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Chapter 1

Introduction

The current thesis has several major objectives.

One of these is the investigation of the mathematical tools and methods used to study
problems in Geometrical Analysis which bridge between analytical properties and ge-
ometrical properties of basic entities (typically, subdomains of the Euclidean space, or
various functions naturally associated with them, such as the distance function to the
boundary). This is particularly useful in situations in which the geometry is variable,
such as for

e minimal surfaces

e shape analysis and optimization

e engineering modeling

e continum mechanics (elasticity phenomena for beams, plates, shells, etc)

e free or moving boundary problems

e variational (PDE) problems

to give just a few examples. Often, a common feature is the fact that it is the underlying
geometry which is the variable one wishes to study.

The basic principles used in the treatment of the aforementioned topics come from
very different areas of applied and theoretical mathematics which have traditionally
evolved in parallel directions. Consequently, one of our goals is to provide alternative,
conceptually simpler approaches to some of the basic results in these fields. In order to

be more specific, we need to introduce some notation. Let ¥ be an oriented C? surface
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in R™, with canonical unit normal v, and surface measure o. Fix ¢ : R — R a C*°
function with compact support and such that
Y N supp ¢ is a compact subset of 3. (1.1)

Associated with these, consider the one-parameter variation of the original surface:

Y0 ={X+to(X)w(X): X eX} for t>0 fixed. (1.2)
The surface ¥ is called minimal if the following Euler-Lagrange equation is satisfied:
d
o [Area (X4,1)] = 0 for all ¢. (1.3)
In other words,
¥ is minimal <= ¥ is a critical point for the area function. (1.4)

Of course, it is of interest to have an intrinsec description of the above condition.

Figure 1.1.a

Remark 1.0.1. As the picture above illustrates, the largest variation in the area of Xy,
comes from portions of ¥ where ¥ is bending the most (i.e., where the Gauss mean
curvature is largest). Likewise, portions where X is relatively flat induce little variation

in the area of Xy ¢
A precise answer is provided by the following classical theorem:

Theorem 1.0.2 (The First Variation Formula of Area). With the above notation and

assumptions, Yy ; continues to be a C* surface for |t| small and

d
= [Area (%) LO - / $G do, (1.5)
b
2



where G is the Gauss mean curvature of 3. In particular,

3 is minimal <=> the Gauss mean curvature G of 3 vanishes. (1.6)

As an example, let @ C R"! be an open set and suppose ¢ : O — R is a given C?
function. Upon denoting by X the graph of ¢, then for every 2/ € O, the Gauss mean

curvature G of ¥ at the point (', p(2')) is

R j¢(z")
G2/, p(a')) = Zax] VI+ Vel ||2]

(1.7)

1 (o) - Vo(a') - (Hy(a)Ve(a'))
V1t [Ve()P i L+ [[Ve(a)|? ’
where H,(2') is the Hessian matrix of ¢ at z’. Thus, the minimal surface equation for

a graph takes the familiar form

v Volr) — 0. 1.8
(\/1+||V90($’)H2) (1)

Returning for a moment to (1.4), it is worth recalling that not any critical point is

necessarily a local extremum, so the term “minimal” is somewhat misleading (albeit
time-honored). It is therefore of interest to consider, besides the Euler-Lagrange equation

(1.3), the Jacobi second variation operator
2

e [Area (X4,1)] o (1.9)
A minimal surface X is called stable if
d2
o [Area (3 t)]‘ 20 forallg, (1.10)

Once again, it is of interest to be able to intrinsically decribe the class of minimal surfaces

which are stable. In this regard, the key result is the following:

Theorem 1.0.3 (The Second Variation Formula of Area). In the context of Theo-

rem 1.0.2 we have

d2

o —[Area (34, 1)]

:0:/[2¢2< > Am) + HVMMHQ] do, (1.11)

% 1<j<k<n—1
where A1, ..., \u_1 are the principal curvatures of 3, and Vigm¢ = Vo — (0,0)v is the

tangential gradient of ¢ on X.



A few comments are in order ® For a C? surface ¥ in R,

/ IV |2 do = — / (And)odo, (1.12)
»

D
where Ay is the Laplacian on X, granted that (1.1) holds. As a result, we may write

2
—lArea (S,.)]| = / [2¢>2( 3 AW) . (Ayp)(ﬂ do. (1.13)
¥ 1<j<k<n—1
e If G =0, equation (5.427) becomes
d2 n—1
ﬁ[Ama(zW)}L:O . / W(; A§) + ¢(A2¢)] do. (1.14)
J -

We present new, self-contained proofs of these results which have the attractive feature
that they completely avoid the heavy differential geometrical jargon which typically
accompanies much of the work on this topic. Of course, this requires that we pedantically
develop a number of alternative tools, some of which we would now like to elaborate

upon. One such tool is a distinguished extension of the unit normal of a domain:

Theorem 1.0.4 (Extension of the Outward Unit Normal of a Domain). Assume that
Q CRY, n>2,is a domain of class C*, for some k € NU {oo}, k > 2. Then there
exists U open neighborhood of OS2, and there exists is a vector-valued function of class

C* 1 in U and a vector field
N=(Ny,...N,): U —R" (1.15)

which has the following properties:
(1) IN(X)|| =1 for every X € U;
(2) N o=V the outward unit normal to €);
(3) O;Ny = OxN; in U, forall j, ke {1,..,n};
(4) for every j € {1,...,n}, the directional derivative Dy N; vanishes in U.

Other significant properties of this distinguished extension of the unit normal are as

follows.

Theorem 1.0.5. Assume that Q C R", n > 2, is a domain of class C* with outward

unit normal v. Denote by N the distinguished extension of v to an open neighborhood
4



U of 09) described in Theorem 1.0.4. Then

(1) The Jacobian matrix DN is symmetric at all points in U, and its restriction to

0 depends only on the domain ) itself.

(2) One has (DN(X))N(X) =0 for every X € U. In particular,
(DN(X))v(X)=0 for every X € 0. (1.16)

(8) One has (DN (X)v)-w =l x(v,w), the second fundamental form of OS2, for every

point X € 0N and any vectors v, w tangent to 0X) at X.

(4) For every X € 092 one has Tr (DN (X)) = G(X), the Gauss mean curvature of 02
at X.

(5) If X € 09 and \(X),..., \p(X) are the eigenvalues of the symmetric matriz
DN(X), then \,(X) =0 and
G(X) = M(X) + Ay (X). (1.17)

The key idea in the proof of Theorem 1.0.4 is to take
N(X):=(Vd)(X), VX eU, with d :=the signed distance to 0. (1.18)
Given an arbitrary set 2 C R", the signed distance (to its boundary) is the function

d:R" — R, defined by
+dist (X,0Q) if X € Q,
d(X) = . .
—dist (X,0Q) if X € Q°.
In this scenario, the focus becomes the analytical properties of this signed distance

(1.19)

function, such as its differentiability. In this regard, we prove that

Theorem 1.0.6. Assume that Q@ C R", n > 2, is a domain of class C*, for some
k € NU{oo}, k > 2. Then there exists an open set U C R™, containing 0S), with the
property that

the signed distance function d is of class C* in U. (1.20)

In the proof of the above theorem, the following formula plays a most significant role:

d(X) = v(P(X))- (P(X) - X), VXel, (1.21)
5



where

P(X) := the unique nearest point on 052 to X. (1.22)
Note that, for an arbitrary set 2 C R", there is no guarantee that P(X) is well-defined.
This is related to the smoothness of 0€). Nonetheless, even if 02 is very smooth, the
nearest boundary point function P is unambigously defined only near 9€2. The geomet-
rical property which provides a natural environment where the “projection” P is well

defined is the so-called uniform ball condition.

Theorem 1.0.7. Let Q C R™ be a C* domain satisfying a UIBC (with radius r). Then
for every X € Q such that the dist(X,00) < r, there exists a unique point X* € 0f)
with the property that

dist (X, 090) = || X — X7 (1.23)
Furthermore, an analogous result holds for the case of C' domains in R™ satisfying a

UEBC granted that, this time, X € (Q)°.
Here and elsewhere, we have used the following definition.
Definition 1.0.8. Fiz a proper, non-empty, arbitrary subset D of R™.

(1) We say that D satisfies a uniform exterior ball condition (UEBC) if there
exists a number r > 0 such that for any X* € 0D there exists a point X € R" for

which B(X,r)ND =& and X* € 0B(X,r).

(2) We say that D satisfies a uniform interior ball condition (UIBC) if R™\ D

satisfies a uniform exterior ball condition.

(8) We say that D C R" satisfies a uniform two-sided ball condition if D satisfies

both a UEBC and a UIBC.

Informally speaking, a UEBC (respectively, UIBC) for a set 2 is equivalent with the
requirement that one can roll a ball of fixed radius along the boundary of §2, on the

outside (respectively, inside) of . Therefore, a natural question to ask is

To what extent does a two sided ball condition (1.24)
characterize the smoothness of a domain? '

6



The answer to this question is provided by the following theorem:

Theorem 1.0.9. Any domain Q0 of class C%' in R™ satisfies a uniform two-sided ball
condition. Conversely, if Q) is an open, bounded, nonempty subset of R™ which satisfies

a uniform two-sided ball condition then then € is a domain of class C1t.

Recall that a domain is said to be of class C! if its boundary is locally given by graphs
of differentiable functions, with Lipschitz gradients (a function is Lipschitz if it it does
not distort distances by more than a fixed (finite) multiplicative factor). We wish to
elaborate on the methodology used in the proof of this theorem. The simpler direction is
Analysis=—>Geometry, i.c., showing that if  is of class C'! then it satisfies a uniform
two-sided ball condition. To this end, here is a picture which illustrate what happens in

this case:

Rn—l

Figure 1.2.a )

The idea is that, if 99 coincides with the graph of a C'! function ¢ near X* € 99,

then the rate at which 02 bends at X* is controlled in terms of the Lipschitz constant
Vi, whereas the rate at which the boundaries of the balls B bend at X* can be made
as large as we wish by taking r small enogh. In turn, this guarantees that B;X C ) and
B C Q¢ hence (2 satisfies a uniform two-sided ball condition. The difficult direction
is the converse one, namely Geometry=—Analysis. That is, we wish to establish

that if € is an open, bounded, nonempty subset of R™ which satisfies a uniform two-
7



sided ball condition then  is a domain of class C*!. Recall that this means that we
need to show that near each point X* € 0, the boundary of {2 coincides with the
graph of a function ¢ of class C*!. Below we outline the main steps of the argument.

Step I. Definition of the function p. Fix X* € 0 arbitrary and denote by B% the

interior and exterior balls at X*, where R > 0 is the common vales of the radii of these
balls. These balls have a common (n — 1)-dimensional tangent plane H passing through
X*). Make a translation and a rotation such that X* becomes the origin in R” and the
plane H becomes the horizontal (n — 1)-dimensional plane R"~! x {0}). Below we make
the convention that B,_; will denote an (n— 1)-dimensional ball in the plane H = R™"~!.
Fix a small number A € (0,1) to be specified later. Our goal is to find a C*! function
¢ : B,_1(0/;AR) — R (where 0 is the origin in R"™!) which, among other things has the
property that its graph coincide with 0f2 in a neighborhood of X* = 0. This situation

is depicted in the following picture:

€En
Q
By, ' R [t

o) H

. )
c H=R"!

]

B xlv _R)
Figure 1.3.a R

In the context of the above picture, we shall do the natural thing and define the function

v : B,_1(0; A\AR) — R such that the graph of ¢ coincides with the boundary of € inside

the cylinder C. Concretely, for each 2’ € B,,_1(0/; AR), we take ¢(2’) to be the height of

the vertical segment emerging from 2’ until it intersects the boundary of 2. In particular,

this implies that ¢(0’) = 0. Of course, we need to make sure that the function defined
8



in the manner described above is well-defined (i.e., we need to show that the Vertical
Line Test is not violated). With this goal in mind, for each 2’ € B,_1(0/, AR) define
L(z") = [(«',R), (2/,—R)], i.e., L(2') is the line segment with end-points (2/, R) and
(z',—R). At this stage, we make the following the claim.
A > 0 small = #(L(2") NoN) =1, Va' € B,_1(0', AR). (1.25)
To prove this, we first note that Proposition 5.1.40 ensures that
L2y NoQ # &, Va' € B,_1(0', \R). (1.26)
Granted this, we only need to show that L(z") intersects 02 only once. To justify this,
fix a point 2’ € B,_1(0, AR), and consider the vertical line segment L(z’) as before.
From what we have proved so far we know that exists a point u € L(z’) such that
u € 02 (since the segment intersects the boundary at least once). Consider the interior
and the exterior balls B*(u) as in Uniform Interior Ball Condition/Uniform Exterior
Ball Condition for this new point u € 02. If we can show that the portion of L(2') lying
above u is contained in the interior, or the exterior, ball (which, in turn, are included
in Q and ¢, respectively), and that the portion of L(z') lying below u is contained in
the exterior, or interior, ball (which, in turn, are included in Q¢ and in €, respectively),
then there can be no other points from the boundary of €2 on L(z’) other than u. Any
other possible combination will fit into the pattern above. In fact, we only need to check
that the aforementioned inclusion properties apply only to the portion of L(z’') not
already contained in the “original” interior/exterior balls (i.e., the interior and exterior
balls touching at the origin). With this goal in mind, we write u = (u', u,) and we let
L[u'] denote the portion of L(u') not contained in the interior /exterior balls touching at
origin. In Figure 1.4.a, this is the segment [A, B]. Our goal then becomes showing that
the points A, B belong to the interior/exterior balls touching at u. In the picture above
v is the direction of the line joining the centers of the “new” balls (the interior/exterior
balls touching at u). This is a somewhat delicate issue which requires a considerable

amount of attention. Here, we omit the details.



Figure 1.4.a

Step II. The function ¢ is differentiable. Granted the uniform two-sided ball condi-

tion satisfied by {2 as well as the specific way in which ¢ has been defined, it is possible
to show that ¢ is continuous. To proceed, we need a geometric differentiability criterion.
To state such a criterion, we first recall the following definition. Given a vector v € R"
and an angle 6 € (0,7), we denote by C,(X*, v, ) the open, solid circular cone in R"
with vertex at X* € R", whose axis is along v, and has aperture 6. That is,
Co(X™0,0)={X eR": (X — X*)-v> (cos 0)|| X — X"||||v] }- (1.27)

Returning to the mainstream discussion, we prove and utilize the following theorem:

Theorem 1.0.10 (The “Point of Impact” Differentiability Criterion). Assume that U C
R"™ is a an arbitrary set, and that X* € U°. Given a function f: U — R, we denote by
Gy the graph of f, i.e., Gy = {(X, f(X)): X € U} CR". Then f is differentiable
at the point X* if and only if [ is continuous at X* and there exists a non-horizontal

vector N € R"™ (i.e., satisfying N -e,.1 # 0) with the following significance. For every
10



angle 6 € (0,7/2) there exists 6 > 0 with the property that Gy N B ((X¥, f(X¥)),9)

lies in between the cones Cpq ((X*, f(X7*)), N,0) and Cp1 ((X*, f(X*)), =N, 0), i.c.,

Gy N Bnya (X7, f(X7)), 0) 1
1.28
C R\ |Gt (X7, F(X), N, 6) UG (X7, (X)), ~N.6)].

If this happens, then necessarily N is a scalar multiple of (V f(X*), —1) € R

R N

\
\

Rn

|
|
Figure 1.5.a X

It is clear that the Point of Impact Differentiability Criterion from Theorem 1.0.10
readily gives that the function ¢ : B, _1(0'; AR) — R is differentiable at every point in

its domain. In fact, the very last part in the statement of Theorem 1.0.10 also gives that
v (=Ve(),1)
R 1+ [[Ve(u)]?
This formula plays a vital role in the proof of the fact that the function Vy is Lipschitz,

(1.29)

which is too technically involved step to be discussed in detail here. Once the differen-
tiablity properties of the signed distance function (as well as the nearest boundary point
function) have been clarified, a number of useful consequences can be derived. One such

consequence is the following theorem.

Theorem 1.0.11 (The Collar Neighborhood Theorem). Assume that Q@ C R™, n > 2,
is a domain of class C*, for some k € NU{oo}, k > 2, and denote by v its outward unit
normal. Then there exist € > 0 and an open set U C R™ which contains 0S), such that
the function

F:00x (—e,e) — U, F(X,t):=X—-tr(X), Y(X,t)€dQx(—ee), (1.30)
11



is a homeomorphism. Moreover, F is of class C*~1, the function
G:U— 00 x(—¢g,¢e), GX):=(PX),dX)) VXel, (1.31)
is well-defined, of class C*~1, and is an inverse for F in (1.30). That is, one has
X =PX)—-dX)v(P(X)), VX eU, (1.32)
as well as
dX —tv(X)) =t and P(X —tr(X)) =X, V(X,t) € 00 x (—e,¢e). (1.33)
Finally, in the case when Q is a CY' domain in R™, n > 2, the above results continue

to hold if “being of class C*~17 is, in this situation, interpreted as “being Lipschitz.”

