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Orbital ordering and exchange interaction in the manganites
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The microscopic origin of the exchange interaction in manganites is studied by solving an electronic model
Hamiltonian for the Mn-O-Mn triad. It is shown that the magnetic structure of La12xCaxMnO3 is correctly
described within an electronic Hamiltonian model, provided that the appropriate orientation of the Mn(eg)
orbitals induced by the Jahn-Teller effect is taken into account. The Jahn-Teller distortions of the MnO6

octahedra control the orientation of theeg orbitals in the crystal, which in turn is shown to determine the sign
of the magnetic exchange. Electron hopping involving the Mn(t2g) orbitals is found to be important in certain
situations, for instance, it can cause a sign change in the exchange interaction, from ferromagnetic to antifer-
romagnetic, as a function of the Mn-O-Mn bond angle. All our results are obtained by exact diagonalization of
the model Hamiltonian, either by direct diagonalization or by diagonalization using the Lanczos method, if the
Hamiltonian is too big, and are rationalized using results of the fourth-order perturbation theory. The exchange
interactions~signs and magnitudes! of the end members LaMnO3 and CaMnO3 as well as of the half-doped
compound, La1/2Ca1/2MnO3, are all described correctly within the model.

DOI: 10.1103/PhysRevB.64.094433 PACS number~s!: 75.30.Et, 75.30.Vn, 72.80.Ga
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I. INTRODUCTION

The magnetic phase diagram of the colossal magnet
sistive manganites La12xCaxMnO3 is quite rich because o
the interplay between the charge, orbital, lattice, and s
degrees of freedom. A clear understanding of the coup
between these degrees of freedom is critical to the un
standing of many of the intriguing properties of these ma
rials including the colossal magnetoresistance.

This paper deals with the microscopic origin of the e
change interaction in the manganites. In the 1950s a se
semiempirical rules were formulated by Goodenough, K
amori, and Anderson~GKA rules! to explain the magnetic
interactions in manganites.1–4 More quantitative calculations
of the magnitudes of the exchange were attempted only
cently for LaMnO3 using first-principles electronic structur
methods.5,6 The two calculations, one by Solovyevet al.5

employing the density-functional method and the other by
et al.6 employing theab initio Hartree-Fock method, pro
duced conflicting results even for the signs of the excha
interactions. The interplane Mn-O-Mn exchange f
LaMnO3 obtained in Ref. 5 is in fact ferromagnetic in dire
contradiction with the GKA rules. In view of this, it is im
portant to examine the magnetic exchange in manganite

The approach in this paper is to understand the origin
the magnetic exchange from the solution of a simple, m
mal model. The Hamiltonian model is simple enough tha
can be solved exactly. The needed electronic parameter
taken with guidance from theab initio density-functional
results.7–9

It is shown that within an electronic Hamiltonian mode
the magnetic exchange in the La12xCaxMnO3 system can be
described correctly, if one takes into account the appropr
Jahn-Teller splitting of theeg orbitals induced by the cou
pling to the MnO6 octahedra. The model not only describ
correctly the exchange interactions in LaMnO3, but also in
0163-1829/2001/64~9!/094433~13!/$20.00 64 0944
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the other two members in the La12xCaxMnO3 series, viz.,
CaMnO3 and La1/2Ca1/2MnO3. Thus the model correctly de
scribes the type-A, type-G, and type-CE magnetic structure
~Fig. 1! observed in LaMnO3, CaMnO3, and
La1/2Ca1/2MnO3, respectively.10–12 In addition, we show that
the electron hopping involving the Mn(t2g) orbitals adds a
net ferromagnetic component and in certain situations it

FIG. 1. Magnetic and orbital ordering in the type-G ~a!, type-A
~b!, and type-CE~c! structures observed in CaMnO3 , LaMnO3, and
La1/2Ca1/2MnO3, respectively. In the CE structure, the basal (ab)
planes are stacked one over the other, along thec direction with the
Mn spins reversed on the successive planes. The dashed lines~c!
indicate the ferromagnetically coupled zigzag chains of Mn ato
TheJ’s indicate the magnetic exchange between the Mn atoms:Jab

(1)

and Jab
(2) are the intraplanar exchange interactions, whileJc

(1) and
Jc

(2) denote the interplanar interactions, along bonds perpendic
to the plane of paper. Arrows indicate magnetic moments on the
atoms.
©2001 The American Physical Society33-1
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verses the sign of the exchange interaction as the Mn-O
bond angle is varied.

II. THE HAMILTONIAN AND ITS PARAMETERS

Consider two MnO6 octahedra sharing a common vert
via an oxygen atom as is encountered in the manganites.
bond angle of the Mn-O-Mn triad is 180° in the ideal pero
skite structure but deviates somewhat from this ideal valu
the actual crystal. Since the manganites are mixed vale
systems consisting of Mn31 and Mn41 ions, with electronic
configurations oft2g

3 eg
1 and t2g

3 eg
0, respectively, we can hav

any of the three combinations of Mn valence on the tri
viz., Mn31-O-Mn31, Mn41-O-Mn41, and Mn31-O-Mn41.
These are found in the three compounds LaMnO3, CaMnO3,
and La1/2Ca1/2MnO3, respectively.

Now, the Mn31 being a Jahn-Teller ion, the oxygen oct
hedron surrounding it is distorted, with the result that t
degeneracy of theeg orbitals is removed. The orbital with th
lower energy is a ‘‘z221’’-type orbital with its lobes pointed
towards the longest Mn-O bond. This is sometimes refer
to as the ‘‘long’’ cation-anion bond, while the rest of th
Mn-O bonds within the MnO6 octahedron are the ‘‘short’
bonds. The orientation of the occupied ‘‘z221’’ orbital is
along the Mn-O bond if it is long, or else the orientation
perpendicular to it, if the bond is short.

The orientations of the Mn and the oxygen orbitals a
illustrated in Fig. 2. The orbitals explicitly considered he
are the three O(p) orbitals and the five Mn(d) orbitals. Be-
cause theeg orbitals are partially occupied in Mn31 and
since the electronic hoppings for the two orbitals are diff
ent, the magnetic exchange will depend on which of th
two orbitals is occupied.

