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ABSTRACT 

Self-assembly of granular materials and colloids are studied using several different 

computational methods such as Discrete Element Method (DEM), Smoothed Particle 

Hydrodynamics (SPH) method, finite volume Volume of Fluid and DEM (VOF-DEM) 

method and coupled VOF-Level Set and Dissipative Particle Dynamics (CVOFLS-DPD) 

method. A history dependent contact model is developed for the DEM and a cohesion 

model is introduced to study the packing of granular materials under cohesive forces. The 

study reveals granular size and size distribution has an important effect on the final 

packing structure. The study using SPH method reveals stress relaxation in a granular 

system subjected consecutive jamming cycles. However, above a certain initial packing 

fraction stress relaxation is found to be negligible. Further analysis reveals characteristics 

length and time scales for stress relaxation. Three-cycle basis is found to be the most 

preferred configuration of the particles as the granular system drives towards a more 

stable state. The study using VOF-DEM method reveals pattern formation by colloidal 

deposits as a thin film of fluid evaporates. Further analysis with CVOFLS-DPD method 

reveals interface forces on particles need to be carefully modeled to prevent escaping of 

particles during evaporation. The use of machine learning (ML) for computational study 

is also explored in this study. A machine-learned sub-grid scale (SGS) modeling 

technique is introduced for efficient and accurate prediction of reactants and products 

undergoing parallel competitive reactions in a bubble column. The machine-learned 

model replaces the iterative approach associated with the use of analytical profiles for 

previous sub-grid scale models for correcting concentration profiles in boundary layers.  
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1 INTRODUCTION 

Self-assembly is an autonomous process by which individual components arranged 

themselves into an ordered structure. The term is generally reserved for building blocks 

not linked together by covalent bonds but assembled by weak or short-range forces or 

hard-particle interactions. Granular materials and colloids both exhibit self-assembled 

structures but the former is characterized by out-of-equilibrium self-assembly due to 

athermal nature of the system. The discrete particles of the granular system can exhibit a 

wide range of interesting collective behaviors such as pile formation, fluid-flow like 

behavior, and fracture. Understanding these behaviors are important in many industrial 

applications such as mining, construction, agriculture, and packing. Geological processes 

such as landslide, avalanche, erosion, sedimentation, and plate tectonics are also 

governed by collective granular structural behavior. One particular aspect of granular 

material is the phenomenon of jamming where randomly organized system of particles 

changes from mechanically unstable states to stable states. Jamming phenomena are also 

observed in colloids, foams, and glass transition in molecular liquids. In most of these 

cases, the system starts from an unjammed state and gradually transition to a jammed 

state. Sometimes the system undergoes several transitions between jammed and 

unjammed states. By careful micromechanical simulations like the one presented in this 

work, one can study the jamming behavior of the system under different loading 

conditions and derive macroscopic model to replicate such behavior. 

In contrast to granular jamming, self-assembly of colloids are affected by thermal 

fluctuations (Brownian motion), and also by the surrounding fluid medium and 

electrostatic forces. Colloidal self-assembly has gained widespread attention due to its 
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application in micro- or nano-scale technologies such as importance in photonics [3], 

chemical reaction controlling [4], and ink-jet printing technology [5]. One common 

method to self-assemble colloids is to evaporate the surrounding liquid and let the 

colloids assemble themselves at the bottom on the substrate [1, 2]. A complete 

understanding of the process can help in tuning the deposit morphology to cater to its 

applications. In this study a multi-scale simulation method is developed to study the 

evaporation induced self-assembly of colloids by taking into account non-ideal mixture 

properties in evaporating droplet and the roughness of the colloids and substrate.  

This dissertation is divided into three parts. Part one composed of two chapters that 

studies the packing and jamming transition of granular systems. Part two is also made up 

of two chapters and presents numerical studies on self-assembly of colloids induced by 

evaporation. Part three discusses the development of a machine learned (ML) 

computational fluid dynamics (CFD) solver for studying the concentration of reactants 

and products undergoing parallel competitive reactions in a bubble column. The future 

works and studies to be done based on the present research and a list of publications 

produced as a result of this doctoral work are also provided. 

The objectives for the first part are as follows: 

1. Develop a history dependent contact force model that includes cohesion in the 

framework of Discrete Element Method (DEM) for studying granular materials. 

2. Develop a meshless Lagrangian solver as part of a high-performance computing 

(HPC) program that is able to handle the low velocity collisions of the granular particles 

and at the same time provide better resolution than the traditional DEM for the stress 

arising within the granular particles. 
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3. Using the developed HPC program study the evolution of global pressure and 

microstructure of granular system subjected to consecutive jamming cycles. 

4. If there is a variation of global pressure for successive compression cycles the 

study should the find the cause of such variation using proper statistical analysis such that 

the relationship between pressure and system configuration can be applied to other 

granular systems. 

The dynamics of near jammed isotropically driven granular assemblies has been 

studied in the past. However, most of these systems involve shear [3-6], vibration [7, 8] 

or biaxial strain [9]. In the present study, the granular system is cyclically and 

isotropically compressed with small strain steps, starting from a packing fraction below 

jamming, to a packing fraction above jamming. Unlike previous studies which describe 

the granular system by average coordination number or distribution of contact forces, the 

mobility of individual particle is studied as well as the mobility of particle cluster is 

studied using four-point susceptibility measure and Falk-Langer measure of affine and 

non-affine deformation. The relationship between particles in a cluster is also studied 

using complex network analysis. The study revealed strong correlation between the 

rearrangement of particle clusters and the evolution of global stress in the system.    

For the second part of the study which deals with the self-assembly of colloids the 

objectives are: 

1. To study and control evaporation induced self-assembly of colloids using a 

comprehensive multi-scale computational tool. 

2. The evaporation model must include multi-component liquid, the evaporation flux 

should be evaluated directly from the diffusion and convective fluxes at the gaseous 
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interface, without the need of any evaporation model or empirical correlations. Must 

adopting a detailed thermodynamic model (including activity coefficients) and the impact 

of the mixture non-ideality on the evaporation process.  

3. The particle model must include colloid roughness (an increase in repulsive force 

which cannot be accounted for by DLVO theory or hydration forces). 

4. Other numerical problems such as contact line pinning, interface effect, lubrication 

forces and spurious current need to be tackled. 

The most commonly observed structure for nanofluid droplet evaporation is the 

“coffee ring pattern.” The capillary flow to the pinned contact line that drives this pattern 

formation was first observed and reported by Robert Brown in 1829 [10]. After almost 

170 years later Deegan et al. [11] provided some mathematical analysis to relate the 

outward radial velocity to the evaporation rate. After that, there have been many attempts 

to mathematically model and then simulate the evaporation-induced particle deposition 

phenomena and understand the effect of different parameters associated with them. These 

efforts include full-scale Molecular Dynamics (MD) [12] and Dissipative Particle 

Dynamics (DPD) [13] simulation of both fluids and particles, MD simulation of particles 

with implicit solvent [14], DPD simulation of particles with flow fields estimated from 

analytical result under ideal conditions [14], and Finite Element (FE) simulation where 

particles are assumed as continuum concentration field [15, 16]. All of these numerical 

methods have their own disadvantages. In order to properly model the evaporation and 

the surface tension effects, the liquid and the surrounding medium need to be considered 

as continua whereas the particles need to be considered as discrete to model their 

interactions with each other and also with the fluid and the substrate. Hence the problem 
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at hand is inherently multiscale and a multiscale simulation method that can handle the 

fluids as continua and particles as discrete medium is required. On that endeavor, for the 

first time, a finite volume coupled volume of fluid-level set method paired with 

dissipative particle dynamics (CVOFLS-DPD) method is developed for the accurate 

handling of fluids and particles for evaporation induced self-assembly. Using the 

aforementioned method, the deposition of colloids in a sessile droplet is studied and the 

effect of different system parameters are discussed. The computational tool developed is 

very general and can be study other systems with colloids where there is phase change 

and interface deformation. 
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2 ANALYSIS OF COHESIVE MICRO-SIZED PARTICLE 

PACKING STRUCTURE USING HISTORY-DEPENDENT 

CONTACT MODELS 

2.1 Introduction  

This chapter discussed the study on packing of granular materials when cohesive 

forces are acting between the particles along with a shear stress that depends on the 

deformation history. To study the process a numerical method known as Discrete 

Element Method (DEM) is used for the simulation of granular system. This method was 

originally developed by Cundall for rock mechanics problem. DEM has been showed by 

Cundall and Hart to be a better tool for modelling discontinuous media compared to other 

methods like finite element method. DEM is a Lagrangian method where trajectory of 

each particle is calculated separately using Newton’s equation of motion. Collisions 

among particles and between particles and walls are accounted for using contact force 

models. Both normal contact force and tangential contact force are accounted for in the 

contact model. Other forces such as cohesive force, van der Waal force are considered in 

the equations of motion. 

2.2 Equations of motion 

For each particle Newton’s second law is invoked that provides the equations to solve 

the translational and rotational motions of the particles. 

2

2

i
i i

X
m F

t


=


 (2.1) 
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2

2 i
i

i

d
I

dt
=

θ
Trq  (2.2) 

n t

i ij ij
F F F= +  (2.3) 

= +r t

i ij ij
Trq Trq Trq  (2.4) 

where mi is the mass of the ith particle, Xi is the position vector of the ith particle, Ii is the 

moment of inertia that equals to 0.4miRi
2 and the rotated angle of particle i is represented 

by θi. The symbol Fi in Eq. (1.1) is the resultant contact force generated by two collided 

particles, i and j. This force can be decomposed further into two components: one is 

contact force in normal direction 𝐅ij
n and the other is contact force in tangential 

direction 𝐅ij
t , as shown in Eq. (1.3). The symbol Trqi in Eq. (1.2) is the resultant torque 

acting on the ith particle. It can also be decomposed into two components: torques caused 

by rolling friction and tangential force, respectively, as given in Eq. (1.4). 

2.2.1 Contact forces 

Contact forces arise when two particles collide. Two contact models are adopted in 

this work to account for the contact force between two particles. The contact models are 

both deformation history dependent meaning their deformation in tangential direction is 

obtained from an integral equation that integrates the tangential velocity from the time of 

collision to the time of interest. However, the Gran-Hertz-History model describe a 

nonlinear relationship between contact force and overlap distance, while Gran-Hooke-

History model gives a linear relationship. Both models are implemented in the open-

source software package LIGGGHTS. The Gran-Hertz-History model is also modified to 
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include van der Waals force, which can be significant for small particles, and thereby 

refer to as Modified Gran-Hertz-History model. 

Normal contact force 

The normal contact force 𝐅ij
n  can be determined by [17-19], 

( ).n nK = −
 

n

ij n ij ij ijF ξ γ u n n  (2.5) 

where in Modified Gran-Hertz-History model, parameters are given by, 

4

3
n eff nK E R= ,

5
2

6
γn eff n effS m= ,

( )

( )2 2

res

eff

res

e

e



=

+

ln

ln
,

2n eff nS E R= . 

(2.6) 

and in Gran-Hooke-History model, 

( )
0.8

0.2
216

15
n eff eff chK RE m v

 
=  
 

,

( )

2

2

4

1

eff n

n

res

m K

ln e


=

+

γ . 
(2.7) 

and ij v represents the velocity of the particle i relative to velocity of the particle j, ijn is 

the unit vector point from particle i to particle j, rese  is the coefficient of restitution of the 

particles,  ( )/i j i jR Rad Rad Rad Rad= +  is the effective radius that represent the 

geometric mean diameter of the i and j particle, 
( ) ( )

2 2

1 2

1 2

1 1
1/  

p p

effE
E E

  − −
 = +
 
 

is the 

effective Young’s modulus that is calculated in terms of individual Young’s modulus and 

Poisson ratio accordingly, 
n i j ijRad Rad = + − Rad is the overlap in normal direction 
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and i j

i j

eff

m m
m

m m
=

+
is the effective masses of the particles. Characteristic velocity chv  is 

taken as unity in Gran-Hooke-History model. 

Tangential contact force  

The contact force in tangential direction is calculated by [20], 

( ) ( ), s t tK  = −  − 
 

t n

ij ij t ij t ij ijF min F ξ t tu t  (2.8) 

where in Modified Gran-Hertz-History model, parameters are determined by,  

8t effK G R=
n
ξ ,

5
2

6
t eff t effS m = , 8t effS G R=

n
ξ , 

( )( ) ( )( )1 1 2 2

1 2

2 2 1 2 2 1
1/

p p p p

effG
E E

    − + − +
 = +
  

. 

(2.9) 

and in Gran-Hooke-History model, 

 t nK K= , t n = . (2.10) 

where 

0

t

t t

t

dt= ξ u represents the tangential displacement vector between the two spherical 

particles, ( ) ( )[ ]  = −  +  − 
t i j ij ij i i j j

u u u t t ω Rad ω Rad is the tangential relatively velocity, tij 

is the unit vector along the tangential direction, t0 is the time when the two particles just 

touch and have no deformation, t is the time of collision, ωi or ωj is the angular velocities 

of particles i or j and Radi  or Radj is the vector running from the center of particle i or j  

to the contact point of the two particles. 
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2.2.2 Van der Waals force  

The van der Waals forces among particles are included only in the Modified Gran-

Hertz-History model. The van der Waals force, 𝐅v
ij between particles i and j is given by 

[21], 

( )

( ) ( )

3 3

2 2
2 2

64

6 2 2 2 2 4

j

i

i i j

j i j i j

Rad Rad h Rad RadH

h Rad h Rad h h Rad h Rad h Rad Rad

+ +
= − 

+ + + + +

v a
ij

F  
(2.11) 

where Ha is the Hamaker constant, and h is the separation of surfaces along the line of the 

centers of particles i and j. To prevent 𝐅v
ij becoming infinity when h goes to zero a 

minimum separation distance ℎmin is considered. The Hamaker constant is related to the 

surface energy density by [22]:  

2

min24 surfacee h=
a

H  (2.12) 

2.2.3 Cohesive force  

The cohesive force is included in both Modified Gran-Hertz-History model and 

Gran-Hooke-History model. For the cohesive force, Johnson-Kendall-Roberts (JKR) 

model [23] is used to estimate the cohesive behavior of the particles. In this model, the 

normal cohesive force between two particles is proportional to the area of overlap 

between the particles. 

surfacee A=F    (2.13) 

where surfacee  is the surface energy density and A is the particle contact area. For sphere-

sphere contact [24], contact area A is evaluated by, 

2

4

( )( )( )( )i j i j i j i j

A

dist Rad Rad dist Rad Rad dist Rad Rad dist Rad Rad

dist


= 

− − + − − + + +
 (2.14) 
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where dist is the central distance between the i and j particles. Radi and Radj are the 

radius of the ith and jth particle, respectively. 

2.2.4 Torques  

The torque due to tangential contact force and the torque due to rolling friction are 

calculated in the same way for both models [25]: 

= t t

ij i ij
Trq Rad F  (2.15) 

nr nRK 


=
ij ijr

ij ij

ij

ω t
Trq t

ω
 (2.16) 

where ij i jω ω ω= −  is the relative angular velocity. 

2.3 The Integration Scheme 

For particle simulation using DEM the popular explicit Velocity Verlet scheme is 

used for time integration of the equation of motions. The accuracy of the integration 

scheme is of second order. Time integration operation for the n-th time step is as follows: 

n
n i
i

i

F
acc

m
=  

(2.17) 

1/2 1/2n n n

i i iu u acc t+ −= +   (2.18) 

1 1/2n n n

i i ix x u t+ += +   (2.19) 

 

Here x is the displacement, v is the velocity, a is the acceleration, t  is the time step 

and n indicates the time step position. 

2.3.1 Numerical Stability 

Explicit time integration schemes suffer from numerical stability that depends on time 

step, t  despite enjoying higher computational efficiency for discontinuous and large 
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systems than implicit ones. The time-step must be sufficiently small to prevent any 

unrealistic overlap [26] during collision of particles. In this work, the time step of 1×10-8 

s is found to be sufficient for all simulation cases. For each particle, a cutoff velocity is 

also considered below which the particles are deemed completely stationary. This 

velocity is 1×10-8 m/s. 

2.4 Physical Model 

For each simulation, 4,500 particles are allowed to settle in a box with dimensions 6 

mm × 6 mm. The particles are inserted such that they have no initial contact among them. 

The initial porosity of the system is kept constant at 0.75. Figure 2-1 shows the initial 

state of Gaussian particle packing. The particles are allowed to fall down due to gravity 

and then collide with other particles or with the boundaries. In this work, all six sides of 

the simulation box are considered as physically stationary. 

Sixty scenarios are studied in this work: five different mean radius (75µm, 85 µm, 

100 µm, 110 µm, and 120 µm) and three different size distributions (mono-sized, uniform 

and Gaussian) for two contact models (Modified Gran-Hertz-History model and Gran-

Hooke-History model) with and without cohesion. It should be noted that the deformation 

calculation is very important for packing simulation since the oversimplified model of 

calculating overlap distance is always the main reason that leads to the simulation crash 

by introducing unrealistic energy. Two basic rules are applied to these packing 

simulations: one is that particles are always considered as rigid body even though a 

deformation is considered by the chosen model, and the other is that the critical central 

distance is set for particle deformation. The critical distance is 1.01(d1+d2)/2 where d1 

and d2 are the diameters of the two particles. It means when the central distance of two 
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particles is less than the critical distance the two particles are considered to be in direct 

contact [27]. 

