 when Z = 0 and Z ∗ → Z as A → 0. The
S · A coupling is manifestly absent in equation (3.6), so that the plane of polarization of an
initially linearly polarized beam does not rotate as the wave propagates along the direction of
acceleration. The phenomenon of optical activity is thus absent in this ‘medium’, as is already
clear from the fact that the index of refraction is independent of the state of circular polarization
of the wave. The result is consistent with previous studies of electrodynamics in a linearly
accelerated frame of reference via a different approach [35]. Moreover the influence of linear
acceleration on the optical response of matter has been studied in [36, 37] and the main effect
of light propagation through linearly accelerating media is that photons propagating parallel
to the direction of acceleration have higher energies upon transit.
It is interesting to extend the above analysis to the case of massive photons described
by the Proca equations [38]. Obukhov’s treatment [22] involved a massive Dirac particle;
therefore, it is important to demonstrate that our results for the massless photon extend to the
massive photon as well. The Proca equations are
Z∗ =

Z

∇ α Fβα + µ2 Aβ = 4π Jβ ,

Fαβ = ∂α Aβ − ∂β Aα ,
±

(3.8)

±

where h̄µ is now the mass of the photon. Introducing F and S as above and defining
√
−gJ µ → (ρ̂, j)
(3.9)
and

√

−g Aµ → (, A ),

the Proca equations can be cast in the form


µ2
A ,
∇ × F± = ±i∂T S± ± 4π i j −
4π

2 
µ
 ,
∇ · S± = 4π ρ̂ −
4π

(3.10)

(3.11)

which, together with the constitutive relations, are consistent with charge conservation once
the Lorentz condition (∇ · A + ∂T  = 0) is imposed on the vector potential. In the absence
of electromagnetic sources, the case in which we are interested here, and in terms of complex
fields, the Proca equations become
∇ × F± = ±i∂T S± ∓ iµ2A ,
∇ · S± = −µ2 ,

(3.12)

to which one must add here the Lorentz condition ∇α Aα = 0, i.e. ∇ · A + ∂T  = 0, as
compatibility condition now and not a gauge choice. The constitutive relations connecting S±
to F± remain the same as in the massless case above (cf equation (3.3)).
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Let us now specialize these equations to the static Rindler spacetime and look for a
transverse plane-wave solution propagating along the Z-direction. We expect that for µ = 0
the solution would reduce to equation (3.6). Specifically we assume that
F± = f0± W (Z)(X̂ ± iŶ) e−iωT ,

A ± = f0± U (Z)(X̂ ± iŶ) e−iωT ,

(3.13)

where f0± are constants as before. It follows from the compatibility condition that  = 0.
Equation (3.12) implies in this case that
dW
iωW
=
+ µ2 U,
dZ
1 − AZ

(3.14)

while the relation connecting Fµν to the vector potential Aµ implies that


d
U
iωU
+ (1 − AZ)
.
(3.15)
W =
1 − AZ
dZ 1 − AZ
√
In deriving equation (3.15) we have made use of the fact that −g = 1 − AZ = NA−1 , D =
NA E, B = NA H and S± = NA F± . Substituting W from equation (3.15) into equation (3.14),
we find

 2
A dU
d2 U
A + ω2
2
U = 0.
(3.16)
+
−
µ
+
dZ 2 1 − AZ dZ
(1 − AZ)2

If A = 0, this equation has solutions of the form exp(±ikZ), where k = ω2 − µ2 . These
correspond to the standard matter waves propagating along the Z-direction. Therefore, in the
rest of this discussion we assume that A > 0. Let us note that for µ = 0, equation (3.16) has the
solution U = (2iω)−1 (1 − AZ) exp(iωZ ∗ ) and the corresponding W is W (Z) = exp(iωZ ∗ )
as expected. We therefore look for a solution of equation (3.16) of the form
U (Z) =

(1 − AZ) iωZ∗
χ (Z).
e
2iω

The result is
χ (Z) = e−

µ(1−AZ)
A


F

ω
ω
1 − AZ
1
− i , 1 − 2i , 2µ
2
A
A
A

(3.17)