The last part in the statement of the theorem is rather delicate, and its proof relies on

the following theorem:

Theorem 1.0.12. Assume that Q@ C R", n > 2, is a domain of class CY*. Then there
exists a neighborhood U of 0S) with the property that the nearest boundary point function
P .U — 09 is Lipschitz.

One nonstandard aspect of the proof of the above theorem is the fact that it requires
a version of the Implicit Function Theorem in the class of Lipschitz functions. Classi-
cally, the Implicit Function Theorem is stated and proved only for C!' functions. We

nonetheless have the following result.

Theorem 1.0.13 (The Implicit Function Theorem for Lipschitz Functions). Let U C R"
and V- C R™ be open sets. Fix Xg € U, Yy € V and assume that
F:UxV —R" (1.34)
1s a Lipschitz function for which
F(Xo,Yy) =0 (1.35)
and which has the property that there exists a constant K > 0 for which
IF(X,V1) ~ F(X, V)| > K|V~ Yall forall (X,%) €U XV, j—12. (1.36)
Then there exist an open set W C R"™ such that Xo € W, along with a Lipschitz function
o : W — V with the property that p(Xo) = Yy and

(X,Y)eW xV: F(X,Y) =0} = {(X,0(X)): X € W}. (1.37)
12



In particular,

F(X,o(X)) =0, forall X e W. (1.38)
Finally, the function ¢ is unique among all the mappings p : W — V' for which (1.38)
holds.

Let us present a few applications. First, we consider an application to the the two-sided

ball smoothness criterion presented earlier.

Theorem 1.0.14. Let 2 C R™ be a nonempty, open, bounded, convex set and, for some
e > 0, consider

Q. ={X e R": dist (X,) < e}. (1.39)
Then Q. is a convex domain of class C11.

A sketch of proof is as follows. That 2. is a convex set is elementary. Also, it is not
difficult to see that
00, ={X e R": dist (X, Q) =¢}. (1.40)
In order to show that €2, is a domain of class C'!, it suffices to show that it satisfies a
uniform two-sided ball condition. A key observation in this respect is that if X* € 9.
and Y* € 0Q are such that || X* — Y™*| = ¢ then
B(%(X* +Y7"), %) CQ. and B(%X* — %Y*, %) CR"\ Q.. (1.41)
Remark 1.0.15. The conclusion in Theorem 1.0.14 is optimal. Indeed, if we take
n:=2, Q:=[-1,0] x [1,2] and € := 1, then 0 € 0y and the boundary of 0y coincides

near 0 with the graph of the function

1—vV1—-2%2 if0<x<],
f:(-1,1) =R, f(z) = J (1.42)
0 if —1<xz<0.
Note that while f is of class C*, its derivative
— if0<x <1,
" (=1,1) > R, '(z) = 1=z 1.43
fi-L =y (143

s a Lipschitz function which fails to be differentiable at 0.

In turn, the above theorem can be used to give a conceptually simple proof of the
following useful approximation result (which appears without proof in Grisvard’s 1984

PDE book):
13



Theorem 1.0.16. Let Q) C R™ be a nonempty, open, bounded, convexr set. Then there

exist £, > 0 and two families of conver CH' domains {QF }.,<.~0 satisfying

QF c Q, Qca, Ve € (0,e,), (1.44)
and
Q= |J oF and 0<e <<, =0l CQ (1.45)
£o>e>0
Q= (] & and 0<é <& <e,=Q,CQ. (1.46)
Furthermore, with Dist€ O[T]wdenoting the Hausdorff distance function, we have
Dist [0, 0QF] =& for every e € (0,¢,). (1.47)

An application to the circle of ideas pertaining to the Collar Neighborhood Theorem is

as follows.

Theorem 1.0.17. Let Q be a C? domain in R™, and let p be a defining function for
(that is, p is a function of class C* which is positive in Q, negative in (Q)¢, and Vp # 0
on 0)). Then there exists € > 0 such that for every function f € C§°(U)
[aeax= [ ([ 119 doy) (1.48)
U —e My,

where Xy ¢ is the surface {p =t} and oy is the surface measure on ¥y ;.

One of the most important particular cases is as follows. Consider the situation when
p = d, the signed distance for €. In this case, Vd(X) = v(P(X)) which implies that
|Vpll = [|Vd|| =1 in U. Consequently, we obtain
/fmmX:/(/ f@Q@ (1.49)
U —e ~J{d=t}
for any nice function f in U. We wish to further specialize this formula. To do so,
for each r > 0 small consider U, := {x € Q : dist(X, 00) < r}. Also, assume that
f : R" — R is a continuous function. With the help of (1.49) and the Fundamental

Theorem of Calculus, we deduce that

S roax] - %[/OT(/%fdat)dr}

= fdo,., forr >0 small. (1.50)

Y, r

14



Next, introduce Q, := {z € Q : dist(X, 09) > r}. Since, clearly, Q = Q, UU, (cf. the

picture below)

Ur
Q
we may write Figure 1.6.a
f(X)dX:/f(X)dX - f(X)dX. (1.51)
Ur Q Q
From (1.51), (1.50) and the fact that 0, = ¥, , we therefore obtain
X . 1.52
Fl ) rexa s, (1.52)
In particular, taking f =1 in (1.52) ylelds the remarkable formula
j [Vol (2,.)] = —Area (09,), for r > 0 small. (1.53)
r

Of course, a similar version is valid for Q" := {x € Q° : dist(X, 0Q2) < r}. This time,

however, we obtain
d
dr
It is interesting to compare this with the case when 2 := B(0,1) C R?, in which case

[Vol (2")] = Area (02"),  for r > 0 small. (1.54)

Q, = B(0,1—r) and Q" = B(0,1+r). In this situation, we have the well-known formulas
Vol () = L ol (@) = A
Area (0Q7) = 4n(1 + 1), Area (0Q,) = 4n(1 —r)?,
which show that (1.53) and (1.54) hold in this special case. Another major objective of

(1.55)

this thesis is to develop a calculus on surfaces, centered about a general integration by
parts formulas for first-order differential operators on surfaces. Naturally, this extends
Stoke’s formula. Sir George Gabriel Stokes (1819 - 1903) was an Irish mathematician
and physicist. He made important contributions to hydrodynamics, optics and math-
ematical physics. Stokes contributed to establishment of the science of hydrodynamics

with the most famous equation in fluid mechanics, the Navier-Stokes equation. In optics

15



he developed Stoke’s Law for fluorescence, and studied ultraviolet light. In mathematics
Stokes worked in numerical calculations of definite integrals, infinite series, and differ-
ential equations. Stoke’s Theorem in differential geometry is a statement about the

integration of differential forms which generalizes several theorems from vector calculus.

oS

Figure 1.7.a

The classical Stokes Theorem, i.e.

/(1/ ccurlF) dS = %T . Fds, (1.56)
S 08
relates the surface integral of the normal component of curl for a vector field F' over a

surface §, in Euclidean three dimensional space, to the line integral of the tangential
component of the vector field over the boundary of the surface. The Ostrogradsky-
Gauss Theorem, The Fundamental Theorem of Calculus and the Green’s Theorem are
all special cases of this Stokes Theorem. The most general form of the Stokes Theorem
using differential forms is more powerful than the special cases, of course, although the
later are more accessible and are often considered more convenient in applications. A

general first-order system of differential operators acting on a vector-valued function u

will be:

Pu:= (%: (; a;?‘ﬁ@]) u5> : (1.57)

We define the symbol of P at £ € R™ as the matrix-valued function

o(P;¢) = (Z a?%) : (1.58)

75
and the adjoint of P, P* acting on a function v, by

3

P*v = (— ZZ@- (a?ﬁva>> : (1.59)

We can then state and prove an explicit formula for integrating by parts large classes of
16



first-order differential system operators over a surface S, including boundary terms (for

simplicity, this is stated here only in R3).

Theorem 1.0.18. Let S be a smooth, compact surface in R® with normal v and boundary
0S. Denote by v the unit normal to 0S. Let P be a first-order differential operator which
is tangential, in the sense that the principal symbol of P vanishes along the normal to
S, i.e. o(P;v) =0 at all points on S. Denote by P* denote the adjoint in R®. Then

for every u, v be C* functions on S,

/ (P, v) dS — / (u, P*0)dS + f (0(P:7)u, v)ds.

S oS

v Figure 1.8.a

The usefulness of this result stems from the fact that all analytic objects involved, i.e.,
P, P*, and o(P) are independent of the particular surface S. Of course, this theorem
contains as a particular case the classical Stokes formula. To see this, let N be the
distingusihed extension of the unit normal v to S, as discussed earlier. Also, introcuce
the first-order differential operator
P:= N -curl. (1.60)
For a nice vector-valued function & we then have:
Pi=N-(V xu). (1.61)
Consequently, for any £ € R? we may compute
o(P;§)u=N-({xu), (1.62)
and, hence, at any point in S,
o(P;v)i=v-(vxu)=0, (1.63)
since N =v on S.

To compute the adjoint operator on R?® consider the following integration by parts
17



formula

/(Pu,ﬁ}dx:/N- curlﬁvdx:/<vN, curld ) dx
R3

R3 R3

= /(curl (vN), u) dz, (1.64)
R3
so P* = curl (vN) = Vo x N +wvcurl N. However, we know that curl N = 0 on §. With

this in mind, we can now apply our theorem to obtain

/(V~curlﬁ) vdSz/(u, vau>d5+%y~(7xﬁ) vds. (1.65)

S a8
In particular, this reduces to Stokes’ formula when v = 1, since Vv = 0 and also

v (y x®)=r7-u, where 7 := 7 X v is the unit tangent along 9S.

18



Chapter 2

A First Look at Geometry of
Surfaces

2.1 Geometry of Surfaces

Let R™ be the standard Euclidian space. We denote by | = |= />."_, % the norm of

Jj=1"7

a vector = (1, ...,x,) € R". Throughout the manuscript, “dot”will denote the scalar

product.

Figure 2.1: The surface S, the tangent plane, and the normal v.

Consider a point = (21, ..., T,_1,Z,) on a surface S with unit normal v. Let S be the
graph of a function ¢ : R*~! — R. Then
S = {(z,p(a"))] 2" € R"'} and
P(x') = (2, p(2") where 2’ = (z1, 29, ..., Tp_1), (2.1)

is the position function parametrization P : R"~! — R™.
Lemma 2.1.1. If 1 <j <n—1 then 0,,P(z') is tangent to S at P(x').

Proof. P(z') = (z1...2n-1,0(2")) and 0., P(2") = (0...1...0, 0, (2")) with 1 on j-th posi-

tion. Then {0,, P(2') }1<j<n-1 are linearly independent vectors. Consider 7,S the tan-
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gent plane to S at 2. This plane is generated (spanned) by the vectors {0, P(2') }1<j<n—1,

and his dimension is n — 1. O

In general if v € R, D, f :=v-Vf =377 v;(0;f). If v=0,,P(a') then

(Duf)(P(x)) = 8;P(x)- (VF)(P(x)) (2.2)
= 0P (0 S (P()). 0usf(P(@)). o 0n, F(P(a)
= aixj[f(P(x’))] = aixj[(f o P)(z')],for each 1 < j <mn — 1.

Remark 2.1.2. D,f is meaningful on S if f is defined on S, and v is one of the
vectors {0y, P(2')}i<jcn—1. If v € ToS then 3(Aj)i<j<n—1 real numbers such that v =
> i1 N[0 £, )
(Duf)(P()) = w-(VI)(P() =D No;P(a) - (V) (P))
j=1

_ ija%mwm. (2.3)

=1

Remark 2.1.3. For f:S— R, v-v =0, and D,f is meaningful on S.

Lemma 2.1.4. For every x’, the unit normal is given by
Vo(a'), —1

Jopiary) - (e D)

VI V() 2

Proof. We need to check that v 10, P, and | v [= 1. To this end, we observe that,

(0x1¢($/)a ax2sp($,)>-'-a a’cnfﬁp(xl)a _1)

(2.4)

v(P(x')) = , 2.5
e VI TVe@) P .
so that
: : Oz, (') O, (')
v(P(x')) -0, P(x') = 2 — 2 =0. 2.6
P 0P = e e Vir e T .
In general v-v =|v [}, Vv € R™ So
v(P(2')) - v(P(x)) =| v(P(a’) |*= 1. (2.7)
This proves (2.1.4) O
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2.2 Mean Curvature

From previous lemma we have %[V(P(SL’/))'V(PCL’/))] =0, and 2%[V(P($/))]'V(P(LL’/)) =

0, then a%j[l/(P(x’))] is tangential to S at P(2'), for all j € {1,...,n —1}.
Remark 2.2.1. 3 b;; real numbers (1 < j, k <n — 1) such that
a n—1 .
——[v(P(x))] = bj] 0, P(a")], vie {1,..,n—1}. (2.8)
(927]- 1

Lemma 2.2.2. For1 <j<n—1,

bjj = Ou;

0z, (") ]
VI+ [ Ve(a) |2
Proof. The left-hand side of (2.8) becomes:

Oy ! -1
0., v(P(2)) = 0, ) s O, . (2.10)
VI+ [ V() 2 VIt [ V() 2
For the right-hand side of (2.8) we have:
n—1 n—1
> bk (0..1..0, 05, 0(')) = (0...bjx..0, b0y, 0(2'))
k=1 k=1
n—1
= <bj17bj27 ...bjn_l,ijkﬁkaO(ﬂ?/>>. (211)
k=1
This proves the lemma. O
Introduce
bll b12 bl n—1
B = (bj)i<jkn—1=| ba b .. b : (2.12)
bn—ll bn—12 bn—ln—l

Definition 2.2.3. Define the Gauss Curvature:

n—1
G:=TraceB = Z bjj. (2.13)
k=1
Theorem 2.2.4. There holds
divy =G on S. (2.14)

Prior to proving Theorem (2.2.4), we introduce a class of tangential vectors 75;. Con-
cretely we set:
Tk i= vge; — vjep € R” (2.15)
with e; = (0,....,1,...0) (i.e. 1 on j-th position), then
Dy, =TV = (40, — Vj0y,). (2.16)
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Lemma 2.2.5. The vector T3 is tangent to S, for every k, j.

Proof. Note that 73;; - v = vv; — ;0 = 0 as wanted. O
Proof. To prove Theorem 2.2.4, let us start with v = (14, v, ..., 14,) and we have:
divy = Z Oy, vj = Z Z ViV (O, V5) (2.17)
j=1 j=1 k=1
= Z Z Vie(VkOr; — V0, )15 + Z Z Vi ViOn, V-
g=1 k=1 j=1 k=1

The product v;0,, v, could be written like %Oxk(yjz) If v is extended in a neighborhood

of § such that its norm is 1 in that neighborhood then %&%(Vf) = 0 and the sum

i i vvj0y, v; = 0. (2.18)

j=1 k=1
Then
divy = Z Z Ve Dr, V5 (2.19)
j=1 k=1
At this stage we distinguish several cases: Case 1: 1 < j,k <n — 1. We have
Op (2 , O, (' ,
ny= 2 pay) - 220 pa) (220)
V14| V(') | V14| V() |
so that
Or, () 0
D, . f(P(z)) = b . P2 2.21
SPE) = B P .21
893,(,0(:6/) 0
- 2 —[f(P(2))].
e g VP
Case 2: k=n, 1< j<n—1.In this situation,
—1
Toi = Up€i — Vi€, = 0. P(2)], 2.22
= 065 = Vi = 01, P 222
therefore
Dy, f(P() = ——— L [p(P(a))] (2.23)
VI+ Vo) [P 0z ' ‘
Case 3: j=n, 1<k<n—1.In this case,
1
0 = e O ) 220
SO
Dy f(P)) = ——— - L f(p(a)] (2.25)
T V1+ | V(') |2 Ok ' '
Case 4: j =n, k=mn. We can write
Tkn = Un€n — Unén =0, (2.26)
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hence, clearly,
Dy, f(P(z')) = 0. (2.27)

As a consequence of the identities derived in Cases 1-4, we have:
n—1 n—1

_ O 0(
v =22 w I

7=1 k=1

89%30(‘75,) . i ( 89”3'30(‘7;,) )
VI+ [ Ve() [P 9z \ 1+ ] Ve(a) 2

—_ 8903'90(*75/) . 0 ( azj(p(x/) )]
VIF [ V(@) 2 Oz \ \/1+ | Ve(2) 2

e i ()|
VIH[ Vo) P 0z \ 1+ | V(o) |?

