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ABSTRACT 

Self-assembly of granular materials and colloids are studied using several different 

computational methods such as Discrete Element Method (DEM), Smoothed Particle 

Hydrodynamics (SPH) method, finite volume Volume of Fluid and DEM (VOF-DEM) 

method and coupled VOF-Level Set and Dissipative Particle Dynamics (CVOFLS-DPD) 

method. A history dependent contact model is developed for the DEM and a cohesion 

model is introduced to study the packing of granular materials under cohesive forces. The 

study reveals granular size and size distribution has an important effect on the final 

packing structure. The study using SPH method reveals stress relaxation in a granular 

system subjected consecutive jamming cycles. However, above a certain initial packing 

fraction stress relaxation is found to be negligible. Further analysis reveals characteristics 

length and time scales for stress relaxation. Three-cycle basis is found to be the most 

preferred configuration of the particles as the granular system drives towards a more 

stable state. The study using VOF-DEM method reveals pattern formation by colloidal 

deposits as a thin film of fluid evaporates. Further analysis with CVOFLS-DPD method 

reveals interface forces on particles need to be carefully modeled to prevent escaping of 

particles during evaporation. The use of machine learning (ML) for computational study 

is also explored in this study. A machine-learned sub-grid scale (SGS) modeling 

technique is introduced for efficient and accurate prediction of reactants and products 

undergoing parallel competitive reactions in a bubble column. The machine-learned 

model replaces the iterative approach associated with the use of analytical profiles for 

previous sub-grid scale models for correcting concentration profiles in boundary layers.  

 



 

1 

 

1 INTRODUCTION  

Self-assembly is an autonomous process by which individual components arranged 

themselves into an ordered structure. The term is generally reserved for building blocks 

not linked together by covalent bonds but assembled by weak or short-range forces or 

hard-particle interactions. Granular materials and colloids both exhibit self-assembled 

structures but the former is characterized by out-of-equilibrium self-assembly due to 

athermal nature of the system. The discrete particles of the granular system can exhibit a 

wide range of interesting collective behaviors such as pile formation, fluid-flow like 

behavior, and fracture. Understanding these behaviors are important in many industrial 

applications such as mining, construction, agriculture, and packing. Geological processes 

such as landslide, avalanche, erosion, sedimentation, and plate tectonics are also 

governed by collective granular structural behavior. One particular aspect of granular 

material is the phenomenon of jamming where randomly organized system of particles 

changes from mechanically unstable states to stable states. Jamming phenomena are also 

observed in colloids, foams, and glass transition in molecular liquids. In most of these 

cases, the system starts from an unjammed state and gradually transition to a jammed 

state. Sometimes the system undergoes several transitions between jammed and 

unjammed states. By careful micromechanical simulations like the one presented in this 

work, one can study the jamming behavior of the system under different loading 

conditions and derive macroscopic model to replicate such behavior. 

In contrast to granular jamming, self-assembly of colloids are affected by thermal 

fluctuations (Brownian motion), and also by the surrounding fluid medium and 

electrostatic forces. Colloidal self-assembly has gained widespread attention due to its 
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application in micro- or nano-scale technologies such as importance in photonics [3], 

chemical reaction controlling [4], and ink-jet printing technology [5]. One common 

method to self-assemble colloids is to evaporate the surrounding liquid and let the 

colloids assemble themselves at the bottom on the substrate [1, 2]. A complete 

understanding of the process can help in tuning the deposit morphology to cater to its 

applications. In this study a multi-scale simulation method is developed to study the 

evaporation induced self-assembly of colloids by taking into account non-ideal mixture 

properties in evaporating droplet and the roughness of the colloids and substrate.  

This dissertation is divided into three parts. Part one composed of two chapters that 

studies the packing and jamming transition of granular systems. Part two is also made up 

of two chapters and presents numerical studies on self-assembly of colloids induced by 

evaporation. Part three discusses the development of a machine learned (ML) 

computational fluid dynamics (CFD) solver for studying the concentration of reactants 

and products undergoing parallel competitive reactions in a bubble column. The future 

works and studies to be done based on the present research and a list of publications 

produced as a result of this doctoral work are also provided. 