 

(a) Particles at t = 1×10-8 sec 

 

(b) Particles at t = 0.2 sec 

Figure 2-1 Initial and final structure for Gaussian particles from Modified Gran-

Hertz-History model with cohesion. 
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(a) Particles at t = 1×10-8 sec 

 

(b) Particles at t = 0.2 sec 

Figure 2-2 Initial and final packing structure for mono-sized particles from 

Modified Gran-Hertz-History model with cohesion. 
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(a) Particles at t = 1×10-8 sec 

 

 

(b) Particles at t = 0.2 sec 

Figure 2-3 Initial and final packing structure for uniform size particles from 

Modified Gran-Hertz-History with cohesion. 
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(a) Particles at t = 1×10-8 sec 

 

 

(b) Particles at t = 0.2 sec 

Figure 2-4 Initial and final structure for Gaussian particles from Gran-Hooke-

History model with cohesion. 
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2.5 Material Properties 

Table 2-1 Values of the parameters used in the simulation process 

Parameters Values 

Particle density ρ 7870 kg/m3 

Young’s modulus E 200×109 N/m2 

Restitution coefficient eres 0.75 

Sliding friction coefficient μs 0.42 

Rolling friction coefficient μr 2×10-4 

Poison ratio σp 0.29 

Hamaker constant, Ha 21.1×10-20 J 

Minimum separation distance, hmin 1×10-10 m 

Surface energy density, esurface 0.280 J/m2 

2.6 Results and Discussion 

2.6.1 Porosity and Coordination Number 

Table 2-2 Porosity and coordination number for Modified Gran-Hertz-History model 

Radius 

Porosity Coordination number 

Mono-

sized 

Uniform Gaussian 

Mono-

sized 

Uniform Gaussian 

75μm 
0.615 0.695 0.713 4.04 3.50 3.14 

85μm 
0.656 0.685 0.660 4.84 4.49 4.01 
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100μm 
0.583 0.615 0.637 5.27 5.29 5.14 

110μm 
0.575 0.505 0.557 5.41 5.56 5.37 

120μm 
0.485 0.574 0.487 5.36 5.46 5.45 

 

Table 2-3 Porosity and coordination number for Gran-Hooke-History model 

Radius 

Porosity Coordination number 

Mono-

sized 

Uniform Gaussian 

Mono-

sized 

Uniform Gaussian 

75μm 
0.599 0.695 0.724 4.00 3.59 3.11 

85μm 
0.656 0.685 0.643 4.83 4.50 4.00 

100μm 
0.566 0.615 0.476 5.25 5.25 5.13 

110μm 
0.525 0.505 0.591 5.50 5.55 5.43 

120μm 
0.476 0.574 0.651 5.33 5.47 5.36 
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Table 2-4 Porosity and coordination number for Modified Gran-Hertz-History model 

without cohesion 

Radius 

Porosity Coordination number 

Mono-

sized 

Uniform Gaussian 

Mono-

sized 

Uniform Gaussian 

75μm 
0.454 0.485 0.505 4.05 3.55 3.46 

85μm 
0.436 0.478 0.493 4.85 4.48 4.08 

100μm 
0.415 0.422 0.439 5.28 5.27 5.12 

110μm 
0.430 0.421 0.437 5.33 5.47 5.35 

120μm 
0.429 0.426 0.438 5.43 5.50 5.38 

 

Table 2-5 Porosity and coordination number for Gran-Hooke-History model without 

cohesion 

Radius 

Porosity Coordination number 

Mono-

sized 

Uniform Gaussian 

Mono-

sized 

Uniform Gaussian 

75μm 
0.407 0.483 0.458 4.01 3.52 3.60 

85μm 
0.439 0.460 0.472 4.82 4.44 4.00 
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100μm 
0.419 0.427 0.453 5.28 5.31 5.13 

110μm 
0.427 0.452 0.448 5.37 5.44 5.33 

120μm 
0.419 0.435 0.436 5.36 5.55 5.46 

 

Table 2-6 Magnitude of mean net contact force (N) for Modified Gran-Hertz-History 

model 

Radius 

Cohesion No Cohesion 

Mono-

sized 

Uniform Gaussian 

Mono-

sized 

Uniform Gaussian 

75μm 
1.91×10-7 3.00×10-7 2.20×10-6 1.94×10-7 2.87×10-7 2.25×10-7 

85μm 
3.75×10-7 4.86×10-7 4.13×10-7 3.76×10-7 4.74×10-7 4.22×10-7 

100μm 
8.50×10-7 1.07×10-6 9.22×10-7 8.60×10-7 1.03×10-6 9.09×10-7 

110μm 
1.41×10-6 1.59×10-6 1.52×10-6 1.41×10-6 1.59×10-6 1.50×10-6 

120μm 
2.30×10-6 2.41×10-6 2.30×10-6 2.23×10-6 2.40×10-6 2.30×10-6 
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Table 2-7 Magnitude of mean net contact force (N) for Gran-Hooke-History model 

Radius 

Cohesion No Cohesion 

Mono-

sized 

Uniform Gaussian 

Mono-

sized 

Uniform Gaussian 

75μm 
1.96×10-7 2.93×10-7 2.23×10-7 2.00×10-7 2.85×10-7 2.23×10-7 

85μm 
3.92×10-7 4.94×10-7 4.30×10-7 3.94×10-7 5.46×10-7 4.10×10-7 

100μm 
8.75×10-7 1.00×10-6 9.28×10-7 8.61×10-7 1.03×10-6 8.87×10-7 

110μm 
1.50×10-6 1.59×10-6 1.45×10-6 1.39×10-6 1.58×10-6 1.49×10-6 

120μm 
2.24×10-6 2.35×10-6 2.31×10-6 2.19×10-6 2.44×10-6 2.48×10-6 

 

Figure 2-5 and Figure 2-6 present the porosities and coordination numbers for 

different cases. It can be seen that the porosity decreases along with the increasing 

particle radius for all distributions when cohesive forces are considered. Similar trend 

was observed in the work of previous researchers [28]. This decrease in porosity with 

increase in radius is expected since with increase of radii or masses of the particles the 

initial supplied energy (gravitational potential) also increases. So the effect of cohesion in 

the packing of particles decreases and the porosity values become closer to that for 

Random Loose Packing [29, 30]. This also explains the decrease in differences between 

different size distributions in terms of porosity when the radius increases. Among the 

three distributions considered, Gaussian distribution has the highest porosity and mono-
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size has the lowest. The porosity values for the two models, Modified Gran-Hertz and 

Gran-Hooke are slightly different but both show the same trend. As for the non-cohesion 

case porosity also decreases with increase in particle radius, but the porosity values are 

much smaller. Figure 2-5 also shows that the rate of decrease of porosity with radius for 

non-cohesion case is much smaller. For mono-sized distribution without cohesion, 

porosity remains almost constant for both Modified Gran-Hertz-History model and Gran-

Hooke-History model. Since there is no cohesion the dissipative forces are smaller and 

particles can pack more closely. Again the difference between the two models in non-

cohesion cases is very small. For the coordination number, the trends for three 

distributions with cohesion are similar. It can be observed that the coordination number 

increases as particle radius increases which is exactly the opposite of the trend of 

porosity. Unlike porosity, Gaussian distribution now has the lowest coordination number 

and mono-size distribution has the highest. Interestingly, it is found that there is no 

significant change in coordination number whether or not cohesion is included. However, 

one can expect that coordination number should be smaller when there is no cohesion 

(porosity is larger). This can be explained as follows. When there is cohesion, particles 

tend to clump together and form clusters. These clusters have void spaces in them. Due to 

this formation of clusters in some region particles have high coordination number and in 

some region the coordination number is small. The coordination numbers given in Table 

2-2 and Figure 2-6 are average of coordination numbers for all particles. It can be seen 

that the coordination numbers for cohesion and non-cohesion cases are similar. 
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(a) Modified Gran-Hertz-History Model 

 

(b) Gran-Hooke-History Model 

Figure 2-5 Effect of porosity with particle size and distribution 
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(a) Modified Gran-Hertz-History Model 

 

(b) Gran-Hooke-History Model 

Figure 2-6 Effect of coordination number with particle size and distribution 

 

2.6.2 Radial Distribution Function 

Figure 2-7-11 show the RDF for particle systems with mean radius of 75 µm, 85µm, 

100 µm, 110 µm and 120 µm and associated with three different size distributions 

(mono-sized, uniform and Gaussian). For the cases where the particles have the same 

radius, three main apparent peaks appear. The first peak is sharply at 2r which is for the 

initial one to one contact, the second and the third are at around 2 2r and 4r, respectively 
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which corresponds to the two characteristic particle contact types, namely edge-sharing-

in-plane equilateral triangle and three particles centers in a line (the three contact types 

are illustrated in Figure 2-7 (a)). The second and third peaks merge into a single second 

peak for other distributions. The particle systems with mono-size distribution usually 

have the highest peak values among all three cases. The peak values for Hertz model are 

close to that for Hooke model. Also the peak values of RDF are almost same for cohesion 

and non-cohesion cases.  

  

(a) Modified Gran-Hertz-History with 

cohesion 

(b) Modified Gran-Hertz-History without 

cohesion 

  

(c) Gran-Hooke-History with cohesion (d) Gran-Hooke-History without cohesion 

Figure 2-7 RDF for particles with 75 μm radius 
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(a) Modified Gran-Hertz-History with 

cohesion 

(b) Modified Gran-Hertz-History without 

cohesion 

  

(c) Gran-Hooke-History with cohesion (d) Gran-Hooke-History without cohesion 

Figure 2-8 RDF for particles with 85μm radius 
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(a) Modified Gran-Hertz-History with 

cohesion 

(b) Modified Gran-Hertz-History without 

cohesion 

  

(c) Gran-Hooke-History with cohesion 

(d) Gran-Hooke-History without 

cohesion 

Figure 2-9 RDF for particles with 100 μm radius 
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(a) Modified Gran-Hertz-History with 

cohesion 

(b) Modified Gran-Hertz-History without 

cohesion 

  

(c) Gran-Hooke-History with cohesion (d) Gran-Hooke-History without cohesion 

Figure 2-10 RDF for particles with 110μm radius 
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(a) Modified Gran-Hertz-History with 

cohesion 

(b) Modified Gran-Hertz-History without 

cohesion 

  

(c) Gran-Hooke-History with cohesion (d) Gran-Hooke-History without cohesion 

Figure 2-11 RDF for particles with 120μm radius 

2.6.3 Force Distribution 

Figure 2-12-14 show the force distribution results after the particles are completely 

packed for particle systems with mean radius of 75µm. The force distribution graphs for 

other particle radii look similar. For same distribution the counts for each force 

magnitude are not exactly the same but close. However, as the particle radius increases, 

the force magnitudes increase as a response. 
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Table 2-6 and Table 2-7 give the mean net force for all the cases when the particles 

are finally packed. It has to be pointed out that the resultant force here does not represent 

gravity, since effect of gravity is small (of the order of 10-12 N). It can also be observed 

that the net force does not vary much even when the cohesion is included. The mean net 

force increases with the size of the particles, and it can also be seen that this force has the 

largest value if the particle size follows uniform distribution. Particles with Gaussian 

distribution have the secondary magnitude of force, while the mono sized particles have 

the smallest net force. The difference in magnitude of mean net force between the two 

different contact models is negligible. 
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(a) Modified Gran-Hertz-History with 

cohesion 

(b) Modified Gran-Hertz-History without 

cohesion 

  

(c) Gran-Hooke-History with cohesion (d) Gran-Hooke-History without cohesion 

Figure 2-12 Force distribution for particles with 75 μm radius and Gaussian distribution 
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(a) Modified Gran-Hertz -History with 

cohesion 

(b) Modified Gran-Hertz-History without 

cohesion 

  

(c) Gran-Hooke -History with cohesion (d) Gran-Hooke -History without cohesion 

Figure 2-13 Force distribution for particles with 75 μm radius and mono-size 

distribution 
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(a) Modified Gran-Hertz -History with 

cohesion 

(b) Modified Gran-Hertz -History without 

cohesion 

  

(c) Gran-Hooke-History with cohesion (d) Gran-Hooke-History without cohesion 

Figure 2-14 Force distribution for particles with 75 μm radius and uniform distribution 

2.6.4 Comparison between contact models 

By comparing the two models, Modified Gran-Hertz-History and Gran-Hooke-

History, it can be seen that the difference between them is not significant in terms of 

porosity, coordination number and mean net force. Both of these models assume that the 

particles are viscoelastic and have a stiffness term and dissipation term. As pointed out by 

[31] the linear  Gran-Hooke model can be as accurate as the non-linear Modified Gran-

Hertz model if the stiffness constants, Kn and Kt, and damping coefficients, γn and γt, are 

evaluated carefully. In this study, even though cohesion is included, the results obtained 
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from the two models are still close. Van der Waals force included in the Modified Gran 

Hertz model did not seem to play a great role in the packing process. This might be 

because particle sizes are too large for van der Waals force to take effect. When the 

efficiency of the two models are considered, the simulations with the Gran-Hooke-

History model ran faster than the simulation with the Modified Gran-Hertz-History 

model. So the linear Gran-Hooke-History model is more efficient than the Modified 

Gran-Hertz-History model. 

2.7 Conclusion 

A study on packing structures of particle system with different radii and size 

distributions using two different models are carried out by the Discrete Element Method. 

The simulation results including RDF and force distribution, porosity and coordination 

number are presented. It was observed that the particles with Gaussian distribution 

always have the lowest packing density while the particles with uniform size distribution 

have the medium packing density and mono-sized particles normally have the highest 

packing density. For the particles packing under cohesive effect, size distributions result 

in the same tendency of packing density but has much less variation with particle size. 

Coordination number is not affected by cohesion significantly but particle size and size 

distribution do influence the result. The differences in porosity, coordination number, 

RDF and magnitude of mean net force between the two models used are not substantial 

which show that any of the models can be used for simulation of particle packing. 

However when efficiency is considered the Gran-Hooke-History model is found to be 

more efficient than the Modified Gran-Hertz-History model. Therefore, Gran-Hooke-

History model can be the model of choice for simulating micro-sized particles. 
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3 SMOOTHED PARTICLE HYDRODYNAMICS SIMULATION OF 

GRANULAR SYSTEM UNDER CYCLIC COMPRESSIONS 

3.1 Introduction  

This chapter presents the study on the states of two-dimensional granular materials 

subjected to consecutive isotropic jamming cycles.  The granular system is cyclically and 

isotropically compressed with small strain steps, starting from a packing fraction below 

jamming, to a packing fraction above jamming. The Smoothed Particle Hydrodynamics 

(SPH) method used to carry out the numerical study is presented in the next section along 

with the description of the physical model. The evolution of global stress in the granular 

system and the effect of local microstructure is discussed in the subsequent sections. 

3.2 Methods and Physical Models 

In this study the granular materials are simulated using the Smoothed Particle 

Hydrodynamics (SPH) method [32-35]. SPH is a meshless method where the governing 

equations are solved by discretizing the granular particles into a finite set of SPH 

particles or integration points. The field variables such as density and velocity at a point 

of interest are calculated by integrating over the SPH particles. The SPH method can 

handle large deformation and has been applied to hyper-velocity impact [34], explosion 

[36] and fluid dynamics [37] problems. When SPH is applied to high velocity impact 

problems exact detection of boundary and contact forces can be ignored because of their 

insignificant contribution. However, for low velocity impact or small deformation, as 

discussed by previous researchers [38], several problems can arise without proper 

boundary treatment. Some of them include ghost stress, which arises due to incorrect 
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inclusion of boundary particles within a smoothing length, false tensile force during 

separation and normalization of kernel not satisfied. To avoid such problems, a method to 

detect boundary SPH particles and a contact force model is developed and employed for 

studying granular materials. This method was originally proposed by [38] using a contact 

mechanics model developed for finite element method. In this section the SPH method 

will be described first, followed by discussion on some modifications added to provide 

better results and the kinematic contact algorithm for the granular particles.  

As discussed earlier, in SPH field quantities at a point are obtained by integral 

interpolation of neighboring points.  

( ) ( ) ( )' ' d 'r r  r r rf f = −  
(3.1) 

where f (r) is a field quantity determined at the position vector r, while δ is the Dirac delta 

function. The above equation can be approximated by 

( ) ( ) ( )' ', d 'r r  r r rf f W h= −  
(3.2) 

where W (r – r’, h) is called the kernel or smoothing function and f (r) is now determined 

by weighted interpolation of surrounding field quantities. The smoothing length, h 

defines the domain of influence of the kernel function, W (Figure 3-1). The kernel 

function, W is chosen such that it satisfies two conditions. The first is the normalization 

condition that states, 

( )', d ' 1 r r rW h− =  
(3.3) 

The integration of the smoothing function should produce unity. 

The second condition is the Delta function property which states that the kernel 

function approaches the delta function as smoothing length, h approaches zero. 
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( ) ( )
0

lim ', d ' 'r r r r r
h

W h 
→

− = −
 

(3.4) 

For numerical efficiency a third condition is imposed on the kernel function which is 

the compact condition. 

( )', 0 when 'r r             r rW h kh− = − 
 

(3.5) 

The quantity kh define the effective (non-zero) area of the smoothing function. This 

area is called the support domain. The parameter k is chosen such that sufficient amount 

of the function falls within the support domain and the error due to interpolation is small. 

 

Figure 3-1 The support domain of the smoothing function, W 

By discretizing the entire system into a finite number of particles that carry individual 

mass and occupy individual space, the integral equation can be approximated by 

summation interpolant. 

( ) ( )
1

,r  r r
N

j

i j j

j j

m
f f W h

=

 −
 

(3.6) 

where jm  and j  are the mass and density of particle j at jr . The gradient and 

divergence of f is given as  

( ) ( )
1

,r  r r
N

j

i j i j

j j

m
f f W h

=

   −
 

(3.7) 
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( ) ( )
1

,f f r  r r
N

j

i j i j

j j

m
W h

=

•  • −
 

(3.8) 

The above SPH formulations are used to discretize the governing equations. 

3.3 Equations of motion 

The mass, momentum and energy conservation equations come from continuum 

mechanics model and are given as: 

D u

Dt x









= −


 (3.9) 

1Du

Dt x

 








=


 (3.10) 

De u

Dt x

 








=


 (3.11) 

where   the density, u
 the velocity component, 

  the total stress tensor, and e  is the 

specific internal energy. 

The SPH approximation for mass, momentum and energy equation take the following 

form [39], 

 ( )
1

N
ija ai

j i j

j i

WD
m u u

Dt x


=


= −


  (3.12) 

 
2 2

1

N
j iji i

j

j i j i

WDu
m

Dt x

 





 =

  
= +    
  (3.13) 

 ( )2 2
1

1

2

N
j ija ai i

j i j

j i j i

WDe
m u u

Dt x







 =

  
= − + −    

  (3.14) 
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where m is the mass of individual particle and ijW  is the kernel function. Several 

different kernel functions have been used in the SPH literature. The most popular one is 

the cubic spline function proposed by [40], which has the following form: 

( ) ( )

2 3

3

2 1
       0 1

3 2

1
, 2              1 2

6

0                           2

d

R R R

W R h R R

R




− +  




=  −  






 (3.15) 

where 
d  is the normalization factor which is 

215 / 7 h  in two-dimension and R  is the 

distance between particles i and j normalized as /R r h= . Unlike DEM where the contact 

forces are the main simulation variable and stress within particles are unknown, the SPH 

solution produces density, velocity, stress, and strain at each timestep directly. 

Constitutive models for stress and strain for actual materials can also be directly 

implemented in the SPH method. 

To improve the numerical stability of the SPH method certain terms are added to the 

discretized governing equations. They are the artificial viscosity term, which is added to 

the momentum equation, the artificial stress term also added to the momentum equation 

to prevent tensile instability and the velocity smoothing technique [33] to smooth out any 

unexpected numerical peaks in the velocity. They are discussed in the following sections. 

3.3.1 Artificial Viscosity 

In SPH literature a dissipative term, ij , which is also called artificial viscosity, is 

introduced into the governing equation to prevent large unphysical oscillation in the 

numerical solution and to improve numerical stability. The artificial viscosity is 

incorporated into the momentum equation in the following way: 
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2 2
1

N
j iji i

j ij

j i j i

WDu
m

Dt x

 







 =

  
= + −    
  (3.16) 

The most widely applied artificial viscosity derived by Monaghan [41] is used in this 

paper. 

2

 0

0                       0

ij ij ij

ij ij

ijij

ij ij

c
u x

u x

  



− +
 

 = 


 

 (3.17) 

where 

( ) ( )2
2

1 1
,      ,      

2 2

ij ij

ij ij i j ij i j

ij

u x
h c c c

r h
   




 = = + = +

+
 (3.18) 

,      ij i j ij i jx x x v u u= − = −  (3.19) 

In the above equation,   and   are constants and taken as unity, c  is the sound speed 

and   is 0.01. 