Keeping this in mind, we introduce the nomenclature
eg , eg8 , or eg9 , for the occupiedeg orbital in Mn31, depend-
ing on how it is oriented with respect to the Mn-O bond
the triad as shown in Fig. 2. Theeg orbital is az221-type
orbital with the z axis along the Mn-O bond. Theeg8 is a
similar z221-type orbital except that now thez axis is on the
plane of the Mn-O-Mn triad and perpendicular to the Mn

FIG. 2. The Mn-O-Mn triad considered in the paper and
nomenclature for the different orientations of the Mn(eg) orbital.
The z221 orbital oriented along a Mn-O bond is referred to as
eg orbital, while the ones perpendicular to it are referred to aseg8 or
eg9 . Theeg8 orbital lies on the plane of the figure as shown while t
eg9 ~not shown! lies perpendicular to the plane. The correspond
counterparts forming the two-dimensional manifold of the Mn(eg)
orbitals are denoted byEg , Eg8 , or Eg9 . Thus if eg5z221 in a
certain coordinate system, thenEg5x22y2 and so on. They axis is
normal to the plane of the triad.
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bond. Theeg9 is oriented perpendicular to botheg andeg8 just
defined. It is however not relevant to the present case s
the eg9 orbital orientation is not found in the compounds u
der study here. The remaining orbital of the two-dimensio
manifold will be calledEg , Eg8 , or Eg9 . Eg , for instance,
denotes thex22y2 orbital, withz axis along the Mn-O bond
The y axis is chosen to be normal to the plane of the tria

It turns out that the orientation of theseeg orbitals, in case
of the Mn31 atom, will have a direct bearing on the magne
coupling.13,14 For this reason, even though the oxygen ato
forming the MnO6 octahedra around the Mn atoms are n
explicitly considered in our Hamiltonian, the Jahn-Tell
splittings of theeg orbitals induced by the distortions of th
MnO6 octahedra are taken into account properly.

With these considerations, the Hamiltonian for the M
O-Mn triad is written as

H5HKE1HCoulomb1HHund, ~1!

where the three terms are, respectively, the kinetic, Coulo
and the Hund’s-rule energies,

HKE5(
in

O

epnin1(
ian

Mn

ed~a,Qi !nian

1 (
^ i j &abn

t ia, j b~cian
† cj bn1H.c.!, ~2!

HCoulomb5 (
i

Mn,O

ni~ni21!Ui , ~3!

and

HHund52JH(
ia

Mn

nia↑nia↓ . ~4!

Here, i ,a,n are, respectively, the site~manganese or oxy
gen!, orbital ~the fived orbitals on Mn and the threep orbit-
als on oxygen!, and spin indices.̂ i j & indicates summation
over the nearest neighbors,cian

† is the creation operator,nj bn

is the corresponding number operator, and the site occupa
ni[(annian .

The first term in the Hamiltonian is the kinetic energ
term. The matrix elementst ia, j b are the appropriate Koster
Slater tight-binding hopping integrals15,16 between the Mn
and the O atoms. As indicated from band calculatio
Mn(d)-O(p) hopping is an important hopping in the prob
lem and only this has been retained in the Hamiltonian
~1!. The hopping integrals between different orbitals a
listed in Table I in terms of the twop-d hopping parameters
Vpds and Vpdp . The second termHCoulomb represents the
on-site Coulomb interaction.

The last term is the Hund’s-rule energy that favors para
alignment of electron spins on the Mn site. The Hund’s e
ergyJH is of the order of 1 eV for the Mn atom, but is ofte
taken to bè for simplicity. Sometimes a simpler version o
the Hund’s-rule energy is used in the literature,
3-2
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HHund52JH(
i

Mn

SW i•sW i , ~5!

especially when the Mn(t2g) spins are treated as classic
core spinsSW interacting with itinerant electrons~spin sW i)
with no hopping allowed for thet2g electrons. The earlie
expression Eq.~4! for HHund allows us to treat thet2g elec-
trons as mobile with no fixed core spin. Thet2g hopping will
be shown later to significantly contribute to the magne
interaction in the manganites. Though not exactly identic
the two forms of the Hund’s energyHHund are analogous and
describe the same physics as far as manganites are
cerned.

The on-site energies, indicated in Fig. 3 for t

TABLE I. Koster-Slater tight-binding matrix elements^auHub&
between the oxygenp orbitals and manganesed orbitals. Here,t
5Vpds , t85Vpdp , a5cos(u/2) andb5sin(u/2). Theeg , eg8 , and
eg9 (Eg , Eg8 , andEg9) orbitals have specific orbital orientation wit
respect to the Mn-O-Mn bond as indicated in Fig. 1 and the co
sponding text.

ueg& uEg& uxy& uyz& uzx&

^xu 2at 0 0 0 2bt8
^yu 0 0 0 t8 0
^zu 2bt 0 0 0 at8

ueg8& uEg8& uxy& uyz& uzx&

^xu 2
at

2

A3at

2
0 0 2bt8

^yu 0 0 t8 0 0

^zu
bt

2
2

A3bt

2
0 0 2at8

ueg9& uEg9& uxy& uyz& uzx&

^xu 2
at

2

A3at

2
2bt8 0 0

^yu 0 0 0 0 t8

^zu
bt

2
2

A3bt

2
2at8 0 0

FIG. 3. Electronic configuration and one-electron orbital en
gies for Mn31-O-Mn41. The Jahn-Teller splitting at the Mn31 site
is caused by the oxygen octahedral distortion. Solid circles indic
the occupied one-electron states, while the arrows indicate
spins.
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c
l,

on-

Mn31-O-Mn41 case, are given byep anded for the O and
the Mn atoms, respectively. Note that the on-site energ
ed(a,Qi), wherea goes over the fived orbitals, depend on
the charge stateQ (Mn31 or Mn41) of the Mn atom on
account of the static Jahn-Teller distortion of the MnO6 oc-
tahedra, which is present at the Mn31 site but not at Mn41.
Thus for the Mn31 site, we have:ed(eg

1 ,Mn31)5ed82DJT

and ed(eg
2 ,Mn31)5ed81DJT , whereeg

1 and eg
2 are the two

Jahn-Teller-spliteg orbitals, withDJT being the Jahn-Teller
one-electron energy gain at the Mn31 site. For the Mn41

site, by contrast, we will have ed(eg
1 ,Mn41)

5ed(eg
2 ,Mn41)5ed , since there is no Jahn-Teller splittin

there. Note that we have taken two different energiesed and
ed8 , for the Mn41 and Mn31, respectively, since quantitie
such as the local Madelung potential affecting on-site en
gies are in general site and crystal specific. The on-site
ergies for thet2g orbitals are taken an amountg below theeg
energies, which represents the crystal-field splitting. T
magnitudes of theed used in our calculations were inferre
from the experimental charge transfer data17,18and they have
been listed in Table II together with other parameters.

Before we proceed to a discussion of the results, ther
one more point that needs to be clarified in connection w
the on-site energyed(a,Qi). Consider, for example, the cas
of Mn41-O-Mn41, which occurs in CaMnO3. Now, the
ground state for this case will have perturbative contributio
from a fermionic configuration, where a charge transfer h
occurred from say the oxygen atom to a Mn atom, makin
Mn31. Now, if the MnO6 octahedron around this Mn31 atom
is allowed to respond to the electronic motion, the on-s
Mn(eg) energy for the added electron will beed2DJT , tak-
ing into account the Jahn-Teller energy gainDJT . Else, if the
octahedron is assumed to be fixed in position, the energy
simply be ed . We shall assume the latter, which is tant
mount to assuming the electronic motion to be fast as co
pared to the lattice degrees of freedom. This is however
strictly true and the electron-lattice coupling does in fa
have important consequences such as the oxygen-iso
effect.19 This type of electron-lattice coupling, the so-calle
dynamical Jahn-Teller effect, has been shown to reduce
magnitude of the exchange interaction and to lead to
oxygen-isotope effect.20,21