The objectives for the first part are as follows: 

1. Develop a history dependent contact force model that includes cohesion in the 

framework of Discrete Element Method (DEM) for studying granular materials. 

2. Develop a meshless Lagrangian solver as part of a high-performance computing 

(HPC) program that is able to handle the low velocity collisions of the granular particles 

and at the same time provide better resolution than the traditional DEM for the stress 

arising within the granular particles. 
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3. Using the developed HPC program study the evolution of global pressure and 

microstructure of granular system subjected to consecutive jamming cycles. 

4. If there is a variation of global pressure for successive compression cycles the 

study should the find the cause of such variation using proper statistical analysis such that 

the relationship between pressure and system configuration can be applied to other 

granular systems. 

The dynamics of near jammed isotropically driven granular assemblies has been 

studied in the past. However, most of these systems involve shear [3-6], vibration [7, 8] 

or biaxial strain [9]. In the present study, the granular system is cyclically and 

isotropically compressed with small strain steps, starting from a packing fraction below 

jamming, to a packing fraction above jamming. Unlike previous studies which describe 

the granular system by average coordination number or distribution of contact forces, the 

mobility of individual particle is studied as well as the mobility of particle cluster is 

studied using four-point susceptibility measure and Falk-Langer measure of affine and 

non-affine deformation. The relationship between particles in a cluster is also studied 

using complex network analysis. The study revealed strong correlation between the 

rearrangement of particle clusters and the evolution of global stress in the system.    

For the second part of the study which deals with the self-assembly of colloids the 

objectives are: 

1. To study and control evaporation induced self-assembly of colloids using a 

comprehensive multi-scale computational tool. 

2. The evaporation model must include multi-component liquid, the evaporation flux 

should be evaluated directly from the diffusion and convective fluxes at the gaseous 
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interface, without the need of any evaporation model or empirical correlations. Must 

adopting a detailed thermodynamic model (including activity coefficients) and the impact 

of the mixture non-ideality on the evaporation process.  

3. The particle model must include colloid roughness (an increase in repulsive force 

which cannot be accounted for by DLVO theory or hydration forces). 

4. Other numerical problems such as contact line pinning, interface effect, lubrication 

forces and spurious current need to be tackled. 

The most commonly observed structure for nanofluid droplet evaporation is the 

ñcoffee ring pattern.ò The capillary flow to the pinned contact line that drives this pattern 

formation was first observed and reported by Robert Brown in 1829 [10]. After almost 

170 years later Deegan et al. [11] provided some mathematical analysis to relate the 

outward radial velocity to the evaporation rate. After that, there have been many attempts 

to mathematically model and then simulate the evaporation-induced particle deposition 

phenomena and understand the effect of different parameters associated with them. These 

efforts include full-scale Molecular Dynamics (MD) [12] and Dissipative Particle 

Dynamics (DPD) [13] simulation of both fluids and particles, MD simulation of particles 

with implicit solvent [14], DPD simulation of particles with flow fields estimated from 

analytical result under ideal conditions [14], and Finite Element (FE) simulation where 

particles are assumed as continuum concentration field [15, 16]. All of these numerical 

methods have their own disadvantages. In order to properly model the evaporation and 

the surface tension effects, the liquid and the surrounding medium need to be considered 

as continua whereas the particles need to be considered as discrete to model their 

interactions with each other and also with the fluid and the substrate. Hence the problem 
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at hand is inherently multiscale and a multiscale simulation method that can handle the 

fluids as continua and particles as discrete medium is required. On that endeavor, for the 

first time, a finite volume coupled volume of fluid-level set method paired with 

dissipative particle dynamics (CVOFLS-DPD) method is developed for the accurate 

handling of fluids and particles for evaporation induced self-assembly. Using the 

aforementioned method, the deposition of colloids in a sessile droplet is studied and the 

effect of different system parameters are discussed. The computational tool developed is 

very general and can be study other systems with colloids where there is phase change 

and interface deformation. 
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2 ANALYSIS OF COHESIVE MICRO -SIZED PARTICLE 