0r;p(")
VI Vo) |2] | 228)

n—1 2
-1 0
_I_ [
: V1+ | V(o) |2 O

x (2.29)

— w;ﬁp : 90( )
=1 k=1 <\/1+ | Vgp(x’) |2>
| Oay(a) = 0, (0l - 5 (VIF TV )|
+k:1 <\/1+axk$;/;) |2> " Oxk <\/1+ | V(') |? ) X
—l-n : ! X
= (VI TV )
< |020(e) x VIFTTR@IF - 00000 - oo (VIF VAT F)]

Using the fact that the sum is the same if the index j is replaced by the index k, after
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simplification the formula becomes:

divy =

R 0 @) 8 ple) 0; ()
3

=1 k=1 <\/1+ [ V() |2> j=1 <\/1+ | Vo(a') |2>3

S ) del) @
j=1 k= (\/1+‘V<P( )‘2>3 %

Ed

j=1 <\/1+ | Vgp k=1
n—1 n—1
Onp(2') - Oup(2') 0 ,
3 8_(8%‘@@ ))
pripe (\/1+ | w( P O
Observing that
n—1
(Oupp(2))? =| Vip(')
k=1
the formula becomes:
— 92 (')

divy = Z

= VI Vo) 2 (1+ | V(') [2)

[ Ve() 1]

n—1 n—1 w SO . @( ) 8
- 3 "3 (axy@(x/)) :
P (¢1+ | w( VE) O

n—1 8230(1’,)

= VI [ Ve(@) P
n—1n—1 wk(p 8x30($,)
3
==t (TH [ V@) P)

Using the Quotient Rule for the sum of b;;’s we can write:

n—1 n— /)
bj; =
;; Z \/1+ | VSO )2

n—1 axj () -

Then

divy =

0

With

and

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)

(2.35)

(2.36)



the formula for the mean curvature becomes:

n— n— /)
b 2.37
2 Z ¢1+ T 237

PAT)  hiple!) - L Dyl

=1 k=1 <\/1+ | V() |2> i

We know that 2;:11 b;j; = G and comparing this with the formula for the divergence, we

can finally conclude that:

divy = Zbﬂ, (2.38)
as desired. This finishes the proof of Theorem 2 2.4. O

Let us next discuss a special case. If
V() = 0, (2.39)

¢(0) = 0, (2.40)

Figure 2.2: The surface S in the special case V(0) =0, p(0) = 0.

from Lemma (2.2.2) we have:

(2 ¢) (@) T+ V(@) P

bjj(o) = 1+ ‘ V(,O(CL’/) |2 |r’=0
(22¢) @32, (VIFTVe(@) P)
N I+ | V(a') |2 v
(¢)©@-1-0
- : - (8%@) (0). (2.41)
Therefore the mean curvature becomes:
n—1
G(0) =Y (82¢) (0). (2.42)
j=1



Invoking (2.37) the divergence can be written as:

o) < 5 (%) O
aww) () = Zﬂ/m—wm?

Z (Oa) (') (0s,) (5’33) ai [02,0(2)] [ar=0
=1 k=1 <\/1+ | Vo(a') |2 )

.

- <8§jg0) (0). (2.43)

The last step uses (2.41) and follows after some algebraic manipulation which we omit.

In conclusion,
G(0) = (divv) (0), (2.44)
which agrees with Theorem (2.2.4).
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2.3 A Distinguished Extension of the Normal

Consider
(2) = dist(z,S) if x is above S
PRETZ - dist(z,S) if x is below S,
Figure 2.3: The surface S, the tangent plane, and the normal v.
Candidate:
V()
v(z) = ,x e R"™
| Vp(z) |
Conclusion:

plx) =0<= =z €S.

If z is above S:

p(x) =inf{lz—y| :y €S}

For y = (v/, ¢(y')) this distance will be:

p(z) =inf{|z— (. o)) | :y eR"'}

Consider a point xg on the surface S. Then
wo = (0, p(2p))-
Lemma 2.3.1. For t small, there holds
t? = inf {] zo +tv(zo) — (v, 0(y)) [* 1y € R*}

Proof. Let F : R™™' — [0, c0) be defined by

F(y') =] w0+ tv(zo) — (', 0(y) *-
27
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(2.46)

(2.47)

(2.48)

(2.49)

(2.50)

(2.51)

(2.52)



Figure 2.4: The surface S, the tangent plane, the normal v at a point x5 on S.

Then

Fy') =) (wo; + tws(zo) = y3)" + (won + tr(wo) — w(y))" (2.53)
Clearly, infF = 2, arjlle(x{)) = t2. Tt is enough to prove that F(y') > F(z}). The
Taylor series of F' at xy will give us:
F(y') = Fag) + (y' — xp) - VF(x() + %(HessF)(f) (v — )", (2.54)
where Hess F' is the Hessian of F, and £ € [z{, y(]
(HessF)(€) (y —zp)" = (Hess F(€) (y — x0), (' — ). (2.55)

After differentiation:

0, F(y) = (=2) (w2 + tve(xo) — yr)

+2 (2on + ta(z0) — 0(¥')) (Fy0(y)) - (2.56)
For y' = x;, we have:
Dy F(x) = —2tv (o) — 2tvy,(20) 0y, (). (2.57)
Using the definition for the normal on S:
Oy, p(x0)
Vi (o) = = J (2.58)
VI V() 2
and
(x0) 1 (259)
Un(x0) = , .
U VI V@) P
the formula (2.57) becomes:
/ —21 / /
00, F(xy) = ——= ) [0, 5(x}) ~ D) = 0 (2.60)

V1 [ Vo) P
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then
VF(z)) = 0. (2.61)
In the Taylor series expansion (2.54) HessF' > 0 and VF(zg) = 0. Consequently,
Fly) > Fla}). (2.62)
In order to finish the proof of Lemma (2.3.1) we need to know that the matrix A :=

Hess F is non-negative definite. This is done in the next lemma. O

Consider the (n — 1) x (n — 1) matrix:
A= (Ajk)p, - (2.63)
with

Aje = (ayj aku) (). (2.64)
Lemma 2.3.2. We have (Az,z) >0, for any 2 € R"7L.

Proof. 1t is enough to prove that:

n—1
Z Ajrzjze >0 for V(z); € RN (2.65)
jk=1

Using the formula for 9,, F'(y') we can write:

0,00 F(y) = (=2) (=) +2(0,,0(y)) Oy 0(y))

+2 (2on + tva(z0) — 0 (y')) (_8yj8yk90(y/)) : (2.66)
Then:
n—1 n—1 n—1
Do Anzim = Y 20pzmam+ Y 2(0;9) (Okp) 22
G k=1 G k=1 G k=1
- Z 2 (won + tvn(x0) — ©(¥)) (0y; 0y ) 252 (2.67)
7,k=1
We know that:
n—1
> (059) 2=V 2, (2.68)
G k=1
then
n—1
> (9) (Orp) zizn = (V- 2)°. (2.69)
G k=1
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To finish the proof of Lemma (2.3.2) is enough to show:

n—1

222 4+2(Vyp-2)? — Z (zon — ©(Y)) (0,0, ) 22 > 0. (2.70)
]7k:1
For 3/ near z{, we have ¢(y') near p(zf). With ¢(x}) = x¢, we have

| o(y') — 2oy, | small, and we can say:

| oY) — @on [< e (2.71)

With
| 2 [<] 2| (2.72)

then
|2 [ 2 <] 2 17 (2.73)

Considering 0,,0,,¢ < C with C a constant such that Ce < § the formula (2.70)

becomes:
2 > 1 o 1 2 2
2P+ (Vo 2P — 5 | 2= |2 [ + (Ve 2, (274
which is bigger than 0. O
Summarizing,
ple +tv(zr)) =t when ¢ > 0 is small and = € S. (2.75)
Forx e R", f : R — R and g : R® — R” with Chain Rule we can write:
0
j

= Vf(gi(x1..2p)s s gn(x1.0)) - (%(mlxn), s %(mlxn)) )
j j

Apply this general fact to p(x + tv(x)) = ¢ implies

ol + ()] = 1], 2.17)
so that
Vo (@ + tu(a)) - % (& + t(z)) = 1, (2.78)
or, in other words,
Vo (z + tv(z)) - v(z) = 1. (2.79)

If we consider ¢ = 0, meaning the point is on the surface S, then Vp(z) - v(z) =1 or:

Oup(z) =1 for any z € S. (2.80)
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In general:
Vinf =Vf—(Vf-v)v (2.81)
or
Vf=Vinf+0.f)v. (2.82)
Apply this general fact to p yields

Vo= Yamp+ (0up) v. (2.83)

Considering p on the surface S we have that p = 0. This fact will give us the tangential
component Vig,p =0, so
Vp |5: v, (284)

from (2.83) and (2.80). These facts allow us to formulate the next proposition:

Proposition 2.3.3. The vector field % s an unitary extension of v to a neighborhood

of S in R".

From now on we adopt the convention that

Vp
V= —— 2.85
Vo (2:85)

is an unitary extension of the “old” v.

Proposition 2.3.4. For an unitary extension of the normal v in a neighborhood of S

we have the following conditions:

(1) V0 —vx0;j=00n S forj=1,2,3,

(it) Ovj=00n S forj=1,23.

Proof. Let us start with

i ]k
curlv = |0, 0y Os. (2.86)
vV Vy g

Remark 2.3.5. If a and b are vectors in R3, then

-,

ax (axb)=—(

2y
X
NS
X
S

(2.87)
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Remark 2.3.6. If f is a scalar, and F is a vector-valued function in € R3, the following
wdentity holds:

curl(fﬁ) =Vf xF+ fcurlF. (2.88)

By Remark 2.3.5, and Remark 2.3.6 we have:
curl(fF) =V f x F + feurlF, (2.89)
curl(Vf) =0, (2.90)
and using the vector product property (Remark 3.5.4)
AxB=-BxA (2.91)
the formula for curl v becomes:

curly = curl (| Vp |7 Vp) = (| Vp|™") x Vp+ | Vp | curl(Vp)

= —Vpx(|Vp|™). (2.92)

If we consider this equation on S, by Proposition (2.3.3), we can write:

curlv = (—v x V) (| Vp|™). (2.93)
Note that —r x V contains only tangential derivatives since Vp is normal to §. More
concretely,

vxV = (V283 — 1/382) ’;‘i‘ (1/381 — Vﬂ?g)j—'— (1/182 — 1/281) E

D.,i+ D, j+ Dy, k, (2.94)
with D.,,, D,,, and D,,, tangential derivatives (i.e., of the form ¢ - V with ¢ tangential
to S. (i.e. v-t=0). For instance:

D,y = 1505 — 1302 = (0, —v3,12) - (01, Os, 05), (2.95)
so that if £ = (0, —v3, 1), then
v-t= (v1,513) - (0, —v3, 19) = —113 + V315 = 0. (2.96)
Thus (0, —vs, 1) is tangential.
Similar considerations apply for D.,, and D,,,:

D7—31 =130) — 1105 = (1/3, 0, —1/1) . (81, 0a, 83) (297)
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Let t = (13,0, —1y) so that
vt = (v1,1913) - (13,0, —11) = vy — 3y = 0, (2.98)
and
D,,, =110y — 1501 = (—12,11,0) - (01, 02, 03), (2.99)
and if £ = (=, 14, 0) then
vt = (1n,103) - (=1, 11,0) = =111y + 1514 = 0, (2.100)

so (v3,0,—14) and (—us, v1,0) are tangential vectors.

Remark 2.3.7. Tangential derivative applied to a function which is constat on S is

equal to zero on S.

Going back to the formula for curl v and using the fact that Vp = v on S, we can write
| Vp|™'=1o0n 8. Apply last remark to curlv:

(—vxV)(|Vp™)=0 on 8§ or curlv=0 on &. (2.101)
This concludes the proof of (i) in Proposition 2.3.4.
Componentwise, we have: 01vy — Oqvy = 0, O3 — G311 = 0 and Oy — 039 = 0 on' S.

To prove part (ii) of Proposition 2.3.4 we start with:

v = Vo in a neighborhood of §. (2.102)
| Vo
Then
;p Vp 0;
a,,V':V'VI/':I/'V( = ): -V( - )
’ ’ [Vol) Vel | Vp |
“~ O < djp ) —~ Opp [aka'ﬂ ]
_ ) J = L+ 0;p 0 (| V
2 19,12 \1v,1) =2 1w, 1wy Hor 2 (VD
~ p O Oip | ~— Oepdip
= + o (| V . 2.103
2 1, 1vp| t & Twp U VPD (2103)
Consequently,
"1 Ohp )2 " o
ov; = —0; — ~Okp-0; (| V
J 30| (rer7) |~ reey w5
+3 0k (06 — 10;) (| Vo I71) + > Ok (| Vo |) - (2.104)
k=1 k=1
Using part (i) the third sum is zero on S. For a component of v we have v}, = %, then:
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1 [IVpl L, Ve l? 1
=20 = | — - - . 2.1

After simplification and observation that d;1 = 0 we can conclude that:
ov;=0 on S. (2.106)

This finish the proof of Proposition 2.3.4. O

Proposition 2.3.8. The tangential components of the gradient consists of only tangen-

tial derivatives.

Proof. Recall that
Vianf =Vf =0, f)v=(0f —0.fvi, f =0, f v, Osf —0ufrvs).  (2.107)

Thus,
Of—0ufrn = f—(v-VHim=0of- (Z v;0; f) 2
= Of — (O f + 1Oof +1305f) 1y =t VF. (2.108)
with the vector ¢ = (t1,t2,t3) with components: t; = 1 — v}, ty = —1j1e, and
t3 = —vv3. Consequently,
tv=01-1v})vi—vvs —vvg=uv (1—v] —vs —vi) =0. (2.109)

So ¢ is tangential.

Same calculation for the other components:

Ouf ~ 0ufve = Oof —(v-Vf)va = (Z 0, f) v,
= 82f — (Vlalf + I/Qagf —+ I/383f) Vo = t . Vf, (2110)
with the vector ¢ = (t1,t2,t3), with components: ¢ = —vjvy, tp = 1 —v3, and
t3 = —l9l3. But
tv=-vm+(1-—v3)w—vv;=v(l—vi—vs—1v;)=0. (2.111)

So ¢ is tangential. Then
Osf —0,fvs = Osf — (V Vf v = Osf — (Z Vga f) V3

= 83f — (Vlalf + 1/282f + I/383f) V= t . Vf (2112)
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with the vector ¢ = (t1,t9,t3) with components: t; = — 3, ty = —jp, and  t3 =

1—v2. But
tv=—vvy—vs— (1—v3)rs=v3(1—vf —vs —1v3) =0. (2.113)
So t is tangential. O

Remark 2.3.9. Ift is tangent to S, then directional derivative along t: Dy =t-V when

applied to a function, only depends on the values of that function on S.

Examples of tangential operators:

Vian, vV X V, Do, v,0; — v;Of, v - cutl, div — 0,(-,v), divm(-).

Proposition 2.3.10. We observe that (div v)/s does not depend on the particular ex-

tension of the normal v.

Figure 2.5: The surface S, the normal v, and the position vector at a point x on the
surface S.

Proof. Let e; be the vector: (0, ... 1, 0..., 0), with 1 on the j-th position, from the

flathe;)—f(x)

definition of derivative we have 0; f(x) = lim;_. .

n n n
divy = E ajl/j:E E V05V,
Jj=1

j=1 k=1

= D> wlmd — v v+ > ws(0y). (2.114)

=1 k=1 j=1 k=1
With Dy, ; = v40; — 10, which is a tangential operator, and > 7, v;(0yv;) = SOk (13),

, SO we obtain

that give us >;_, vxOxr which is 0 on S, we can write:

divy = zn:zn:ukDm-. (2.115)

j=1 k=1
as desired. ]
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2.4 The Curvature Matrix

Proposition 2.4.1. Let S be a surface in R3 and fix an unit field v in a neighborhood

U of S which extends the unit normal to S. Then, for the 3 x 3 matriz valued function
(x) = Vi (z) = (Opv;(2)),;, r€eEU, (2.116)
(i) Rv=0 in U,
(i) Tr(R)=G in U,
(i11) R'=R on S.

R

the following are true:

141 (ang) —+ 1/2(82V2) + 1/3(82V3)

Proof. We write:
141 (81V1) + 1/2(81V2) + I/3(81V3)
Ruv= . (2.117)
1%} (811/3) + 1/2(021/3) + 1/3(031/3)

Recall Proposition (2.3.4) part (i) on S
(i) vjOp —v0; =00on S for j=1,2,3,

and we have:
v1(O1v1) + va(Oarn) + v3(D311) 11
Rv= Vl(alVg) + Vg(ang) + V3(831/2) = 81,1/2 . (2118)
141 (811/3) + 1/2(821/3) + 1/3(831/3 81,1/3
Recall Proposition (2.3.4) part (ii), on S
(i1) O,v;=0o0on S for j=1,2,3.
and we have:
Rv=0. (2.119)
To prove part (ii) in Proposition (2.4.1) we use Theorem (2.2.4):
(2.120)

TraceR = Oy + Osvg + O35 = div vy = G.