The typical parameter values for La12xCaxMnO3 that we
shall use in this paper are given in Table II. The sign of t

-

-

te
e

TABLE II. Typical Hamiltonian parameters for La12xCaxMnO3

used in our calculation of exchange. Energies are in eV’s. The
site energy for oxygenp orbitalsep is taken equal to zero, while the
on-site energy for the Mn(d) orbitals depends on the charge state
the Mn atom~see Fig. 3!. These parameters lead to a MnO6 p-d
charge transfer energy ofD15D255 eV for both CaMnO3 and
LaMnO3 as discussed in the text.Vpdp which appears in thet2g

hopping is taken to be'20.46Vpds in accordance with Harrison’s
scaling.

ep ed ed8 g DJT Vpds Up Ud JH

0 2 25 2 1.0 1.65 3.0 6.0 1
3-3
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HAKIM MESKINE, HARALD KÖ NIG, AND SASHI SATPATHY PHYSICAL REVIEW B64 094433
exchange@antiferromagnetic~AF! or ferromagnetic~FM!# is
not sensitively dependent on the values of the parameter
that the conclusions we derive from this work are quite
bust. The magnitude of the exchange on the other hand
strongly depend on the parameters, e.g., it varies as
fourth powert4 of the hopping parameter. In view of this, th
magnitude oft[Vpds will be taken as a fitting parameter, b
fitting the calculated value ofJ to the experimental result fo
CaMnO3. The magnitude oft needed for this is about 1.6
eV, which is quite reasonable for theVpds hopping between
manganese and oxygen.

To have a feel for the parameters, we compute the cha
transfer energiesD1[D(Mn312O) andD2[D(Mn412O)
from the total energy differences,

D15E~d5p5!2E~d4p6!5ed82ep25Up1DJT14Ud ,

D25E~d4p5!2E~d3p6!5ed2ep25Up13Ud . ~6!

In computing the charge-transfer energies above, the oxy
atoms are considered to be fixed as discussed earlier, i.e
oxygen octahedra in the solid does not move with the fl
tuation of the Mn valence. This is consistent with what mig
occur during experiments such as photoemission and op
conductivity measurements. From the parameters of Tabl
we haveD15D255 eV, which is consistent with the value
deduced from photoemission17 and optical conductivity18

measurements. The experimental values are:D1;5 eV, D2
;2 – 3 eV, andtpd;1.5 eV. Note that to obtain these charg
transfer energies, we need to invoke a material-depen
value fored2ep in Table II. In the solid such a term migh
originate naturally from such contributions as differences
the Madelung energy.

The ground-state energiesE↑↑ and E↑↓ corresponding to
the FM and AF alignments of the Mn(t2g) spins are obtained
either by diagonalizing the Hamiltonian Eq.~1! exactly in
the fermion-configuration space or by treating the elect
hopping t perturbatively using standard nondegenerate p
turbation theory. If theHHund52JH( ia

Mnnia↑nia↓ form, Eq.
~4!, for the Hund’s energy is taken, then the FM and A
alignments are specified by the appropriate total numbe
the up and the down electronsn↑ andn↓ in the system. The
exchange interactionJ between the Mn atoms is then ob
tained from the difference

J5E↑↑2E↑↓ , ~7!

where positive~negative! values ofJ indicate an AF~FM!
interaction between thet2g spins. Note that ourJ is related to
J8 via the equationJ54J8S2, whereJ8 appears in the stan
dard expression for the Heisenberg HamiltonianH5

22J8( i j SW i•SW j .
For the perturbation theory results to reasonably conve

we must havet!DE, where DE is the separation of the
excited state energies with respect to that of the ground s
This is not always true, so that we shall in general present
results of our exact calculations, although the perturbati
theory results will be used for general arguments.

In Fig. 4 we compare the results of the perturbation the
with the results of the exact diagonalization for the case
09443
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LaMnO3 with eg8-eg8 orientations of the Mneg orbitals as an
illustration. The perturbation theory reproduces the qual
tive trend although the magnitude of the exchange inter
tion can be off by a factor of 2 or more depending on t
parameters.

Throughout this paper, we have considered the magn
exchange both with and without inclusion of the hopping
the Mn(t2g) orbitals. Analytical expressions for the fourth
order perturbation theory are, however, given for the case
no t2g hopping, since otherwise the expressions beco
quite tedious and lengthy. The full results of the perturbat
theory including the effects of thet2g hopping have been
calculated numerically, whenever needed. Exact solution
the ground-state energies have been obtained by eithe
standard diagonalization method or by the Lanczos metho
the size of the Hamiltonian matrix is too large.

III. EXCHANGE INTERACTION IN La 1ÀxCaxMnO3

As shown in Fig. 1, manganites exhibit a variety
magnetic structures.10–12 LaMnO3 is a type A antiferro-
magnet, where the Mn(t2g) core spins are arranged ferro
magnetically within theab planes and are aligned antipara
lel between adjacentab planes. By contrast, CaMnO3 is a
typeG antiferromagnet, where all nearest-neighbor spins
aligned antiferromagnetically. The intermediate compou
La1/2Ca1/2MnO3 is ordered according to the CE structur
which is charge ordered and has ferromagnetic chains
zigzag in theab plane, with identicalab planes stacked
along thec direction except that the spins are reversed fr
one plane to another.

The Goodenough-Kanamori-Anderson (GKA) Rules.In
the late 1950s Anderson,3 Goodenough,1,4 and Kanamori2 de-
veloped a set of semiempirical rules that give the sign a
the relative magnitude of the exchange interaction media
by an intermediate ion. In the case of a straight Mn-O-M
bond, these rules may be stated.

~i! When theeg orbitals of the two cations are both pa
tially filled with one electron each and theeg orbitals point
towards each other such that we have a large Mn-Op-d

FIG. 4. Comparison of results of the perturbation theory to
results obtained from exact diagonalization for the case of LaMn3

with eg8-eg8 orientations of the Mn orbitals. All parameters are t
same as in Table II except thatJH5`.
3-4
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overlap, the exchange is antiferromagnetic and comp
tively large.

~ii ! When the two cations have emptyeg orbitals the net
exchange, mediated via thet2g orbitals, is also antiferromag
netic, although its magnitude is relatively small.

~iii ! When one cation has emptyeg orbitals while the
other has oneeg electron, there are two scenarios:~a! If the
occupiedeg orbital points towards the oxygen, so that the
is a large overlap, the net exchange is ferromagnetic
moderately strong, and~b! if the occupiedeg is oriented such
that its overlap with the oxygen is negligible, then we hav
situation rather similar to case~ii !, which leads to an anti-
ferromagnetic exchange.

However, the GKA rules are too general and caution
to be taken to apply them to specific cases, since the sig
the exchange is controlled not just by the occupation of
orbitals but also by the relative strengths of the various e
tronic parameters in the system. The cancellations of
various ferromagnetic and antiferromagnetic pieces in
exchange interaction have in fact been implicitly included
formulating the above rules.

A. CaMnO3

1. Exchange interaction with JHÄ` and no t2g hopping

We first consider the case of CaMnO3 with JH5` and
no t2g hopping. These approximations are often made
the manganites making this case worthwhile to consid
However, as will be shown shortly, the magnitude
the exchange is substantially affected by these approxi
tions.