PACKING STRUCTURE USING HISTORY -DEPENDENT 

CONTACT MODELS  

2.1 Introduction  

This chapter discussed the study on packing of granular materials when cohesive 

forces are acting between the particles along with a shear stress that depends on the 

deformation history. To study the process a numerical method known as Discrete 

Element Method (DEM) is used for the simulation of granular system. This method was 

originally developed by Cundall for rock mechanics problem. DEM has been showed by 

Cundall and Hart to be a better tool for modelling discontinuous media compared to other 

methods like finite element method. DEM is a Lagrangian method where trajectory of 

each particle is calculated separately using Newtonôs equation of motion. Collisions 

among particles and between particles and walls are accounted for using contact force 

models. Both normal contact force and tangential contact force are accounted for in the 

contact model. Other forces such as cohesive force, van der Waal force are considered in 

the equations of motion. 

2.2 Equations of motion 

For each particle Newtonôs second law is invoked that provides the equations to solve 

the translational and rotational motions of the particles. 

2

2

i
i i

X
m F

t

µ
=

µ
 (2.1) 
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2

2 i
i

i

d
I

dt
=

ɗ
Trq  (2.2) 

n t

i ij ij
F F F= +  (2.3) 

= +r t

i ij ij
Trq Trq Trq  (2.4) 

where mi is the mass of the ith particle, X i is the position vector of the ith particle, Ii is the 

moment of inertia that equals to 0.4miRi
2 and the rotated angle of particle i is represented 

by ɗi. The symbol Fi in Eq. (1.1) is the resultant contact force generated by two collided 

particles, i and j. This force can be decomposed further into two components: one is 

contact force in normal direction ἐ  and the other is contact force in tangential 

direction ἐ, as shown in Eq. (1.3). The symbol Trq i in Eq. (1.2) is the resultant torque 

acting on the ith particle. It can also be decomposed into two components: torques caused 

by rolling friction and tangential force, respectively, as given in Eq. (1.4). 

2.2.1 Contact forces 

Contact forces arise when two particles collide. Two contact models are adopted in 

this work to account for the contact force between two particles. The contact models are 

both deformation history dependent meaning their deformation in tangential direction is 

obtained from an integral equation that integrates the tangential velocity from the time of 

collision to the time of interest. However, the Gran-Hertz-History model describe a 

nonlinear relationship between contact force and overlap distance, while Gran-Hooke-

History model gives a linear relationship. Both models are implemented in the open-

source software package LIGGGHTS. The Gran-Hertz-History model is also modified to 
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include van der Waals force, which can be significant for small particles, and thereby 

refer to as Modified Gran-Hertz-History model. 

Normal contact force 

The normal contact force ἐ   can be determined by [17-19], 

( ).n nKè ø= -
ê ú

n

ij n ij ij ijF ɝ ɔ u n n (2.5) 

where in Modified Gran-Hertz-History model, parameters are given by, 

4

3
n eff nK E Rx= ,

5
2

6
ɔn eff n effS mb= ,

( )

( )2 2

res

eff

res

e

e
b

p
=

+

ln

ln
,

2n eff nS E Rx= . 

(2.6) 

and in Gran-Hooke-History model, 

( )
0.8

0.2
216

15
n eff eff chK RE m v
å õ
=æ ö
ç ÷

,

( )

2

2

4

1

eff n

n

res

m K

ln e

p
=

+

ɔ . 
(2.7) 

and ij v represents the velocity of the particle i relative to velocity of the particle j, ijn is 

the unit vector point from particle i to particle j, rese  is the coefficient of restitution of the 

particles,  ( )/i j i jR Rad Rad Rad Rad= +  is the effective radius that represent the 

geometric mean diameter of the i and j particle, 
( ) ( )

2 2

1 2

1 2

1 1
1/  

p p

effE
E E

s så õ- -
æ ö= +
æ ö
ç ÷

is the 

effective Youngôs modulus that is calculated in terms of individual Youngôs modulus and 

Poisson ratio accordingly, 
n i j ijRad Radx= + -Rad is the overlap in normal direction 
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and i j

i j

eff

m m
m

m m
=

+
is the effective masses of the particles. Characteristic velocitychv  is 

taken as unity in Gran-Hooke-History model. 