To prove part (iii) in Proposition (2.4.1) we use Proposition (2.3.4) part (ii).
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Chapter 3

Analysis on Surfaces

3.1 First-Order Differential Operators in R?

Let us consider the vector valued function @ and a scalar-valued f.
Examples of first-order differential operators:

Example 1: P = div. If we apply this operator to a vector @ we have:

U1 3
Pu= (01 82 83)1X3 : (%) = 0juj
j=1

u3
Example 2: P = V. If we apply this operator to a function f we have:
O
Pf=1 0 | (f)ix1=(0f Of 0Osf).
03

Example 3: P = curl. If we apply this operator to a function f we have:

P = (Oyug — O3us, Oyug — Osuy, O1ug — Oauy).

0 —83 02 U1
83 0 —81 . U9 .
—82 81 0 Uus

Oh+30h 0 0
P=| 200—-0s =01 —0» |.
0 0 05
If we apply this operator to a vector ¢ we have:

=
£y
Il

Example 4:

Piu= (81U1 + 382U1 + 81U3, 281u2 — 83u2 — 81u2 — 82u2, 83U3)

Example 5: In general:

3
7=1
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If we apply this operator to a vector (ug) 5 We have:

3 3
P (uﬁ>ﬁ = (Z (Z a?ﬁ@) u5> = (Z Za?‘ﬁﬁju5> . (38)
B Jj=1 a B J=1 «
The symbol for this first-order differential operator is given by the matrix-valued function
(see [Tal, page 158):

3
o (P;&) = (Z a?ﬁsj) with & = (&);<;5 - (3.9)
j=1

a?/B
If we want to write the symbol for the operators from examples 1,2, and 3 we have:

Ezxample 1:
&1
o(Vi)=| & | =¢ (3.10)
&3
Example 2:
o(div;€) =¢-. (3.11)
Example 3:
0 =& &
o (curl;€) = &0 =& . (3.12)
=& & 0
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3.2 Tangential Operators to Surface

Definition 3.2.1. A first-order differential operator P is called (strongly) tangential to

the surface S provided there exists an extended unit normal v such that

o(P;v)=0

in a neighborhood of S in R?.

Lemma 3.2.2. The following operators are tangential:

(4)

Proof. We write

U(P1;£>:U(vtan;£>za(v_yau;£>: 52_

so that

3
vi— (Xjavivi)

o(Py;v)=1 va— 23:1 viv;

3
vs — (225 Vi) Vs

Plzvtan
PQZVXV
P, =D,

P4 = I/kaj — l/jak
Ps=v- curl
Ps =div — 0,(-,v)

P; =divm(-).

3
G- (Xavé)n
3
Zj:l V]é-j Vo )
3
& — (22 v ) vs

v — (v +vi)n

=| m—Wi+vi+vi)n | =0.

vs — (V2 +1v2+1v3) s

By Definition (3.3) P, is tangential near S. Next,

0 (Py;§) = o (v x V;§)

— (o83 — 1369) T+ (v3&1 — 1163) T + (&5 — &1 K,

so that

0 (Py;v) = (vav3 — v31a) @ (V3101 — 1/11/3)';—‘— (1119 — vo11) k=0

By Definition (3.3) P, is tangential near S. Going further,
o (P3;€) =0 (Dryi &) = €y — vi&n)
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(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)



thus,

o (Ps;v) = (nv; — vju) = 0.

By Definition (3.3) Ps is tangential near S. Turning our attention to Py, we have

o (Pi; §) = v — vk
so that
o (Py;v) = — vju, = 0.
By Definition (3.3) P, is tangential near S.
For any vector-valued function @ we can write:
o(Ps;§)u=o(v-curlt;§) =o(v-(Vxua)g)=v-({xu),
hence
o(Ps;v)=v-(vxu)=D0.
By Definition (3.3) Ps is tangential near S. As for F,
0 (P5;€) = o (div = 0,(, v); §) = (&, @) — (v, &)(d, v).
Thus,
o (Ps;v) = (v,1d) — (v,v){u,v) = (v,u) — 1 (u,v) = 0.
By Definition (3.3) Py is tangential near S.

Finally, (%) = 4 — v(d, v) and

Then the symbol for P; Will be:
3 3
P7, Zgju] Zzyyk‘gjuk_ 67 > <l/,§><l/,’l_[>,

7j=1 k=1
so that

o (Prv) = (v,d) — (v,v){v,u) = (v,d)—)(v,d) = 0.

By Definition (3.3) P; is tangential near S.

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

O

Let S be a fixed C? in R3?, with unit normal v and consider the first-order tangential

differential operators (Stoke’s derivatives)

Mjk = I/jak—l/kﬁj, 1 §j,k§3
40
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Since v is an extended normal in a neighborhood of S, each operator Mj;

accordingly in a neighborhood of S.

Lemma 3.2.3. The following formulas hold:
(1) My, = Mkj, for each 1 < j, k < 3;
(ii) O = Zuj ik + g0, foreachl < j, k <3;

7=1
3

(ui1) Z Mv; = v;G, for eachl < j, k < 3.

Proof. To prove (i) we write:
Mjk = Vj8k — Vkaj = — (Vjak — I/kaj) = —Mjk.
To prove (ii) we start from the right-hand side:

Z I/] gk + Vka = Z (Vfak — I/ijaj) + v (V181 + 1/282 + Vgag)

7=1

2
= Vlﬁk + V50, + ygak — 01 — Vo,0y — V305 + V1O

+ V109 + V305 = (1/12 + 7/22 + V22) Oy =1-0 = 0.

To prove (iii) we start from the left hand side:
3 3
Z ikVE = Z I/]ak I/ka Z I/] 8kyk (8]yk)]
7j=1 7=1
= l/j (811/1 + 821/2 + 831/2) — I/lajl/l — 1/28]'1/2 — 1/30]'1/3

1
:Vj-divy—§8j(|I/\):Vj-divy——aj(l)
=v;-divy =v;§G.

This finishes the proof of Lemma (3.2.3).

Remark 3.2.4. For tangential operators to a surface S the following holds:
[P f1/S = P[f/S].
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3.3 Stokes Formula and Consequences

Recall Stoke’s formula:

/(V~curlﬁ)d5’:%7~ﬁd5’,

S oS

(3.34)

where F is a vector in R?, v is the unit normal to the surface S, v is the outward unit

normal to S, and 7 the unit tangent to 0S.

oS

Figure 3.1: The surface S with the boundary 9S.

Let us apply M5 to a function f, with f : R — R.:
Myaf =10 f —100:f
Considering the vector F = (0,0, f) we can write:
curl ' = (8yf —0)i+ (0—01f) ] + (0)k = (9of, —01f, 0)
and
v curlF = v Oof — 01 f = Miaf.

Apply Stoke’s formula to My, f:

/M12de:/V-curlﬁdS:j{T-ﬁds.
S

S a8
If we write ¥ = 7 X I/, the component 73 will be:

T3 = (T X V)3 =117 — 1N

/Mlgde: jffg-ﬁds.
S

aS
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(3.35)

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)



Figure 3.2: The surface S with the normal v, the boundary 0§, and the normal to the
boundary ~ .

Let us consider another function ¢ : R — R and apply M, to f - g:
M (f-g) = 10(fg) —1201(fg)

= 1 (02f)g+11(029) f —12(Oif) g+ 1v2(0ig) [ +12(0ig) f
= f(1102g9 — 10019) + g (1102 f — 120, f)

= gMuif + [ Moy, (3.41)

[(Miaf) g+ f(Mag)] dS = | Mix(fg) = ¢ 13fgds. (3.42)
/ .,

S 08
Consider similar formulas for Mz, and Mss. Specifically, let us apply Ms; to a function

fywith f : R — R:
Mz f = v301f — 1103 f (3.43)
Considering the vector F = (0, f,0) we can write:
curl F = (=01 f) i+ (—0)j + (35f) k = (—0,f, 0, Osf) (3.44)
and
v curlF = —1305f + 1103f = M3, f. (3.45)
If we write ¥ = 7 X I/, the component 7 will be:

Ty = (T X V), = 371 — 173 (3.46)
43



and apply Stoke’s formula to Ms, f:

/Mglde: %Tg-ﬁd&
S

08
Let us consider another function ¢ : R — R and apply Mjs; to f - g:

M (f-g) = wv30i(fg) —110s5(fg)
= v3(0if)g+13(0ig) f—v1(0sf)g—11(D39) f
= f(301g —11039) + g (1301 f — 1105 f)

= gMs1f + [Msy,
/ [(M31f) g+ f(Msrg)] dS = /M31 (fg9) = 7{72f9 ds.
S S aS
Let us apply Mss to a function f, with f : R — R:
Moz f = 1005 f — 1302 f.
Considering the vector F = (f,0,0) we can write:
curl F'= (0)i+ (05f) j = (af) k = (0, O f, —0uf)
and
V- curlE = o0 f — 1305 f = Ms .
If we write ¥ = 7 x I/, the component 7 will be:
7= (T X V), = vyy3 — 1372
and apply Stoke’s formula to M3 f:

/MngdS: %7'1 ﬁds
S

Let us consider another function ¢ : R — afi and apply M3 to f - g:
Mos (f-g) = 120s(fg) —v30:(f9g)
= 12(05f) g +12(059) f —v3(0f) g —v3(0ag) f
= [ (12039 — v3029) + g (1205 f — 1302 )

= gMf + fMssg,

/[(M23f)9+f(M239)] ds = S/M23 (fg) = lefgds.

S oS
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(3.49)

(3.50)

(3.51)

(3.52)

(3.53)

(3.54)

(3.55)

(3.56)



In conclusion, for every 1 < j, k < 3,

/[(Mjkf)g + [ (Mjrg)] dS = %(Vﬂk — ;) fgds. (3.57)
S oS
If the integral on the boundary of the surface is zero, the above formula reduces to:
[anng=- [ £t as (3.59)
S S
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3.4 (General Integration by Parts Formulas on Sur-
faces

In this chapter we discuss a general integration by parts formula for first order-differential
operators P which are tangent to a given surface in R3.

The starting point is the definition of the adjoint operator P* of P on R3.

Definition 3.4.1. Consider a first-order differential operator P. Then there exists P*
first-order differential operator such that for any u and v compactly supported vector-
valued functions on R3, there holds:
/(Pu, vydr = /(u, P*v) dz. (3.59)
R3 R3
Ezample 1. Let P = V. If u is a scalar function and v = {vy, v9, v3} is a vector-valued
function, then

/(Vu 0} dx—/Z@uv]dx— /Zu@vjdx— /fdw dx, (3.60)

R3 R3 7= 1 R3 7= 1
so P* = —dw.

Ezample 2. Let P = curl. If 4 = {u,us,u3} and ¥ = {vy, v, v3} are vector-valued

function, then

/(curl ﬁ, 17> dr = /([aQU;), — ag’lLQ, 83u1 — 81U3, 01uQ — agul] 5 (’Ul , Vo ,U3)>dl’

R3 R3

= / [(82U3 — 83u2) V1 + (83U1 — 81U3) Vg + (81U2 — 82u1) Ug] dx

R3
= % [’U1V2U3 — V1V3Ug + Val/3U1 — Val/1U3 + VU3loUsg — U3V2U3] dz

+ / (—U382U1 + U283U1 — u183112 + u381v2 — UQ81U3 + U182U3] dz

R3
The integral over the boundary is zero so

/(curl 1_[, 17) dr = / [u1 (621)3 — 03’112) + U9 (831)1 — 01’113) + us (811)2 - 821)1)] dx

R3 R3
- / (0, x ) dz — / (i, curl §) dz, (3.61)
R3 R3

so P* = curl.
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Our next theorem gives an intrinsic description of P* in terms of coefficients of P.

Theorem 3.4.2. For u, and v C* functions in R3, if

Pu-(ZZ 58u5) then P*vz—(Z%a 8vﬁ> : (3.62)
&}

j=1 p J=1

Proof. In R? the following holds:

/Z@Zaﬁauﬁ)%dx_zzz/ Opus) (400 o

a ﬁ]lRS

:/<(u5)6, (—ZZ@ (@t‘%a)) >dx:/<u, P'v). (3.63)

as desired. ]

It is very useful to point out that the class of differential operators tangent to a surface

S is stable under taking the adjoint (in R3).

Proposition 3.4.3. If P is a tangential differential operator to S, then P* is a tangential

differential operator to S as well.

Proof. To prove P* tangential it is enough to prove o(P*; v) = 0. For this, we will try
to write the symbol of P* in terms of the symbol of P. Let us apply P* to a C! function
v in R?. The symbol of P* will be:

o ) (5

a j=1 7j=1

3

=— (> <Z a;%) Vo | (3.64)
a j=1 3

If we write the symbol of P, using formula(3.8), we have:

(o ( <ZZ“& uﬁ) :<Z<0<P; f>>a5uﬁ> : (3.65)

B j=1 B

«
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So we can write the symbol for P*:

(0 (P €)v);=— <Z (0(P; &)ap)" %) =—(o(P; " v),.  (3.60)
a 3

We choose the function v arbitrary,so the formula is true for any C! function in R?:
o (P &) =—0o(P;&)". (3.67)
With the observation that o (P; ) = 0 will imply o (P; f)T = 0, we can conclude that

P* is a first-order differential operator tangential to S. O

The main theorem of this chapter, a culmination of the work done in the previous
subchapters, gives an explicit formula for integration by parts first-order differential
operator P over a surface S, with boundary forms. The usefulness of this result comes

from the fact that all analytic objects involved, P, P*, o(P) are independent of S.

Theorem 3.4.4. Let S be a smooth, compact surface in R® with normal v and boundary
0S. Denote by v the unit normal to OS. Letu, v be C* functions on S, P be a tangential

first-order differential operator, and let P* denote the adjoint in R3. Then

/ (Pu,v) dS = / (u, P*0)dS + f (0(P;y)u, v)ds.

S S oS

Figure 3.3: The surface § with the normal v, the boundary 0§, and the normal to the
boundary ~y .

Proof. Recall that P is tangential to S if and only if o (P; v) = 0.

Let us start with formula (3.8) for tangential operator to the surface S :

3
Pu= (ZZ&?B@UQ) : (3.68)
=1 B o
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and after replacing 0; with the expression from Lemma (3.2.3), part (ii)

0; = ZVkng +v;0,, foreachl < jk <3, (3.69)
7j=1
we have:

3
a?ﬁ (Z VkMkj + I/j&,) 'Uﬁ)

k=1 N

— < Za VkMkJu5+ZZZa v;0, u5> : (3.70)
j=1 k=1 3

j=1 k=1 p
Recall that Z;’:l a?‘ﬁl/j =0 (P ;v) =0, in an open neighborhood of § in R3 so:

Pu = (iiZaﬁﬁkaﬂ-uﬁ> : (3.71)

3 3
+ j{ Z Z (Vi — Vi) (uﬁa?‘ﬁl/kva> ds. (3.72)

g5 J=1 k=1
where dS, ds are the volume elements on S, dS, and v, v the outward unit vectors to

S, and 0S.

Let us simplify the first term in the previous relation using v; a?ﬁ = o(P;v) = 0,
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MkJVk—I/]dZUV and 0, =v -V =37 vp0:

_Z/ZZZuﬁM’” [a l/kva}

a j=1 k=1 p

<
Il
—_
=
Il
—_
<
I
—_
£
Il
—_

3
+ ZZ af” (Mijva) + Z vivadyal’dS  + Zl v;a2’0 va] (3.73)

Jj=1 J

_ ; S/ S s [Z VM + 1,0, (a;%a)] as

k=1

=3 [ 3w () as= [ty (P0),) Jas
B 5 S

= /(u, P*v)dS. (3.74)
S

Next we use this simplification in formula(3.72) and we have:
3

/(Pu,v) dS:/ u, P*v) ]{Zi (i — Vi) (uﬁa I/kva)d

S S as J=1 k=1
= /(u, P*v) + %(U(P;V)u, v)ds. (3.75)
S oS
This finishes the proof of the Main Theorem of this Chapter. O
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(We apply this theorem to all the first-order tangential differential operators defined in
Lemma (3.2.2)).
To illustrate the range of applicability of our main result we consider a number of
concrete examples in detail. As expected, our formulas encompass several classical
results in analysis, including Stoke’s formula (cf Example 4).
Example 1. Let P, = V4, = V — v 0,. For a scalar u and a vector-valued function v we
have:

Pu=Vu—-0,u-v=Vu—(v-Vu) v, (3.76)

then o (P;lu=Cu—(v-Yuv=ul—u(v-{)v

:U[é-—(l/'g)l/]:U'gmn, (377>
and o (Pv)u=uv—u(v-v)v=0. (3.78)
Remark 3.4.5. If@,b € R® and |a| = 1, then
b—(b,a@)ad=—ax (axb). (3.79)
Remark 3.4.6. If fis C' function, and F is a vector-valued function we have:

div (fﬁ) —Vf F+ fdivF. (3.80)

The adjoint operator on R? will be:

/<P1u,m do = /( Vu — (Oyu) v, 7 )dz = /( Vu, §) dz — /@u( v Byde  (3.81)

:/(Vu, @dx—/(u, Vu)(v, v)de = —/udivﬁdm
R3 R3 R3

—/((y, v, Vu) dr = —/udivﬁdm—/u-div((y, U) v) dx,
R3 R3 R3
and applying Remark 3.4.6, and then Remark 3.4.5 we have:

/<P1Ua17>d$=—/udivﬁdm—/u[V(u-ﬁ)-1/+(1/-17) div v] dx

R3 R3 R3
= —/udivﬁdm—/u[(l/xcurlﬁ)u+(17>< curl v) v
R3 R3
+ (v - V)T v+ (- Vv)v + (v-0) divy] dz, (3.82)
o1



and considering curl v = 0, divv = G, and R := (8ij)jk on S, the second integral in

previous formula becomes:

/(Plu,ﬁ}dx = /u |:(0,,27)1/—|— <z3: ﬁjﬁjuk) + (v-7) g] dx

R3 R3 i=1

_ / w[(0,5) v+ (R, v) + (v - 5) G] da.