In CaMnO3 the Mn-O-Mn triad has the nominal valenc
of Mn41-O22-Mn41. With t2g hopping neglected, thes
electrons can be treated as core, and furthermore sincJH
5`, the eg orbitals with spin antiparallel to the coret2g
spins are not occupied. Now, retaining the O(p) and Mn(d)
orbitals in enumerating the many-electron configurations
cessible to the system, the total number of configurations
09443
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the FM alignment of the Mn atoms is given bynCN3mCM

57C333C3535 (n spin-up electrons distributed amongN
available spin-up orbitals andm spin-down electrons distrib
uted amongM spin-down orbitals!. This results in a 35335
Hamiltonian matrix, the size of which can be further reduc
if the coordinate system is properly chosen.

Choosing local coordinate systems on the two Mn ato
such that thez axis points towards the oxygen atom, on
finds that both the O(py) and the Mn(x22y2) orbitals do not
couple to the rest of the system. This makes the total num
of configurations of a manageable size, viz.,4C232C256
~see Fig. 5!. Taking these configurations in the followin
order: u1100&,u1010&,u1001&,u0110&,u0101&, and u0011&, where
the four numbers in the ket indicate the occupation numb
for the oxygenpx andpz orbitals, and theeg orbitals on the
left and the right Mn atoms, in that order, the 636 Hamil-
tonian matrix is given by

FIG. 5. Orbitals considered in forming the HamiltoniansH↑↑
and H↓↓ of Eqs. ~8! and ~9! appropriate for CaMnO3. ~a! corre-
sponds to the FM alignment of the two Mn core spins while~b!
corresponds to theAF alignment. Solid circles indicate states occ
pied by an electron.
H↑↑5S 6Up t3 t4 2t1 2t2 0

t3 ed13Up 0 0 0 2t2

t4 0 ed13Up 0 0 t1

2t1 0 0 ed13Up 0 2t4

2t2 0 0 0 ed13Up t3

0 2t2 t1 2t4 t3 2ed1Up

D . ~8!

Here,t15^xueg( l )&, t25^xueg(r )&, t35^zueg( l )&, andt45^zueg(r )&, wherel (r ) denotes the left~right! Mn atom. Note that
the above Hamiltonian is the same irrespective of which of the two forms ofHHund is used, sinceJH5`.

The corresponding Hamiltonian matrix for the AF case is given by
3-5



H↑↓51
6Up t4 2t2 t3 0 0 2t1 0 0

t4 ed13Up 0 0 t3 0 0 2t1 0

2t2 0 ed13Up 0 0 t3 0 0 2t1

t3 0 0 ed13Up t4 2t2 0 0 0

0 t3 0 t4 2ed1Up 0 0 0 0

0 0 t3 2t2 0 2ed1Up 0 0 0

2t1 0 0 0 0 0 ed13Up t4 2t2

0 2t 0 0 0 0 t 2e 1U 0
2 . ~9!
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The difference in the lowest eigenvalues to the fourth or
in the perturbation theory is found to be

J335E↑↑2E↑↓5
4t4 cos2 u

D2
2~2D21Up!

. ~10!

Here and throughout the paper, the superscripts inJmn indi-
cate the number ofd electrons on the two Mn atoms. Thu
J33 is appropriate for CaMnO3 andJ44 for LaMnO3, and so
on.

It is interesting to note from Eq.~10! that the exchange
interaction has always a positive sign, since the charge tr
fer and the Coulomb energies,D andUp , are both positive,
leading to an antiferromagnetic exchange, irrespective of
magnitudes of the parameters. A similar AF interaction h
been obtained earlier by Millis for a straight Mn-O-Mn bon
and ignoring the degeneracy of the O(p) orbitals.22 The re-
sults of the perturbation theory are compared to those
tained from diagonalization in Fig. 6, where the exchan
interaction is shown as a function of the hopping integr
The exact results deviate from the perturbation-theory res
for large hopping as expected.

2. Exchange with finite JH

Now we relax the condition thatJH5`. The strength of
the exchange is expected to diminish asJH is reduced from

FIG. 6. Exchange interaction as a function of thep-d hopping
for CaMnO3 with t2g hopping neglected:~a! Perturbation theory
~dashed line! and ~b! exact results~solid line!.
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infinity. In fact, it is strictly zero in the limitJH→0, if the
hopping of thet2g electrons is not allowed. This is because
that case thet2g electrons can be treated as core spins t
are decoupled from the rest of the system,JH being 0, and it
then does not matter what the relative orientations of thet2g

spins are. This can be most clearly seen from theSW •sW form
of the Hund’s enegy Eq.~5!.

The magnitude of the Hund’s-rule energy in manganite
JH'1 eV.7 To illustrate the dependence ofJH on the ex-
change, we consider the case of CaMnO3.

For simplicity, we first neglect thet2g hopping, take the
SW •sW form of the Hund’s enegy Eq.~5!, and consider the cas
of the straight Mn-O-Mn bondu5180°. It then turns out tha
we need only consider explicitly the oxygenz and the man-
ganesez221 orbitals~six orbitals in total including spin! in
the many-particle configuration, which leads to a 939
Hamiltonian matrix for both AF and FM cases. This can
diagonalized numerically and the results are shown in Fig

We have also obtained an expression for the excha
using the fourth-order perturbation theory, so that the fu
tional dependence ofJH can be explicitly seen,

J33~JH!5
4t4

D2
2~2D21Up!

1
4t4

D28
2~2D281Up!

2
2t4

~2D21Up13JH!
3S 1

D2
1

1

D28
D 2

. ~11!

HereD2 is thep-d charge transfer energy defined in Eq.~6!
andD285D213JH . Notice that our earlier result Eq.~10! is
consistent with Eq.~11! in the limit of JH5` andu5180°.

As expected, the perturbation results show a diminish
J asJH is decreased from infinity. This behavior is also r
produced from the exact results, shown in Fig. 7 for bo
forms of the Hund’s energy. By contrast, if thet2g hopping is
allowed, there will be a difference between the ground-st
energies for the FM and AF configurations even whenJH
50, since thet2g spins are still coupled to the rest of th
system via electron hopping.J thus does not go to zero fo
JH50, but takes a nonzero value as seen from Fig. 7.
3-6
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3. Bond-angle dependence of exchange

Figure 8 shows the bond-angle dependence of the
change for CaMnO3 and also the effect of a finite value ofJH
as well as the effect of thet2g hopping on the exchange. Th
magnitude of the exchange decreases as the angle is
creased from 180°, roughly going as cos2 u as suggested by
the perturbation theory results Eq.~10!.