Tangential contact force  

The contact force in tangential direction is calculated by [20], 

( ) ( ), s t tKm gè ø=- Ö - Ö
ê ú

t n

ij ij t ij t ij ijF min F ɝ t tu t  (2.8) 

where in Modified Gran-Hertz-History model, parameters are determined by,  

8t effK G R=
n
ɝ ,

5
2

6
t eff t effS mbg= , 8t effS G R=

n
ɝ , 

( )( ) ( )( )1 1 2 2

1 2

2 2 1 2 2 1
1/

p p p p

effG
E E

s s s sè ø- + - +
é ù= +
é ùê ú

. 

(2.9) 

and in Gran-Hooke-History model, 

 t nK K= , t ng g= . (2.10) 

where 

0

t

t t

t

dt=ñɝ u represents the tangential displacement vector between the two spherical 

particles, ( ) ( )[ ]  = - Ö + ³ - ³
t i j ij ij i i j j

u u u t t ɤ Rad ɤ Radis the tangential relatively velocity, tij 

is the unit vector along the tangential direction, t0 is the time when the two particles just 

touch and have no deformation, t is the time of collision, ɤi or ɤj is the angular velocities 

of particles i or j and Radi  or Radj is the vector running from the center of particle i or j  

to the contact point of the two particles. 
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2.2.2 Van der Waals force  

The van der Waals forces among particles are included only in the Modified Gran-

Hertz-History model. The van der Waals force, ἐ  between particles i and j is given by 

[21], 

( )

( )( )

3 3

2 2
2 2

64

6 2 2 2 2 4

j

i

i i j

j i j i j

Rad Rad h Rad RadH

h Rad h Rad h h Rad h Rad h Rad Rad

+ +
=- ³

+ + + + +

v a
ij

F  
(2.11) 

where Ha is the Hamaker constant, and h is the separation of surfaces along the line of the 

centers of particles i and j. To prevent ἐ  becoming infinity when h goes to zero a 

minimum separation distance Ὤ  is considered. The Hamaker constant is related to the 

surface energy density by [22]:  

2

min24 surfacee hp=
a

H  (2.12) 

2.2.3 Cohesive force  

The cohesive force is included in both Modified Gran-Hertz-History model and 

Gran-Hooke-History model. For the cohesive force, Johnson-Kendall-Roberts (JKR) 

model [23] is used to estimate the cohesive behavior of the particles. In this model, the 

normal cohesive force between two particles is proportional to the area of overlap 

between the particles. 

surfacee A=F    (2.13) 

where surfacee  is the surface energy density and A is the particle contact area. For sphere-

sphere contact [24], contact area A is evaluated by, 

2

4

( )( )( )( )i j i j i j i j

A

dist Rad Rad dist Rad Rad dist Rad Rad dist Rad Rad

dist

p
= ³

- - + - - + + +
 (2.14) 
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where dist is the central distance between the i and j particles. Radi and Radj are the 

radius of the ith and jth particle, respectively. 

2.2.4 Torques  

The torque due to tangential contact force and the torque due to rolling friction are 

calculated in the same way for both models [25]: 

= ³t t

ij i ij
Trq Rad F  (2.15) 

nr nRKm x
Ö

=
ij ijr

ij ij

ij

ɤ t
Trq t

ɤ
 (2.16) 

where ij i jɤ ɤ ɤ= -  is the relative angular velocity. 