,

where F is the confluent hypergeometric function




3 A − 23 iω
1 − AZ 2
1 − AZ
+
µ
F =1+ µ
+ ....
A
4 A − iω
A

(3.18)

(3.19)

It is straightforward to relate this function to the modified Bessel function of the first kind.
Moreover, solution (3.18) depends on the frequency of the wave but is independent of its state
of polarization. Therefore, as before, the plane of polarization of an initially linearly polarized
Proca wave does not rotate as the plane wave propagates along the acceleration direction. In
addition to these transverse waves, the Proca equations (3.12) have solutions corresponding to
the propagation of longitudinal waves along the Z-direction. We do not consider them here
as they are not directly relevant to the spin–acceleration coupling.
Let us now consider the propagation of electromagnetic waves in the Schwarzschild
spacetime. In the rest of this paper, we assume that the photon is massless; the treatment
of Proca’s equations in gravitational fields is beyond the scope of this work. The Maxwell
equations in isotropic coordinates have the form (3.5), except that NA → NS , where
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2m −1
2m 3
1−
NS = 1 +
ρ
ρ

(3.20)

is the index of refraction for the exterior Schwarzschild field, ρ is the isotropic radial coordinate
and m is the mass of the black hole. As before, NS diverges at the horizon ρ = m/2; moreover,
it decreases monotonically towards unity as ρ increases towards infinity. The scattering of
electromagnetic radiation from a black hole has been treated at length in [29, 30]; in particular,
it has been shown that the polarization of the incident electromagnetic radiation is unaffected
by a Schwarzschild source due to its spherical symmetry. It follows that the S · g coupling is
also nonexistent for photons.
Let us finally consider the propagation of electromagnetic waves in the accelerating
Schwarzschild spacetime given by the vacuum C-metric. This metric is described in
appendix B. It can be shown [39, 40] that the C-metric is a nonlinear superposition of
the√Schwarzschild and Rindler metrics. The C-metric, in the regime under consideration
(3 3mA < 1) is static. Though the presence of the uniform acceleration A breaks the
spherical symmetry of the Schwarzschild spacetime, it does so in the effective index of
refraction of the gravitational medium. To see this clearly, we consider the linearized C-metric
in isotropic coordinates




2m
2m
2
2
− 2AZ dT − 1 +
(dX2 + dY 2 + dZ 2 ),
(3.21)
ds = 1 −
ρ
ρ
where terms of orders m2 , mA, A2 and higher have been neglected. The wave propagation
equations are again of the form (3.5) with NA → NC ,
NC ∼ 1 +

2m
+ AZ
ρ

(3.22)

in the linear approximation under consideration here. This again indicates that there is no
direct helicity–acceleration coupling for photons. Massless field perturbations of the C-metric
can be studied along the lines of section 2. In coordinates that easily lend themselves to
physical interpretation, such as the one we have used thus far, it is not possible to separate
the field equations for the C-metric (or its linear version). On the other hand, it is possible
to achieve such a separation in certain physically obscure coordinate systems [41]. This is
presented in the following section using an approach that is simpler than the one followed
in [41].
4. Massless perturbations of accelerating Schwarzschild spacetime
A master equation, analogous to the one derived in the Kerr spacetime [25, 27, 28, 42–45]
and describing massless field perturbations of any spin, has been recently studied in [41] on
the C-metric background. However the physical content of this equation is not yet completely
understood, because the master equation cannot be integrated exactly but only separated in
{t, x̃, ỹ, z̃} coordinates that are described in appendix B.
We present the master equation for the C-metric in a slightly different form compared
to the one obtained by Prestidge [41]. In fact, we use here a principal NP frame which is
also Kinnersley-like, i.e. it has the NP spin coefficient  = 0. This allows some further
simplification and puts this development in a form very close to the black-hole case, where
the master equation formalism has been successfully developed.
With the C-metric in the form (B.1), a Kinnersley-like NP principal null tetrad can be
easily constructed with
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l = A(x̃ + ỹ)2