FIG. 7. Effect of a finite Hund’s couplingJH on the exchange
interactionJ as obtained from exact diagonalization. Both forms

HHund are considered:~1! HHund52JH( i
MnSW i•sW i ~dashed line! and

~2! HHund52JH( ia
Mnnia↑nia↓ ~solid lines!. The latter case was stud

ied both with and without thet2g hopping. Parameters are the sam
as in Table II except that hereVpds51.2 eV. The figure shows thre
main results.~i! Both forms of the Hund’s energy produce simil
results when there is not2g hopping. ~ii ! A finite JH ~;1 eV in
typical solids! significantly reduces the magnitude ofJ as compared
to theJH→` value. ~iii ! The t2g hopping substantially affects th
magnitude of exchange, ifJH is less than several eV’s. Note tha
only the second form of the Hund’s energy can be used whent2g

hopping is present. All three curves go to the same limit asJH

→` as indicated in the figure.

FIG. 8. Variation of the exchange interaction in CaMnO3 with
the bond angleu. Shown are the results for three different cases:~a!
JH5` and withoutt2g hopping~dotted line!, ~b! JH5` and with
t2g hopping~dashed line!, and~c! JH51 eV and witht2g hopping
~full line!. Parameters other thanJH are the same as in Table I
Notice the switching of the sign of the exchange around 132°
parameters appropriate for CaMnO3.
09443
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If the t2g hopping is neglected, then the antiferromagne
interaction between thet2g spins in CaMnO3 is caused by the
subtle differences of the hopping of the O(p) electrons to the
emptyeg levels. For the FM case, only three of the six O(p)
electrons can hop to the Mn atoms, while in the AF case,
six electrons can participate in the hopping process. The
ter case where all six electrons can hop turns out to be e
getically favorable leading to an AF coupling as given by E
~10!.

To this thet2g hopping adds two competing interaction
~i! The t2g-eg hopping is ferromagnetic, because this ho
ping is more effective in lowering the ground-state energy
the eg orbital on the second Mn atom has the same sp
which in turn requires that the twot2g spins be ferromagneti
cally aligned, and~ii ! the t2g-t2g hopping between the occu
pied levels of one Mn atom and the unoccupied levels of
other is antiferromagnetic by a similar argument. In fact,
JH5`, there is not2g-t2g hopping and the former of the two
competing interactions remains. This effect is seen in Fig
and is in fact precisely the difference between the dot
curve and the dashed curve. The full line in that figure has
interactions and also there,JH is taken to be 1 eV as appro
priate for the manganites.

Notice also that in Fig. 8 there is a crossover between
and FM as a function of the Mn-O-Mn bond angleu, which
is about 132° for the parameters used. The possibility of s
a crossover is long known since the early work
Goodenough12 and recently such a crossover has been
perimentally observed in a somewhat different syst
SeCuO3.23

The experimentalJCaMnO3'13.1 meV, estimated from the
Neel temperatureTN'110 K,10,24 agrees with the results o
Fig. 6 if we taket[Vpds'1.65 eV. This value oft is used
throughout the paper. As already mentioned, the magnit
of J is sensitively dependent ont, while the sign of the in-
teraction is always antiferromagnetic consistent with the
served typeG structure in CaMnO3.

B. LaMnO 3

Now, we turn to the case of LaMnO3, which is, unlike
CaMnO3, somewhat more complicated because of the th
different possible orientations of the occupiedeg orbitals,
depending on the specific Jahn-Teller distortion at the Mn31

sites. Here, we have the nominal valence Mn31-O22-Mn31,
with Mn(d4) configurations, which can be eithert2g

3 eg
1 if the

Mn atom is on a ‘‘long’’ Mn-O bond ort2g
3 eg8

1 if the Mn-O
bond is ‘‘short’’ ~see Fig. 2!. The orientation of theeg orbit-
als is dictated by the specific Jahn-Teller distortion of t
surrounding MnO6 octahedra and this in turn determines t
magnetic coupling.

1. Exchange interaction with JHÄ` and no t2g hopping

We first discuss the case, whereJH5` and thet2g hop-
ping is suppressed. This is important to consider beca
analytical expressions for the exchange can be obtained f
perturbation theory in this approximation and they capt
the essence of the results obtained from exact diagona
tion of the full Hamiltonian like in the case of CaMnO3.
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HAKIM MESKINE, HARALD KÖ NIG, AND SASHI SATPATHY PHYSICAL REVIEW B64 094433
When the coret2g spins in the Mn atoms are ferromag
netically aligned, there are six spin-up orbitals@the two eg
orbitals on each of the Mn atoms and O(px) and O(pz)] and
two spin-down orbitals@O(px) and O(pz)] to be occupied by
four spin-up electrons and two spin-down electrons, lead
to a fifteen-dimensional (6C432C2) configuration space
Notice that neither thet2g nor the O(py) electrons are
counted since they are effectively uncoupled to the rest of
system. Similarly, for the antiferromagnetic alignment of t
Mn core spins, there are four spin-up and an equal numbe
spin-down orbitals to be occupied by three spin-up and
same number of spin-down electrons, leading to a sixte
dimensional (4C334C3) configuration space. The exact r
sults are obtained by simply diagonalizing these matrices
taking the difference in the ground-state energies as per
~7!. The exchange energy thus obtained is plotted in Fig
for the three different cases of the relative orientations of
Mn(eg) orbitals.

The expression for the exchange energy obtained f
perturbation theory applicable to the Mn(d4)-O-Mn(d4)
situation in LaMnO3 is given by

J445
1

~D11DJT!2 S 2T1
2

Ud1DJT
1

4T2
2

2~D11DJT!1Up
D ,

~12!

where

FIG. 9. Calculated exchange interaction in LaMnO3 with JH

5`. The magnetic exchange is zero for the Mn (eg-eg) configura-
tion in our model. The exchange interaction for the Mn (eg8-eg8)
case is antiferromagnetic, which corresponds to the case of
atoms located on the neighboring planes in LaMnO3 along thec
axis. The Mn (eg-eg8) coupling is, by contrast, ferromagnetic a
observed for the case of the Mn atoms in theab plane. The inclu-
sion of the t2g hopping adds a ferromagnetic component to
exchange interaction as discussed in the text. In the case o
eg8-eg8 orientation, thet2g hopping leads to an exchange interacti
which changes from ferromagnetic to antiferromagnetic as the a
u is varied. Solid~dashed! lines are with~without! t2g hopping
included.
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T15 (
p5x,z

tp,el
tp,Er

1tp,er
tp,El

, ~13!

T25 (
p5x,z

tp,Er
tp,El

. ~14!

Here tab are the hopping parameters^auHub&, el(er) de-
notes the occupiedeg orbital on the left~right! Mn atom, and
El(Er) denotes the corresponding emptyeg orbital. Theel

ander orbitals can have one of the three possible,eg , eg8 , or
eg9 , orientation as discussed before.T1 andT2, which may be
evaluated using Table I, contain the dependence on the
O-Mn angleu and on the orbital orientations.