The energy equation takes the form of  

( )2 2
1

1

2

N
j ija ai i

j ij i j

j i j i

WDe
m u u

Dt x









 =

  
= − + − −    



 

(3.20) 

3.3.2 Tensile Instability 

In SPH, for solid body deforming under tension numerical instability arises and 

material can fail unrealistically. This happens because under tension the SPH particles 

attract each other and tend to clump together. Monaghan [42] and Grey et al. [43] 

successfully introduced artificial stress method to overcome this problem of tensile 
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instability. Their method involves adding another term to the momentum equation. The 

additional term comes from the dispersion relations. 

( )2 2

j ijni i
j ij i j ij

j i j i

Wdu
m R R f

dt x


 





 

  
= + − + +    


 

(3.21) 

where n is the exponent which depends on the smoothing kernel, ijf  is the repulsive force 

term which is given in terms of the kernels by [42] as: 

( ),

ij

ij

W
f

W p h
=


 (3.22) 

where p  is the initial particle spacing. In this paper, h is assumed to be constant so that 

( ),W p h  is also constant. It is found that best result can be obtained by setting 1.5h p= 

. The [43] suggested a value of 4 for n for best result so that value is used in this work.  

For the two-dimensional case used in this paper, the components of the artificial 

stress tensor iR  for particle i in the reference coordinate system (x, y) are computed 

from the principal components xx

iR  and yy

iR  by the coordinate transformation: 

2 2cos sinxx xx yy

i i i i iR R R  = +  (3.23) 

2 2sin cosyy xx yy

i i i i iR R R  = +  (3.24) 

( )sin cosxy xx yy

i i i i iR R R   = −  (3.25) 

where the angle i  is defined as, 
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2
tan 2

xy

i
i xx yy

i i




 
=

−
 (3.26) 

where xx

i , yy

i  and xy

i  are components of stress tensor of particle i in the reference 

frame (x, y). The diagonal components of the artificial stress tensor in principle axes are 

calculated as [43], 

2
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R

otherwise
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 = 



 (3.27) 
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yy

yy
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if
R

otherwise







− 

 = 



 (3.28) 

where   is a constant and is taken as 0.3 which as suggested by [43] is the best value for 

elastic solid. 
i

xx   and 
i

yy   are the principal stresses of particle i .  They are obtained as, 

2 2cos 2sin cos sin
i

xx xx xy yy

i i i i i i i        = + +  (3.29) 

2 2sin 2sin cos cos
i

yy xx xy yy

i i i i i i i        = − +  (3.30) 

3.3.3 Velocity Smoothing 

The velocities v of the particles obtained by time integration of the momentum 

equation are corrected in order to smooth out any unexpected numerical peaks. The 

correction is done by [33], 

( )
( )

1 0.5i i i

N
j

j ij

j i j

m
u u u u W   

 =

= + −
+

  (3.31) 
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The corrected velocities are used to update the position of the particles, while the 

uncorrected velocities are used for time integration of the momentum equation at the 

following step. 

3.3.4 Equations of State 

Pressure, density and internal energy of a material are related by the equation of state 

of the system. In this paper the Mie-Gruneisen equation for solids [44] is used to 

calculate the pressure arising from the deformation of the material.  

 

Table 3-1 gives the material properties and constants for Mie-Gruneisen EOS of lead. 

The required equations are 

( )
1

1
2

Hp p e  
 

= −  + 
 

 (3.32) 

where 

0

1





= −  (3.33) 

( )
2 3

0 0 0

0

, 0

, 0
H
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 + +
= 


 (3.34) 

2

0 0a c =  (3.35) 

( )0 0 1 2 1b a S= + −    (3.36) 

( ) ( )
2

0 0 2 1 3 1c a S S = − + −
 

 (3.37) 
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Table 3-1  Material Properties 

  (g/cm3) c  (×104 m/s) S G (GPa) E (GPa) Γ 

Lead 11.34 1.19 1.80 5.6 16 2.00 

where 
0  is the density, c  is the speed of sound in the material, E and G are 

respectively bulk and shear moduli and S and   are material parameters needed to 

calculate the Mie-Gruneisen equation of state. The stress rate obtained from the 

constitutive relation must be invariant with respect to rigid body rotation when large 

deformation is involved.  The Jaumann stress rate is adopted for this purpose as, 

 2s s R s R Ge     − − =  (3.38) 

where R  is the rotation rate tensor defined as, 

 
1

2

v v
R

x x

 


 

  
= − 

  
 (3.39) 

and R  has the same equation except   is replaced by  . 

 

3.3.5 Contact Model  

The contact model used here is that derived by [38] for SPH low velocity impact 

problem. They derived the weak form of the contact problem using the virtual work 

principal and solved it by penalty method that involves both a penetration and a 

penetration rate. 

The SPH form of the variational equation for the contact problem is given by [38], 

( )1 2 n 0
i i i

N

i i ij j i j ij j i n n i ij i j i

i j M j M j M

u W V V W V V p p W AV u      
  

 
+  + + = 

 
   

(3.40) 
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where iM  represents those particles within a distance 2h of a particle i, and iA  is the 

contact area. np  is the penetration and np  is the penetration rate. 1  denotes the penalty 

parameter for the penetration rate and 2  is the penalty parameter for the penetration. The 

inside of the bracket must be zero for allowable virtual velocity iu . Therefore the 

momentum equation for two bodies in contact can be written as [38], 

intu F Fcon

i i i im = − −  (3.41) 

where 

( )

int

1 2
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F n
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i

i

i i ij j i
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i j ij j i

j M
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i n n i ij i j

j M

m W V V
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p p W AV







 







=
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= +







 
(3.42) 

3.3.6 Contact Force 

The authors in [38] uses the one dimensional elastic wave theory to obtain the 

expression for contact force. Their equation for penalty parameters are, 

1 2

1j j i j

i i

j j i i i j o

c E E
p p c p p

c c E E d


  

 

   
+ = +       + +   

 (3.43) 

where i  and j  are densities of SPH particle i and j in contact, ic  and jc  are their 

respective sound speeds, iE  and jE  are their respective elastic moduli and od  is the 

diameter of the SPH particles. 
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3.3.7 Contact Detection 

To find the boundary particles a color parameter, i  is introduced for each SPH 

particles. A particle will be designated as a boundary particle if the summation of i  is 

less than 0.85~0.90 of the original index value [37, 38]. 

( )

/i j j ij j

j N i

m W  


   
(3.44) 

The boundary normal vector is obtained from the gradient of the color parameter. 

( )/i i
n  =     (3.45) 

where 

( ) /
i

j j ij iji
j M

m W  


 = −   
(3.46) 

The following criterion is used to detect the contact [38]. 

2 2

r ,
2 2 2

j i ji
ij

d d dd
Max

+   
 +   

   
 (3.47) 

where rij  is the center to center distance between two SPH particles and id  and jd  are 

their respective diameters. 

To obtain the penetration and penetration rate for two SPH particles in contact by 

taking into account the curvature of the surface [38] proposes a way to find the average 

normal vector for the two surfaces in contact. If   is the angle formed with the normal 

vectors of particle i and j then the average normal vector for the two particles in contact is 

given by, 
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 (3.48) 

where c  is the critical angle. The penetration and penetration rate for contact between 

particles is given by 

( )
( )

av

av

r n

u u n

av

av

n i j ij

n i j

p R R

p

= + − 

= − 
 (3.49) 

The force of contact is then obtained by, 

( )1 2F n
av av

i

con

i n n i ij i j

j M

p p W AV 


= +  (3.50) 

3.4 Validation 

The above SPH contact model is used to simulate impact of two identical disks each 

of radius 50 mm and the number of SPH particle in each disk is 91. The material is lead 

whose properties are given in  

 

Table 3-1. The Mie-Gruneisen equation of state is used. The disks move with an 

equal but opposite initial velocity of 10 m/s.  
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First the contact detection algorithm is tested to see if the boundary particles can be 

single out from the inner particles. Figure 3-2 shows that the boundary particles have a 

much larger color gradient,   than the particles inside.   

 

Figure 3-2 The boundary particles indicated by color gradient,   

 

Figure 3-3 Pressure distribution of two colliding disks 

Figure 3-4 shows the time history of the total contact force on the particles. The 

current result is compared with the Hertz solution for collision of two disks. The total 

force in Hertz model is a function of deformation given by, 

1n

contactP K=  (3.51) 

2*1

1.36

n

n
K E L=  (3.52) 

where  
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( ) ( )
2 2

1 2

*

1 2

1 11
p p

E E E

 − −
= +  

where   is the deformation. Applying Newton’s 2nd law and the contact force relation, 

the maximum deformation and maximum force due to impact can be calculated as: 
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where  

i j

eff

i j

m m
m

m m
=

+
 

The time for collision between two disks or cylinder with unit length is given as: 

( )

( )
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1
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0 1
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1 /
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d
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u

 

 
+

=

−
  (3.54) 

Using 1n = 10/9 and 2n = 8/9 an excellent match with the data is obtained (Figure 3-4 

(a)).  

 

Figure 3-4 Total contact force-time histories of the impacting disks 
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Figure 3-4 (b) shows the average velocity-time history of the two colliding disks. It 

can be seen that the final rebound velocity is equal to the initial velocity of impact. 

Therefore the kinetic energy is conserved before and after the collision. 

3.5 Physical Model 

At the beginning of simulation 2,400 mono-sized disks are placed within the two-

dimensional square box. The box size, disk size and their material properties are given in 

Table 3-2 and  

 

Table 3-1. The disks are placed such that there is no initial contact with the wall of 

the container or among the disks. The initial packing fraction for the system is 0.8. 

Gravity is neglected in this study. Two sides of the container are kept stationary while the 

two other sides are displaced with a linear velocity. The left and bottom walls move 

backward and forward with an amplitude of 20 mm in each cycle (see Figure 3-5). The 

time period for the cycle is 2.5 millisecond. However, each cycle consists of several steps 

where the walls are kept stationary to relax the system. The time step used for the 

simulation is 0.1 microsecond. The moving walls perform several compression cycles 

where the system is quasi-statically compressed or expanded. 
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Figure 3-5 One full cycle of compression and expansion showing also the force chain 

networks. 

Figure 3-6 gives a closer view of the disks and the force chains. Each disk consists of 

61 SPH particles arranged in an optimum packing configuration [45]. The radius of each 

SPH particle is about 0.35 mm.  

 

Figure 3-6 A closer look of the disks and force chains. 
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The walls are also made of SPH particles. For the case of walls square lattice 

configuration is used and the lattice spacing is twice that of the SPH particle radius. Each 

wall has two layers of SPH particles. 

Table 3-2 Simulation Parameters 

Parameters Values 

Box size, m×m 0.2942×0.2942 

Time step 1×10-7 s 

Granular particle numbers 2400 

Granular Particle radius 3.026×10-3 m 

Number of SPH particles per disk 61 

SPH Particle radius 3.4868×10-4 m 

3.6 Results and discussion 

3.6.1 Coordination number, Packing fraction and Distribution of contact forces 

For a granular system to reach mechanical equilibrium or “jammed,” the system 

needs to satisfy a minimum number of contacts that is theoretically related to the degrees 

of freedom of the system. The isostatic conjecture [46-52] for frictionless system of N 

particles in dimension Dim states that for mechanical equilibrium there must be at least Z 

= 2Dim contacts on average per particle (since there are NZ/2 independent forces and 

Dim×N force balance constraints). However, the average coordination number from 

simulation or experiment is usually lower than 2Dim due to the presence of rattlers, 
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which are particles that do not contribute to the force chain. They may have zero or some 

contacts, but those contacts do not add to the mechanical stability of the packing. One 

way to identify rattlers is to count their contacts. For this frictionless simulation case, 

particles with less than four contacts are defined as rattlers [53-58]. The corrected 

coordination number, Cc, which is the ratio of the total number of contacts of particles 

with at least 4 contacts and the number of those particles, shown in Figure 3-7 (a), 

follows perfectly the isostatic conjecture. The only zero value of Cc is recorded at the 

beginning when there is no contact. On the other hand, Figure 3-7 (b) shows the nice and 

regular oscillations of the average packing fraction as the system is compressed to a 

maximum value and expanded. Here the system is compressed to a maximum value of 

0.91.  

 

Figure 3-7 (a) Corrected coordination number vs packing fraction for all cycles. (b) 

Packing fractions change with loading cycles. 

The distribution of contact forces for different compression cycles is shown in Figure 

3-8. Unlike DEM where the force acts at a single point, in SPH the contact force for a 

single granular particle is found by integrating forces on the individual SPH particles 
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over the area of contact. Previous studies [59] of granular materials have pointed out that 

the probability distribution of contact forces decreases exponentially with increase of 

contact forces, Fn, above the average value, <Fn>. The data shown in Figure 3-8 for a 

packing fraction of 0.91, show, this, indeed is the case for present simulation. A black 

dashed line is added in Figure 3-8 (b) to aid in visualization The force distributions for 

all cycles fall on a nearly straight line in the semi-logarithmic plot for probability 

distribution indicating that the probability distributions of the normalized contact forces 

follow nearly an exponential decay, which is consistent with previous studies [59]. 

Figure 3-8 (a) and (b) also show that the force distributions are nearly constant for 

loading cycles. 

 

Figure 3-8  Probability distribution of contact forces. The dashed black line in (b) is 

added as a visual guide only. 

3.6.2 Global pressure response 

The global pressure on the granular system is computed by first computing the 

Cauchy stress tensor for the granular system. The Cauchy stress is given by [60]: 
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( )
1

2
ij i j j iF x F x

Area
 = +

 
(3.55) 

where Area is the area of the confining container; ,i jF F  are the components of the 

concentrated force F on the boundary that is applied on the disks at points ( ),i jx x . The 

summation is taken over all such forces. Pressure, p, is then the trace of the stress tensor.  

Global pressure response of the system shown in Figure 3-9 where the total 

normalized pressure for a packing fraction of 0.85 is shown in Figure 3-9 (a). Figure 3-9 

(b) indicates pressure, normalized by maximum, for the most compressed states only for 

different packing fractions. As can be seen, the global pressure decreases with 

compression step. Figure 3-9 (b) shows that the global pressure evolves differently for 

different packing fractions. For packing fraction of 0.9 the global pressure shows very 

little change with change compression steps whereas lower packing fractions show 

remarkable change in the global pressure. It can be noted that for all packing fractions in 

this study, the system is jammed during part of each cycle, however, the stress relaxes to 

a somewhat lower value. This may be because the cyclic compression of the disks allows 

the entire structure to slowly rearrange themselves and attain a state of less global 

pressure for same packing fraction. 
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Figure 3-9 Pressure evolution over the compression cycles 

 The next and subsequent part of this study focused on finding the origin of this 

evolution of the global pressure. 

3.6.3 Bulk structural change and dynamic heterogeneity 

The global stress evolution in the granular system can be associated with bulk 

structural change within the assembly. If such a bulk rearrangement exists, then it is 

expected to show up in the motion of the particles tracked over time or cycles. To probe 

the effect of particle motion, the mobility of particles is considered; it is defined as the 

displacement of the particle for a given time delay τ (here, time represents the number of 

compression cycles), relative to the mean displacement of all particles. Figure 3-10 

shows mobilities for three different time delays, τ = 1, τ = 7 and τ = 17, in compression 

simulation on disks. Particles with similar mobility are represented by similar colors in 

Figure 3-10. Specifically, the colors correspond to the following fractional changes 

relative to all the particles: red, 0.90 ± 0.1; yellow, 0.70 ± 0.10; green, 0.50 ± 0.10; cyan, 

0.30 ± 0.10; and blue, 0.10 ± 0.10. 

 

Figure 3-10  Mobility of the particles (disks) for different cycles. The initial packing 

fraction of the system is ϕ = 0.8. The time delay τ equals (a) 1 cycles (b) 7 cycles and (c) 

17 cycles. 
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The particle mobility, shown in Figure 3-10, reveals that particles with similar 

mobility form large clusters and these clusters or regions grow with time. This indicates 

heterogeneous structural change both in time and space. The dense structure of these 

clusters suggests small local rearrangements of the particles. The number of particles 

with least mobility increases with time whereas particles with highest mobility decrease; 

however, this change occurs in a collective form which further suggests local 

rearrangement of particles. Figure 3-11 shows the histogram of the particles based on 

their mobility for the given cycles, which also confirms the above observations. 

 

Figure 3-11  Histogram of the mobility of the particles (disks) for different cycles. 

The initial packing fraction of the system is PF = 0.8. The time delay τ equals (a) 1 cycle 

(b) 7 cycles and (c) 17 cycles. 

As an alternative approach to quantifying these heterogeneous dynamics, the four-

point susceptibility ( )4  , which indicates the extent of temporal correlation of 

dynamics at any pair of spatial points is studied [1]:  

 ( ) ( ) ( )
22

4 s sN Q Q    = −
 

 (3.56) 

where ( )sQ   is defined as  
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where N is the number of particles, and ( )ir t  indicates the particle positions at time t, for 

a length scale l (the unit of length scale, l, is the radius of the disks). The averages are 

taken over all the particles and over all starting times. ( )sQ  , which is referred to as the 

self-overlap order parameter, is a measure of particle mobility and is quantified by a 

length scale l.  ( )sQ   and ( )4   vs cycles are plotted in Figure 3-12 (a) and (b), 

respectively. As can be seen, ( )sQ   varies from 1 to 0 as the time delay τ increases. On 

the other hand, ( )4   has a maximal point for each length scale, which basically 

characterizes a time delay 
* , by which the particles, on average, move more than the 

length scale l. 

As seen in Figure 3-12 (b), ( )4   is maximum for the characteristic length scale l† 

≃ l/20 for a packing fraction of 0.93. The characteristic l† for each ( )4   plot of 

different packing fractions can be examined and the corresponding maximal τ† can be 

found. Figure 3-12 (c) shows the maximum ( )4   curve for different packing fractions. 

The plot suggests that the typical length scales for l are just fraction of a particle 

diameter. Also, the plot provides a characteristic time scale τ† by which the particles, on 

average, move more than the length scale l. The characteristic time scale, τ†, is typically 

25 cycles for any packing fractions. Hence the particles can be considered largely 

confined. However, their small movement is enough to modify the force network and 

relax the system stress. 
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Figure 3-12  (a) ( )sQ   vs cycles for packing fraction 0.93. (b) ( )4   vs cycles for packing 

fraction 0.93. (c) Maximum ( )4   curve for different packing fractions (PF). 

3.6.4 Structural deformations in compressed states 

The heterogeneous dynamics study in the previous section inspires a deeper look at 

the meso-scale structural change that can give rise to change in global stress. On such an 

endeavor, the granular system is probed using Falk-Langer [61] measures of affine and 

non-affine deformations. A cutoff radius of 2.5d is used for the FL analysis. This typically 

includes 10-15 neighboring particles, including the particle of interest. The deformation 

of these particles is followed for a time equal to τ† obtained from the previous study. 