2.3 The Integration Scheme 

For particle simulation using DEM the popular explicit Velocity Verlet scheme is 

used for time integration of the equation of motions. The accuracy of the integration 

scheme is of second order. Time integration operation for the n-th time step is as follows: 

n
n i
i

i

F
acc

m
=  

(2.17) 

1/2 1/2n n n

i i iu u acc t+ -= + D (2.18) 

1 1/2n n n

i i ix x u t+ += + D (2.19) 

 

Here x is the displacement, v is the velocity, a is the acceleration, tD  is the time step 

and n indicates the time step position. 

2.3.1 Numerical Stability  

Explicit time integration schemes suffer from numerical stability that depends on time 

step, tD  despite enjoying higher computational efficiency for discontinuous and large 
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systems than implicit ones. The time-step must be sufficiently small to prevent any 

unrealistic overlap [26] during collision of particles. In this work, the time step of 1×10-8 

s is found to be sufficient for all simulation cases. For each particle, a cutoff velocity is 

also considered below which the particles are deemed completely stationary. This 

velocity is 1×10-8 m/s. 

2.4 Physical Model 

For each simulation, 4,500 particles are allowed to settle in a box with dimensions 6 

mm × 6 mm. The particles are inserted such that they have no initial contact among them. 

The initial porosity of the system is kept constant at 0.75. Figure 2-1 shows the initial 

state of Gaussian particle packing. The particles are allowed to fall down due to gravity 

and then collide with other particles or with the boundaries. In this work, all six sides of 

the simulation box are considered as physically stationary. 

Sixty scenarios are studied in this work: five different mean radius (75µm, 85 µm, 

100 µm, 110 µm, and 120 µm) and three different size distributions (mono-sized, uniform 

and Gaussian) for two contact models (Modified Gran-Hertz-History model and Gran-

Hooke-History model) with and without cohesion. It should be noted that the deformation 

calculation is very important for packing simulation since the oversimplified model of 

calculating overlap distance is always the main reason that leads to the simulation crash 

by introducing unrealistic energy. Two basic rules are applied to these packing 

simulations: one is that particles are always considered as rigid body even though a 

deformation is considered by the chosen model, and the other is that the critical central 

distance is set for particle deformation. The critical distance is 1.01(d1+d2)/2 where d1 

and d2 are the diameters of the two particles. It means when the central distance of two 
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particles is less than the critical distance the two particles are considered to be in direct 

contact [27]. 

 

(a) Particles at t = 1×10-8 sec 

 

(b) Particles at t = 0.2 sec 

Figure 2-1 Initial and final structure for Gaussian particles from Modified Gran-

Hertz-History model with cohesion. 
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(a) Particles at t = 1×10-8 sec 

 

(b) Particles at t = 0.2 sec 

Figure 2-2 Initial and final packing structure for mono-sized particles from 

Modified Gran-Hertz-History model with cohesion. 
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(a) Particles at t = 1×10-8 sec 

 

 

(b) Particles at t = 0.2 sec 

Figure 2-3 Initial and final packing structure for uniform size particles from 

Modified Gran-Hertz-History with cohesion. 
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(a) Particles at t = 1×10-8 sec 

 

 

(b) Particles at t = 0.2 sec 

Figure 2-4 Initial and final structure for Gaussian particles from Gran-Hooke-

History model with cohesion. 
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2.5 Material Properties 

Table 2-1 Values of the parameters used in the simulation process 

Parameters Values 

Particle density ɟ 7870 kg/m3 

Youngôs modulus E 200×109 N/m2 

Restitution coefficient eres 0.75 

Sliding friction coefficient ɛs 0.42 

Rolling friction coefficient ɛr 2×10-4 

Poison ratio ůp 0.29 

Hamaker constant, Ha 21.1×10-20 J 

Minimum separation distance, hmin 1×10-10 m 

Surface energy density, esurface 0.280 J/m2 

2.6 Results and Discussion 

2.6.1 Porosity and Coordination Number 

Table 2-2 Porosity and coordination number for Modified Gran-Hertz-History model 

Radius 

Porosity Coordination number 

Mono-

sized 

Uniform Gaussian 

Mono-

sized 

Uniform Gaussian 

75ɛm 
0.615 0.695 0.713 4.04 3.50 3.14 

85ɛm 
0.656 0.685 0.660 4.84 4.49 4.01 
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100ɛm 
0.583 0.615 0.637 5.27 5.29 5.14 