R3
Recall from Proposition (2.4.1) that Rv =0, and R = R* on S so:

(R¥, v) = (7,R'v) = 0,
then the formula becomes:

/Pluv dm—/udwvdaj—/ [(0,0) v+ (v-U)G] dx,
R? R
so P = —divv — (0,0)v — (v -

Now we can apply Theorem (3.4.4) and write:

v)g
4)
/(u,[(@,,ﬁ)y+u-17]) ds = /u [(0,0-v)+ (v -0)G+divT]dS

S S

+ %u (Vean, U ) ds.

oS

Example 2. Let P, = v x V. For a scalar v and a vector-valued function v:

Pou=v x Vu,
then o (Py;)u=vx({u)=uv xE,
and o (Py;v)u=uv xv=0.
The adjoint operator on R? will be:

/(Pgu,ﬁ)dx:/<y><v, z?'}dx:/(Vu, v x By

3

:—/Zﬁju(yxﬁ)jdmz—/udiv(uxﬁ)dm,

J=1

R3 R3

so Pyv = div(v x v).

Remark 3.4.7. If ﬁ, G are vector-valued function the following holds:
div(ﬁxé) =G (VxF)=F-(Vxaq).
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From the previous and knowing that curl v = 0 on S the formula becomes:
Piov=v-curlv —v - curlv.
Now we can apply Theorem (3.4.4):

/(Vx Vu,v)dS = —/u(y, curlmdeLj{u(Vx%U)ds.

S S oS

Ezample 3. Fix 1 <1, j <3, and let P3 = D,,.. For v and v scalars we have:

Pyu = v;0;u — v;0;u,
then o (Ps;&)u=véu—vu,
and o (Ps;v)u = vvju—vjv;u=0.
The adjoint operator on R? we write:

/(P;m,ﬁ} dx = / (v;0;u — v;0u) vdr = —/I/i u 0;vdx

R3 R3 R3
+ j{ z/il/juvds+/uju0,~vdx— % vjv;uvds
OR3 R3 OR3
= —/U(Viajv — Vj&i’U) dr = —/<U, PgU > dl‘,
R3 R3

so Py = —Ps.

Now we can apply Theorem (3.4.4):

/(Dwu, v)dS=— /(u, V00 — vx0jv) dS + 7{ (Vi — vkyj) u v ds.
S S oS

Ezample 4. Fix 1 <1, j <3, and let Py = Mj;. For u and v scalars we have:
Pyu = v,0u — v;0u,
then o (Py; &) u = vé&u — v;&u,
and o (Py;v)u = vrju — vjygu = 0.
The adjoint operator on R3, like in previous example, will be P; = P,.

Now we can apply Theorem (3.4.4):

/(Mkju, v)dS = /(u, —Mjjv) dS + % (Vi — Vi) u, v) ds.
S

S oS
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Example 5. Let Ps = v - curl. For a vector-valued function @ and a scalar v

Pii=v-(V x ), (3.103)
then o (P5;&)u=v-(&x1u), (3.104)
and o(Ps;v)i=v-(vxu) =0. (3.105)

To compute the adjoint operator on R?® consider:

/<P5u,17)dm:/V- curlﬁvdxz/(vy, curld ) dx

R3 R3 R3
= /( curl (vv), u) dz, (3.106)
R3

so P = curl (vv) = Vv X v + v curlv, then we have: curlv =0on S.

Now we can apply Theorem (3.4.4):

/(u-curlﬁ) vdS:/(u, vau>d5+%u-(7xﬁ) vds. (3.107)
S S 28

Remark 3.4.8. In the last formula if we replace v = 1, Vv will be zero, and knowing

v X v =1 we obtain the Stokes Formula:

/(V-curlﬁ) dS:j{O/,vxﬁ>ds:%7'-ﬁds.

S oS oS

Ezample 6. Let Py = div — 9,(-,v). For a vector-valued function u and a scalar v we

have:
Pyit = div @ — 8,(@, v), (3.108)

then o (Py;&)a@ = (€, @) — (v, E)(i, V), (3.109)

and o (Py;v)@ = (v, @) — (v, v){@, v) = (v, @) — (v, @) = 0. (3.110)

The adjoint operator on R? will be:

/<P6u,27> di = /<dwﬁ— w, Vi, @), v) dz

:—/w, Vv)dx—/(vl/, Vv, @) d
:—/<y, Vv)dx—i—/div(v V) (v, @) da. (3.111)
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Let us apply Remark 3.4.6 and the formula becomes:

/(Pﬁu,ﬁ)dzz—/(u, Vv)dx+/(Vv, V)(u,ﬁ)dx—/vdz'vy<l/, @) dz

R? R? R? R?
—/(V, Vv)dx—l—/(u(Vv, v), ﬁ)dz—/(vdz’vyy, ) dx
=— /(V, Vu)dz + /(ﬁ, (0,v) vydx + /(ﬁ, (vdivv)v)de,
(3.112)
so with div v = G we have:
Piv=—-Vu+ (0,v)r+Gour. (3.113)
Now we can apply Theorem (3.4.4):
/Pﬁuv Y dS = / (Vou, @)+ (0,0) (v, @)+ Gv (v, @)]dS
it @)= )i )] v s, (3.114)

aS
and invoking (v, ) = 0 we finally have:

/([dw @ — 0,(@,1)], ) dS = / [—(Vo, @) + () (v, @) + G v (v, @)]dS

S S

+ f [(v, @)] vdS. (3.115)

aS
Ezample 7. Let P; = divw(-), then for a vector-valued function @ and a scalar v we

have:

Py = div (1), (3.116)
with (%) = —v X (v X @) = 4 — (v, @) v from Remark 3.4.5.
Then

Pri=div[—v x (v x 4)] = Zaj (uj — vy, u)) = Zaj“j - Z<V7 ) 0;v;

3
= Zﬁjuj — Z(I/, )0V — Z Z Vv 0juy, — z/ju;ﬁ Vk, (3.117)



and we have:

w

3

P7, Zgjuj Zzl/jl/kgjuk = <€> ﬁ> - <I/, V><V> ﬁ)a (3'118)
7=1 k=1
and

o(Pryv)u= (v, u)— (v, v){v, @) =0. (3.119)
The adjoint operator on R? will be:

/(Pﬂz,m d:c:/(dw /Za @) v dx

R3 R3 R3 /=1

:_/wa), Vv)dx:—/(—yx(yxﬁ),Vv)d:c

R3 R3

:_/(yxﬁ,yva>dx:/(ﬁ,yx(yva)>da:

R3 R3

= —/(ﬁ, (Vo)) dz, (3.120)

so Pfv = —m (V).
Now we can apply Theorem (3.4.4):

/(dm( 7),v) dS — —/w, 7 (Vo) ds+]{<% rii) v ds. (3.121)

S S oS
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3.5 Further Applications

Of special interest for us are the Giinter derivatives (see [Gii]) D := (Dy, Do, ..., D)

defined for any 1 < j < n by:

D, =0, —v;0,, j=1,2, ...n (3.122)
Then we set:
D f = (D:if, Dof, ..., Dpf), for scalar-valued functions, (3.123)
D-u:= z": Dj u; for vector-valued functions. (3.124)
j=1

Some of the most basic properties of this system of differential operators are listed in

the next proposition.

Proposition 3.5.1. The following relations are valid:

i D, = VM or each 1< <mn;

( ) J Z J .] )
k=1

(i) My = vDy — v, D for each 1< 7 <n;

(ii)) > vD; =0;
k=1
(iv)  [Dj, D] =vj(Vvg - V) — v (Vr; - V) onS for each 1<j<mn;

(v) D D=6
k=1

(vi)  for every C! functions f, g on' S, and every 1< j <n,

[ @ gdszsf[—f<7>jg>+vj9fg] as+ g £ gds

S oS

where r = (rq, ..., r,) is the unit normal to 0S.

Proof. Recall My; = v;0, —140;, 1< j, k <3 from formula (3.30).

For part (i) we have:

D= Z v My = Z Ve (W05 — v Op) = Z (v20; — viv; Ok)
k=1 k=1 k=1
=0, Z Vi — v Z O, = 0; —v;(v, V) = 0; —v; 0, = D;. (3.125)
k=1 k=1
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For part (ii)we have:

My =10y — 0; = v [0 — (v - V)] — 1, [0; — vj(v - V)]

=v;0p — Vjvp(v - V) — 13,05 + v (v - V) = M. (3.126)

For part (iii) we have:

Z’/j Dj= Z’/j (0 — vi(v- V)] =Y [10; — vjw;(v - V)]

J=1

n 3 n n
= Z I/jaj — (I/ . V) Z VjVj = Z I/j&j — Z Vjaj = 0. (3127)
J=1 j=1 j=1 j=1

For part (iv) we have:

Dj Dk = (8] — 1/]0”) (8k — l/ka,,)
= 0;0 — aj(’/kau) - (VjaV)(Vk) + (VjaV)(VkaV)

= 0,0k — (0;v)0, — v4(0;0,) — v(0,0k) + vj(0yvi) 0, + 1, (0,)(0,)

= 8]8k — (8ij)a,, — I/kﬁj (Z V181> —Vj < 1/181) 8k + I/ij(&,)2

=1 =1

=00, — (01)0, — v »_ 0;(mi0h) — v; Y _ 11910y, + vivi(9,)”

=1 =1
= 8]8k — (8ij)a,, — Z [I/k (8]-1/1) 8l + I/leﬁj&k + le/lalak] . (3128)
=1
The previous expression is symmetric in j and k, so we can write:
Dy D; = 005 — (0k1)0, — Y _ [v; (O1) Oy + v1040; + vin0,0;) (3.129)
=1

Let us write the difference:
n

Dj Dk — Dk Dj = 8]8k — (8j1/k)8u — Z [I/k (8]-1/1) 81 + Vkulﬁj@k + yjulﬁlak]

=1

- 8k8] + (8ij)a,, + Z [I/j (8kz/l) 81 — I/leﬁk&j — Vkl/lalﬁj] . (3130)

=1
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Recall Proposition (2.3.4) part (i): v;0p = uka on S and the formula becomes:
DDk—DkD = Zl/k 81% 8Z+Zu] aﬂ/k 0

=1 =1

=Vj (811/k81 + 82Vk82 + ...+ 8nyk8n) — VL (811/]'81 + 82Vj82 + ...+ 8n1/j8n)

=v; (Vv - V) — 1 (V- V) = 0. (3.131)
This conclude the proof for part (iv).

For part (v) we have

ZD vy = Z I/jal,](l/j) = Z 8jVj - Z I/ja,,Vj. (3132)
Jj=1 j= j=1
Recall Propositlon (2.3.4) part (ii): d,v; = 0 on S, and Theorem (2.2.4) then formula

becomes:

ZD% Zauj—dwy—g (3.133)

To prove part (vi) let us first find the adjoint operator for D; in R?. If u, v are scalars

we can write:

Pu="Dju=0;u—v;(v-Vu), (3.134)
o(P; &u=&u—vj(v-E&u), (3.135)
o(P; v)u =vju—vj(v-vu) =vju —vju(y, v) =0, (3.136)
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SO

/(Pu)vd:E:/[0ju—1/j(u-V)]vdx:/vﬁjudx—/vuj(y-V)dx

R3 R? R? R3
3
= — /uﬁjv dx — /((vuj)Vu, V) dr = —/vaju dx — /Z (vv;0ku) vy dx
R3 R3 R3 R3 k=1
3
= —/Uﬁju dx — / Z (vvjv) Oguvy, dx
Rs na k=1

3
= — / v Ojudr — /Z [(uv;05v) vy + (uv0gv;)v; + uov;Okvy] da
na k=1

R3
3 3
= —/vaju dx — / (uv;Vo)v + /uv Z(akljj)l/k + /uvuj28kl/k dz
= —/u(Djv)+/uv[u-Vuj+Vj~div1/] dx
R3 R3
=— / [u (Djv) + uv(0,v; +1v;G)] dz, (3.137)
R3

then the adjoint operator for D; will be:

To prove part (vi) from (3.5.1) we recall d,v; = 0 on the surface S, and with integration

by parts we have:

/(Djf)gdSz/[—f(ngHngijg] ds+7f[wf—uj<u-w>]gds.

S a8
— [1-5 @9+ £93,6.1 91 a5+ § faby o)l g s, (3.130)
S aS
and with the observation that the scalar product v - v = 0 we have:
[ @0 gas= [1-1 @9+ for, 61 ds+ § fonyas. (3100)
S S 08
This conclude the proof of Proposition (3.5.1). O
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Proposition 3.5.2. For any vector-valued function i the following holds:
Piu=D -u=divi-—09, (v, )+ (Ru, v), (3.141)
Py = div(nd) =D - (7)) — (V,v, U), (3.142)

where R = (Ov;);,, like in Proposition(2.4.1).

Proof. First let us check that we can write D -« in the following form:
D- u—ZD w; =D - (mi) + G (v, U). (3.143)

This formula follows from stralghtforward calculation

ZD ), ZD w))
—ZDUJ ZV u)Djv; — ZVJ (3.144)

and with Proposition (3.5. 1) Z VJD = 0 we have:

ZD uj — Z @) (05 — viv, V))v;

7j=1
= ZDjuj — (v, W) Z ojv; — (v, ) Z vi(v, Vv;)
j=1 j=1 j=1
— i Du; — Glv, 1 Z
' 7 ’ 2
J=1 J=1
n 1 n
= ZDjuj -Gy, uy — (v, ﬁ)— Oy <Z 1/]2) . (3.145)
j=1
We know >, v7 = 1, and this give us 9,1 = 0, so the previous formula becomes:
i) = ijuj — G (v, ), (3.146)
j=1

and this proves formula (3.143).

With this formula P, becomes:

ZD U = Z Za jUj — Z (vjuj) — (Ouvy)uy]

Jj=1 j=1
= Z dju; — Z 0, (vju;)  + Z(a,,l/j)u]] div i — i) + Z Z VkORVju;
J=1 J=1 j=1 J=1 k=1
= divid — 0, (v, U) + (R, v). (3.147)

This conclude the proof of the first identity in Proposition (3.5.2).
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To prove P, let us start from the right-hand-side, and with formula (3.143) we have:

Pyu =D (rid) — (V,v, U)

= divii — 9, (v, @) + (R@, v) — Glv, @) — (V,v, @) (3.148)

Let us check that the following holds:

(Vyv, u) = (Ru, v). (3.149)
This equality follows from a straightforward calculation:
(Vyu, u) = Z@,,l/juj = Zzykakljju]’ = (v, Ru) = (R, v). (3.150)
j=1 j=1 k=1

So the formula (3.148) becomes:

Pyu = divi — 0, (v, U) + (Ru, v) — G(v, Uy — (Ru, v)

= Zﬁjuj —v-V{(v, u) — Zﬁjyj(l/, u) = Zﬁjuj — Zyjaj (v, u))
J=1 j=1 j=1 j=1

=Y Ol @)y =) 0y — Y 05 (v, @)
=1 j=1 j=1

= 0; (uj — v, i) = div(ri). (3.151)
j=1
This finishes the proof of Proposition (3.5.2). O

Theorem 3.5.3. For any vector field u tangential to a surface S the following identities

hold:
divst = div(n(d))/s =D -1 = Zn: Dju,;. (3.152)
Also, for any real-valued function f on S we can writef_l
gradsf =7 (Vf)/s =Df = (D1f, Dof, ..., Dpf), (3.153)
divs grads f =D - (Df) = zn:Djzf. (3.154)
j=1

Proof. From Proposition (3.5.2) we have:

div(m(@))/s = Patifs = (D - (wii) = (Vov, @) [s. (3.155)

With formula (3.143) and (3.149), and recall that @ is tangential to S give us the scalar
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product (v, @) = 0, the formula becomes:

div(r(4))/s = (D -4 —G (v, ©) — (R, v)) /s. (3.156)
Using the equality (R, v) = (4, R'v), Proposition (2.4.1) with Ry =0 and R = RY,
and (v, @) = 0 on S we can write:

div(n(@))/s = (D@ — (i, Rv)) /s = D - . (3.157)

Remark 3.5.4. If a and b are vectors in R3, then

axb=—(bxa). (3.158)

For the second expression in Theorem (3.5.3), and using Remark 3.5.4 we have:
T(Vf)/s=—vx (v xVf)/s=WwxVf)xv/s

3
= (0;f —vilv, V) =V —viv, V). (3.159)
j=1
Recall formula (3.151), and the formula becomes:

of—wilv, Vf)

™ (Vf) /3 = agf - l/2<l/, Vf> . (3160)
83f - V3<V7 Vf)

On the other side we can write:

Df = (Dif. Dof, Dsf) = (O f —vilv, V), of —walv, V), 05 —v3{v, V),
(3.161)
and this will conclude the second expression in Theorem (3.5.3).