Unlike FL analysis, the particles displacements are measured with respect to the 

center of mass of the assembly within the cutoff radius. If 
ir  and 

ir  are the locations of 

all the particle i with respect to the center of mass of the assembly for the initial and final 

steps then a 2x2 matrix, E  can be obtained from the least-square fit of the equation: 

i ir E r =  (3.58) 

The matrix E is the best-fit linear map that affinely transforms the particles from the 

first position to the next one. The matrix E  can be written in terms of a symmetric 

matrix, F , and a rotational matrix, R , as, 
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E F R
 =  (3.59) 

From the symmetric matrix, F  , the strain matrix can be obtained as, 

F I = −  (3.60) 

The affine shear strain and affine deformation can then be obtained from the 

eigenvalues (
1  and 

2  where 
2 1  ) of the local strain matrix,  : 

Affine shear strain:   
2 1  = −  (3.61) 

Affine dilation:  
1 22  = +  (3.62) 

Non-affine deformation can be obtained as:  ( )( )
1

2 2

min i iD r E r= −  (3.63) 

Figure 3-13 represents data for affine and non-affine deformations for different 

packing fractions over several compression cycles in the granular system. The 

deformation data presented are summed over all particles and normalized by their initial 

mean value. Both affine and non-affine deformations fall quickly to a fixed value and 

fluctuates around it. The rate of decrease of normalized average affine shear strain is 

much higher for lower packing fractions than that for higher packing fractions. This 

possibly suggests a much longer relaxation time scale for systems with higher packing 

fractions. Similar trend is observed for normalized average affine dilation. The higher 

packing fraction of the system allows the particles to dilate and maintain their 

deformation. As for the normalized non-affine squared displacement the trend is not so 

clear. For packing fraction below 0.89 the graph approaches zero quite rapidly. However, 

for higher packing fractions the graph fluctuates around a mean value suggesting that the 

non-affine deformation persists throughout the entire loading cycles.  
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Figure 3-13  Deformation of the particles for different cycles (a) normalized average 

affine dilation (b) normalized average affine shear strain (c) normalized non-affine mean 

squared displacement 

The affine and non-affine deformations are also correlated, which is demonstrated in 

Figure 3-14. The graph suggests that there is a monotonic increase in non-affine 

displacement with affine shear strain. However different packing fraction occupy 

different areas of the graph with some overlap. This suggests a relation between systems 

of different packing fractions.  

 

Figure 3-14  Correlation of affine and non-affine deformations for various packing 

fractions. 

The intensity plot of the non-affine mean squared displacement is shown in Figure 

3-15 for three different cycles revealing regions with higher non-affine deformations 
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compared with the rest of the system. At the beginning of loading cycle, most non-affine 

deformations occur away from the moving walls. As the number of compression cycles 

increases the non-affine deformations occur more near the wall as indicated by the dark 

(blue) region in the intensity plot for higher cycle. Figure 3-15 can be compared with 

Figure 3-10 where the particles are categorized by their mobility.  

 

Figure 3-15  Intensity plots of 
2

minD  for various cycles during simulation. The data 

shown are for packing fraction, ϕ = 0.87. Darker (blue) regions indicate low 
2

minD  and 

brighter (red) regions indicate high 
2

minD . 

At the beginning of loading cycle particles near the wall move with the wall and 

affine deformation presides over non-affine deformation. The particles at the top right 

corner are forced to rearrange themselves in a more compact structure, thus more non-

affine deformations occur at that region. For higher cycles, the particles at the top right 

can do little in terms of structural rearrangement so the non-affine deformation zone 

moves down near the walls where particles with higher mobility still have some room to 

rearrange themselves into more compact structures. 

3.6.5 Linking initial micro-structure to plastic rearrangement 

The non-affine deformations as discussed in previous section give rise to plastic 

rearrangement of the particles in the structure. This plastic rearrangement causes a 
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change in the global stress response of the system. In this section the non-affine 

deformations of the particles are studied by relating it to the initial micro-structure. More 

specifically, the question addressed in this section is whether one can predict the global 

response of the system having prior information about the initial micro-structure (local 

packing fraction). 

First, to get the local packing fraction, the entire system is decomposed into Voronoi 

cells with radical Voronoi tessellation method. For this purpose, the efficient “pyvoro” 

software is used developed by Joe Jordan which is a python extension of “voro++” code 

developed by Chris Rycroft [62]. A sample of the Voronoi tessellation is shown in 

Figure 3-16 (a). The local packing fraction at each loading cycle is then calculated by the 

formula, 

i
i

c

V

V
 =  (3.64) 

 

Figure 3-16 (a) Voronoi tessellation and local packing fraction shown colored by 

magnitude (b) standard deviation of local packing fraction for different load cycles. 

where i  is the packing fraction around each particle i, iV  is the area of particle i and cV  

is the area of the Voronoi cell around particle i. The local packing fraction field is shown 
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in Figure 3-16 (a) where the intensity of the color in each cell varies according to the 

relative packing density. One can immediately recognize from the figure that not all areas 

have the same packing density. There are regions of high and low local packing fraction. 

The standard deviation of local packing fraction for different global packing fraction is 

also shown in Figure 3-16 (b). The standard deviation for different cycles is very similar 

for global packing fraction 0.86 and 0.87 but very different from 0.90. The standard 

deviation for all three rises with loading cycles and approaches a maximum value. As the 

walls press down on the particles during loading cycle the average packing fraction of the 

granular system increases and reaches a maximum value. However due to particle 

rearrangement in subsequent loading cycles the local packing fractions become more 

diverse as indicates by the increase in standard deviation of the local packing fraction. 

However, the increase in diversity is not much for PF = 0.90 as for PF = 0.86 and 0.87. It 

can be recalled from Figure 3-9 (b) that the global pressure shows negligible relaxation 

for packing fractions above 0.9. It is worth studying if there is a correlation between the 

initial micro-structure or local packing fraction distribution and the non-affine plastic 

deformation of the particles. 

Figure 3-17 shows three two-dimensional histogram plots of 
2

minD  and i  for PF = 

0.87 at 3, 7 and 11 load cycles. A white dashed line is drawn in the plot to help visualize 

the correlation between the two variables but is not a best fit of the data. A least-square 

mean fit is found to be very sensitive to the higher and lower end values. The plots reveal 

that the two quantities, 
2

minD  and i , are indeed related. Despite having a significant 

dispersity in data, a lower value of i  usually means a higher value of 
2

minD  and vice 

versa.  
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To further verify the correlation between 
2

minD  and 
i , the Pearson correlation 

coefficient, the standard correlation coefficient for two variables, is calculated for all N = 

2400 particles. 

( )
( )( )( )

( )( ) ( )

2 2

min min
2 1

min
2 22 2

min min

1 1

Corr ,

N

i ii
i

i
N N

i ii
i i

D D

D

D D

 



 

=

= =

− −

=

− −



 

 (3.65) 

where ( )2

min i
D  means the non-affine squared deformation for particle i, and  means 

average value. No correlation is indicated if the correlation coefficient is 0 and -1 means 

perfect negative correlation. The correlation coefficient for all load cycles and for three 

different packing fractions is shown in Figure 3-18. The correlation coefficient increases 

somewhat monotonically in negative value after the first load cycle and reaches a 

maximum of about -0.55. The plot confirms the negative correlation between 
2

minD  and 

i  suggested by Figure 3-18. The negative correlation suggests that particles with low 

local porosity undergo more non-affine plastic deformation than others. Interestingly, the 

correlation coefficients are very similar for different packing fractions. However, from 

Figure 3-16 (b) it is seen that the standard deviation for packing fraction 0.90 is much 

lower than that for other packing. At high global packing fraction the local packing 

density field is more uniform than for low global fraction. This allows one to make 

connection between global packing fraction and stress relaxation in terms of the non-

affine plastic deformation. For higher packing fractions there are not enough particles 

with low local packing density to undergo plastic deformation and allow the system to 

relax.     
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Figure 3-17  Density plot of 
2

minD  and 
i  for different cycles (a) 3 cycles (b) 7 cycles 

(c) 11 cycles. The dashed white lines are given as a visual guide but are not best fit of the 

data. 

 

Figure 3-18  Correlation coefficient for 
2

minD  and i  at each load cycle for various 

packing fractions. 

3.6.6 Contact Network analysis 

Finally, a contact network analysis is carried out to have a deeper look on the 

structural rearrangement of the particles based on their connectivity. In contact network 
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analysis each node of the contact network represents an individual particle and a contact 

between two particles is represented by an edge. The contact network so formed is 

undirected and unweighted. The contact networks at the beginning of the compression 

cycles show fewer connections and subnetworks and fewer closed paths compared to the 

contact network when the system is strongly jammed. The strongly jammed configuration 

exhibits many closed path triangles or cycles. In order to quantify the network some 

complex network parameters are defined below.  

In an unweighted complex network the degree of a node is the number of edges 

adjacent to it, or the number of particles it is in contact with. It can be calculated from the 

adjacency matrix: 

i ij

j

k a=  (3.66) 

where ija are elements of the adjacency matrix. An adjacency matrix A  is a matrix 

whose non-zero elements ija  are such that ija  = 1 if nodes or particles i and j are in 

contact and zero otherwise. The node degree can be averaged over all nodes or particles 

to give a measure of the average number of contacts per particle. The clustering 

coefficient gives a measure of the local connectivity of a node by enumerating the 

number of 3-cycle closed paths or triangles associated with it and its contacting 

neighbors. It can be calculated from the adjacency matrix as, 

( )
( ) ( ),

1

1
ij jh hi

j h V ii i

c i a a a
k k 

=
−

  (3.67) 

where ki is the vertex degree defined above and V (i) is the set of neighboring vertices 

of i. The clustering coefficient ranges from 0 (no contacting neighbors) to 1 (all particles 

and their contacting neighbors are fully connected with each other). Each c(i) is averaged 
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over all particles to obtain the average clustering coefficient which gives an insight about 

the number of 3-cycles in the network.  

The average degree and average clustering coefficient of the contact networks as 

shown in Figure 3-19 (a) and (b). Both plots are created by averaging over all particles in 

a given load step. The average quantities in both figures show peaks at maximum 

compression and troughs when fully unloaded. The average degree gradually increases 

for all global packing fractions with the increase in load cycles showing that the particles 

are getting more closely packed. For PF = 0.90 the average degree peaks to about 3.5 

which is close to the isostatic limit. For other packing fractions the peak values are lower. 

Similar behavior is observed for average clustering coefficient. Increase in average 

clustering coefficient means that there are more 3-cycles in the network, which, as found 

by other researchers, increase the number of force chains in the system [63]. It is also 

found that the global pressure usually depends on the maximum normal contact force 

higher than the average force [63]. Hence increase in force chains or force bearing 

particles means the global pressure can relax for the system.  
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Figure 3-19  (a) Average degree vs cycles. (b) Average clustering coefficient vs 

cycles. 

It would be interesting to investigate if there is a correlation between the local 

packing fraction defined in the previous section and the degree of particles. One can 

assume that, since higher the connectivity of the particle higher is its degree, that particles 

with high degree are situated in a region with high packing fraction. The density plots of 

Figure 3-20 show, this, indeed is the case. Again, the white dashed line is not a best fit of 

the data but added as a visual guide for the plot. The plots show the relation between the 

particle degree and local packing fraction for three different load steps, 3, 11 and 19 load 

cycles.   

 

Figure 3-20  Density plot of 
ik  and 

i  for different cycles (a) 3 cycles (b) 11 cycles 

(c) 19 cycles. The dashed white lines are given as a visual guide but are not best fit of the 

data. 

To further confirm the correlation, the correlation coefficients for ik  and i  are 

plotted for each cycle and shown in Figure 3-21 (a), which shows that there is a high 

amount of correlation exists between the two for all cycles. In the previous section it was 
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shown that 
2

minD  and 
i  are negatively correlated and the correlation coefficient increases 

with cycles. Figure 3-21 (b) shows the correlation coefficient for 
2

minD  and 
ik  for 

different load cycles. The quantities 
2

minD  and 
ik  are negatively correlated as shown in 

Figure 3-21 (b) which is not surprising given the fact that 
ik  and 

i  are positively 

correlated. Thus, a connection can be made between the Falk-Langer deformation 

analysis of section 3.4 and the complex network analysis of section 3.6 in that higher 

non-affine deformation or plastic rearrangement is usually related to particles with lower 

degree of connectivity and local packing fraction. 

 

Figure 3-21  (a) Correlation coefficient for ik  and i  and (b) correlation coefficient 

for 
2

minD  and ik  at each load cycle for various packing fractions. 

It is also worth studying the 3-cycle population of the contact network as they are 

important in stabilizing the contact network. These cycle structures are found by 

computing the population of the various minimal cycles in the contact network. A 

minimal cycle basis of a graph is a set containing the shortest cycles based on minimum 

length or number of edges. There are several algorithms proposed by other researchers to 
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obtain a minimal cycle basis for a complex network. Here, the fast and improved 

algorithm based on Mehlhorn and Michail [64] is implemented to find the minimal cycle 

basis for the contact network. Figure 3-22 (a) shows the contact network at 26 

compression cycles for PF = 0.90 when the system is strongly jammed. The particles are 

represented as nodes and contacts as edges. Figure 3-22 (b) shows only the minimal 

cycles of the same network with the rattlers removed.  

 

Figure 3-22 (a) Contact network with nodes as particles and edges as contact at 26 

compression cycle. (b) Same network with rattlers removed. 

According to the clustering coefficient, population of 3-cycles and other higher order 

substructures is expected to peak when the system is in strongly jammed configurations. 

This is indeed the case as shown in Figure 3-23 (a) where the 3-cycle and 4-cycle 

structures oscillate throughout the loading cycles. Only low-order cycles, namely, 3, 4 

and 5 cycles are shown in Figure 3-23 (a). Cycles greater than 5 have negligible 

populations. As shown in Figure 3-23 (a) the population of 4 cycles shows oscillations 

but the oscillations are small compared to 3 cycles and the oscillations of 5 cycles are 

even smaller. There is a gradual rise in the 3 cycles population throughout the 
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compression cycles at the strongly jammed state indicated by a rise in the peak values of 

oscillations. This means that the granular systems rearrange themselves in a way which 

gives rise to more 3-cycles in the network in the jammed state as the number of 

compression cycle increases.  

 

Figure 3-23 (a) Population of 3-cycles, 4-cycles and 5-cycles for PF = 0.90. (b) 3-

cycle populations only and (c) 4-cycle populations only for all loading cycles for various 

PF. 

Figure 3-23 (b) and (c) compare the populations of the 3-cycles and 4-cycles for 

different global packing fraction. The population of 3-cycles rises for all packing 

fractions and higher packing fractions have higher number of 3-cycles in the network. On 

the other hand, the populations of 4-cycles are quite similar for the three packing 

fractions shown in Figure 3-23 (c) at higher load cycles. Hence, enrichment of 3-cycle 

population can be considered as a marker for successive compressive loading of a 

granular system.   

3.7 Conclusion 

In this study, Smooth Particle Hydrodynamics (SPH) method is used to simulate the 

cyclic compression of deformable two-dimensional disks assembly and to study their 

jamming behavior. The results obtained show that the average coordination number 
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varies with packing fraction during jamming which conforms to the isostatic conjecture. 

Force distribution shows familiar exponential behavior as the average force on the system 

is increased. Stress relaxation is seen to occur after several compression cycles which is 

marked by a decrease in global pressure. Structural rearrangement, that can give rise to 

stress relaxation, is revealed by grouping of particles with similar relative mobilities and 

4  measures which also provide a characteristic time scale τ† for which the particles on 

average move more than a characteristic length scale l†. The meso-scale structural 

deformations are studied by Falk-Langer analysis. Active regions of non-affine 

deformations are found, and locations of these regions change over cycles. The local 

packing fraction of the granular system is obtained by employing radical Voronoi 

tessellation method. The standard deviation of the local packing fraction is seen to 

increase with load cycle but at a different rate for different global packing fraction. This 

suggests that the local packing fraction becomes more diverse with increasing 

compression cycle. For high global packing fraction the diversity is less pronounced. The 

correlation coefficient between non-affine squared deformation and local packing 

fraction suggests that the two quantities are negatively correlated for both high and low 

packing. This infers that at high enough global packing fraction there is not much room 

for the system to relax its stress state. Finally, complex network analysis is performed to 

study the contact network properties of the system. The average degree and average 

clustering coefficient obtained from the complex network analysis show peaks at 

maximum compressions, but the peak values increase with cycles. The degree per particle 

is found to be positively correlated with local packing fraction and negatively correlated 

with the non-affine squared deformation. An enrichment of 3-cycle population is 
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observed for all global packing fraction with increase in compression cycle. Thus, the 

number of 3-cycle population can be considered as an important parameter to 

characterize the system behavior in cyclic compression of granular system. 
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4 NUMERICAL INVESTIGATION OF EVAPORATION INDUCED 

SELF-ASSEMBLY OF SUB-MICRON PARTICLES SUSPENDED 

IN WATER 

4.1 Introduction 

In many applications granular materials are surrounded by fluid and the solid particles 

and fluid influence each other’s behavior. Fluid behavior can be predicted by finite 

volume Volume of Fluid (VOF) simulation whereas DEM can be used to model particle 

behavior. For a system with both granular material and fluid a coupling between the two 

method called VOF-DEM is desirable to simulate the particle-fluid system. VOF-DEM 

method can further be classified into two categories: resolved VOF-DEM and unresolved 

VOF-DEM. 

In resolved VOF-DEM the particles are larger than the fluid control volume and 

meshing for VOF is done around the particles. The method provides a better resolution of 

the fluid field and the force on each particle is calculated individually. This method is 

only suitable for cases with small number of particle due to computational expense 

required for large number of particles. In contrast, the unresolved VOF-DEM, which is 

used in this work, is capable of handling large number of particles. The particles are 

significantly smaller than the mesh cells and there can be more than one particle in a cell. 

In this chapter the unresolved VOF-DEM technique is used to study the deposition 

pattern of suspended particle as the surrounding liquid film evaporates. The particles and 

fluid exchange momentum and heat with each other during the process.   



 

76 

 

4.2 Equations of motion 

The governing equation for the fluid phases consists of a set of volume averaged mass 

and momentum balance equations in an Eulerian description. The fluid phases are 

considered incompressible and in the CFD domain the particle phase is characterized by 

void fraction field αf. The liquid and the vapor phases are denoted by α1 and α2 

respectively.  

The mass and momentum equations for the fluid and solid phases are given in the 

following sections. 

4.2.1 Fluid Phase 

( )
( ) 0U

f

f
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+ =


 (4.1) 
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where  

1 2f f f    + =  (4.4) 

1 2 1 + =  (4.5) 

g rf gh f fp p   = −   (4.6) 

( )( ) ( )
2

3
U U U

T
I  =  +  −     (4.7) 

where ρ is the average fluid density, U is the average velocity of fluid, Ṡv represents 

source terms due to phase change, σK is the surface tension effect at the interface, prgh is 
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the dynamic pressure, Fd is the drag force term, µ is the mean viscosity and g is the 

acceleration due to the gravity. The third term on the left side of equation (3.2) is the 

compressibility term added to obtain sharp interfaces [65] and Ur is the relative velocity 

between two fluid phases. 

4.2.2 Solid Phase 

,u F F F g F F
n t

p cohi i bij dij imm ++= + ++  (4.8) 

r t

ij iji iI = +ω Trq Trq  (4.9) 

where mi is the mass of the ith particle, up,i is the velocity of the ith particle, Ii is the 

moment of inertia of the particle and ωi is the angular velocity of the ith particle. Fij
n and 

Fij
t are normal and tangential force due to contact, Fcoh is the cohesive force between two 

particles, mig is force of gravity, Fd is the drag force due to relative fluid motion and Fb is 

the buoyant force. Trqij
r is the torque due to rolling friction and Trqij

t is the torque due to 

tangential force. 