1
∂t + ∂ỹ ,
F̃

A
(∂t − F̃ ∂ỹ ),
2


G̃1/2 A(x̃ + ỹ)
i
m=
∂x̃ + ∂z̃ .
√
G̃
2
The nonvanishing spin coefficients are
n=

µ=

A2 F̃
,
2ρ

A
τ = √ G̃1/2 = −π,
2

ρ = A(x̃ + ỹ),

(4.1)

ρ G̃
β= √
,
4 2 G̃1/2

(4.2)
AG̃−1/2
A

2
2
˙
α=
[F̃ + x̃ F̃ + 3 − ỹ ],
γ =
√ [G̃ − ỹ G̃ + 3 − x̃ ],
4(x̃ + ỹ)
4 2
while the only surviving Weyl scalar is ψ2 = −mA3 (x̃ + ỹ)3 ; here a prime and a dot denote
differentiation with respect to x̃ and ỹ, respectively. Following the approach of Prestidge [41],
rescaling the unknown ψs of the master equation (for the various ψs satisfying the master
equation, see e.g. [46]) we find that
ψs = (x̃ + ỹ)(2s+1) e−iωt eik3 z̃ Xs (x̃)Ys (ỹ)
gives separated equations for Xs and Ys :

G̃ 
−4S − s 2 + 2px̃(s 2 − 4)
Xs +
Xs +
G̃
4G̃

(−24pk3 + s)s x̃ 2 + 2s(9s. − 4k3 )x̃ + 3s 2 + 4k32
Xs = 0,
−
4G̃2


S + s(s + 1) − 2pỹ(s + 1)(2s + 1) ω(ω − is F̃˙ )
F̃˙ (s + 1)
Ẏs +
Ÿs +
+
Ys = 0,
F̃
F̃
F̃ 2

(4.3)

(4.4)

where S is a separation constant and p = mA is a dimensionless parameter. Because of the
symmetry of the metric under the exchange of x̃ and ỹ, one would expect a similar property
to hold for these two equations. It can be shown that this is exactly the case (modulo further
replacement of ỹ → −x̃, ω → ik3 , s → −s) when one uses the following rescaling for Xs (x̃)
and Ys (ỹ):
Xs (x̃)
Ys (ỹ)
Xs (x̃) → 1/2 ,
Ys (ỹ) → (s+1)/2 .
(4.5)
G̃
F̃
Thus, without any loss of generality one can consider the equation for Xs only. This equation,
in turn, cannot be solved exactly, unless p = 0. In this limit, with x̃ = cos θ , one gets


s 2 − 2k3 s cos θ + k32
dXs
d2 Xs
−
S
+
Xs = 0,
+
cot
θ
(4.6)
dθ 2
dθ
sin2 θ
so that with S = −l(l + 1) and z̃ = φ, it is easy to show that Xs (x̃) eik3 z̃ reduces to the standard
spin-weighted spherical harmonics.
Let us consider then the equation for Xs in (4.4), where we set x̃ = cos θ and use the
rescaling
sin θ
Xs (θ ) = 1/2 Ts (θ ).
(4.7)
G̃
The equation for Ts is then
d2 Ts
dTs
− VTs = 0,
+ cot θ
dθ 2
dθ

(4.8)
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where V is given by
V=

1
[p2 V(2) (θ ) + pV(1) (θ ) + V(0) (θ )]
(1 − 2p cos θ cot2 θ )2

(4.9)

and the coefficients
V(2) (θ ) = (1 − s 2 ) cos2 θ − (1 + s 2 ) cot2 θ + 4 cot6 θ,
V(1) (θ ) = 2 cos θ [2s 2 (1 + cot2 θ ) − S cot2 θ − 2(1 + cot2 θ )2 ] − 6k3 s cot2 θ,
V(0) (θ ) = S +

s − 2k3 s cos θ +
sin2 θ
2

k32

(4.10)