In order to prove the third expression in (3.5.3) let us use the first, and the second

expressions in the same theorem:
divs grads f =D - (Df) = ZDj(Djf) = Zfo. (3.162)
j=1 j=1

This establishes Theorem (3.5.3). O

Next we want to write a relation between the Laplace operator in R? applied to a scalar
function restricted to a surface S in terms of the Laplace operator on the surface itself.

Let us start by introducing the notation:

(021) /s = 0,0uf) = D vivr (90uf) /s (3.163)

j k=1

Corollary 3.5.5. For any C? scalar function f, defined in a neighborhood of S, there
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holds:
(Agrsf) /s =Ds([ls)+G(0uf) /s + (0f) /s (3.164)

Proof. Recall (3.2. 4) and write the Laplace operator on the surface S:

s(fls)= ZD2f/s Z (05 = v (v, V) (85 —v; (v, V) fs (3.165)
= Z [0;(0;f) = 05 (v (v, V) f) — (vj (v, V) (05 f) + v (v, V) (vi{v, V) )] /s

—Z [02F — 05 (030 f) = vy (03) — v (130,5)] /s

—Z [02f — (951) (B, f) — v;0;(u f) — 30, (i f) + v;(Boy) (D, f)

+0,(0,1)] /s-
We know that > 7 0v; = Gon S, 37 1 0,v; = 0on S, 377 =1, and 0, =

J1]

> r_1 VkOk, so the formula becomes:

Ns(fls)=(Dgsf)[s=(GO.) [s— D vivk0u(0;f)/s

j, k=1
= (Aref) /s —(GOLf) [s — (Oof)/s- (3.166)
If we rewrite this equality, Corollary (3.5.5) is proved. O
Next, we specialize our discussion to the case of a sphere.
Proposition 3.5.6. Let S = 0B(0,7). Then the following identity holds:
2
g= o (3.167)

Proof: From Theorem (2.2.4) we have G = div v, so

3

G= dwu_dw(é') _23:8 <|x|) > (05;) |x||x|2% j(|=))

7j=1 7j=1
3
- 2]3:1 djx; Z] 1%j 2|m|2x1 3168
B I ML (3.168)

With d;2; = 1, and 3.° = |x| the equality becomes:

J1]




Since |z| = r, we are done. O

Let us consider |z| = r and 0, := 0,, then we have:
a,:u-vz‘ivziﬁaj. (3.169)
d Y T 2]
Then the Corollary (3.5.5) becomes:
Aw(ffs) = Ds (F19)+ 2 0uf[s+ B f[s (3.170)
We can write the Laplace operator on the sphere of radius r in terms of the Laplace
operator on the unit sphere (see also Example 3, formula 3.188):
A s(f(re) = 50 s(fGa),  ze S (3171)
Nwalffs) = BF/s+ 201 s+ 50 /S (3.172)
This reproves the formula for Laplace operator in spherical polar coordinates on R?

from [Tal, page 338. We now return to the case of a general surface.

Corollary 3.5.7. For any C' vector-valued function i, defined in a neighborhood of S,

the following identities hold:

(div @) /s = divs(mil/s) + Glii)s, v) + (V,i)/s, V). (3.173)

Proof. To prove the identity, let us recall first the last line in formula (3.149):

divt — 0, (v, Uy — (Ru, v) = div(rid). (3.174)
Then

divd = 0, (v, u) + (Ru, v) + div(mi). (3.175)

Thus, we just need to show 0, (v, @) = V(v, u@). So

Oy (v, u) =v-V (i ukl/k> = z": v;0; (ﬁ: ukyk>
j=1 k=1

k=1

= [vjvp0jur, + vijupOjvg] = Z (Vv 0 + upv;0; 0]
J k=1 g, k=1

= (v (v - Vug) +ug (v - V)], (3.176)
k=1

with v - Vu, = 0,u, and v - Vi, =0 on S we have:
0, (v, i) =Y v (Dyuy) = Vv, ). (3.177)
k=1
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Then the desired identity becomes:

(div)/s = div(ru)/s + G(U, v)/s + (v, V1) /s. (3.178)

Next let us look at some applications of the properties of tangential operators to a
surface S:
Example 1. Let S be the xy-plane in R?. Then
Ns =07+ 0, Aps = 02+ 02 + 02 (3.179)
G=divv =0, 9,=1(0,0,1)-V =0, 02 =02 (3.180)
Applying Corollary (3.5.5) we have:
R+ 0l +02=(0240))+0+ 0. (3.181)
Example 2. Let S = 8? with r > 0. Then v(z) := oy for any z € R3\{0}. Let w € S?,
then
f(x) = f(rw) for r =rw, r=/|z|. (3.182)
The partial derivative with respect to r becomes:

O [f (rw)] = O.[f (rwy, Twa, ..., Twy)]

= (O f)(rw) w4+ ... +(Onf)rw) w,=Vflrw)- w. (3.183)

Figure 3.4: The surface S with the normal v.

of=vf - =L . yf (3.184)

x| |z
_ N Yy

0.=3 150 (3.185)

7=1
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Example 3.

(Bwef) fs = Bs (£15)+G@F) s + @) /s (3.156)
For §=5% z € S? z=rw:
(8w f) (@) = B (F/s2) (@) + > (0uF) () + () ). (3.157)
B (F/s2) = ghsa (7). (3.189)
0? 20 1
() (1) = Slfrw)] + 2 (frw)] + whefrlw), (3189

where f(r-) is a function defined on S2.
FExample 4. Maxwell System

Let E and H be two vectors and 9Q = S , then
VxE—-kH=0 in Q
VxH+kKE=0 in Q (3.190)
vx E=F
with f tangential, given on S (in other words v - f=0on S). Then
7E=-vx(vxE)=-vxf (3.191)
and by Remark 3.4.5
rf=-vxwxfl=f—(-flv=7F (3.192)

S
Figure 3.5: The surface S = 02 (The Maxwell System).

Next let us write divs f

— — —

divsf = divs(nf) = div(f)/s+G f-v+ O, f, v)

— div(v x E)/s+ 8,[(f, )] — (f, d,v), (3.193)



and after we simplified f v =0, 0,v =0, and with Remark 3.4.7 the formula becomes:
divsf =E-(Vxv)/s—v-(VxE)/s=—kv-H/s, (3.194)

where V x v = 0.
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Chapter 4

Geometry of Surfaces Revisited

4.1 The Implicit Function Theorem for Lipschitz
Functions

In this subsection we present a version of the classical Implicit Function Theorem in
a more general setting than the classical framework of functions of class C*, namely
functions which are only Lipschitz (among other things). Before proceeding with the
statement and proof of the main result we have to state the Invariance of Domain

Theorem and the definition of Lipschitz function.

Definition 4.1.1. Call a function f: U — V', where U C R™ and V C R™, Lipschitz
(on U) if there exists M > 0 with the property that
If(X)—=f(V)|| < M| X =Y for every X,Y € U. (4.1)
The smallest number M satisfying the above estimate, i.e.,
Lip (f;U) := sup { Hf(ﬁg : {/(HY)H XY eU X # Y} , (4.2)

1s called the Lipschitz constant of f.

Remark 4.1.2. A function is Lipschitz if it does not distort distances by more than a

fized (finite) multiplicative factor.

Theorem 4.1.3 (Invariance of Domain). Let U be an open subset of R™ and assume
that f : U — R™ is an injective, continuous function. Then V = f(U) is open and

f:U —V is a homeomorphism. In particular f=':V — U is a continuous function.
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This theorem, due to the Dutch topologist L.E.J. Brouwer, was originally published in
1912; see [1]. The proof (cf., e.g., [6]) uses tools from algebraic topology which are

beyond the scope of this paper.

Theorem 4.1.4 (The Implicit Function Theorem for Lipschitz Functions). Let U C R"
and V. C R™ be open sets. Fix Xg € U, Yy € V and assume that
F:UxV —R" (4.3)
1s a Lipschitz function for which
F(Xo,Yy) =0 (4.4)
and which has the property that there exists a constant K > 0 for which
IF(X, Y1) = F(X, V)| =2 K|Yi = Yal| - forall (X,Y;) €U XV, j=1,2. (45)
Then there exist an open set W C R"™ such that Xy € W, along with a Lipschitz function
o : W — V with the property that p(Xo) = Yy and
{(X,)Y)eWxV: F(X,)Y)=0}={(X,¢(X)): X e W}. (4.6)
In particular,
F(X,o(X)) =0, forall X e W. (4.7)
Finally, the function ¢ is unique among all the mappings ¢ : W — V' for which (4.7)
holds.

Proof. By the Lipschitzianity of F', there exists M > 0 such that
[1F(X1, Y1) = F(X2,Y2)|| < M[|(X1, Y1) — (X2, Y2) |, (4.8)
for every (X1,Y1), (X2, Y2) in U x V.
For some ¢ € (0, 1) small (to be specified later) consider now the function
f:UXxV SR f(X)Y):=(X, eF(X,Y)) for (X,)Y)eUxV. (4.9)

We will first show that f is a Lipschitz function. To this end, for every (X7, Y)), (Xa, Y3)
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in U x V we estimate (based on (4.9) and (4.8))
If(X1, Y1) = f(X, Va)|P = [[(K1 = X, 2(F(X, Y1) = F(Xy, Y2))
= X0 = X + &% (X0, 1) = FOG, V)|
< X = Xof* + 2 MP[[(X1, Y1) — (X2, Va) |
= L+ M) X1 - Xo|* + M2V - Yo?

< 1+ M)|(X1,Y7) — (X2, Ya) | (4.10)

Thus,
||f(X17}/1) - f(X27}/é)’| SVI1+ M2||(X17}/1) - (X27}/2>H7

for all (X1,Y)), (X2, Ys) €U XV,
which shows that f is Lipschitz on U x V', with constant < v/1 + M?2. In particular,

(4.11)

since Lipschitz functions are continuous functions, f is a continuous function.

Next, we establish a Lipschitz bound from below for f. Specifically, given two points
(X1,Y1), (X1,Y3) in U x V, using (4.5), the triangle inequality, and the fact that, in
general, (a +b)? < 2(a® +?) for every a,b € R, we write

Y1 = Yol < K7?|F(X1,Y1) — F(X1,Ya)| (4.12)
< K3(|F(X1,Y1) — F(Xo,Ya)| + | F(Xa, Ya2) — F(X1,Ys)|)?

< 2K7(|F (X1, V) = F(X0, o) P + | F(Xa, Ya) — F(Xy, Ya) 7).

Since F is Lipschitz (cf. (4.8)), estimate (4.12) implies

K2
— Y1 - Ya|? < | F(X1, Y1) = F(Xy, Ya)|1? + M?[| X5 — X2 (4.13)
and, further,
K2€2
5 IV = Val* = MP2|Xo — X4 |I° < X F (X0, V) — F (X, Vo) (4.14)

Recall now from (4.10) that
E|F(X1, Y1) = F(X2, V)|l = [ f(X0, V1) = f(Xa, Vo) I* = [ X1 — Xl (4.15)

which, when used back in (4.14), gives
K?%c?
2

V1 = Y| — M| Xz — X
<X, Y1) = F(X, Vo) P — 1 X0 — X1 (4.16)
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In other words, for every (X1,Y1), (Xo,Y2) in U x V,
K?e?
2

Next we fix € such that 0 < ¢ < M~! and take Cy := \/min{K;‘E2, 1— 52M2}. Thus,

V1= Yol + (1= M*) [ Xo — X < /(X)) = f(X2, V)P (4.17)

Cy > 0 is well-defined and
ColI Xy = Xa|? + V1 = Ya|?) <[ F(X1, Ya) — f(Xa, Vo) |, (4.18)

Taking square-roots we obtain
Col|(X1, Y1) — (Xo, Vo) || < [If (X1, Y1) — F( X2, Ya)],

for all (X1,Y7),(Xs,Ys) €U x V.
This is the desired Lipschitz lower bound for f alluded to earlier. In particular, this

(4.19)

shows that f is injective, and (since, f is also continuous), by the Invariance of Domains

Theorem (cf. Theorem 4.1.3) the following properties hold:

O := f(U x V) is an open subset of R™*™, (4.20)
f:U xV — O is bijective (i.e., one-to-one and onto), (4.21)
the inverse function f~': O — U x V is continuous. (4.22)

In addition, (4.4) and (4.9) ensure that
(X(]u}/z]) ceUxV= (X070) = f(X(b}/E]) € O and f_l(X()vO) = <X07}/E)> (423>

Next, consider the coordinate projection functions
m R xR™ — R*, m(X,Y): =X,

(4.24)
T R" x R™ — R™, my(X,Y) =Y,
so that Z = (m(Z),m(Z)) for every Z € R" x R™. Define
W := B(Xy,r) C R", (4.25)
where 7 > 0 is so small that
WCU, XeW= (X,0)e0,
(4.26)

m(f7H(X,0)) € V for every X € W.
Since X, is contained in U which is open, (Xj,0) is contained in O which is open,

mo(f71(Xo,0)) = Yy is contained in V which is open, and since both m and f~! are
continuous functions, this is certainly possible. After this preamble, introduce
oW —1V, o(X) = m(fHX,0)) for X € W. (4.27)

It follows that ¢ is well-defined, and since f~1(Xy,0) = (X, Yy) then p(X,) = Yj.
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Going further, we may invoke (4.21) and (4.26) in order to write

XeW=(X,0e60 =
(X.,0) = [f(f71(X,0)) (4.28)
= f(m(fH(X,0)), m(f(X,0))

= (m(f7(X,0)), e F(m(f~(X,0)), (X)),
where the last line uses the definitions of f and ¢ from (4.9) and (4.27), respectively.
Thus,
m(fHX,0) =X and F(m(f'(X,0),p(X)) =0 VXeW (4.29)

In concert, these entail F'(X, (X)) = 0 for every X € W, proving (4.7). In turn, this
justifies the inclusion

{(X,o(X)): XeW}C{(X,)Y)e W xV: FX,Y)=0}. (4.30)
Thus, as far as (4.6) is concerned, there remains to prove that

{(X,)Y)eWxV: FX,)Y)=0} C{(X,p(X)): X e W}. (4.31)
However, if the pair (X,Y) € W x V is such that F'(X,Y’) = 0 then we have X € W and
f(X,Y) = (X,0) € O. Since (X,Y) € UxV, we may conclude that (X,Y) = f~1(X,0)
which implies Y = my(f~1(X,0)). Thus, by definition, we obtain ¢(X) = Y, proving
(4.31).
Let us now check that the function ¢ in (4.27) is Lipschitz. For this, given any X;, X, €
W we note that (X;, p(X;)) e W xV CU x V, for j = 1,2, so we may write

PO 0(X) = (X3P (X5 0(X,0) = (X3,0),  j=1,2, (432)
where the last equality is based on (4.7). Having established this, we then estimate,

upon recalling (4.19),

Collp(X1) —p(Xa)[| < Col[(X1, 9(X1)) — (Xa, p(X2))]|

< (X1, 0(X1)) = f( X, o(Xo))|

= H(Xl,o) - (X2,0)|| = HXI - X2H- (4-33>
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Thus,
10(X0) — (X)) < Co X, — Xl for every X, Xy € W, (434)
proving that ¢ in (4.27) is indeed a Lipschitz function.
Finally, we are left with showing that if ¢, : W — V are two functions for which
F(X,o(X)) = F(X,¥(X)) =0 for every X € W, then necessarily ¢ = 1. Indeed, this
property and (4.5) allow us to write
Klle(X) = (X)) < [[F(X,0(X)) = F(X,9(X))[| =0, VX eW, (4.35)

so p(X) = (X)) for every X € W. This concludes the proof of the theorem. O
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4.2 The Cross Product of n — 1 Vectors in R"

Let
i=(1,0,0), j=1(0,1,0), k=(0,0,1) (4.36)
be the standard orthonormal basis in R3. Given two vectors
v) = (11, v12,v13) € R®  and vy = (vay, Va9, Vg3) € R,

their cross product is defined as the formal determinant
V11 Vi2 Vi3

V1 X Vg = det V921 V22 Vo3 (437)
i j k
with the understanding that this determinant is expanded along the last row, i.e.,
V1 X V3 = (V12023 — V13U22)i — (V11023 — V13v1)j + (Vi1V22 — v12vo1 k. (4.38)
The first task for us in this subsection is to define a higher dimensional version of the
cross product. Compared with the case of two vectors in R3, our version of the cross

product in R™ (where n > 3) will, this time, involve n— 1 vectors. Recall that, as before,

ei, ..., e, are the vectors of the standard orthonormal basis in R".