110ɛm 
0.575 0.505 0.557 5.41 5.56 5.37 

120ɛm 
0.485 0.574 0.487 5.36 5.46 5.45 

 

Table 2-3 Porosity and coordination number for Gran-Hooke-History model 

Radius 

Porosity Coordination number 

Mono-

sized 

Uniform Gaussian 

Mono-

sized 

Uniform Gaussian 

75ɛm 
0.599 0.695 0.724 4.00 3.59 3.11 

85ɛm 
0.656 0.685 0.643 4.83 4.50 4.00 

100ɛm 
0.566 0.615 0.476 5.25 5.25 5.13 

110ɛm 
0.525 0.505 0.591 5.50 5.55 5.43 

120ɛm 
0.476 0.574 0.651 5.33 5.47 5.36 
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Table 2-4 Porosity and coordination number for Modified Gran-Hertz-History model 

without cohesion 

Radius 

Porosity Coordination number 

Mono-

sized 

Uniform Gaussian 

Mono-

sized 

Uniform Gaussian 

75ɛm 
0.454 0.485 0.505 4.05 3.55 3.46 

85ɛm 
0.436 0.478 0.493 4.85 4.48 4.08 

100ɛm 
0.415 0.422 0.439 5.28 5.27 5.12 

110ɛm 
0.430 0.421 0.437 5.33 5.47 5.35 

120ɛm 
0.429 0.426 0.438 5.43 5.50 5.38 

 

Table 2-5 Porosity and coordination number for Gran-Hooke-History model without 

cohesion 

Radius 

Porosity Coordination number 

Mono-

sized 

Uniform Gaussian 

Mono-

sized 

Uniform Gaussian 

75ɛm 
0.407 0.483 0.458 4.01 3.52 3.60 

85ɛm 
0.439 0.460 0.472 4.82 4.44 4.00 
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100ɛm 
0.419 0.427 0.453 5.28 5.31 5.13 

110ɛm 
0.427 0.452 0.448 5.37 5.44 5.33 

120ɛm 
0.419 0.435 0.436 5.36 5.55 5.46 

 

Table 2-6 Magnitude of mean net contact force (N) for Modified Gran-Hertz-History 

model 

Radius 

Cohesion No Cohesion 

Mono-

sized 

Uniform Gaussian 

Mono-

sized 

Uniform Gaussian 

75ɛm 
1.91×10-7 3.00×10-7 2.20×10-6 1.94×10-7 2.87×10-7 2.25×10-7 

85ɛm 
3.75×10-7 4.86×10-7 4.13×10-7 3.76×10-7 4.74×10-7 4.22×10-7 

100ɛm 
8.50×10-7 1.07×10-6 9.22×10-7 8.60×10-7 1.03×10-6 9.09×10-7 

110ɛm 
1.41×10-6 1.59×10-6 1.52×10-6 1.41×10-6 1.59×10-6 1.50×10-6 

120ɛm 
2.30×10-6 2.41×10-6 2.30×10-6 2.23×10-6 2.40×10-6 2.30×10-6 
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Table 2-7 Magnitude of mean net contact force (N) for Gran-Hooke-History model 

Radius 

Cohesion No Cohesion 

Mono-

sized 

Uniform Gaussian 

Mono-

sized 

Uniform Gaussian 

75ɛm 
1.96×10-7 2.93×10-7 2.23×10-7 2.00×10-7 2.85×10-7 2.23×10-7 

85ɛm 
3.92×10-7 4.94×10-7 4.30×10-7 3.94×10-7 5.46×10-7 4.10×10-7 

100ɛm 
8.75×10-7 1.00×10-6 9.28×10-7 8.61×10-7 1.03×10-6 8.87×10-7 

110ɛm 
1.50×10-6 1.59×10-6 1.45×10-6 1.39×10-6 1.58×10-6 1.49×10-6 

120ɛm 
2.24×10-6 2.35×10-6 2.31×10-6 2.19×10-6 2.44×10-6 2.48×10-6 

 