,

√
do not depend on p. We recall that in the case under consideration here p < 1/(3 3). For
p
1, it is straightforward to develop a perturbation series solution to equation (4.8) in
powers of p. In this way, terms of the form ps = msA and higher order appear in V , but a
direct spin–acceleration coupling term sA that would be independent of mass m does not exist
in Xs and hence ψs ; therefore, we may conclude that this coupling does not exist.
5. Discussion
For fermions, the idea of spin–acceleration coupling has a long history that has been reviewed
in [11]. Previous suggestions for the existence of the coupling of the spin with the Earth’s
gravitational acceleration have been experimentally ruled out, but such an interaction has been
tentatively resurrected by Obukhov [22, 47, 48] in his recent discussion of the observable
consequences of the Dirac equation in accelerated systems and gravitational fields. Obukhov
[22] has employed exact Foldy–Wouthuysen (‘FW’) transformations to decouple the positive
and negative energy states and obtained in this way an interaction term of the form −S · A/2
in a system with uniform linear acceleration A. The analogue of this term in the Earth’s
gravitoelectric field would be S · g/2, and the energy difference between the states of a Dirac
particle with spin polarized up and down in the laboratory would therefore be h̄g⊕ /2 
10−23 eV. This energy is larger than can be detected by present experimental techniques by a
factor of five [12]. Thus the presence of this spin–acceleration term in the Hamiltonian could
in principle be ruled out by observation. On the other hand, the exact FW transformation
has a basic ambiguity, namely, it is defined up to a unitary transformation. Thus a unitary
transformation may be employed to eliminate the spin–acceleration term as demonstrated by
Obukhov [22]. It is therefore not evident from [22] what one can predict to be the observable
consequences of the Dirac theory in accelerated systems and gravitational fields. This general
problem requires further investigation; however, we have limited our considerations here to
Obukhov’s spin–acceleration terms that are independent of the mass of the Dirac particle [22].
We have therefore investigated the propagation of massless fields with spin in Rindler and
Rindler–Schwarzschild spacetimes as well as the propagation of the Proca field in Rindler
spacetime and find no theoretical evidence for the spin–acceleration–gravity coupling. It must
be remarked, however, that our conclusions are based on minimally coupled fields as well as
the absence of any locally Lorentz-violating interactions [49].
Our theoretical arguments notwithstanding, it would be very interesting to verify
experimentally the absence of spin–acceleration coupling for fermions. An upper limit on


M⊕
1
S · ρ⊕
S·g =
(5.1)
3
2
2ρ⊕
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would also be useful in limiting the magnitude of the Earth’s gravitomagnetic monopole
moment µ̂. This follows from the fact that the coupling of spin with the gravitomagnetic
monopole moment is given by [50]


µ̂⊕
S · ρ⊕ ,
(5.2)
3
ρ⊕
where −µ̂⊕ is the NUT parameter of the Earth; other aspects of the NUT parameter including
possible ways of placing limits on it have been discussed in [46, 50] and references cited
therein.
Acknowledgments
BM is grateful to Friedrich Hehl and Yuri Obukhov for helpful discussions and correspondence.
Appendix A. Master equation in Rindler spacetime
In section 2, the master equation (2.11) in flat spacetime has been discussed in the accelerated
coordinate system {T , X, Y, Z} and the normal modes have been obtained. To check the
consistency of our formalism, equation (2.11) can be transformed by passing to the standard
(non-accelerating) Cartesian Minkowski coordinates. In fact, inverting the relations (2.5) we
obtain


1 
1
z−t
,
X = x,
Y = y,
Z = − z2 − t 2 .
(A.1)
T =
ln
2A
z+t
A
Metric (2.6) then is ds 2 = dt 2 − dx 2 − dy 2 − dz2 and the corresponding NP tetrad (2.7)
becomes
−1
l= √
[∂t − ∂z ],
2A(z + t)
−A(z + t)
[∂t + ∂z ],
n=
(A.2)
√
2
1
m = √ [∂x + i∂y ].
2
The master equation (2.11) then results in