Definition 4.2.1. Assume that n > 3. Consider n — 1 vectors in R"™, denoted by

v1 = (V115 s V10)s - s Un1 = (Un_11, -+sUn_1n). Their cross product is then defined
as
V11 V12 P Vin
V21 V22 e Von
V1 X Vg X -+ X U, := det : : : , (4.39)
Un—-11 Un—-12 --- Un—_1n
€1 €9 .. (S7%

where the determinant is understood as computed by formally expanding it with respect

to the last row, the result being a vector in R™. More precisely,

V1 X oo X Up-1 (440)
n V11 V-1 Vj+1 V1in
=) (—1)""det P L e
=1 Un—11 - Un—1j-1 Un—1j+1 - Un—lin

Below we summarize some of the main properties of the cross product.

Proposition 4.2.2. Assume that n > 3. Then the cross product introduced in Defini-
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tion 4.2.1 enjoys the following properties:

(i) (v1 X Vg X +++ X v,_1) - v, 1s the (oriented) volume of the parallelopiped spanned by

the vectors vy, ..., v, in R™.
(ii) The vector v X vy X -+« X v,_1 1$ perpendicular to each vector vy, ..., Uy 1.
(iii) If A is an n X n invertible matrix and vy, ...,v,_1 are n — 1 vectors in R"
AUl X X Avn_l = (det A)(A_l)T(’l}l X oo X 'Un—l)y (441)

where, as in the past, “T” stands for transposition of matrices.

(i) If R is a rotation in R™, then

[Rvy % -+ X Ruvmea|| = [[on % -+ X vna]]. (4.42)

(v) For every permutation o of the set {1,...,n — 1}, one has

Us(1) X Ug(2) X+ X Ug(n-1) = sign (O’) V1 X Vg X o+ X Up_1. (4.43)

(vi) The cross product is linear in each of the individual vectors involved. That is, if

je{l,..,n—1},

vl><v2><...vj_1x(wj+w;)><vj---><vn_1
=V XU X ... .Vj—1 XWj; XVj-++XUp_1

+v1 X Vg X c V51 XU);- X Uj+++ X Up-1, (444)
and

'Ul><’U2X...’Uj_lX()\’Uj)XUj"'X’Un_l

:)\vl><v2x...vj_lxvjxvj---xvn_l. (445)

(vii) If A = (a]k)lgj,k<n | € Mu-1)x(n-1), then

n—1 n—1
(Z alkvk> (Z Gy 1kvk> (det A) vy X vg X +++ X V1. (4.46)
k=1 —1
(viit) One has ||[vy X -+ X vy_1|| < ||v1|| -+« [|vnl], for every vy, ..., v,—1 € R™.
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(ixz) For every vy, ...,v,_1 € R™, one has

||U1 X X Un—l” = 4/ det (VTV), (447)

where V := (01 vy ... Up_1) € Myx(n—1) 15 the matriz whose columns are vy, ..., Vp_1.

Proof. From (4.39) we have that

n
v XX gy = Y (—1)7F det Ajey;, (4.48)
j=1
where
V11 e 'Ulj—l U1j+1 e VUin
Aj=| 1 L P (4.49)
Un-11 -+« Up—1j-1 Un—1j41 --- Un—1n

Then by (4.48) and (4.39),
(Ul X ... X Un—l) cUp = [Z(—l)’“(det Aj)ej

n

Uy = Z(—l)j+1’(}nj det Aj

J=1 g=1
V11 ce VUin
= det| - ] (4.50)
Un—-11 --. Un—1n
Uni N Unn

As in (4.39), this determinant is to be expanded by the last row. Moreover, this deter-
minant is known to be the oriented volume of the parallelopiped spanned by the vectors
v1,...,0, in R™ This finishes the proof of (7).

For (it), observe that for every fixed j € {1,2,...,n — 1}, we have by (4.50)

V11 e Vin
Vi1 e (O
(V1 X ... X Uy_q) - v; = det I I =0, (4.51)
Un—-11 --. Up—1n
Vj1 ce Vin

since the above matrix has two identical rows. This finishes (ii).
Turning our attention to (iiz), fix vy, ...,v,_1 € R™ and let v, € R™ be arbitrary. Using
that if A € M,,,«x, we have that

(AX)- Y =(ATY)- X forevery X € R" and Y € R™, (4.52)
we may write

(AT (Avy X ... X Avp_1)) v, = (Avy X ... X Av,_q) - (Avy,), (4.53)
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so that, by (4.50), we have

Z V1:015 - .- Z V1:0ns
i=1 i=1
(Avy X ... X Avyq) - (Av,) = det
Z UniQ15 -« - Z Uni Ans
i=1 i=1
[ V11 ... Up aiy ... Qap1
= det
Unt --- Upn a1p ... QApp
V11 ... Up
= det : : ~det(AT)
Uni .-+ Upn
= (det A)(’Ul X ... X Un—l) * Up. (454)

Hence,
(AT (Avy X ... X Av,_1)) - vp = (det A)(vy X ... X Vy_y) - vy for all v, € R™.  (4.55)
In concert with (4.55), and the fact that for any vectors X,Y € R",
X=Y e X-Z=Y-Z YZecR" (4.56)
then forces

AT (Avy x ... x Av,_y) = (det A)(vy X ... X v,_1)for all vy, ... ,v,_1 € R". (4.57)

Lemma 4.2.3. One has (A™)" = (AT)7L for every A € M,,x,, invertible.

Proof. We need to show (A™1)TAT = I, and AT(A™Y)" = I,,.,,. To this end, write
(AHTAT = (AA™YT = (Inwn) " = Lisn. (4.58)

The same type of argument shows AT (A™1)" = I,,,,,. Applying (A7)~! to both sides of
(4.57) and using Lemma 4.2.3 gives

Avy X ..o X Avp_y = (det A)(A™) (v X ... X v,_1).
This concludes (7i7) of Proposition 4.2.2.
Turning to the proof of (iv) we recall that, by (i),

Ruy X ... X Rup_1 = (det R)(R™H T (vg x ... X v,_1). (4.59)

as desired. ]
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Remark 4.2.4. If R : R® — R" is a rotation about the origin, then R' = R,
|det R| = 1. Also, show that any rotation is distance-preserving and angle-preserving,

which comes down to

RX)-RY)=X-Y, VX, YeR" (4.60)
IR = X[, VvXeR" (4.61)

Taking the norm and using the properties of rotations specified in Remark 4.2.4, this
yields
||RU1 X ... X RUn—lH = |det Rl ||R(U1 X ... X Un—l)”

= ||'Ul X ... X Un—l” . (462)
Moving on, (v) and (vi) are direct consequences of (4.40) and standard properties of

determinants. In order to prove (vii) we write
n—1 n—1
(E a1kvk> XX (E an—1kvk>
k=1 k=1

= E A15(1)A20(2) * " An—1o(n—1) Vo(1) X Ug(2) X -+ X Ug(n—1)
o permutation

Of{l ----- TL—l}

= Z sign (o) A15(1)A20(2) ** * An—1o(n—1) V1 X V2 X -+ - X Up_1

o permutation

of {1,...,n—1}
= (det A) V1 X Vg X+ X Up_1, (463)
as wanted. As far as (viii) is concerned, we have
U1
|lvg X <+ Xwv,q]| = sup [(v1 X+ Xv_1) v = sup |det | :
U7L6Sn71 vp eSS
Un
< sup [l flonll] = lloall - - lon-all, (4.64)
vp €S

where for inequality in (4.64) we have used (4.65) from Theorem 4.2.5 below.

Theorem 4.2.5. [Hadarmard’s Inequality] Let Xi,..., X R™ and suppose the

n

|det A] < [|Xa]] ... [[ Xall (4.65)

n e
X1
matric A € My,xp, is such that A = (X1 X5 ... X,,) or A= . Then
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Theorem 4.2.6 (Cauchy-Binet Formula). Let m,n € N, n > m, and assume that A €
Msen and B € M., are two given matrices. For each S = (ky,....kn) € {1,...,n}™
increasing, i.e., with 1 < ky < ky < -+- < k,, < n, we write Ag for the m x m matrix
whose columns are coly, A, ..., coly, A, and we write B® for the m x m matriz whose rows

m

are rowy, B, ...,rowy, B. Then

det (AB) = > det(Ag)det(B?). (4.66)

Se{1,..., n}m
Sincreasing

Proof. Fix n,m € N along with a m x n matrix A = (a;);x and a n X m matrix
B = (bgj)r,;- For each S = (ky,....kn) € {1,...,n}"™ we write Ay, k., for Ag and
Bk1km) for BS. In this notation, we have to show that

det (AB) = > det [Ag, .. ] det [BEL-Fm)], (4.67)
1<k1<ko< - <km<n
Since (AB);; = > ai;by;, and since the determinant is multilinear in the columns of a
k=1
matrix, we may write

> Qi bir YD Gk, bkm
k=1 k=1
det (AB) =
22 Gmkibryt o D0 iy b
k=1 k=1
= det [ brrcoliu A, D bracoligA, ey D b coly,, A
k=1 ka=1 km=1
= Z bry2 * + * bk, m det [colklA, colg, A, - -+ ,colkmA]. (4.68)
ktyeokm=1
By using the fact that det [col;ﬁA, colp, A, --- ,colkmA] = 0 if (ky, ko, ..., k) contains

any repetition, and

o(m)

det [colkg(l)A, -+ coly A} = sign(o) det [colklA, e ,colkmA} (4.69)

for every o € S,,, the permutation group on m elements, we may further transform the
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last expression in (4.68) as

Z det A(kl ka,..., )] bk‘llbk‘22 T bk'mm

..... kem=1
= Z det [Agky k. Z S1g0(0) bk, 110k (212 7+ Okt (ym
1<k 1< <km<n gESm
= > det [A(, .. k] det [BlEr-km)], (4.70)
1<k <ko<--<km<n
Hence, (4.67) follows. O

Remark 4.2.7. Let m,n € N, n > m, and assume that A € M,,x, is an arbitrary ma-
triz. Use the Cauchy-Binet formula (cf. Theorem 4.2.6 and the terminology introduced

there) to show that

det (AAT) = Y~ [det (Ag)]*. (4.71)

Se{1,..., n}m
Sincreasing

Finally, consider (ix). From (4.48) we have

n

lor % X v = (det A;)” (4.72)
j=1
where A;’s are as in (4.49), whereas from (4.71) we have
> (det A;)* = det (VTV), (4.73)
j=1

where V' := (v vy ... Vp_1) € My (n—1). Now, formula (4.47) follows from this and (4.72).

The proof of the proposition is therefore completed. O

Lemma 4.2.8. Assume that n > 3. Then the vectors vy, v, ...,v,—1 € R" are linearly

independent if and only if v X -+ X v,_1 # 0.

Proof. If, say, v,_1 = Z;:lz A\jvj, then vy X+ Xv,_1 = U1 X+ XVp_o X (Z?j )\jvj> =0.
This proves the right-to-left implication. As for the opposite one, if vy, vy, ...,v,_1 are
linearly independent then there exists v,, € R" such that vy, ...,v,_1, v, is a basis in R".
Using this and part (i) in Proposition 4.2.2, we may write

0 # the (oriented) volume of the parallelopiped spanned by vy, ..., v,

= (v X vy X+ XVp_1) Uy (4.74)

which gives v X -+ X v,_1 # 0 (after using the fact that for any vectors X,Y € R",
81



X - X = || X|*for all X € R™. we have that X =Y implies that X - Z =Y - Z for all
Z € R"™). O

Remark 4.2.9. Let us also record a variation of Proposition 4.2.2. Assume thatn > 3
and that vy, vy, ...,v,_1 € R™ are given vectors, then, for any matriz A = (ajk)1<j pen_o €

M(n—2)x(n—2), one has

n—2 n—2
(Z alkvk) X oo X (Z an_gkvk) X Up_1 = (det A) vy X vg X -+ Xv,_1.  (4.75)
k=1

k=1
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4.3 Parametrizations

Definition 4.3.1. Assume that n > 2 and let O be an open subset of R"™'. A function
P=(P,P,...,P,): 0O —R" (4.76)
is called a C* parametrization, where k € NU {oo}, provided

P : O — R"™ is an injective function, of class C*, and (4.77)

rank [DP(u)] =n —1, for allu = (uy,...,u,—1) € O, (4.78)

where DP is the Jacobian matriz of P, i.e.,

D(P,...,P,)
DP(u) =
(u> <D(u17"'7un—l

)) (w), ueO. (4.79)

Definition 4.3.2. (i) The vectors X1,.. Xy € R" are called linearly independent
provided for any real numbers A, ..., \n the following implication holds:

MXG+ - AN Xy =0= X\ =--- Ay =0. (4.80)
The vectors Xq,...,Xn € R™ are called linearly dependent provided they are not
linearly independent.
(ii) The linear span of the vectors Xy, ..., Xy € R" is the set

{MXy+ -+ A XN AL Ay €R]L (4.81)

(i5i) Call V. C R" a linear subspace of R™ provided V is stable under addition of
vectors, as well as multiplication of vectors by real scalars. The dimension of the linear
subspace V', denoted dim V', is the mazimum number of linearly independent vectors in
V.
(iv) The vectors X1, ...Xn € V are called a basis of the linear subspace V' of R™, provided

they are linearly independent and their linear span is V' (in which case, one necessarily

has N =dim V).

Definition 4.3.3. Let A € M« be a given matriz. The maximal number of linearly
independent rows of A (cf Definition 4.3.2) is called the row-rank of A. Also the
maximal number of linearly independent columns of A is called the column-rank of A.

Remark 4.3.4. It is useful to note that, when interpreted in the sense of column-rank
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(cf. Definition 4.3.3), condition (4.78) translates into saying that for every u € O, there

exists j € {1,2,...,n} such that
det<D(P1,...,Pj_l,PjH,...,Pn)
D(uy, ..., Up_1)

) (u) £ 0, (4.82)

or, equivalently,
Vue O = VP(u),...,VPj_1(u), VPj1(u),..., VP, (u)
are n — 1 linearly independent vectors in R™ 1,
Convention. For a vector-valued function g = (g1, ..., gn) we agree to abbreviate

(0591, -, Oign) =: O;g. (4.84)

On the other hand, when viewed in the sense of row-rank (see Definition 4.5.3), condition

(4.83)

(4.78) becomes equivalent to (recall the convention made in (4.84))
Vue O = 0,P(u),...,0,_1P(u)

. . , (4.85)
are n — 1 linearly independent vectors in R™.

Remark 4.3.5. It is clear from definition that if P : O — R" is a C* parametriza-
tion then, for every open subset O of O, the restriction Plo : O — R™ is also a C*

parametrization.

Remark 4.3.6. In the case in which n > 3, the rank condition (4.78) is further equiv-

i

by using Lemma 4.2.8 and (4.85).

alent to
orP 0P oP

— X — X - X

- _ 4
Ouy  Ouy Oy #0, Vu=(u,....,u,—1) €O, (4.86)

Proposition 4.3.7. Assume that n > 2 and that O is an open subset of R"~'. Let
P:0O—R" (4.87)
be a C* parametrization, for some k € NU {oc}. Furthermore, suppose that U is an
open subset of R and ¢ : U — O is a OF diffeomorphism. Then
Poyp:U—R" (4.88)

is a also C* parametrization.

Proof. Let us start this proof with a remark:

Remark 4.3.8. Let A € M.« be a given matriz. Then the following hold.
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(i) The row-rank of A is equal to the column-rank of A. This integer will, henceforth,

be referred to as the rank of A and is going to be denoted by rank (A).
(ii) rank (A) = rank (A").
(iii) If B € My and rank (B) = n, then rank (AB) = rank (A).
() If C' € Mgyxm and rank (C) = m, then rank (C'A) = rank (A).
(v) A matrizc A € M,,x,, is invertible if and only if rank (A) = n.
(vi) rank (A) =dim {AX : X €e R"} =dim{X e R": AX = 0}.

To check the rank condition, use the Chain Rule and Remark 4.3.8. Concretely, since
rank [Dp(w)] =n — 1 for every w € U, given that ¢ is a C! diffeomorphism, we have
rank [D(P o p)(w)] = rank[DP(p(w)) - Do(w)] (4.89)
= rank [DP(p(w))] =n —1,

as desired. O

Lemma 4.3.9. Assume thatn > 2 and that O is an open subset of R*~1. Also, suppose
that
P:0—R" (4.90)
is a C* parametrization, for some k € NU {oco}. Finally, assume that U C R™ is an
open set containing P(O), and F : U — R" is a C* function with det (DF) # 0 on U.
Then
FoP:0—R" (4.91)

is a also C* parametrization.