4.2.3 Drag Force  

The drag force accounts for the force acting on the particle due to relative motion 

between particle and fluid. The drag model used is suitable for particles in the near sub-

micron range [66]. 
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where   is the mean free path of water which is 2.5×10-10 m and d is the diameter of the 

particle. 

 

4.2.4 Buoyant Force 

b V= −F g  (4.12) 

where V  is the volume of the particle. 

4.2.5 Contact Forces 

The interaction among particles and between particle and wall is considered using the 

Gran-Hertz-History model described in Sections 2.3.1 to 2.3.3 of Chapter 2. The model 

takes into account the normal contact force, the tangential contact force, viscous damping 

force and cohesive force.  

The torque due to rolling friction and tangential force is also considered using the 

torque equations described in section 2.3.4. 

4.3 Energy Equation 

4.3.1 Fluid Phase 

The energy equation for fluid phase is [67]: 

( ) ( ) ( ) ( )kp f f p f f f f f
s

c

s
f sq

V
c T c UT T S

t

h A
T T    


+  = −  + +


−  (4.13) 

where cp is the mean specific heat capacity of the fluid, kf is the mean thermal 

conductivity of the fluid, Ṡq is the source term due to evaporation, hs is the mean 

convection heat transfer coefficient for particle, As is the surface area of the particle, Vc is 

the volume of the CFD cell and Tf and Ts is the temperature of fluid and particle 

respectively. 
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The convection heat transfer coefficient hs is calculated using the Nusselt number 

correlation for particles in a stream of fluid [67]. 

1/2 1/32 0.6 n

s f sNu Re Pr= +  Res < 200 (4.14) 

1/3 0.8 3/2 1/12 0.5 0.02n n

s f fs sNu Re Pr Re Pr = + +  200 < Res <1500 (4.15) 

1.82 0.000045 n

ss fNu Re= +  Res > 1500 (4.16) 

where n = 3.5, Nus = hsd/kf, Res = ρd|U-up|/µ and Pr = µcp/kf. 

4.3.2 Solid Phase 

Heat transfer between particles is also taken into consideration [20]. 

, ,cond i j c i j i jQ h T− − −=  (4.17) 
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where hc,i-j is heat transfer coefficient due to conduction, ΔTi-j is the temperature 

difference between particle i and j, ksi is the thermal conductivity of particle i and Acontact, 

i-j is the contact area for particle i and j. 

The particle temperature is finally calculated as follow: 

( ),

,

 

s i

s ps s s f s cond i j
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m c h A T T Q
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−

−

= − +   (4.19) 

4.3.3 Phase Change  

The heat flux at the phase boundary for deviation of interfacial temperature Ti from 

Tsat is given as [68], 
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( )ev ev i satq h T T= −  (4.20) 

where qev is the heat flux due to evaporation and hev is the interfacial vaporization heat 

transfer coefficient. It is given by [68], 
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(4.21) 

where Ce is the evaporation coefficient, he is the enthalpy of vaporization, ρ2 is the 

density of vapor, Rgas is the universal gas constant and Mw is the molecular mass of water. 

The gradient of the volume fraction field α1 is zero everywhere except at the interface. 

The interfacial area can be calculated by taking the volume integral of the magnitude of 

the α1 field over a region encompassing the interface [68]. This gives us a way to define 

the evaporation source term Ṡq and Ṡv based on equation (22). And the temperature source 

term due to evaporation is  

1 /ev

V

q q dV VS =   (4.22) 

The mass source term due to evaporation is 

/v q f eS S h=  (4.23) 

4.4 Particle Relaxation Time 

In coupled calculations the ability of a particle to follow the fluid flow also needs to 

be considered when deciding the time step. The particle relaxation time provides a 

measure for this quantity. 
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Crowe et al [69] derive this time value by considering the equation of motion of a 

spherical particle in the limit of low Reynolds number flow. 

4.5 Algorithm 

The algorithm for solving the coupled VOF-DEM is as follows: 

1. The particles’ positions, velocities and temperatures are determined by DEM. 

2. Void fraction and mean particle velocities for each cell in the CFD mesh are 

determined. 

3. Based on the information of 𝛼𝑓 and particle fluid relative velocity the momentum 

exchange term is calculated. 

4. VOF solver solves the fluid flow.  

a. The alpha transport equation is first solved. 

b. The momentum equation matrix is constructed. 

c. The velocity field is predicted without considering the pressure gradient at this 

stage. 

d. The pressure equation is solved. 

e. The velocity field is corrected with the new pressure field and the phase 

fraction alpha is updated. 

f. The transport equations for turbulence quantities are solved. 

5. The fluid forces acting on the particles are calculated and sent to the DEM solver. 

6. At the same time the data for the heat transferred to the particles is sent to DEM. 
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7. The whole process is repeated from 1. 

4.6 Physical Model  

In this study 4500 particles each with a radius of 5 µm are initially suspended in 

liquid water film without touching each other. The size of the CFD domain is 6 mm × 6 

mm × 6 mm. Liquid water filled the container to a height of 0.5 mm. To prevent the 

influence of side walls, periodic boundary condition is applied in lateral directions. The 

time step for the DEM case is 1×10-8 s whereas the time step for the CFD case is 1×10-5 s 

which means that for each CFD iteration DEM runs for 1000 iterations. Smaller time step 

for DEM is applied to prevent any unrealistic overlap between particles during collisions. 

The entire CFD domain is kept at a temperature of 373.15 K initially with the exception 

of bottom wall which is kept at a temperature of 378.15 K for all the time.  

Figure 4-1 shows the initial configuration of the fluids and particles.  

 

Figure 4-1 Fluid and particle configuration at time t = 0 s 
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4.7 Material Properties and Simulation Parameters 

Table 4-1 Simulation parameter and properties 

Parameters Values 
Parameters Values 

CFD domain 

size, 

mm×mm×mm 

6×6×6 

Specific heat of 

water (liquid), cp1 

4219 J/kg K 

CFD cell size, 

mm×mm×mm 
0.1×0.1×0.1 

Specific heat of 

vapor, cp2 

2060 J/kg K 

CFD time step 1×10-5 s 

Specific heat of 

particle, cps 

450 J/kg K 

DEM time step 1×10-8 s 

Surface tension of 

water, σ 

0.07 N/m 

Particle number 4500 

Evaporation 

coefficient, Ce 

0.1 

Particle radius 5×10-6 m 

Saturation 

temperature, Tsat 

373.15 K 

Particle density, 

𝜌s 
7.87×103 kg/m3 

Young’s modulus, 

E 

200×109 N/m2
 

Water (liquid) 

density, 𝜌1 
958.4 kg/m3 Restitution 0.75 
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coefficient, e 

Vapor thermal 

conductivity, kf2 
0.0246 W/m K 

Poison ratio, σ 0.29 

Particle thermal 

conductivity, ks 
80 W/m K 

Surface energy 

density, γ 

0.280 J/m2
 

Universal gas 

constant, R 
8.314 J/mol K 

Water (liquid) 

viscosity, µ1 

2.82×10-4 N 

s/m2
 

Mean free path 

of water, λ 
2.5×10-10 m 

Vapor viscosity, µ2 

1.27×10-5 N 

s/m2
 

Surface tension 

of water, σ 
0.07 N/m 

Molecular mass of 

water, M 

18.052×10-3 kg 

Vapor density, 

𝜌2 
0.586 kg/m3 

Evaporation 

coefficient, Ce 

0.1 

Sliding friction 

coefficient, μs 
0.42 

Rolling friction 

coefficient, μr 

2×10-4
 

Water (liquid) 

thermal 

conductivity, kf1 

0.691 W/m K 
  

4.8 Results and Discussion 

Figure 4-2 shows evaporation of water film from the surface. Liquid water is found 

to be completely evaporated at about 2.17 sec which means that evaporation still 

continues after the particles settle down. Particles are found to be completely settled at 
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around 1 s which is much longer than the theoretical value to fall down if there is no 

water film. This is expected since there are drag force and buoyant force acting on the 

particles.  

  

(a) (b) 

  

(c) (d) 

Figure 4-2 Volume fraction alpha1 at (a) 0 s (b) 0.529 s (c) 1.39 s and (d) 2.04 s 

Figure 4-3 shows the packing structure of the particles after they settled down at the 

bottom of the container. It can be seen that packing configuration tends to form a pattern 

with the particles agglomerated in a special way. This clustering of particles continues as 

the water continues to evaporate. 
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(a) (b) 

  

(c) (d) 

Figure 4-3 Arrangement of particles at (a) 1 s (b) 1.9 s (c) 2.0 s and (d) 2.1 s 

 

Figure 4-4 Streamlines of resultant implicit forces on particles 
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Figure 4-4 shows the streamlines (blue lines) of the resultant forces acting on the 

particles at 2 s. It can be seen that lines are prominent around the particle clusters. To 

characterize the packing structure of the particles, the distribution of coordination number 

and radial distribution function (RDF) are taken into account. To define particles that are 

touching each other a critical distance equal to 1.01(r1+r2), where r1 and r2 are the radii of 

two particles, is set. 

  

(a) (b) 

  

(c) (d) 

Figure 4-5 Distribution of coordination number at (a) 1 s (b) 2.05 s (c) 2.135 s and (d) 

2.167 s 
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Coordination numbers of the particles are calculated based on the assumption that if the 

center-to-center distance between two particles is less than this critical distance then the 

particles are considered as touching each other.  

Figure 4-5 shows the distribution of coordination number at various times. At time 

equal to 1 s particles settled down at the bottom but they are barely touching each other. 

This can be easily seen from the Figure 4-5 (a) where most particles are shown to have a 

zero coordination number. At time equal to 2.05 s there is a gradual rise in coordination 

number which shows that some particles are touching and coming closer to each other. At 

times equal to 2.135 s and 2.167 s coordination numbers as high as 8 or 9 are observed. 

This means that some particles are sitting in a closed packed region. 

Another parameter which is used to analyze the packing structure is the radial 

distribution function (RDF). It describes the probability to find a particle in a shell dr at a 

distance r from another reference particle. 

2

(r)
(r)

4

V dN
g

N r dr
=  (4.25) 

where V represents the total volume occupied by particles, N is the total number of 

particles, and dN(r) is the number of particles in a shell of width dr at distance r from the 

reference particle. RDF at time equal to 1 s shown in the Figure 4-6 (a) shows no peak 

since the particles are not touching each other. At time 2.05 s RDF shows peaks 

indicating the fact that particles are now forming clusters. A closer look at the peaks 

reveals that there are actually three peaks. The first peak is at 2r which corresponds to the 

one to one contact configuration. The second and third peak are at 2 2r and 4r which 

correspond to the edge-sharing-in-plane equilateral triangle and three particles centers in 
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a line contact type. The peak values of RDF continue to change as the particle packing 

structure changes. 

  

(a) (b) 

  

(c) (d) 

Figure 4-6 Radial distribution function (RDF) at (a) 1 s (b) 2.05 s (c) 2.135 s and (d) 

2.167 s 

4.9 Conclusion 

A numerical investigation on evaporation induced self-assembly of sub-micron 

particles is carried out using a coupled VOF-DEM approach. The interaction between 

fluid and particle is thoroughly considered by taking into account the momentum 

exchange and heat transfer between particle and fluid. In the simulation liquid water film 
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is allowed to evaporate and leave the particles at the container alone. Interesting patterns 

are seen to emerge as the liquid water film evaporates. The resulting packing structure is 

analyzed in terms of the range of coordination number and radial distribution function 

which also indicate the self-assembly of the particles.  
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5 EVAPORATION INDUCED SELF-ASSEMBLY OF ROUGH 

COLLOIDS: A VOF-DPD STUDY 

5.1 Introduction 

This chapter discusses modifications to the study in the previous chapter. A new 

evaporation model is developed that calculates the mass flux at the interface directly from 

the concentration gradient of species. 

After the introduction, the first part of the paper deals with the development of the 

finite volume solver that accounts for phase change and heat transfer. The boundary 

condition used to achieve pinning is also discussed. Then the coupling between the LS 

and the VOF method is discussed. After that, the coupling between the DPD and the fluid 

solver is discussed followed by some validation test results. Finally, the results for the 

self-assembly process are presented and discussed. To analyze the texture of the 

deposited pattern, a First Order Statistics (FOS) method is presented and discussed. 

5.2 Methodology 

5.2.1 Volume of Fluid (VOF) Model 

In the VOF method, the liquid and vapor or gaseous phases are treated as a “single” 

fluid whose properties change sharply at the phase boundary. A volume fraction variable 

 is used to denote the liquid fraction which changes as follows, 

 

0 In gaseous phase (air or vapor)

0 1 In cells with the liquid interface

1 In liquid phase

 




=  



 (5.1) 

Source terms are added to the advection equation for   to account for evaporation and 

change in density due to external heating.  



 

92 

 

 ( )
m D

t Dt

  


 


+ = −


U  (5.2) 

where U  is the fluid velocity, m  is the evaporation flux and   is the fluid density. This 

equation is solved in two steps. In the first step, the interface is tracked and advected, 

without the source terms, using the “isoAdvector” library developed by Roenby et al. [70]. 

The “isoAdvector” method reconstructs the interface using a geometric approach and is 

shown to be superior to the MULES (Multidimensional Universal Limiter with Explicit 

Solution) scheme [71], available in OpenFOAM, in terms of interface sharpness, volume 

conservation, and efficiency. In the second step, the source terms are included to solve the 

alpha equation, 

 
m D

t Dt

  

 


= −


 (5.3) 

A single momentum equation is solved for the entire system, 

 
( )

( ) ( )T + grghp
t


  


+ =    − −  



U
U U U U r  (5.4) 

where grgp p = − r , p is the pressure, g is the gravitational acceleration and r is the 

position vector.  

The continuity equation for the VOF model considers the volume change at the interface 

due to evaporation and the density variation, 

 ( )
1 1 1

L G

D
m

Dt



  

 
+  = − 

 
U  (5.5) 

The energy equation for the VOF model is, 

 ( ) , ,

1 1

s sLN N

p i p i i v i

i i

T Dp
c T k T c T m h

t Dt
 

= =

 
+  =   + −  − 

 
 U j  (5.6) 
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where the second term on the right is the source term due to density variation, the third 

term is the source term for sensible heating, and the fourth term is the source term due to 

evaporation. k is the thermal conductivity of the fluid,   is the thermal expansion 

coefficient, pc  is the specific heat and 
vh  is the enthalpy of vaporization. The third term, 

ij  are the diffusion fluxes which depend on the mole fraction gradients of the species. 

The species equations for the gaseous and liquid phases are: 

 ( )
G

G Gi
i i

t


 


+ = −


U j  (5.7) 

 ( )
L

L Li
i i im

t


 


+ = − +


U j  (5.8) 

where   is the mass fraction with superscripts G and L denoting gas and liquid. The mass 

evaporation flux can be calculated from the interface concentration gradient of the vapor 

at the liquid-vapor interface. In order to do so, the diffusion coefficients need to be 

accounted for first. The diffusion coefficients Di for each species comprising the mixture 

are calculated as [72, 73], 

 
,

,

i w jj i

i
i

w j i
i j

y M
D

y
M

D





=



 (5.9) 

where the diffusion coefficients are calculated based on the binary diffusion coefficients, 

,i jD  and the mole fractions, 
iy  which is also used to calculate the diffusion velocities, 

,d iv . 

 ,
i

d i i

i

y
D

y


= −v  (5.10) 

The diffusion flux is then obtained as [73], 
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,

,

w ii
i i d i i i i i

i w

My
D D y

y M
    


= = − = − j v  (5.11) 

where ,w iM  is the molar mass of species i and 
wM  is the overall molar mass. 

5.2.2 Thermodynamic equilibrium 

For high fidelity modeling of the phase change process, it is important to consider the 

equilibrium thermodynamics of the system at the phase boundary. The vapor-liquid 

equilibrium condition at the interface of a two-phase system is [73, 74]: 

 ( ) ( ) ( )

,

00 0 ˆ, , ,

p
L i

pi

v
dp

RT

i i i i i i ip T x T p e py T p y 


=  (5.12) 

where ( )0

ip T  is the vapor pressure of species i, ( )0,i iT p  is the gas-phase fugacity 

coefficient for the pure species, and ( )ˆ , ,i iT p y  is the gas-phase mixture fugacity 

coefficient. The exponential term is the Poynting correction where the molar volume ,L iv  

is calculated as: 

 
,

,

w i

L i

L

M
v


=  (5.13) 

The ix  and iy  are the liquid and gas mole fractions of species i. The above equation is 

rearranged to found iy , 

 
( ) ( )

( )

,

00 0,

ˆ , ,

p
L i

pi

v
dp

RT

i i i

i i

i i

p T T p e
y x

p T p y







=  (5.14) 

as well as the equilibrium gaseous mass fraction, i , 

 
,w i

i i

w

M
y

M
 =  (5.15) 
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This saturation mass fraction is assigned to the whole liquid phase and then advected in 

the gas phase through Eq. (7) according to the scheme used in [75].  

5.2.3 Evaporation rate 

The volumetric rate of evaporation for each liquid species,
im  is directly calculated by 

equating the gas and liquid species mass fluxes (sum of diffusive and convective) across 

the interface [72]: 

 L L G G

i i i im m   +  = + j j  (5.16) 

For mono-component liquids, jL

i = 0 and L

i = 1, hence,  

 G G

i im m = + j  (5.17) 

The total evaporation rate, m , is then [76], 

 
1

G

i

G

i

m 


= 
−

j
 (5.18) 

which is also the 
im  for mono-component liquids. If the dot product G

i j  is negative, 

m  will be negative indicating evaporation, otherwise, there will be condensation ( m  > 0). 

For multi-component liquids, the total evaporation rate is obtained by summing over all 

the liquid species,
sLN  on both sides of the species balance equation. 

 1

1

1

sL

sL

N
G

i

i

N
G

i

i

m 



=

=

= 

−





j

 (5.19) 

For multi-component liquids, the evaporation flux of each liquid species, im  required 

for the liquid species equation can be found once the total evaporation flux is found, 

 G G

i i im m =  +j  (5.20) 
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Now, the calculation of the dot product jGi  requires special consideration because 

the term   is zero everywhere except at the interface cells. On the other hand, the 

diffusion flux, jG

i , must be computed at the gas/vapor cells adjacent to the interface cells. 

Using an algorithm developed by Saufi et al. in [73], every cell at the interface is paired 

with the closest gaseous phase cell along the interface normal to calculate the volumetric 

evaporation rate according to equation (21). Figure 5-1 shows the schematic of the 

procedure.  

 

Figure 5-1  Scheme for calculating jGi   

 
,

1
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=
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= 

−





j

 (5.21) 

where the subscript int refers to the interface cells. 

When solving   equation (3) using the evaporation source term, it is possible for   to 

reach negative values in certain cells, particularly if m  is high. Following the procedure 

developed in [73], the total evaporation rate m  is multiplied with a special function of   

which forces m  to zero when   approaches zero. 
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 (5.22) 

where ( )f   is the special function, 

 ( ) ( )1f   = −  (5.23) 

and K is the normalization constant obtained by integrating m  over cell volumes. 