 2
∂
∂
∂
∂2
∂2
∂2
2s
−
s = 0.
−
−
−
+
(A.3)
∂t 2
∂x 2
∂y 2
∂z2 (z + t) ∂t
∂z
The null NP frame (A.2) still manifests anholonomy because of the only nonvanishing (new)
spin coefficient γ = √A2 . One can set it equal to zero by performing a class III null rotation
[24] of the tetrad (A.2)
l → B −1 l,

n → Bn,

m̄ → e−i m̄,

m → ei m,

(A.4)

with B = −A(z + t) and  = 0. The final NP tetrad is
l=

√1 [∂t
2

− ∂z ],

n=

√1 [∂t
2

+ ∂z ],

m=

√1 [∂x
2

+ i∂y ],

(A.5)

and because it has constant vector components, all the spin coefficients now vanish. As pointed
out by Teukolsky [28], under a generic type III null rotation the master equation remains
unchanged but there will be certain factors in front of the various quantities: ψ0 , ψ4 , φ2 , etc.
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In particular, in our case all field components listed in table 1 transform as snew = B −s sold
[24, 28], and consequently the master equation (A.3) leads to

 2
∂
∂2
∂2
∂2
snew = 0,
−
−
−
(A.6)
∂t 2
∂x 2
∂y 2
∂z2
as expected. It is then clear from the correspondence between (2.11) and (A.6) that the
solutions of these equations are related as well. Finally, it is useful to express (2.12) in a form
that would be reminiscent of black-hole perturbation equations. Setting
∗

Ps (Z ∗ ) = esAZ as (Z ∗ ),

(A.7)

∗

∗

where Z is the tortoise coordinate defined in equation (3.7), the equation for as (Z ) can be
obtained from (2.12) and is given by



d2 as
∗
− kX2 + kY2 e−2AZ + A2 σ 2 as = 0.
(A.8)
∗2
dZ
This is of the form of a one-dimensional Schrödinger equation and for kX2 + kY2 > 0 contains
an effective potential
∗

W = −e−2AZ ,

(A.9)

which is attractive and independent of the spin of the field.
Appendix B. The C-metric
The vacuum C-metric, in its simplest interpretation, is the metric representing the exterior
gravitational field of a uniformly accelerating Schwarzschild source. It is a member of a
class of degenerate metrics discovered by Levi-Civita in 1918 [51]. It has been rediscovered
by many authors [52–54]. In the classification scheme of [54], it was designated as the ‘Cmetric’. The C-metric can be generalized to include electric charge and angular momentum.
The charged C-metric has been extensively studied by Kinnersley and Walker [39, 40]. As
described in [40, 55], the vacuum C-metric may represent the exterior field of one, or, by
way of a certain extension, two uniformly accelerating spherically symmetric sources. A
detailed description of the C-metric and a more complete list of references is available in [56].
The C-metric is of type D in the Petrov classification, and is a member of the Weyl class of
solutions of Einstein’s equations. It contains two hypersurface-orthogonal Killing vectors.
One of these vectors is timelike in the static spacetime regime of interest here. The C-metric
may be expressed in the form [39, 40]
1
[(F̃ dt 2 − F̃ −1 dỹ 2 ) − (G̃−1 dx̃ 2 + G̃ dz̃2 )],
(B.1)
ds 2 = 2
A (x̃ + ỹ)2
where
F̃ (ỹ) := −1 + ỹ 2 − 2mAỹ 3 ,

G̃(x̃) := 1 − x̃ 2 − 2mAx̃ 3 .