Equation~12! shows the competition between ferroma
netic first term and antiferromagnetic second term contri
tions to the exchange. As seen from Eqs.~13! and ~14!, the
ferromagnetic term involves both the occupied Mn(dz221) as
well as the unoccupied Mn(dx22y2) orbitals, denoted bye
andE respectively, while the antiferromagnetic term involv
only the empty Mn(dx22y2) orbitals. The antiferromagnetic
interaction thus originates from the virtual hopping of t
O(p) electrons to the unoccupied Mn(d) levels. Now, if the
two Mn core spins are antiferromagnetically aligned, th
O(p) electrons of both spins can hop to a Mn atom, while
the FM alignment, only one type of spin can participate
the hopping process. The energy in the two cases differs o
in the fourth order in the perturbation theory, resulting in t
second term in Eq.~12!. The ferromagnetic term there i
consistent with the double-exchange idea of Anderson
Hasegawa25 and of de Gennes,26 whereT1 can be thought of
an effective Mn-Mn hopping, while the expression forT2 is
indicative of the origin of double exchange from simult
neous double hops as originally envisaged by Zener.27

As Eq. ~12! shows, the net exchange in thed4-d4 system
can either be ferromagnetic or antiferromagnetic depend
on which of the two terms dominates. Indeed in the obser
type-A structure for LaMnO3, the exchange is sometime
ferromagnetic~intraplane! and sometimes antiferromagnet
~interplane!. The net exchange may be obtained by comp
ing the magnitudes of the hoppingsT1 and T2 using the
parameters in Table I for the differentJT-induced orienta-
tions of the Mn(eg) orbitals, viz.,eg , eg8 , or eg9 .

Filling in the hopping parameters from Table I, we fin
that the Mn-O-Mn bond witheg-eg configuration has zero
exchange,

J44~eg-eg!50, ~15!

for all bond angles. This is easily understood by noting t
the eg-eg configuration allows only electronic hopping from
the oxygen to theeg orbitals~i. e., thez221 orbital pointing
along Mn-O bond!, which are already occupied in th
present case. The hopping to the correspondingx22y2 orbit-
als to the O(p) orbitals is zero by symmetry, which may b
easily seen by considering a new set of O(p) basis states,
viz., a p orbital directed along the Mn-O bond, one perpe
dicular to the plane of the triad, and the thirdp orbital or-
thogonal to both these. This is true both for the AF case
the FM case and also whether thet2g hopping is present or
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ORBITAL ORDERING AND EXCHANGE INTERACTION . . . PHYSICAL REVIEW B64 094433
not. Consequently, the exchange interaction is zero. This
ticular type of orbital configuration is however not encou
tered in LaMnO3.

The configurations encountered in LaMnO3 are the
eg-eg8 configuration, as realized in the (001) planes, and
eg8-eg8 configuration encountered for two Mn atoms on neig
boring planes. For the former case, one findsT15(A3/2)
3t2cos(u) andT250, so that Eq.~12! indicates that the ex
change is always ferromagnetic,

J44~eg-eg8!52
3t4cos2u

4~D11DJT!2~Ud1DJT!
. ~16!

The lack of an antiferromagnetic contribution is again due
the suppression of the virtual hopping of the O(p) electron to
the unoccupied Mn orbitals because of symmetry and
fact thatJH is large tending tò . Note that the sign of the
ferromagnetic exchange indicated by Eq.~16! is independent
of both the electronic parameters as well as the Mn-O-
bond angle within our model. Thus the model explains
FM exchange coupling in theab planes of LaMnO3 and this
can be thought of as the Anderson-Hasegawa double
change arising from the motion of the Mn(d) electrons to the
emptyd levels. Our model would therefore predict a unive
sal ferromagnetic in-plane coupling provided that t
Mn(d4) atoms occur in theeg-eg8 configuration.

Next, we turn to theeg8-eg8 configuration that occurs alon
the @001# direction in the case of LaMnO3, i.e., where the
lobes of neither of the two occupied ‘‘z221’’ orbitals point
towards the oxygen. In this case, we find that there is bo
FM and an AF contribution,T15(2/A3)T25(A3/2)t2 cosu,
so that Eq.~12! leads to

J44~eg8-eg8!5
3t4 cos2 u

4~D11DJT!2

3F2
1

Ud1DJT
1

3

2~D11DJT!1Up
G .

~17!

The net exchange could be either FM or AF. However,
any reasonable choice of the parameters for the mangan
the exchange turns out to be antiferromagnetic. This is c
sistent with the interplane AF interaction in LaMnO3.

The exchanges described by Eqs.~16! and ~17! are rel-
evant to LaMnO3, where they successfully describe the i
plane ferromagnetic and the interplane antiferromagn
coupling. The situation with theeg9 configuration of the Mn
atom does not arise in the LaMnO3. However, they may be
relevant in other compounds. Within the fourth-order pert
bation theory, we find these to be

J44~eg-eg9!5J44~eg-eg8!

and

J44~eg8-eg9!5J44~eg9-eg9!5J44~eg8-eg8!, ~18!
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where the expressions forJ44(eg-eg8) and J44(eg8-eg8) are
given by Eqs.~16! and ~17!.

In Fig. 9, we show the exchange interaction for LaMnO3
with JH5` calculated from the exact diagonalization, bo
with and without thet2g hopping. The perturbative result
presented above were obtained for the latter case, i.e.,
neglect of thet2g hopping. When this coupling is taken int
consideration, it adds an extra ferromagnetic componen
seen from the figure. The calculated exchanges for LaMn3
obtained from exact diagonalization are shown in Fig. 9 a
they follow the general trend obtained from the results of
perturbation theory.

2. Exchange interaction with the full Hamiltonian

The exchange interactions for the Mn31-O-Mn31 case
appropriate for LaMnO3 are shown in Fig. 10 as calculate
from the exact diagonalization of the full Hamiltonian, i.e
with JH51 eV and with all hoppings including thet2g hop-
ping present. For the straight Mn-O-Mn bond (u5180°), the
intraplane exchangeJab is ferromagnetic and the interplan
exchangeJc is antiferromagnetic exactly as observed
LaMnO3. Notice also from the figure that the sign of th
exchange is reversed if the Mn-O-Mn bond is bent beyo
the value ofu<135° or so. The calculated magnitudes of t
J’s are compared to the experimental as well as earlier
oretical results in Table III for the compound LaMnO3. The
signs of theJ’s agree with the experimental results as well
with the theoretical results of Suet al.6 obtained from the
Hartree-Fock calculations. The magnitudes of theJ’s are sat-
isfactory compared to the experimental values, given
simplicity of the model and considering the fact that t
magnitudes are very sensitive to the strength of the elec
hopping.

C. La1Õ2Ca1Õ2MnO3

The compound La1/2Ca1/2MnO3 has the peculiar type-CE
structure as shown in Fig. 1~c! and here too we find that al
exchange interactions are correctly described within
model.

FIG. 10. Exchange interaction in LaMnO3 with the full Hamil-
tonian, i.e., withJH51 eV and with t2g hopping included. The
intraplane and the interplane exchanges,Jab andJc , correspond to
the eg -eg8 andeg8 -eg8 orbital orientations, respectively.
3-9
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HAKIM MESKINE, HARALD KÖ NIG, AND SASHI SATPATHY PHYSICAL REVIEW B64 094433
First we consider the interplanar exchange between
Mn atoms on neighboringab planes in thec direction. There
are two types of interplanar coupling, viz.,~i!
Mn41-O22-Mn41 just like in CaMnO3 and ~ii !
Mn31-O22-Mn31 with the eg8-eg8 orbital orientation like in
the case of LaMnO3. Both these cases were discussed in
previous sections and both interactions are antiferromagn
in agreement with the experiments.