 
( )

V

V

mdV
K

f mdV
=




 (5.24) 

5.2.4 Fluid properties 

The thermodynamics and transport properties of gases (diffusion coefficients, thermal 

conductivity, heat capacities, and viscosity) are calculated based on the correlations 

available in the OpenSMOKE++ library [77]. The liquid properties (vapor pressure, 

density, conductivity, heat capacity, viscosity, and vaporization heat) are evaluated based 

on the correlations provided by the built-in OpenFOAM database [78]. The mixture 

properties, on the other hand, are evaluated based on the mixing rule commonly 

employed in VOF [72, 73, 75, 76]. The viscosity, for example, is, 

 ( )1L G    = + −  (5.25) 

5.2.5 Contact-line pinning 

It is important to pin the contact-line of the droplet for the entire evaporation time to 

create a strong radially outward flow and create a coffee-ring pattern of the polymer 

deposits. However, the wall boundary conditions provided in OpenFOAM do not have 

the option to pin the contact line of the droplet for the entire simulation. OpenFOAM uses 

a Neumann BC to correct the contact angle in the case of a constant contact angle BC. 



 

98 

 

The idea is to rotate the gradient of the volume fraction at the boundary face to align the 

interface to a given contact angle given by the boundary condition.  

 ( ) cosI I b
  =n  (5.26) 

where 
In  is the interface normal, ( )I b

  is the gradient of   at the interface at the 

boundary face and   is the contact angle. It also has a dynamic contact angle BC which 

calculates the interface velocity before correcting the contact angle depending on the 

contact model at every time step.  

However, a Neumann BC alone cannot fix the contact line at the boundary face. For the 

contact line to remain pinned, the value of the volume fraction at the boundary face 

should not change with time. A Neumann BC does not fix the volume fraction but only 

the gradient. Dupont et al. used a momentum balance method to pin the contact line for 

their code JADIM [79]. Their method involves calculating an intermediate velocity U*. 

They achieve pinning by computing the angle  * that cancels the local momentum 

balance by taking into account the surface tension force in the cells adjacent to the wall 

and intersected by the interface. On the other hand, Linder [80] used a mixed BC for 

implementing a dynamic contact angle model with hysteresis. His model has a switching 

factor that switches his BC from Neumann to Dirichlet based on the current calculated 

contact angle. If the current contact angle is within the hysteresis, the Dirichlet BC is 

switched on fixing the volume fraction at the boundary face. With this, he achieved 

hysteresis and some pinning during droplet motion.  

Inspired by the work of Linder [80], a Dirichlet BC is used in this study to fix the 

contact line at the boundary face. This is much simpler to implement than the method 
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outlined by Dupont et al. [79] and the contact line remained pinned throughout the 

evaporation stage.   

5.2.6 Coupling Volume of Fluid with Level Set method (CVOFLS) 

One of the common problems of the VOF method is the emergence of spurious current 

near the interface of dissimilar phases. Spurious or parasitic currents are artificial 

oscillations in the velocity field in the vicinity of the interface in multi-phase flow 

problems, which arise from an imbalance between discretized forces at the interface. 

They are also accompanied by unwanted pressure fluctuations. As shown later in this 

paper, the polymer particles arrange themselves around the liquid interface based on the 

interface forces on the particle. The spurious current will create spurious forces on the 

particle near the interface which is unacceptable. Hence, the VOF method used in this 

work is coupled with the level set method following the procedure developed by 

Albadawi et al. [81] where the level set function is reinitialized after the volume fraction 

values. The initial level set function is defined by 

 ( )0 2 1 = −   (5.27) 

where   is a non-dimensional number and its value is defined by using the grid spacing 

x  as, 

 0.75 x =   (5.28) 

The initial level set function is then used to calculate the following reinitialization 

equation to improve curvature computations of the interface and its normal direction: 

 
( )( )

( ) ( )

0

0

1

,0

Sign
t


 

 


= − 



=x x

 (5.29) 

where   is the Level Set function and Sign() is the sign function. 
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Next, the density-scaled balanced surface tension force model proposed by Yokoi [82] 

is used to calculate the surface tension force, 

 ,

scalingF k H  =   (5.30) 

where   is the surface tension of liquid, k  is the interface curvature and scalingH  is the 

non-symmetrical smoothed Heaviside function given as 
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 (5.31) 

and int  is the interface thickness given as, 

 
int c x =   (5.32) 

where 
c  is the interface thickness coefficient take as 1.5 following Albadawi et al. [81].  

5.2.7 DPD Model 

The acceleration of the ith particle is modeled by the following Langevin equation [83, 

84], 

 
( )( ) ( ) ( )

( ) ( )tn

i

i i ij si i ij si

ij ij ci i b

i

i d i

m m r r

r

= + • +

+ +

+

+ + +

u U u U F F

F F F uF F
 (5.33) 

where mi is the mass of the ith particle, ui is the velocity of the ith particle, the first term on 

the right-hand side is the hydrodynamic force, and Fij
 is the sum of the conservative 

forces between pairwise interaction between particles i and j. Fsi is the long-range force 

between the substrate and particle i, 
n

ijF  and 
t

ijF  are the normal and tangential forces 



 

101 

 

due to substrate roughness, Fci is the force on particle i by the liquid interface, Fdi is the 

drag force due to relative velocities of fluid and particle i, and Fbi is the Brownian force.  

5.2.7.1 Pairwise Force 

The pairwise force is given by the pair potential U(ij) as, 

 ( ) ( )iij

N

ij j

i j

U rr


= −F  (5.34) 

where the pair potential ( )ijU r  is defined, according to the DLVO theory, as a sum of 

two potentials, the Coulomb repulsion, and van der Waals interaction, respectively [83, 

84]. 

 ( ) ( ) ( )ij c ij vdw ijU r U r U r= +  (5.35) 

In this study, the polymeric nanoparticles are assumed to be coated with atoms that 

dissociate in liquid and make the nanoparticles charged. This helps prevent the 

nanoparticles from coagulating. The Coulombic repulsion between charged colloids in 

aqueous solution is given by the Yukawa potential for colloids as [85], 

 ( ) ( )
2

20

2

64
ijr RadB

c ij

k T Rad
U r e

  



− −=  (5.36) 

where ρ∞ is the bulk electrolyte concentration, κ is the inverse Debye screening length, 

and ψ0 is the electric potential at the particle surface, which is related to surface charge 

as, 

 
0

0





=


 (5.37) 

where   is the surface charge which is taken as 1000 elementary charge per micro-meter 

squared,  is the permittivity of free space, and 0  is the relative permittivity of an 

aqueous solution.      



 

102 

 

The van der Waals interaction potential between two nanoparticles of radius a is given 

by [83-85], 

 ( ) ( )
2 22

2 2 2 2

2 2 4
ln 1

6 4
vdw ij hc ij

ij ij ij

Ha Rad Rad Rad
U r U r

r Rad r r

  
= − + + − +   −   

 (5.38) 

where Ha is the Hamakar constant and ( )hc ijU r  is the hard-core repulsive potential that 

prevents overlap between two spheres of radius Rad. Table 1 gives the values of Ha and 

other constants for the potential functions. 

5.2.7.2 Substrate Long-range Force 

The interaction force between nanoparticles and substrate is given by the particle-wall 

interaction potential which has an attractive part and a repulsive part [86].  

 ( ) ( )si wall sisi U rr = −F  (5.39) 

where 
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 − +
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 + + + − +  −  
 + 

 (5.40) 

where LJ  is effectively a Hamaker constant for the nanoparticle-wall interaction, Rad is 

the radius of the nanoparticle, D is the distance from the surface of the nanoparticle to the 

wall (rsi - Rad), and LJ  is the size of a constituent LJ particle inside the nanoparticle. 

The particle-wall interaction potential is obtained by integrating over LJ particles of size 

sigma that make up the nanoparticle and a 3d half-lattice of Lennard-Jones 12/6 particles 

of size sigma in the wall. 
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5.2.7.3 Introducing Substrate Roughness 

One of the key features of this paper is to elucidate the effect of substrate roughness on 

the self-assembly of the colloidal particles. There has been a number of recent research 

[87-89] that discussed the interaction potential or force between colloid particles or 

between colloid and wall with roughness. Many of these research [87-89] report an 

increase in repulsive force between colloid particles or between particles and walls that 

cannot be accounted for by DLVO theory. The DLVO theory predicts a rise in attractive 

force due to Van der Waals interaction triumphing over the electrostatic repulsion. 

However, in the presence of surface roughness, a sharp increase in repulsive force is seen 

for small particle separation. Some researchers have attributed this to hydration force [90, 

91] while others have argued that the hydration force alone cannot explain the rise in 

repulsive potential [87, 89]. Two main reasons have been presented for rough particles: 

first, the hydration force has a short-range ~0.3 nm whereas repulsive force is found to 

increase long before that 8~10 nm. Second, surface roughness actually decreases the 

effect of hydration since the surface asperities hinder the arrangement of molecules. For 

all these reasons, the effect of hydration is neglected in this study. However, the surface 

roughness is accounted for using two methods. In the first method, the direct particle 

contact is accounted for by a normal contact force. The force is given by a non-linear 

spring-dashpot model acting normal to the contact [92] given by equation (2.5) in 

Chapter 2. In the second method, the tangential force is accounted for by a linear spring-

dashpot model limited by the Coulomb friction law [92] given by equation ((2.8) in 

Chapter 2. 
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The above two methods allow a simple but effective way to study the effect of surface 

roughness in the self-assembly of nanoparticles. It can be noted that a more rigorous way 

to account for surface roughness would be to follow the method used by Parson et al. 

[87], which is to assume a probability distribution for the roughness or the asperity 

heights and derive the corresponding distribution for surface stress.  

 ( ) ( ) ( )2 R m g smooth gF P h G h dh  


−
= +  (5.41) 

where   is the average separation distance between surfaces of two particles, hg is the 

asperity heights, ( )m gP h  is the mean probability distribution of hg. smoothG  is the 

interaction energy between surfaces if they are perfectly smooth. If ( )m gP h  follows a 

normal distribution then 

 ( )
( )2 2/2

2

g mh

m g

m

e
P h



 

−

=  (5.42) 

where 
m  is the mean roughness. 

However, the above method would be more suitable when actual data for surface 

roughness for a given system is available. Also, the above method only considered elastic 

deformation of the asperities [87]. Some asperities can be permanently deformed leading 

to a loss of impact energy. Hence, a contact model accounting for the loss of energy is 

preferred. For this study, it is deemed sufficient to model the effect of surface roughness 

in a more straightforward way using the contact models described in Eqs. (44) and (45).  

5.2.7.4 Drag Force 

The drag force for the spherical nanoparticles is given by Stokes’ drag equation. 

 ( ) ( )6di l ii d = − −F uu U  (5.43) 
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where 
l  is the dynamic viscosity of the liquid. 

5.2.7.5 Interface Force 

The interface force is a combination of four forces acting in the vicinity of the 

interface, two of them, the interface vdW force and the hydrodynamic forces are 

attractive in nature, while the other two, the interface drag force and the elastic force are 

repulsive in nature. The elastic force is only activated when the particle tries to leave the 

droplet while the other three forces are long-range forces that decay away from the 

interface. The total interface force is a sum of the four forces which act together to keep 

the particles inside the droplet. 

 
int vdW hydro elasci F F F F+ + +=F  (5.44) 

5.2.7.5.1 Interface Drag 

When the polymer particles approach the droplet interface, the intervening liquid layer 

exerts a force on the particle opposing its movements. The description and derivation of 

this force can be found in the references [93, 94]. In this study, a modified Taylor 

equation of the interface drag force that closely follows the experimental results [95] and 

applied in [96] is used. 

 
2

int

R
6

t

l

in

rF
h

= u  (5.45) 

where R  is the reduced radius of the bubble and the particle and 
ru  is the radial velocity 

of approach of the particle to the bubble and hint is the distance between particle surfaces. 

To apply Eq. (3), the radial velocity of the particle is obtained by taking components of 

the particle velocity in the direction of the interface normal. To avoid singularity, a cutoff 

is defined for minimum separation distance (minimum hint = 0.5 nm). Since the force 
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acting on the particles are only in the radial direction, the particles can slide in the 

tangential direction of the interface of the droplet. 

5.2.7.5.2 Interface Van der Waals force 

Van der Waals interaction between particle and droplet interface is considered in the 

simulation. In this study, a simplified equation [96] of the attractive Van der Waals force 

between two particles originally developed by Hamaker [21] is used: 

 
2

int

R

6
vdW

H
F

h
=  (5.46) 

where H is the Hamaker constant, and hint is the separation between the particle surface 

and droplet interface. The interface vdW force diverges as the particle approaches the 

interface, and hence the cut off distance has been included in the code to prevent this by 

setting the force to a constant once a certain distance has been reached (0.5 nm) [96]. 

5.2.7.5.3 Hydrophobic force 

Hydrophobic forces are attractive forces that are stronger and decay more slowly than 

van der Waal forces [96].  In this work, a simplified model of the hydrophobic force is 

used taking those characteristics into account. 

 
int

H
hydro

K
F

h
=

r

r
 (5.47) 

where KH is a constant related to the strength of the hydrophobic interaction and r  is the 

distance vector that points in the same direction as the interface normal. A cut-off value 

of 0.5 nm was considered to prevent division by zero. The cut-off represents a typical 

value where molecular interactions start to dominate over the macroscopic properties of 

the particles [96]. 
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5.2.7.5.4 Elastic Contact force 

For the particle-droplet interface contact, it has been shown by other researchers that 

the interaction may be quantitatively described over the whole distance regime by 

treating the fluid interface as an elastic spring [97]. Hence, the force arising from the 

deformation of the interface due to particles is modeled as an elastic force which is 

proportional to the deformation,   as, 

 
intelas nF k =  (5.48) 

where 
nk  is the elastic coefficient, and int  is measured as the distance of the center of 

the particle from the interface measured in the direction of the outward interface normal; 

int  must be positive for Felas to be considered. 

5.2.7.6 Brownian Force 

The Brownian force ( )bi tF  is a Gaussian random force with zero mean and variance 

given by [83, 84]: 

 2 2 l B
bi

dk T


=F  (5.49) 

where kB is the Boltzmann constant, T is the temperature, and τ is the integration time 

step. The Brownian force can be ignored if the Brownian random displacement of the 

particle is less than the particle size during the evaporation time of the liquid. 

5.2.8 Algorithm 

The CVOFLS-DPD solver is developed using two open-source software packages, 

OpenFOAM for CVOFLS and LIGGGHTS for DPD. 
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Figure 5-2 The algorithm for CVOFLS-DPD 

 The coupling between the two solvers is done using the CFDEM library which is also 

freely available. The simulation starts on the CFD side by initializing the mesh and 

boundary conditions. Then the DPD particles are introduced into the simulation domain. 

The DPD simulation uses the velocity-Verlet algorithm [98] and requires much smaller 

time steps than the CFD process. The time step for the DPD case is 1×10-9 s whereas the 

time step for the CFD case is 1×10-7 s which means that for each CFD iteration DPD runs 

for 100 iterations. After the DPD particle positions and velocities are updated, the CFD 

solver is switched on which calculates the evaporation source term and solves the 

transport equations. After one CFD step, using the new fluid velocity and interface, the 

fluid-particle forces are calculated and passed to the DPD solver. Figure 5-2 shows the 

algorithm for the CVOFLS-DPD solver. The DPD steps are shown in blue, CFD steps in 

green and the coupling steps are shown in purple. 
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5.3 VALIDATION  

5.3.1 Validation of the VOF Model 

The VOF evaporation model is validated against the numerical results of Cuoci et al. 

[99] which have been validated over a wide range of operating conditions by other 

researchers [72, 73]. The results of Cuoci et al themselves are used to validate other 

solvers [73]. For the validation case, a droplet of an initial diameter 0.7 mm is placed in a 

two-dimensional axisymmetric simulation domain (Figure 5-3). 

 

Figure 5-3 (a) Boundary names and dimensions for the 

validation case (b) corresponding mesh (c) small sphere at the 

center of drop representing a fiber 

 The center of the droplet is 10 mm from the inlet boundary. At the center of the 

droplet, a spherical fiber is introduced to match this case with the one used by Cuoci et al. 

[99]. The rest of the simulation domain is filled with N2 and O2 with a volume fraction of 

0.79 and 0.21, respectively. Both the gases and the water droplet are at a temperature of 

360 K and pressure of 1 atm. Boundary conditions are similar to the ones given in [73]. 
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As mentioned before, the gas and liquid properties are directly calculated from the 

OpenSMOKE++ and OpenFOAM libraries respectively. 

5.3.2 Results 

Figure 5-4 shows the numerical results of the validation case compared with the 1D 

model. The dimensionless squared diameter against scaled time closely follows the 1D 

result, except for the initial transient period during which the squared diameter decreases 

linearly with time following the D2 law.  The temperature plot of Figure 5-4 (b) also 

reveals an excellent match with the 1D model. The temperature of the liquid interface 

dropped during the evaporation process and reached the wet-bulb temperature and 

became steady. 

 

Figure 5-4 Numerical comparison of the 1D model of Cuoci et al. and CVOFLS 

 This is the expected outcome because during evaporation an equilibrium is reached 

between the incoming heat flux at the vapor-liquid interface and the enthalpy of 

vaporization. The fast temperature drop in the transient period is because of the initial 

condition (isothermal at 360 ºC). Figure 5-4 (c) shows the vaporization velocity or the 

convective velocity of the gas leaving the liquid interface against time. Slight 

discrepancies in velocities and temperatures are observed towards the end of evaporation. 

This is due to the small sphere present inside the droplet. As argued by [73], the mass of 
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the spherical liquid droplet is lower than the 1D droplet with the same initial diameter. 

This gives rise to a higher equilibrium temperature and greater vaporization velocity than 

the 1D case as the droplet diameter approaches that of fiber. This will not be a problem 

when modeling evaporation for sessile droplets that do not contain fiber. 

 

Figure 5-5 (a) H2O volume fraction at t = 0 sec (b) t = 55 sec. Also at t = 55 sec (c) N2 

(d) O2 (e) m (f) T (g) U and (h)  . 

Figure 5-5 shows the distribution of species and thermodynamics parameters at time = 

55 sec. It also shows the initial volume fraction of H2O. The H2O decreases due to 

evaporation whereas N2 and O2 remain as inert species.  

The temperature and velocity fields show the expected variation in the radial direction. 

The m  shown in Figure 5-5 (e) reveals that phase change was occurring only around a 

small region around the interface.  
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5.3.3 Interface sharpening and spurious current reduction in CVOFLS 

Two-dimensional rising bubble: To test the improvement of the CVOFLS solver over 

the VOF solver, a two-dimensional free rising bubble case presented by Hysing et al. 

[100] is considered. This test case was also validated by Klostermann et al. [101] using 

the open-source VOF finite volume solver in OpenFOAM. The numerical domain of the 

test case is a rectangle (2 m × 1 m) with top and bottom no-slip walls and side slip walls 

(show in Figure 5-6). The bubble diameter is 0.5 m and the initial center of mass of the 

bubble is at (0.5, 0.5). The gravitational acceleration acts in the opposite direction to the 

y-axis. This test case does not involve particles.  