(B.2)

The coordinates {t, x̃, ỹ, z̃} are adapted to the hypersurface-orthogonal Killing vector
κ = ∂t , the spacelike Killing vector ∂z̃ and ∂x̃ , which points along the nondegenerate
eigenvector of the hypersurface Ricci curvature. In equations (B.1) and (B.2), m  0 and
A  0 characterize respectively the mass and acceleration of the source. To maintain the
signature of the metric (B.1), we must have √
G̃ > 0. Moreover, we assume that F̃ > 0. In the
physical region of interest here, mA < 1/(3 3) [57–59].
The relation of the C-metric with the Schwarzschild metric can be elucidated by
introducing the retarded coordinate u, the radial coordinate r and the azimuthal coordinate φ:


ỹ
1
1
−1
t+
F̃ dỹ ,
r=
u=
,
φ = z̃.
(B.3)
A
A(x̃ + ỹ)
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The C-metric can then be represented as
ds 2 = H̃ du2 + 2 du dr + 2Ar 2 du dx̃ −

r2 2
dx̃ − r 2 G̃ dφ 2 ,
G̃

(B.4)

where
2m
− A2 r 2 (1 − x̃ 2 − 2mAx̃ 3 ) − Ar(2x̃ + 6mAx̃ 2 ) + 6mAx̃.
(B.5)
r
The gravitational potential H̃ determines the norm of the hypersurface-orthogonal Killing
vector κ,
H̃ (r, x̃) = 1 −

κα κ α = r 2 F̃ =

H̃
,
A2

(B.6)

hence κ is timelike for H̃ > 0.
To explore some of the physical characteristics of the C-metric, it is interesting to evaluate
in this case the completely symmetric and traceless Bel–Robinson tensor

1
Bµνρσ = 12 Cµξρζ Cν ξ σ ζ + Cµξ σ ζ Cν ξ ρ ζ − 16
gµν gρσ Cαβγ δ C αβγ δ .
(B.7)
The gravitational stress–energy tensor is given by [60–62]
T(α)(β) = L2 Bµνρσ λµ (α) λν (β) λρ (0) λσ (0) ,

(B.8)

µ

where λ (α) is the orthonormal tetrad frame of the observer. Here L is a characteristic
lengthscale associated with the source; in the case under consideration, L could be LA , m or
an appropriate length formed from a combination of these.
For the C-metric in the form (B.1), the orthonormal tetrad frame of the standard static
observer is given by
1
G̃1/2
F̃ 1/2
1
∂t ,
λ(1) =
λ(2) =
λ(3) =
∂z̃ ,
(B.9)
∂x̃ ,
∂ỹ ,
1/2
r
r
r F̃
r G̃1/2
where 1/r = A(x̃ + ỹ). The gravitational stress–energy tensor measured by the static observers
is


1
0
0
0
0 
 0 −1/3 0
T(α)(β) =  
(B.10)
,
0
0
2/3 0
0
0
0 2/3
where  is given by
λ(0) =

6m2 L2
.
(B.11)
r6
It follows from this result that there is no flow of gravitational energy according to the static
observer family, in agreement with the static nature of the C-metric in the region under
consideration in this paper. The vacuum C-metric is Ricci-flat; therefore, it has four standard
real curvature invariants given by
=

I1 = Cµνρσ C µνρσ − iCµνρσ ∗ C µνρσ ,
I2 = Cµνρσ C ρσ αβ Cαβ µν + iCµνρσ C ρσ αβ ∗ Cαβ µν ,

(B.12)

where an asterisk denotes the dual tensor. It turns out that in this case I1 and I2 are real and
are given respectively by the Kretschmann scalar
I1 =

48m2

= 8 2,
r6
L

(B.13)
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and
I2 = −

96m3
16  3/2
1 3/2
= −√
= − √ I1 .
9
r
6 L3
2 3

(B.14)

These curvature invariants coincide with the corresponding ones in the Schwarzschild
spacetime and diverge at the black-hole singularity (r → 0). On the other hand, the presence
of the acceleration A is reflected instead in the first quadratic differential invariant of the Weyl
tensor
D = Cαβγ δ;η C αβγ δ;η = −15A2 (F̃ + G̃)I1 .

This quantity, with the metric written in the form (B.4), can be expressed as



2m
3m
720m2
1
−
−
2Ar
cos
θ
1
−
+
3mA
cos
θ
,
D=−
r8
r
r
which for A = 0 reduces to the corresponding result in the Schwarzschild spacetime.
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