We now turn to the two new situations not discuss
above. These correspond to theintra-planar exchange in the
ab plane, where one of the two Mn atoms has thed4 con-
figuration while the other hasd3. In one case, the two Mn
atoms have the ‘‘d4(eg)-d3’’ configuration in accord with the
notation described in Fig. 2. The corresponding Mn-O-M
triads form the ferromagnetic zigzag chains. In the sec
case, the two Mn atoms that belong to two neighboring z
zag chains have the ‘‘d4(eg8)-d

3’’ configuration and are anti-
ferromagnetically coupled. The zigzag chains are shown
heavy lines in Fig. 1~c!.

We have obtained the expressions for the exchange in
action in both these cases by using nondegenerate pert
tion theory. At first sight, it might appear that the groun
state is degenerate for the presentd4-d3 situation, since the
loneeg electron can be on one of the Mn atoms or the oth
This would be true if the two Mn sites were equivalen
However, because the octahedral distortion is present aro
Mn31 but not around Mn41, symmetry is broken and th
ground state is in fact nondegenerate. The results of the
turbation theory for the case of the straight bondu
5180°) and neglecting thet2g hoppings are given by

J43~eg-d3!5
2t4

D2
2~D21Ud1DJT2D1!

~19!

for the ‘‘d4(eg)-d3’’ configuration and

J43~eg8-d
3!5

t4

16F 21

D2
2~D21Ud1DJT2D1!

1
3

D1
2DJT

1
3~D11D2!

D1D2

3S 1

D1~D11D21Up!
1

1

2D2DJT
D G

~20!

TABLE III. Comparison of the exchange interaction energiesJ’s
for LaMnO3 obtained from the present theory with those obtain
from Hartree-Fock@Ref. 6# and Density-Functional@Ref. 5# calcu-
lations and from inelastic neutron scattering experiments@Ref. 28#
in meV.

Hartree-Fock Local spin density
Exp. Present theory approximation approximation

Jab 213.4 215.5 27.0 218.2
Jc 9.7 5.1 1.7 26.2
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for the ‘‘d4(eg8)2d3’’ case. HereD1 and D2 are again the
charge transfer energies as defined in Eq.~6!. Also, JH5`
was used to get the above equations.

The ferromagnetic interaction in Eq.~19! comes from the
hopping between the O(pz) and the Mn(eg) orbitals. In Eq.
~20!, the first term describes the same FM interaction exc
for the reduced magnitude caused by a lower hopping
cause of theeg8 orientation as opposed to theeg orientation in
the previous case. The remaining three terms originate f
hopping to theEg8 orbital, which was missing in the previou
case because there theeg8 orbital was involved with zero
O(pz)-eg8 hopping. This latter contribution turns out to b
antiferromagnetic and it in fact dominates the exchange, p
ducing an overall AF interaction.

In Fig. 11, we show the exchange computed
La1/2Ca1/2MnO3 from exact diagonalization using the fu
Hamiltonian. These results are consistent with the pertur
tion theory Eqs.~19! and ~20!. As seen from the figure, the
exchange interaction for the ‘‘d4(eg)-d3’’ case is ferromag-
netic consistent with the ferromagnetic zigzag chains on
ab plane, while it is antiferromagnetic for the ‘‘d4(eg8)-d

3’’
case, consistent with the AF interchain interaction. Thus,
magnetic exchange interactions are correctly described
the La1/2Ca1/2MnO3 compound.

The calculated exchange interaction and the correspo
ing experimental values for all three manganites are sum
rized in Table IV. The calculated signs ofJ’s are robust and
agree with experiment in all cases. The calculated mag
tudes ofJ can be brought into perfect agreement with t
experiment by taking a slightly differentt for each case.

d

FIG. 11. Calculated exchange for La1/2Ca1/2MnO3 obtained from
exact diagonalization of the full Hamiltonian. In theab plane, there
are two different exchange interactions, viz.,Jab

1 corresponding to
thed4(eg)-d3 configuration andJab

2 corresponding to thed4(eg8)-d
3

configuration. The exchange interactionsJc
1 andJc

2 between two Mn
atoms along thec axis correspond to thed3-d3 andd4(eg8)-d

4(eg8)
configurations, respectively~see Fig. 1!. Results forJc

1 andJc
2 are

the same as those presented in Figs. 8 and 10.
3-10
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IV. RELATIONSHIP WITH ANDERSON-HASEGAWA
DOUBLE EXCHANGE

In this section, we clarify the relationship between t
analysis presented above and the Anderson-Haseg
double exchange. Recall that in the standard Anders
Hasegawa double exchange, the exchange energy goesE
52t cos(x/2), wherex is the angle between the two M
core spins taken here as classical spins. In the Ander
Hasegawa treatment, thet2g spins are treated as classica
core spins with not2g hopping andJH5`. Our discussion in
this section pertains to these approximations for the sak
concreteness.

If one extends the model slightly to allow for the two M
sites to have different energies~differing by V), then follow-
ing the logic of Anderson-Hasegawa, the exchange energ
easily found to be

E~x!52
1

2
AV214t2 cos2~x/2!. ~21!

which goes as cosx instead of cos(x/2) in the limit t/V!1.
Our results for the manganites shows theJ;t4 depen-

dence, even for Mn31-O-Mn41 where the double-exchang
ideas should be appropriate. To clarify the reasons for t
we consider a three-site model keeping only a single non
generate orbital on the intermediate atom for simplicity~Fig.
12!. The model has three parameters:~i! the Mn-O hopping
integral t, ~ii ! the on-site energy difference between the t
Mn sitesV, and~iii ! the Mn-O charge-transfer energyD. We
again take the double-exchange limitJH@t, so that only one
spin state parallel to the classical core spin is accessible

The Hamiltonian matrix is quite simple since we have ju
four many-particle configurations:u1110&, u1101&, u1011&, and
u0111&, with the single-particle occupancies in the orderuO↑&,
uO↓&, uMn~left!&, and uMn~right!&. The spins of the Mn sites

TABLE IV. Comparison of the calculatedJ’s with the experi-
mental values in meV. The calculated values are for the parame
of Table II. In LaMnO3, we defineJab and Jc as the interplane
and intraplane exchange interaction energies. In La1/2Ca1/2MnO3 ,
Jab

(1) and Jab
(2) are defined respectively as the intrachain and in

chain exchange interactions in theab plane andJc
(1) and Jc

(2) as
the Mn41-Mn41 and Mn31-Mn31 exchange interactions in
the c direction. TheJ’s for La1/2Ca1/2MnO3 are not known ex-
perimentally except for the signs@Ref. 10#. The J’s in the Table
correspond to theJmn’s in the text as follows:J5Jc

(1)5J33,
Jab5J44(eg-eg8), Jc5Jc

(2)5J44(eg8-eg8), Jab
(1)5J43(eg-d3), and

Jab
(2)5J43(eg8-d

3).