 

Table 5-1 Physical properties and dimensionless 

numbers for 2D rising bubbles 

Properties 

(unit) 

ρ1 

(kg/m3) 

ρ2 

(kg/m3) 

μ1 

(Pa 

s) 

μ2 

(Pa 

s) 

g 

(kg 

m/s2) 

Values 1000 1 10 0.1 0.98 

Properties 

(unit) 

σ 

(N/m) 
Re Eo ρ1/ρ2 μ1/μ2 

Values 1.96 35 125 1000 100 
 

Figure 5-6 Initial configuration of the rising bubble case 

The physical properties for the case are given in Table 5-1. First, the gravity is set to 

zero and the case is simulated up to 3 s which is the benchmark time for the rising bubble 

case. Without gravity, the bubble remains still theoretically but in practice, spurious or 

parasitic currents develop around the bubble. To study the effect of numerical methods 

used on the generation of parasitic current four cases are considered: two with only VOF 

based solver and two with the developed CVOFLS solver. 
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Figure 5-7 Bubble shape at t = 3 s for VOF 

(left) and CVOFLS (right) case 

Table 5-2 Effect of the numerical model 

on the spurious current in the static 

bubble at 3s. 

Numerical 

methods 

Grid 

size, 

1/h 

|upmax| 

(m/s) 

|upavg| 

(m/s) 

VOF 160 
2.075e-

2 

1.946e-

4 

VOF 320 
3.910e-

3 

1.884e-

4 

CVOFLS 160 
2.697e-

3 

9.151e-

5 

CVOFLS 320 
1.120e-

3 

1.167e-

4 
 

 The maximum and average spurious currents at 3s are recorded in Table 5-2 for the 

four cases. The table shows that the CVOFLS cases maintained low values for maximum 

and average parasitic currents for both grid sizes. On top of that, Figure 5-7 shows that 

the interface is much sharper for the COVFLS case and captured the rising bubble 

deformation better than the VOF case. 

5.4 Particle deposition study with CVOFLS-DPD 

Finally, the deposition of nanoparticles inside a sessile liquid droplet of an initial 

diameter 50 µm is studied using the CVOFLS-DPD method. The particle properties for 

the study are given in Table 5-3. A repulsive potential is used to uniformly distribute the 

particles within the droplet. The size of the CFD domain is 400 µm × 400 µm × 200 µm. 

and is filled with air at 646 K. The initial temperature of the droplet is 373.15 K. The 

temperature of the substrate is also maintained at 373.15 K. Gravity is ignored in this 
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case. The time step for the DEM case is 1×10-9 s whereas the time step for the CFD case 

is 1×10-7 s. A smaller time step for DEM is applied to prevent any unrealistic overlap 

between particles during collisions. Figure 5-8 shows the initial configuration of the 

fluids and particles. The rest of this paper is dedicated to the results and discussions of 

this system. 

Table 5-3 Particle properties for DPD 

Parameters Values Parameters Values 

Particle 

concentration 
0.5 vol% 

Hamaker 

constant, Ha 

1.2×10-20 

J 

Particle 

radius, d 

500×10-9 

m 

Relative 

permittivity, 

0  

80 

Particle 

density, 𝜌s 

1.05×103 

kg/m3 

Debye 

Screening 

Length, 1/

  

5 nm 

 

 

Figure 5-8 Fluid and particle 

configuration at time t = 0 s 

 

5.4.1 RESULTS AND DISCUSSIONS 

Figure 5-9 shows the evaporation stages of the initial water droplet without the 

particles. The corresponding distributions of the particles that get deposited over time are 

shown in Figure 5-10. The results are shown for three different contact angles, 60º, 90º, 

and 120º. The results show the distribution of the water phase fraction inside the 

simulation domain. Figure 5-9 (a)s show the initial droplet sizes, (b)s show the droplets 

midway between drying, and (c)s show the droplets just before drying out. The liquid 

water can be seen to remain pinned during the entire evaporation process. The pinned 

condition and evaporation create a strong radially outward flow that propels the particles 

toward the droplet periphery. The nanoparticles inside the droplets are shown in Figure 
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5-10. None of the particles are seen to leave the droplet during the entire evaporation 

process. As the droplet dries up, the height and the contact angle reduce to keep the 

pinned radius constant which pushes the particles downward. The nanoparticle motion 

near the substrate is also affected by the substrate properties like adhesion and friction. 

Nevertheless, a ring of particles is formed during the evaporation process for all three 

contact angles. Later in this section, the effects of the substrate on the particle deposition 

are discussed. The ring width is found to be dependent on the contact angle, the thickest 

ring is formed with 120º and the thinnest with 60º. This conforms to the work of [11] who 

reported that the radial flow velocity can be scaled linearly with the evaporation flux 

which is smaller at the edge for a larger contact angle. Since the contact line is pinned 

during the entire evaporation process in this study, a ring-like deposit is still observed. 

This is a little different from Nguyen et al. [102] who reported an inner coffee ring 

deposit for a large contact angle. For their case, the contact line was initially de-pinned 

then pinned at a later stage of evaporation which gave rise to the inner ring deposit. 

However, the contact line can be pinned at a large contact angle with high surface friction 

as reported in [103]. They did not report any effect of initial contact angle on rim width. 

Hence this study gives an insight into the effect of initial contact angle with rim width. 

The deposition times of the particles for the three contact angles are shown in Figure 

5-11 (a). Deposition time depends on the contact angle as expected but the deposition rate 

has a similar pattern for all three angles. The rate increases after some time because of an 

increased evaporation rate due to a decrease in contact angle. This speed-up is also seen 

in the experimental work of [104]. However, as Marin et al. [105] reported, the system 

condition dictates how pronounced is the rush-hour stage of deposition. In this study, the 
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charged particles exert a repulsive push to the incoming deposit which actually slows 

down the deposition rate near the very end of the deposition time.  

 

Figure 5-9 Phase fraction of water for (I) 600, (II) 900 and (III) 1200 for (a) start (b) mid 

and (c) just before final dry out, respectively 
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Figure 5-10 Side and bottom deposited view of particles for (I) 600, (II) 900 and (III) 

1200 for (a) start (b), (c) mid and (d) final deposits, respectively 

5.4.1.1 Effect of vdW force 

In order to understand the effect of vdW force, two sets of simulation cases are run, one 

with the vdW force turned on and the other turned off. In both these cases, the friction 

coefficient is set to a very low value. The deposition time plot and the deposited particle 

densities are shown in Figure 5-11 (b) and (c) for contact angle 90º. The results for other 

angles are similar. The final deposition patterns are shown in Figure 5-12 (a) and (c) 

which are also the two cases for low friction. As can be seen from Figure 5-11 (b) the 
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vdW force speeds up the deposition process. The initial deposition rates are similar for 

both cases but then the rate increases rapidly for the vdW as opposed to non-vdW case. 

 

Figure 5-11 Normalized particle deposits-time plot for (a) all contact angles with 

VDW and (b) 900 only. (c) Particle number density/µm2 against radial distance plot for 

900 

The vdW force also plays a role in the deposition pattern. As can be seen from Figure 

5-11 (c) with the vdW force the number densities of the particles at the edge are lower 

than the non-vdW case. A ring is still formed but the ring is thicker or wider than the non-

vdW case. There is also a peak at the center of the ring indicating some central deposit. 

These findings are in line with experimental and numerical observations of Bhardwaj et 

al. [106] who reported that higher vdW attraction favors uniform deposit. In this study, 

the vdW force on the particles by the surface is not high enough to create a uniform 

deposit but high enough to speed up the deposition process and cause a thicker ring 

formation. Later on, it will be shown how uniform deposit can be achieved even with this 

moderate vdW force. 

5.4.1.2 Effect of Friction 

To study the effect of friction, two cases were run without the vdW, one with high 

surface friction and the other low with friction. The results of the final deposition are 

shown in Figure 5-12 (a) and (b), and the particle densities are shown in Figure 5-13. 

The low friction with non-vdW case is similar to the one discussed in the previous 
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section. The deposited particles form a pronounced ring with higher edge density than the 

vdW case. On the other hand, a thicker ring is seen with the high friction case without 

vdW. With high friction, the particles cannot slide freely across the surface, hence more 

particles are seen deposited away from the edge. Finally, the vdW force is turned on 

along with the high friction force. The result is shown in Figure 5-12 (d) which shows 

that the deposition pattern is even more uniform than the low friction case with vdW. For 

comparison, the number density of the final deposit is shown in Figure 5-13. The number 

density plot indicates a slightly high center and edge deposit and almost uniform deposit 

in between. 

 

Figure 5-12 Bottom deposited view of particles for 600 case with (a) low friction no 

VDW (b) high friction no VDW, (c) low friction with VDW and (d) high friction with 

VDW, respectively.  

 This allows one to conclude that high friction and vdW are needed for a uniform 

deposit whereas the opposite, i.e., low friction and low vdW favors a ring-like deposit. 

 

Figure 5-13 Particle number density/µm2 - radial distance plot for high friction 
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cases 

5.4.1.3 Local Particle Arrangement  

In addition to the overall ring-like or uniform deposit, the self-assembly of the particles 

can also be characterized by their local arrangements or packing. For assessing the 

morphology of deposits as in this work, the standard procedures involve using the radial 

density profile and the normalized grayscale intensity profile [107, 108]. However as 

pointed out by [109], both of these quantities have limitations when it comes to 

characterizing and differentiating particle distributions. For example, a peak in the radial 

density profile can be correlated to a small cluster of particle aggregates or a larger 

aggregate, while the line profiles give information on the distribution of particles on a 

narrow segment. Hence it is important to implement statistical parameters that can 

characterize and differentiate deposits. 

In this paper, the first-order statistics (FOS) has been used to fully capture the complex 

texture of deposit patterns. First of all, the entire system is decomposed into Voronoi cells 

with the radical Voronoi tessellation method. The Voronoi tessellation is done using the 

“pyvoro” software developed by Joe Jordan. The software is a python extension of 

“voro++” code developed by Chris Rycroft [62]. 

(a) (b)  

Figure 5-14 (a) Local packing fraction field and (b) corresponding histogram 
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The Voronoi tessellation is shown in Figure 14 (a). The local packing fraction is then 

calculated by: 

 i
i

c

V

V
 =  (5.50) 

where 
i  is the packing fraction around each particle i, Vi is the area of particle i, and Vc 

is the area of the Voronoi cell around particle i. The local packing fraction field is shown 

in Figure 5-14 (a) where the intensity of the color in each cell varies according to the 

relative packing density. From the packing fraction field, one can immediately recognize 

regions of the high and low local concentration of particle deposits. The histogram of the 

local packing fraction for the final deposit for the 900 contact angle with low friction and 

no vdW force is shown in Figure 5-14 (b). The histogram has a bimodal type distribution 

with the highest peak near the higher packing fraction along with a short peak on the low 

side. However, the spread of the peak suggests that the particles are quite dispersed at 

areas other than the edge.  

In order to apply FOS, five different statistic measures are calculated depending on the 

time-dependent histogram of the local packing fraction: mean, standard deviation, 

integrated density, skewness, and kurtosis. The definitions for these measures are given 

below: 

 
( ) ( )

1

1

bin_middle Count
Mean,

Count

nbins

i

i i


=


= 


 (5.51) 

 
( )( ) ( )

2

1

1

bin_middle Count
Standard deviation,

Count

nbins

i

i i


=

− 
= 


 (5.52) 

 1Integrated density, CountI =   (5.53) 
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 (5.55) 

where ( )bin_middle i  and ( )Count i  are the middle of the ith bin of the histogram and its 

count or frequency respectively, and nbins is the total number of bins for the histogram. 

The mean and the standard deviation are measures of the average packing fraction and 

variation around the average respectively. The integrated density is a measure of the total 

number of deposits with an overall mean packing fraction. The skewness and the kurtosis 

are measures of the asymmetry and flatness of the histogram, respectively. 

The FOS texture parameters extracted from the deposits formed at different time steps 

are plotted in Figure 5-15. The mean, standard deviation, and integrated density 

parameters grow due to deposited particles increasing the local packing fraction at the 

droplet edges. On the contrary, the Skewness and Kurtosis decrease because the packing 

fraction distribution of the histograms shifts from an initial sharply peaked low value to a 

more symmetric bimodal distribution at a higher time step. 

From the results of the plot in Figure 5-15 three different stages of deposit 

development are identified for all three contact angles. The first stage represents the 

initial stage of particle deposition where the mean, standard deviation, and integrity 

density increase slowly. The skewness and kurtosis show fluctuations at high values 

representing irregular deposition of particles. The normalized time plot indicates that this 

stage lasts about one-quarter of the deposition time. The second stage represents a fast 

deposit growing stage where the mean, standard deviation, and integrated density 
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continue to increase as the local packing fraction increases. Most of the particles are 

deposited at this stage that lasts for about another one-half time. At the last and final 

stage, the curves for the first three measures start to flatten out. One can see some 

increased differences among the curves which can be attributed to the final stage of the 

evaporation process when there are increased collisions among particles. The skewness 

and kurtosis continue to drop to low values as the packing fraction histogram becomes 

more bimodal in distribution. 

 

 

Figure 5-15 The (a) mean, (b) standard deviation, (c) integrated density, (d) skewness, 

and (e) kurtosis against time plots for all contact angles 

 

5.5 Conclusion 

A numerical investigation on evaporation induced self-assembly of nanoparticles is 

carried out using a coupled CVOFLS-DPD approach. The interaction between fluid and 

particle is taken into account by the hydrodynamic force, interface force, and drag force. 

The evaporation model of the liquid is validated against the analytical result. The 



 

124 

 

numerical method is then used to study particle deposition of an evaporating droplet. The 

results showed that the nanoparticles are self-assembled themselves at the bottom of the 

container as the liquid evaporates. Ring formation of particles for different contact angles 

is shown along with the evaporating liquid. The rim widths of the deposited particle rings 

are seen to increase with contact angles not reported in the study of [102] or [103] who 

also reported evaporation for large contact angles. The deposition rates of particles 

increase with time but slow down at the end due to the repulsion by the deposited 

particles conforming to the work of [104] and [105]. The effect of substrate vdW force is 

discussed. The vdW force speeds up the deposition process after an initial time delay. The 

vdW force also causes a thicker ring and lower particle density at the edge. Some central 

deposits are also observed with the vdW case. These observations are in-line with the 

experimental work of [106]. The effect of friction is then discussed. Friction impedes 

particle motion on the surface thereby causing thicker ring deposits. When both friction 

and vdW force are present a uniform particle deposit is seen to occur. FOS analysis, 

applied to characterize local microstructure, reveals three stages of deposit development. 

The first stage is the irregular deposition stage which takes one-quarter of the deposition 

time. The second stage is the fast-growing stage lasting for another one-half time. At the 

third or final stage, most particles are settled down and the stage lasts until dry up.  
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6 MACHINE LEARNED SUB-GRID SCALE MODELING FOR 

OXIDATION OF TOLUENE IN A BUBBLE COLUMN 

REACTOR 

6.1 Introduction 

Bubble or slurry column reactors have widespread industrial applications including 

but not limited to liquid-phase oxidation, hydrogenation, hydroformylation, carbonylation 

and chlorination [110-112]. Lots of recent studies have been devoted to the design of 

reactors, scaling up and find effective flow and mass transfer correlations for the reactors. 

For reactors involving fast gas-liquid reactions it has been shown that the microscale 

fluid dynamics and mass transfer near single bubble supersede the bubble-bubble 

interactions present in the reactor in terms of conversion, selectivity and yield of the 

products of reaction [110-113]. This is also true for reactors operating in bubbly flow 

regime [111-113]. 

There has been a number of experimental techniques developed for investigating 

mass transfer across gas-liquid interface of rising bubbles in recent times [114-118]. 

However, most of these experiments failed to provide detail information about the 

microscopic phenomena that occur inside the hydrodynamic and concentration boundary 

layer of bubbles. Numerical analysis, on the other hand, can provide important insight 

about the microscopic phenomena occurring near the interface.  

Most numerical work present in literature can be divided into two categories single-

phase simulations using a fixed bubble model [110, 113] and two-phase simulations of 

deformable bubbles in 2D [119, 120] and 3D [111, 121]. Some investigations into small 
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group of bubbles in 2D [122, 123] or 3D [124, 125] have also been carried out. Despite 

the recent interest, numerical analysis of reactive-diffusive-convective bubble system 

have been greatly hindered by the presence of inherent scale difference in such a system. 

The next section of this paper provides a brief discussion of the limitations of the 

traditional numerical schemes in handling the scale differences and presented sub-grid 

scale modeling as an alternative to avoid such limitations. However, existing sub-grid 

scale models have their own problems and challenges, and for this reason, this paper 

presents a machine learned sub-grid scale (ML-SGS) model suitable for reactive-

diffusive-convective systems. 

In this paper, the developed ML-SGS model is used to study the oxidation of liquid 

toluene by oxygen bubbles. Depending on system properties like viscosity, density, 

surface tension and bubble size and velocity, a variety of bubble shapes can exist in a 

bubble column reactor. As shown by previous researchers, these different bubble shapes 

can be mapped to a Eo-Re-Mo diagram where Eo is the Eotvos number, Re is the 

Reynold number and Mo is the Morton number [126-128]. The bubbles used in this work 

come from carefully done direct numerical simulation (DNS) of bubbles rising with 

terminal velocity in a quiescent liquid and represent real bubbles as closely as possible. 

The bubble shapes are obtained from the work of Weiner et al [129, 130]. The system 

dimensionless parameters are adjusted so that the bubble shapes vary from near spherical 

to ellipsoidal and dimpled ellipsoidal bubbles as described in literature.  

The oxidation of toluene considered in this work have numerous industrial 

applications. Some of the products of oxidation such as Benzaldehyde (PhCHO), benzyl 

alcohol (PhCH2OH) and benzoic acid (PhCOOH) are required materials for 
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pharmaceutical, perfume, flavor and color industries [131-134]. The reaction itself is 

complicated by radical chain propagation mechanism and require the presence of catalyst. 

In this paper the oxidation reaction is modeled as a parallel competitive reaction, 

complicated enough to demonstrate the ability of the ML-SGS model.   

6.2 SGS Modeling for Reactive-Diffusive-Convective System: Needs and 

Challenges 

A bubble rising in a bulk liquid is surrounded by a hydrodynamic boundary layer, 
h  

which is much smaller than the bubble diameter, 
Bd  for Re >> 1. For example, it has 

been shown that for a medium sized bubble the average hydrodynamic boundary layer 

scales with the bubble diameter as 1/2/ Reh Bd −  [135-137]. On top of that, if the bubble 

is composed of a gas that diffuses and reacts with the bulk liquid, a concentration 

boundary layer is developed that is embedded within the hydrodynamic boundary layer.  

For Peclet number, Pe > 1, and Schmidt number, Sc > 1, it has been shown that the 

concentration boundary layer scales with the hydrodynamic boundary layer as 

1/2Scc h  −  [135, 136]. For Sc   100 the numerical mesh for species transfer needs to 

be roughly 10-20 times smaller than the mesh for resolving hydrodynamic boundary 

layer. In order to overcome the problem of requiring extremely fine mesh, the direct 

numerical simulation of convective flow is usually combined with the SGS model for 

mass transfer. However, the SGS models have their own limitation. For a typical Finite 

Volume discretization used in many computational fluid dynamics (CFD) software, the 

concentration fields are defined and stored for each cell center. At each time step, the cell 

centered values are updated based on the source terms and the inflow and outflow fluxes 
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at each cell faces. However, calculating the fluxes require the field values and gradients 

at the cell faces. For a highly non-linear concentration profile, typical interpolation 

scheme like linear reconstruction leads to significant error in predicting species 

concentration and mass transfer. This has been illustrated in Figure 6-1 (a) where c  is 

the interface concentration which drops over two cell spaces away from the interface. The 

red line is the face gradient approximated with the cell centered values. 