Figure 2-5 and Figure 2-6 present the porosities and coordination numbers for 

different cases. It can be seen that the porosity decreases along with the increasing 

particle radius for all distributions when cohesive forces are considered. Similar trend 

was observed in the work of previous researchers [28]. This decrease in porosity with 

increase in radius is expected since with increase of radii or masses of the particles the 

initial supplied energy (gravitational potential) also increases. So the effect of cohesion in 

the packing of particles decreases and the porosity values become closer to that for 

Random Loose Packing [29, 30]. This also explains the decrease in differences between 

different size distributions in terms of porosity when the radius increases. Among the 

three distributions considered, Gaussian distribution has the highest porosity and mono-
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size has the lowest. The porosity values for the two models, Modified Gran-Hertz and 

Gran-Hooke are slightly different but both show the same trend. As for the non-cohesion 

case porosity also decreases with increase in particle radius, but the porosity values are 

much smaller. Figure 2-5 also shows that the rate of decrease of porosity with radius for 

non-cohesion case is much smaller. For mono-sized distribution without cohesion, 

porosity remains almost constant for both Modified Gran-Hertz-History model and Gran-

Hooke-History model. Since there is no cohesion the dissipative forces are smaller and 

particles can pack more closely. Again the difference between the two models in non-

cohesion cases is very small. For the coordination number, the trends for three 

distributions with cohesion are similar. It can be observed that the coordination number 

increases as particle radius increases which is exactly the opposite of the trend of 

porosity. Unlike porosity, Gaussian distribution now has the lowest coordination number 

and mono-size distribution has the highest. Interestingly, it is found that there is no 

significant change in coordination number whether or not cohesion is included. However, 

one can expect that coordination number should be smaller when there is no cohesion 

(porosity is larger). This can be explained as follows. When there is cohesion, particles 

tend to clump together and form clusters. These clusters have void spaces in them. Due to 

this formation of clusters in some region particles have high coordination number and in 

some region the coordination number is small. The coordination numbers given in Table 

2-2 and Figure 2-6 are average of coordination numbers for all particles. It can be seen 

that the coordination numbers for cohesion and non-cohesion cases are similar. 
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(a) Modified Gran-Hertz-History Model 

 

(b) Gran-Hooke-History Model 

Figure 2-5 Effect of porosity with particle size and distribution 
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(a) Modified Gran-Hertz-History Model 

 

(b) Gran-Hooke-History Model 

Figure 2-6 Effect of coordination number with particle size and distribution 

 

2.6.2 Radial Distribution Function  

Figure 2-7-11 show the RDF for particle systems with mean radius of 75 µm, 85µm, 

100 µm, 110 µm and 120 µm and associated with three different size distributions 

(mono-sized, uniform and Gaussian). For the cases where the particles have the same 

radius, three main apparent peaks appear. The first peak is sharply at 2r which is for the 

initial one to one contact, the second and the third are at around2 2r and 4r, respectively 
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which corresponds to the two characteristic particle contact types, namely edge-sharing-

in-plane equilateral triangle and three particles centers in a line (the three contact types 

are illustrated in Figure 2-7 (a)). The second and third peaks merge into a single second 

peak for other distributions. The particle systems with mono-size distribution usually 

have the highest peak values among all three cases. The peak values for Hertz model are 

close to that for Hooke model. Also the peak values of RDF are almost same for cohesion 

and non-cohesion cases.  

  

(a) Modified Gran-Hertz-History with 

cohesion 

(b) Modified Gran-Hertz-History without 

cohesion 

  

(c) Gran-Hooke-History with cohesion (d) Gran-Hooke-History without cohesion 

Figure 2-7 RDF for particles with 75 ɛm radius 