Exchange Experiment Theory

CaMnO3 J 13.1 @Refs. 10,24# 13.1
LaMnO3 Jab 213.4 @Ref. 28# 215.5

Jc 9.7 @Ref. 28# 5.1
La1/2Ca1/2MnO3 Jab

(1) 2 225.9
Jab

(2) 1 7.7
Jc

(1) 1 13.1
Jc

(2) 1 5.1
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are fixed by the orientation of the core spins as indicated
Fig. 12. Taking the energy of the first configuration to bee,
we have

H~x!5S e 0 2t sin~x/2! t cos~x/2!

0 e1V 0 2t

2t sin~x/2! 0 e1V1D 0

t cos~x/2! 2t 0 e1V1D

D .

~22!

The ground-state energy can be obtained by diagona
tion, which forV50 is given by

Egr~x!5e1
D

2
2AD2

4
1t2

„11cos~x/2!…. ~23!

Retaining terms to the lowest order int, we have

Egr~x!'e2
t2

D
„11cos~x/2!…. ~24!

The ground-state energy is of the Anderson-Hasegawa f
with the effective hoppingte f f5t2/D as one might have ex
pected since hopping takes place via an intermediate a
In addition, the cos(x/2) form is retained.

For VÞ0, it is tedious to write down the exact ground
state energy. It suffices to obtain the perturbation-theory
sult,

Egr~x!'e2
t2

~V1D!
1

t4

~V1D!3
2

t4

2V~V1D!2
~11cosx!.

~25!

Note that the exchange is still ferromagnetic and varies at4

~apart from the constant terms that do not depend on
angle x). In addition we now have the cosx dependence
instead of the cos(x/2) dependence obtained forV50. The

rs

-

FIG. 12. Three-site model to study the Anderson-Hasega
double exchange when magnetic interaction is allowed only
hopping to an intermediate atom, with no direct Mn-Mn hoppi
present. The big arrows indicate the Mn core spins that are tre
here as classical spins. Small arrows show the spin orientatio
the one-particle states while the dots indicate their occupancies.
hoppingst8 and t9 are given byt85t cos(x/2) and t95t sin(x/2)
following the Anderson-Hasegawa logic.
3-11
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t4 dependence ofJ for the manganites obtained in the prev
ous sections is similar to what we obtain from Eq.~25!. This
dependence originates from the fact that the magnetic in
action occurs via an intermediate atom plus the fact that
on-site energies of the two Mn atoms in Mn31-O-Mn41 are
different on account of the Jahn-Teller distortions of the s
rounding octahedra.

The angle dependence of the exchange energyE(x) ob-
tained from the diagonalization of Eq.~22! is shown in Fig.
13. The figure shows a crossover between the cosx/2 and the
cosx behavior of the exchange energy as obtained from
perturbation results, Eqs.~24! and ~25!.

V. CONCLUSION

In summary, we have studied in detail the magnetic
change interaction between two Mn atoms mediated by
oxygen atom on the Mn-O-Mn triad, taking into account t
Jahn-Teller induced orbital orientation of the Mn(eg) orbitals
and the appropriate Mn~d!-O~p! hopping. The magnetic ex
change depends very strongly on the valence state of the
atoms as well as on theeg orbital orientation, in such a way
that the magnetic structure of all three manganites, v
CaMnO3, LaMnO3, and La1/2Ca1/2MnO3, are explained in a
unified manner within our theory. Figures 8, 10, and 11 a
Table IV summarize the calculated exchanges for these t
compounds.

Listed in Table II are the Hamiltonian parameters us
which were taken with guidance from earlier densi
functional calculations and photoemission experiments.
sign of the exchange is generally insensitive to the Ham
tonian parameters. However, the magnitude of the excha
has a strong dependence on the electronic hoppingt, varying
as strongly ast4 in the fourth-order perturbation theory. I
view of this, the magnitude of the hopping was fitted
reproduce the measured exchange for CaMnO3, which
yielded a reasonable value for the hopping parameterVdds

51.65 eV, aslisted in Table II. With these parameters, th

FIG. 13. Dependence of the exchange energyE(x) on the rela-
tive orientationx of the Mn core spins calculated from the diag
nalization of Eq.~22! for different values ofV. Other parameters ar
t51 eV and D55 eV. Plotted along they axis is the function
f (x)[@E(x)2Ep#/(Ep2E0). Note that the angle dependenc
changes gradually from the Anderson-Hasegawa cos(x/2) form
~dotted line! to the Heisenberg cos(x) form ~solid line! as V is
varied from 0 to`.
09443
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calculated exchanges for all three compounds along with
experimental values, wherever known, are listed in Table

We have also considered the effect of thet2g electron
hopping on the exchange, an effect often neglected by tr
ing thet2g spin as a localizedS53/2 core spin. The effect o
retaining thet2g hopping is to add a ferromagnetic contrib
tion to the exchange, which is substantial for a large dev
tion of the Mn-O-Mn bond from the linear bond. We hav
shown how this contribution can change the sign of the
change interaction as a function of the Mn-O-Mn bond an
u. In the case of CaMnO3, for instance, the exchange inte
action changes from antiferromagnetic to ferromagneticu
is below a critical valueuc<132° for the chosen paramete
of the Hamiltonian~see Fig. 8!. The possibility of such a
crossover is long known and recently it has been observe
a somewhat different system SeCuO3.23

The effect of the Hund’s energyJH on the exchange wa
also studied in order to assess the validity of the approxim
tion JH→`, often used in many theoretical works for sim
plicity. We find that there is a large dependence of the

change on the magnitude ofJH. In fact, if theJHSW •sW form of
the Hund’s coupling is used andt2g hopping is neglected
then in the limit of JH50, magnetic exchange is strictl
zero, as the itinerant electrons are not coupled to thet2g core
spins. Equation~11! provides an analytical expression for th
JH dependence of the exchange f
CaMnO3 (Mn41-O-Mn41 case!, obtained using the fourth
order perturbation theory. From this equation as well as fr
Figs. 7 and 8, where exchange has been plotted for sev
values ofJH, it is seen that a finiteJH (;1 eV in typical
solids! significantly reduces the magnitude of the exchan
as compared to theJH→` value.

In Sec. IV, we discussed the relationship between
Anderson-Hasegawa double-exchange model and our m
elaborate model, showing how the familiar double-exchan
form te f f cos(x/2) can be recovered from our model as
limit, when one itinerant electron is available to hop betwe
two Mn sites. In the limit that t,,D, the effective
Anderson-Hasegawa hopping was shown to be given
te f f5t2/D, wheret is the Mn-O hopping andD is the Mn-O
charge-transfer energy. Another interesting result was
finding that the angle dependence of the exchange interac
changes gradually from the Anderson-Hasegawa cos(x/2)
form to the Heisenberg cos~x! form as the two Mn sites are
made unequal by taking a different value for the energy
the itinerant electron~Figs. 12 and 13!.

Finally, we note that even though we have focused
attention on the manganites in this paper, the model and
results presented here form a framework for discussion of
magnetic exchange in a variety of other materials as we
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