 

Figure 6-1 (a) Effect of low mesh resolution on approximating (a) face flux (b) 

reaction source term. The blue and red shaded area depicts the cell averaged concentration 

of A and B respectively. The pink lines denote the product of the cell-centered averages 

and green line denotes the average of the product. Redrawn from [129]. 

Another problem with insufficient mesh resolution associated with reactive system is 

the inaccurate computation of reaction source terms. This has been depicted in the Figure 

6-1 (b) where Ac and Bc  are normalized concentrations of two reactants undergoing a 

reaction similar to the first order reaction with two reactants. When cell-centered values 

are used to compute the source term it results in a much higher value in the first cell than 

that computed with the exact profiles. This is because the product of the cell-averaged 
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concentrations, A Bc c  is not necessarily the same as the average of the product, 

A Bc c .  

There have been several attempts to improve the concentration profile at the boundary 

layer. Most of these attempts rely on the analytical solution of a simplified boundary 

layer problem [119, 125, 136, 138]. For example, [136] used an error function to 

approximate the concentration profile of a species undergoing physisorption.     

 ,model 1 erfA

x
c



 
= −  

 
 (6.1) 

where x is the distance from the interface and δ is an adjustable parameter which needs to 

be determine iteratively for each interface cells such that the cell-averaged concentration 

for ,modelAc  matches the cell-centered concentration. However, for reactive-diffusive-

convective system involving multiple species undergoing consecutive or parallel 

competitive reactions like the one discussed in this paper it becomes practically 

impossible to obtain simple analytical solution to predict the concentration profile [139]. 

In this paper, it will be shown how ML models can efficiently and accurately replace 

analytical and iterative solutions required for SGS modeling of convective-reactive-

diffusive system such as oxidation of toluene in a bubble column. Before moving on, the 

work of Weiner et al has to be mentioned [140]. Weiner et al used a data driven SGS 

model to substitute the analytical profile. However, their work is limited to a first order 

decay reaction with only one species. They used a fixed bubble shape and focused on 

changing the flow variables only. In this study, a more complex scenario of parallel 

competitive reactions with multiple species is considered along with different bubble 
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shapes. However, the tutorial and codes and the doctoral dissertation of Weiner et al [129, 

130] have been a great help for this work. 

6.3 Data Generation 

To generate the data required to train the ML model, a spherical oxygen bubble rising 

in liquid toluene is considered. Figure 6-2 shows the initial and boundary conditions for 

the bubble. The simulation domain is 2D axisymmetric. 

 

Figure 6-2  Initial and boundary conditions for the simulation for data generation. 

The following dimensionless equations are solved to obtain the hydrodynamic flow 

field. 

 ( ) 0
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+ =


u  (6.2) 
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The following dimensionless quantities are utilized in the above equations. The Eo and 

Mo numbers discussed in the introduction are also defined here, 
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Once the flow field is obtained, the species mass balance equation for each species is 

solved. The non-dimensional species transport equation reads, 

 ( ) 2
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u  (6.5) 

where, 
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The dimensionless numbers are, 

 
1 | 2 |

1 2Pe ReSc, ,
B A B Ain B

A in in

d k c d k cU d
Da Da

D U U

 
= = = =  (6.7) 

The subscript k in equations 4 and 5 are for each species, where   and l used in 

Table 6-1 indicate interface and bulk.  

Table 6-1  Values of properties and dimensionless numbers used in simulation. 

Physical 

properties 
Values 

Physical 

properties 
Values 

Gas density, G  8.34 kg/m3 
Concentration, 

|Ac   
1 

Liquid density, 

L  
742.58 kg/m3 

Concentration, 

|B lc  
1 

Liquid viscosity, 

L  
0.0001747 PaS ScA 100 

Surface tension, 

L  
0.0145 Nm ScB,P,S 50 

System pressure, 

P 
1 atm Re 100 
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System 

temperature, T 
145 0C   

The next section discusses the kinetics for the oxidation of toluene and the way to 

obtain the reaction rate constants, k1 and k2. Meanwhile, Table 6-1 shows the parameters 

used for data generation. The thermodynamic properties are obtained from the DIPPR 

database [141].  The simulation was run for t  = 1, and the concentration fields were 

saved every t  = 0.005.  

6.4 Kinetics of the Liquid-Phase Oxidation of Toluene 

The mechanism of toluene oxidation is a complicated, multistage, free-radical chain 

reaction with chain inhibition, propagation and chain termination steps [131-134]. The 

oxidation is further complicated by the requirement of specific catalysts like cobalt 

catalyst in acetic acid or toluene or a bromide catalyst in a non-polar solvent [133, 134]. 

A reaction scheme with all elementary reactions is too complicated to be of practical use. 

Hence, a number of simplified kinetic schemes are proposed in the literature [133, 134, 

142]. In many of these schemes the Benzaldehyde (PhCHO) and Bezyl alcohol 

(PhCH2OH) are considered as reaction intermediates and Benzoic acid (PhCOOH) and 

other over-oxidized compounds as final products. In this study the oxidation of toluene is 

modeled as a parallel competitive reaction [133, 143],  

 

1

2

r

r

A B P

A P S

+ →

+ →

 (6.8) 

where A denotes the dissolved oxygen, B the liquid toluene, P the desired products 

(Benzaldehyde and Bezyl alcohol), and S denotes the Benzoic acid and other over-

oxidized final products. Rates of these reactions are given by, 
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where the kinetic parameters are obtained from Hoorn et al [133] and reported in Table 

6-2. 

Table 6-2  Reaction rate constants. 

Rate constants Values 

k12 0.015 m3/mol/sec 

k3 1.35 m3/mol/sec 

k4 3.90 m3/mol/sec 

6.5 Model Creation 

First, the massive amount of raw data generated from the simulation (>50 GB) is 

reduced to include only a narrow band (0.1 dB) around the bubble interface important for 

boundary layer profile. It should be noted that the mesh around the bubble is such that all 

the cells are normal to the interface to reduce interpolation error. Later on, it will be 

shown how mesh resolution is set and convergence is studied in the Validation section of 

the paper. The features and labels used to create the ML models are given in Table 6-3. 

Even though no feature extraction method is used in this work, the features used are 

chosen carefully based on the previous analytical work. In equation 1 it has been shown 

that the boundary profile was approximated as an error function. The free parameter in 

the error function was corrected based on the average concentration as, 

 ,model
0

1 l

A Ac c dx
l

=   (6.10) 

So, it can be seen that both the distance from the interface and the average 

concentration are required to estimate the boundary profile. The idea of using the average 
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concentration in cells to find the actual concentration can be deemed analogous to 

sharpening of a blurred image, a problem which ML models have proven to be highly 

effective against. It is worth noting that the normal derivative at the interface is 

considered separately form the normal derivative at the bulk. Using two models instead 

of one improves the accuracy of the predictions.  

 

Table 6-3  Local parameters for ML; the last five rows are the labels.  

Parameter Definition 

Distance from interface /l Bl d= −x x  

Average concentration of reactants and 

products 
, , , , , ,

0

1 l

A B P S A B P Sl n
c c dn

l =
=   

Concentrations at 
lx  ( ), , , | , , ,A B P S l A B P S lc c= =x x  

Normal derivatives at the interface , , , , , ,| |n A B P S A B P Sc c  =   

Normal derivatives at the bulk cell face , , , , , ,| |n A B P S l A B P S lc c =  

Source term for reaction A+B →  P ABr  

Source term for reaction A+P →  S APr  

 

6.6 Training the ML Model and Incorporating the Trained Model in CFD Solver 

PyTorch [144] is used to train and create the ML model whereas libTorch, the C++ 

API for PyTorch, is used to embed the trained models in the OpenFOAM [145] CFD 

solver. The ML algorithm used in this work is called Multilayer Perceptron (MLP) [146]. 

Each label has a separate MLP model created for it. The MLPs used to fit the training 

data all have 4 hidden layers, with 50 neurons per layer, and used a ReLU activation 

function and ADAM optimizer [144]. Each model was trained for 5000 epochs. In 
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addition to the data reduction discussed in previous section, the data are also sampled 

such that they are distributed uniformly over the entire label space. For each MLP, the 

number of feature-label pairs so created are of the order of 106. The data are then split 

into a training (75 %) and a validation set (25%). The training of all the models took little 

more than an hour on a standard CPU with 4 cores with all the weights being double 

precision. Using the mean squared error as the loss function the maximum validation loss 

is found to be 1.58×10-4. 

Figure 6-3 shows the histogram for the relative error for the labels associated with 

reactant A. As can be seen, most data points have less than 1% percent error and 

maximum error is less than 8%. 

 

Figure 6-3 Histograms of relative errors for the labels associated with species A. 

The distribution of relative error for the labels associated with other species are 

shown in the Figure 6-4. Once again the relative errors are mostly confined to a narrow 

range (about 1%) around the mean. The maximum relative errors for B is less than 6%, 

for P is less than 4% and for S is less than 6%. The maximum relative errors for the 

source terms ABr  and APr  shown in Figure 6-5 are 0.3% and 1.2% respectively. 
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Figure 6-4 Histograms of relative errors for the labels associated with species B,P 

and S. 

Once the trained models are available, they are imported into the OpenFOAM [145] 

C++ solver ML-SGS, thanks to the PyTorch’s C++ API libTorch. The algorithm showed 

in the Figure 6-6 is used to incorporate the trained models into the ML-SGS model. The 

features are extracted and scaled at each time step and feed into the pre-trained models 

which provides the labeled outputs. The labeled outputs are then scaled and transformed 

appropriately and feed into the solver pipeline to correct the species mass fluxes.  
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Figure 6-5 Histograms of relative errors for the labels associated with the source terms. 

 

Figure 6-6 Algorithm for incorporating trained ML models into CFD 

solver. 

6.7 Validation 

Three different cases are considered for comparing the performance of the ML-SGS 

approach to the results obtained with solver using standard discretization. The first two 

cases are run with four different mesh resolution to understand the effect of mesh on the 
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boundary profile. The last case is run with the finest mesh only. As discussed in the 

section 6.2, the concentration boundary layer thickness can be approximated by 

1/2Pec Bd − . Hence, the mesh resolutions are set based on the ratio 1/2Pe /Bd x−   where 

x  is the thickness of the first layer adjacent to the interface. From the coarsest to the 

finest mesh, the values for 1/2Pe /Bd x−   are 0.2, 0.5, 1.4 and 5.8 respectively. They will 

be named as mesh 0, mesh 1, mesh 2 and mesh 3 respectively from hereby onwards. It 

can be noted that for mesh 0 and mesh 1 the boundary layer is embedded within the first 

cell layers. For mesh 2 the boundary layer is barely thick enough and for mesh 3 there are 

approximately five cell layers within the boundary layer. For data generation a much 

finer mesh is used, the 1/2Pe /Bd x−   is 10.  

Table 6-4  Parameters for the validation cases 

Case Re Eo mesh 

Case 1 290 0.14 
mesh 0, mesh 1, 

mesh 2, mesh 3 

Case 2 660 0.44 
mesh 0, mesh 1, 

mesh 2, mesh 3 

Case 3 8.5 243.0 mesh 3 

Even though the model is trained for a spherical bubble the validation cases all have 

shapes different from sphere. In fact, the shapes represent real bubbles for the specified 

Re, Eo and Mo number. These shapes are obtained by DNS simulation of bubbles rising 

in a liquid with terminal velocity [129, 130]. Note that the last bubble shape is very 

different from sphere and usually referred to as dimpled-ellipsoidal in literature. For the 

last case the dependence on Mo number is not exactly followed because the goal is to 

investigate the effect of different bubble shapes. Bhaga et al [127] reported to create such 
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conditions by introducing large bubbles into aqueous sugar solutions. The addition of 

sugar increases the viscosity of the liquid without significantly changing its density or the 

surface tension. Table 6-4 summarizes the three cases along with the relevant parameters. 

Altogether nine different cases are considered for testing the ML-SGS model. 

The comparison between the results of the standard model using linear flux 

reconstruction and the ML-SGS model for the concentration profile of the species A are 

given in Figure 6-7. The results are produced with the finest mesh, mesh 3. The 

difference is almost negligible in observation. 

 

Figure 6-7 Comparison of the concentration profiles of species A for Case 1 (left), Case 

2 (middle) and Case 3 (right) for the linear and ML-SGS model. All cases used mesh 3 

here. 

For reactive-diffusive-convective system, one parameter of interest is the local 

Sherwood number given by, 

 
|

|

n A B

loc

A

c d
Sh

c






=  (6.11) 
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The local Sherwood number for different polar angles along the bubble for two test 

cases are shown in Figure 6-8. As the plots show, the ML-SGS model has performed 

exceptionally well in predicting the local mass transfer rate for the two bubbles which are 

not part of the ML test case. Figure 6-8 also shows the effect of mesh resolution on the 

results of the linear and ML-SGS model. Once again, ML-SGS model outperformed the 

standard model. Except for the coarsest mesh where the hydrodynamic profile is also 

probably under resolved the SGS-ML model show better accuracy over the entire polar 

angle range than the standard model. This is not surprising given the fact that the ML 

models are trained on a highly resolved mesh before being tested on the coarse meshes of 

the test cases.  

 

Figure 6-8 Local Sherwood number versus interface polar angles for Case 1 (left) and 

Case 2 (right). 

Another quantity of interest in the mass transfer application is the global Sherwood 

number, a quantity used in most mass transfer correlations to predict overall mass transfer 

[147, 148].  
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1

global locSh Sh dA
A 


=   (6.12) 

where A
 is the interface area. The percentage change in global Sherwood number with 

respect to the one obtained from highest mesh resolution standard model is given in 

Table 6-5. Again, the numbers indicate that the ML-SGS model outperform the standard 

model for different meshes and also for the dimpled-ellipsoidal bubble where only the 

result for finest mesh is given.  

Table 6-5  Percentage change in global Sherwood number from the reference value. 

|

|

100%
global global ref

global ref

Sh Sh

Sh

−
  mesh 0 mesh 1 mesh 2 mesh 3 

Case 1, Linear -65.16 -39.73 -9.84 0.0 

Case 1, ML-SGS -60.84 -23.70 -0.75 -0.74 

Case 2, Linear -66.75 -43.75 -10.38 0.0 

Case 2, ML-SGS -62.48 -27.14 -1.17 -0.66 

Case 3, Linear _ _ _ 0.0 

Case 3, ML-SGS _ _ _ -1.45 

 

The model comparison for the species B, P and S are given in Figure 6-9. The left 

side represents the result obtained from the linear solver with mesh 3 and the right side 

shows the result of ML-SGS model (also mesh 3). The difference between the two results 

is negligible with naked eye. Figure 6-7 and Figure 6-9 also give an overview of the 

effect of bubble shape on the reactions.  
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Figure 6-9 Comparison of the concentration profiles of species B, P and S for Case 1 

(top), Case 2 (middle) and Case 3 (bottom) using mesh 3. All profiles have two parts: 

linear (left) and ML-SGS (right). 

For Case 1, the bubble is nearly spherical, hence the stagnation zone is small and close to 

the south pole. The stagnation zone is where the tangential velocities at the interface 

change sign. To understand the distribution of species around the bubbles two important 

transport phenomena need to be accounted for: convection and diffusion. Beyond the 

stagnation zone, convection dominates over diffusion and carries the dissolved oxygen 

downstream with the flow resulting in a very thin boundary layer. The boundary layer 

becomes even thinner because the oxygen is consumed in the parallel reactions. At the 

stagnation zone, however, diffusion is dominant, and the concentration of A is higher. 



 

143 

 

Case 2 has a wider stagnation zone than Case 1 because of the shape of the bubble with a 

long wake as Case 1. In the core of the wake, species B has a low concentration because 

the convection-based exchange with the bulk liquid is minimal. The core of the wake also 

has a high concentration of the side product S. The dissolved oxygen also accumulates at 

the inner part of the bubble for the dimpled-ellipsoidal bubble. However, the inner region 

in this case has two recirculation zones indicated by a low concentration of A. The low 

concentration is because at the recirculation zone convection dominates over diffusion. 

Around the recirculation zone, the bulk toluene has the lowest concentration among the 

three bubble shapes meaning the most efficient conversion of reactant to product. This is 

also marked by a greater accumulation of product P around the recirculation zone. Since 

the two reactions are competitive in nature, a high concentration of P and a low 

concentration of B result in the highest concentration of the side product S for the 

dimpled-ellipsoidal bubble. 

6.8 Conclusion 

The study presents a flexible high-fidelity machine learned sub-grid scale modeling 

technique for studying parallel competitive reactions in a bubble column environment 

like the oxidation of toluene. A brief discussion of the available SGS modeling 

techniques is presented and reveal the needs for machine learned sub-grid scale modeling 

as an efficient alternative over analytical and iterative models. The study used a relatively 

simple system (spherical bubble) to generate all the data required for training the ML 

models. An algorithm is presented to incorporate the trained models into a standard 

computational fluid dynamics (CFD) solver. The ML-SGS model so developed provided 

highly accurate results when applied to three test cases with different system parameters. 
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Mesh dependence of the solver is studied and compared with solver using linear 

reconstruction for face fluxes. The study reveals that the ML-SGS model performed 

better with low resolution meshes than the linear solver. The ML-SGS model also 

provided highly accurate concentration profile for species B, P and S. The results reveal 

the effect of bubble shapes on the formation of product and by products.  
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7 FUTURE WORK 

The results obtained from the study of cyclic jamming in granular system can be used 

to study the evolution history of the substructures associated with each particle in the 

granular system. These sub-structures can be represented by the complex network 

structure formed by groups of particles within the system and can be considered to be 

part of a finite state space. The evolution of particles’ sub-structure can follow this state 

space. Hence the path taken by all the sub-structures can be analyzed to create a transition 

matrix for the evolution of sub-structures for granular particles. The key insight will be to 

observe the most preferred transition of the particles’ sub-structure. This will ultimately 

provide a much deeper knowledge of the self-assembly of granular materials under any 

loading conditions. 

The CVOFLS-DPD method developed in this study is very general and can be 

extended to study many different fluid-nanoparticle systems. The method already has the 

capability to handle multi-component liquids miscible or not. Evaporation of complex 

multi-component liquids, akin to many biological fluids, and the subsequent dried-up 

substrate pattern is an interesting area of research to be explored in the future. The 

present model can be extended to include conjugate heat transfer analysis of the substrate 

where the substrate temperature varies with the evaporating fluid. Further variation is 

deposit structure can be obtained by varying the temperature of the substrate. 

Due to the data driven approach, the ML-SGS solver presented in Chapter 6 has the 

potential to be extended to employ more advanced deep learning techniques and the 

trained models can be tested for more challenging cases of deforming bubbles with 

turbulent wake structures or bubble swarm. That would be an appropriate application of 
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the data driven technique since there is an obvious scale difference when a full industrial 

reactor is considered. Deep learning techniques can bridge the gap between the scale 

where sub-grid scale model is required to the scale where the bubbles collide and mix up 

to the scale where the whole reactor can be simulated.  
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