Proof. To check the rank condition, use the Chain Rule and Remark 4.3.8. More specif-
ically, since rank [DF(X)] = n for every X € U, by the Chain Rule, we have
rank [D(F o P)(u)] = rank[(DF)(P(u))- DP(u)] (4.92)
= rank[DP(u)]=n—1.

as desired. O
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Convention. Assume that n > 2. Given a C' parametrization P : O — R, the
function P : O — P(QO) is both injective and surjective, hence bijective. Hereafter, we
agree to denote by

Pt PO)— 0O (4.93)

the inverse of this function.

Definition 4.3.10. Let U C R", V. C R™ be two arbitrary sets and assume that f :
U — V is a given function. Call f an open map (or open mapping) provided f(O)

is a relatively open subset of V- whenever O is a relatively open subset of U.

Remark 4.3.11. Suppose that U C R™, V C R™ are arbitrary sets and f : U — V is an

invertible function then f is an open map if and only if its inverse, f=', is continuous.

Proposition 4.3.12. If O is an open subset of R"! and P : O — R" is a C' local
parametrization, then P : O — P(O) is an open map (cf. Definition 4.3.10). As a
consequence (cf. Remark 4.5.11), P~1: P(O) — O is a continuous function, so, in fact,

P:0O — P(O) is a homeomorphism.

Proof. Let us start wirh a remark:

Remark 4.3.13. Open mappings enjoy the following properties:
(i) The compositions of two open mappings is an open mapping.

(ii) The restriction of an open mapping to a subset of its domain continues to be an

open mapping.

(iii) Let U CR™, V CR™ be two arbitrary sets and let ¢ : U — V be a given, arbitrary
function. Denote by Gy the graph of ¢, i.e., G, = {(X, (X)) : X € U}. Then
O : U — Gy defined by O(X) := (X, ¢(X)) for every X € U, is an open map.

(iv) Let U CR", V CR™ be two arbitrary sets and assume that f : U — V is a given

function. Then f is an open mapping if and only if f is a locally open mapping
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(i.e., for every X € U there exists O, a relatively open subset of U, which contains

X and such that flo : O — V is an open mapping).

(v) Suppose n € N and N C {1,...,n} then the coordinate projection map
mn : R" — R¥N TN (T1, ., Tn) = (T5) jen, (4.94)

1S an open mapping.

Recall from Remark 4.3.13 that being an open mapping is a local property. Therefore,
it suffices to show that if u* € O is arbitrary, then there exists an open subset O C R"~!
such that v* € O C O and Pl|p : O — P(0O) is an open mapping. We introduce the
auxiliary function
P:OxR—R"  Put):=Plu)+tv, YuecO,teR, (4.95)
where v € R" is to be chosen later. It is immediate that P is of class C' and a direct
computation gives that
(DP)(u,t) = (DP(u)v) € Mpyn YucO,teR. (4.96)
Since P is a C'! local parametrization, we have that rank [DP(u)] =n —1 for all u € O.
Hence, there exists v € R™ such that the vectors oy P(u*), ..., 9,_1P(u*), v, form a basis
in R". Fix such a vector v and returning with it to P we see that (DP)(u*,0) is an
invertible n x n matrix. By the Inverse Function Theorem, it follows that there exists
U open neighborhood of (u*,0), with U C O x R such that V := P(U) is open in R"
and P: U — V is a C! diffeomorphism. Let O C R"! be the set such that
O x{0}=UnN(0 x{0}). (4.97)
Then u* € O and O is open (note that the mapping ¢ : O — R, «(z) = (x,0) is
continuous and O = ~}(U)). Also, let D C O be an arbitrary open set. The goal is to
show that P(D) is a relatively open subset of P(Q). The set A:=U N (D x R) is open
in R", ACU, and

AN (R x {0}) = AN (O x {0}) =D x {0}. (4.98)
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Hence, the set W := P(A) is open in R™ and using (4.95) and (4.98) we can write

P(D) = P(Dx {0}) = P(AN (R x {0}))

_ 13(A N (O x {0})) —WAPOx{0})=WnPO). (499
This proves that P(D) is a relatively open subset of P(Q) and the proof of the proposition

is complete. O

Proposition 4.3.14 (The Structure of Parametrizations). Assume that n > 2, O, U
are open subsets of R*~! and that
P:0O— R" Q:U— R" (4.100)
are two C* local parametrizations, for some k € NU{oo}, with the property that the sets
P(O) and QU) coincide. Then there exists a C* diffeomorphism ¢ : U — O with the
property that
Q=Poo. (4.101)

Proof. Consider the function ¢ := P~ 1o Q : i/ — O, which is well-defined given that
P(O) and Q(U) coincide. We claim that this function is of class C*. To see this, fix
an arbitrary point X* € P(O) = Q(U) and consider u* € O and w* € U such that

P(u*) = Q(w*) = X*. Also, assume that j € {1,...,n} is such that
D(Py,...,P;_1,Pj.q,... Pn))
det e u*) #0. 4.102
< D(ul,...,un_l) ( ) ?é ( )
Let 7’ : R®™ — R"~! be the coordinate projection mapping defined by

T(X) := (T4, oy Tjo1, Tji1y ey Tn)s VX = (x,..,2,) € RY (4.103)

and consider
P =roP=(P,...,P_1,Pj1,...,P,): O — R" 1. (4.104)
Given that we are assuming that P is of class C*, it follows that P’ is of class C* as
well. In fact, by virtue of the Inverse Function Theorem (recall that (4.102) holds), there
exists an open neighborhood O of uv*, O C O, with the property that P’(O) is an open
neighborhood of 7/(P(u*)) in R*~! and P': O — P’(0O) is a C* diffeomorphism. Hence,

(PY™': P'(O) — O is a function of class C*. (4.105)
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Then

Po (P)™: P(O) — P(O) is well-defined and bijective. (4.106)
We claim that the inverse of this function is 7’ : P(O) — P’(O). To justify this, we note
that 7o Po (P')™! = P/ o (P’)~! is the identity on P’(O), whereas if X = P(u) € P(O)
for some u € O, then

(Po(P) (X)) = (Po(P))(n o P)(u)

= (Po(P)'oP)(u)=Pu) =X, (4.107)
proving our claim. Since P = (P o (P')™!) o P’ on O, we have
Plt=({P)Y'o(Po(PYH'=(P) ' or on P(O). (4.108)
Observe now that, by Proposition 4.3.12, P(O) is a relatively open subset of P(Q) =
Q(U) containing X* = Q(w™*). Since by Proposition 4.3.12 Q : U — Q(U) is continuous,
it follows that Q~1(P(0O)) is a neighborhood of w* which is mapped by @ into P(O).
As a consequence, if Q1, ..., Q, are the components of @ then, in Q~*(P(0)), we have
o = PloQ=(P)'loroQ

= (P) o Q1 Qjo1, Qjs1, s Q) (4.109)
Since (P')~!: P'(O) — Oisof class C* and Q" := (Q1, ..., Qj_1, Qjs1, .., Qn), as function
from Q~*(P(0)) into P'(O), is of class C* it follows that ¢ is of class C* in Q=1(P(0)),
a neighborhood of w*. Given that w* has been chosen arbitrarily in & and since the
quality of being of class C* is local in nature, we may therefore conclude that ¢ : U — O
is of class C* on U.
In fact, o is invertible and its inverse ¢! = Q71 o P: O — U is, for the same reasons
as above, of class C*. This proves that ¢ is a C* diffeomorphism. Clearly, Po ¢ = Q

on U and this concludes the proof of the proposition. O
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4.4 Surfaces in R"

Definition 4.4.1. Given n > 2 and k € NU {0}, a C* surface (or, surface of class
Ck) in R™ is a subset ¥ of R™ with the property that for every X* € ¥ there exists r > 0
such that
YN B(X*r)=P(O) (4.110)

where O is an open subset of R"™1 and

P:0O—R" s aC* parametrization. (4.111)
In the sequel, we shall refer to the function P in (4.111) as a local parametrization
near X* and call ¥ N B(X*,r) a parametrizable patch.
In the case when (4.110) holds when we formally take r = 400, i.e., when ¥ = P(O),

we shall call P a global parametrization of the surface X.

Remark 4.4.2. A nonempty compact set cannot be homeomorphic with an open set. As
a consequence, we observe that a compact C* surface in R™, n > 2, cannot have a global

C* parametrization.

Remark 4.4.3. [Surfaces as Graphs] Assume that n > 2 and that O C R™! is an
open set. Also, suppose that ¢ : O — R is a function of class C*, for some k € NU{oo}.
Then that the graph of ¢, i.e.,

Gy :={(,6(2)) e R xR: 2/ € O} (4.112)
is a C* surface in R™. In fact, for every fived j € {1,...,n},

Goj={(z1, i1, 0(&), Tj1y s p) 1 2" = (X1, ooy Tjo1, Tjgas ooy ) € O} (4.113)
is a C* surface in R™. Conversely, suppose ¥ C R™, n > 2, is a surface of class C¥,
k € NU{oo}, and fiz an arbitrary point X* € ¥.. Then there exist a number R > 0, an
index j € {1,...,n}, an open set O C R and a function of class C*, ¢ : O — R, with
the property that

YN B(X* R) (4.114)

= {(I'l, ...,Ij_1,¢($/>,xj+1, ,I'n) : LU/ = (.C(Zl, ey Lj—1, Tj41, ,xn) S O}
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Remark 4.4.4. Let r > 0 and X* € R", n > 2, be given, then OB(X*,r) is a C*

surface in R™.

Indeed, we may consider
P, :(0,7)" 2 x (0,2r) — R given by

(4.115)
Pp1, 00, on_1) = X"+ (21,22, ..., Tn),
where

ry = TcCos @1,

Ty = TSIN P COS Ya,

T3 = Trsin pp sin Y, cos 3, (4.116)
Tp—1 = 7rsin @1 sin @g...s8I0 @,_9 COS Y1,

Ty = TSI Y1 SIN Qg .. .S Qo SIN Q1.

Using Proposition 4.8.5 we can show that this function is a C'*° parametrization of a

good portion of OB(X*,r).

Definition 4.4.5. Let ¥ be a C! surface in R™, n > 2. The algebraic tangent plane
to X at some point X* € X 1s then defined as
IIx% := the linear span of (01 P)(u”),..., (Op—1P)(u") (4.117)
where P : O — R, is a C' parametrization near X* (with O open subset of R"7!)
and u* € O is such that P(u*) = X*.
Also, the geometric tangent plane to X at some point X* € X is taken to be
Tx+3 = X"+ Ix-%. (4.118)

A vector v € R"™ is called tangent to the surface X at the point X* provided v € T'x+3.

Theorem 4.4.6. Let X be a C' surface in R™, n > 2, and assume that X* € ¥.. Then
the algebraic (hence, also geometric) tangent plane to X2 at X* is unambiguously defined.
That is, the definition of IIx-% in (4.117), hence also the definition of T+ in (4.118),

1s independent of the particular local parametrization of ¥ near X*. Furthermore, Ilx+3
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s a linear subspace of R™ of dimension n — 1.

Proof. Let Q : U — R™ be another local parametrization of ¥ near X*, and denote by
w* the (unique) point in & mapped by @ into X*. By Proposition 4.3.14, there exists a
C* diffeomorphism ¢ mapping a small neighborhood of w* onto a small neighborhood

of u* with the property that

pw)=u" and @Q=Poy near w" (4.119)
From this and Chain Rule we then obtain
n—1
Q") = 3 (Oee) W) DP) (), Vj € {L, .}, (4.120)
k=1

which shows that the linear span of (0;Q)(w*), ..., (0,-1Q)(w*) is included in the linear
span of (0 P)(u*),...,(0,—1P)(u*). Changing the roles of P and ) gives the opposite
inclusion, hence, the two linear subspaces of R™ spanned by these two sets of vectors actu-
ally coincide. Hence, the definition of I1x+Y is independent of the local parametrization
of the surface near the point X*.
As for the very last claim in the statement of the theorem, we note that, by defini-
tion, (01 P)(u*), ..., (0n—1P)(u*) span IIx-3. Furthermore, by (4.85), these vectors are
linearly independent so, in fact,

the vectors Oy P(u”),...,0,—1P(u") form a basis for [1x-X. (4.121)

This shows that I1x«Y is a linear subspace of R" of dimension n — 1. O

Definition 4.4.7. Assume that ¥ is a O surface in R*, n > 2. The unit normals to
Y at some point X* € ¥ are the two unit vectors in R™ (which, in fact, are opposite to
one another), uniquely determined by the requirement that they are perpendicular to all
vectors from Ilx«Y. The common direction of these unit normals will be referred to as

the normal direction to X at X*.

Lemma 4.4.8. Assume that ¥ is a O surface in R", and fiz a point X* € . Also, let
v=(v1,...,vp) € R" be a unit normal to X at X*. Then the vectors

tik = vre; —vjer = (0,...,0,—14,0,...,0,14,0,..0) e R", j,k € {1,...,n}, (4.122)
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span Ilx«Y:, the algebraic tangent plane to X at X*.

Proof. Let us check that ¢, - v = 0 for every j, k € {1,...,n}, then that the family
(4.122) contains n — 1 linearly independent vectors. To justify the latter claim, we have

to choose j € {1,...,n} with v; # 0, and {t;;: 1 <k <n, k#j}. O

We now discuss how the unit normals to a surface can be expressed in terms of a local

parametrization.

Theorem 4.4.9. Assume that ¥ C R" is a C' surface in R®, n > 2. Fiz X* € ¥ and
pick a local C* parametrization P = (P, ..., P,) : O — R™ (where, as always, O is an
open subset of R"™') of &3 near X*. Set u* := P~Y(X*) € O. Then the two unit normals

to the surface ¥ at X* are given by

01P(u*) X 02P(u*) X ... X 0n_1P(u*)
||01P(u*) X 02P(u*) X ... X 0n_1P(u*)||

V(X*) =+ ifn >3, (4.123)

and
(Py(u”), —P(u"))

V) = =]

ifn=2. (4.124)

Proof. In the case when n > 3, it suffices to observe that, by (i¢) in Proposition 4.2.2,
01 P(u*) x...x0,—1P(u*) is perpendicular to any of the vectors 0;P(u*), j =1,...,n—1.
Hence, the unit normals to 3 at X* = P(u*) are, in this case, given by (4.123). When
n = 2, it is clear that (Pj, —P/) is perpendicular on P’ = (P}, P}), so the desired

conclusion follows. O

Definition 4.4.10. Assume that ¥ is an oriented C1 surface in R™, n > 2, and denote by
v the choice of a continuous unit normal to X. Call a local parametrization P : O — R"
of ¥ near X* € ¥ positive if (4.123), for n > 3, and (4.124) for n = 2, hold for the

choice “plus” of the sign, and call P negative otherwise.

Proposition 4.4.11. Let ¥ C R", n > 2, be a surface of class C'. Assume that

O C R*"! is an open set and that ¢ : O — R is a C' function with the property that
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P:0 —R" P') = (2,0)) for every ' € O is a local parametrization of ¥ near

X*=P(2l)e X, o, €O. Then
_ /
oo, o(a)) = £ VP D eyt € O (4.125)
V1I+[Ve()]?

Proof. For every 2’ € O, we have that
0;P(z") =(0,...,1,0,...,0;0(2")) = e; + 0jp(x')e; for j=1,...,n—1. (4.126)

Thus, if n > 3, by definition,

1 0 --- 0 Orp(a)

o 1 -+ 0 Oaip(2')
OP(x) x - x Oy P(a')=det [ =+ 1 :

0 0 -+ 1  Opqe)

€ € - €5 €n

= ()" (=) Poip(a)er + o+ (1) 01 p(2) e + (—1)ey,

= (=Vep(2),1), (4.127)

for every 2’ € O. In particular,

|01 P (') X -+ x 0, 1 P(2)]| = /1 +||Vp(a)]|2  forevery 2’ € O,  (4.128)
Formula (4.125) now follows from this and Theorem 4.4.9. This completes the case when

n > 3. When n = 2, (4.125) is a direct consequence of (4.124). O

We would now like to express the two unit normals to a C! surface ¥ without recourse

to the multi-dimensional cross product.

Theorem 4.4.12. Assume that X C R", n > 2, is a C' surface, X* € X, and suppose
that P : O — R"™, where O is an open subset of R*™, is a local parametrization of ¥
near X*. Let u* € O be the unique point with the property that P(u*) = X*. Then the

two unit normals to X at X™* can be described as

(=1)7*" det (A;(u"))

<é [det (%) (u*)r)%
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, (4.129)

1<j<n



O Py (u”) nPji1(u) 1Py (u”)
Aj(u*> . . .

8n_1P1 (u*)

8n_1Pj_1(u*) an—le-i-l(U*)

81Pn(u*)

8n_1Pn(u*)

with the convention that a “hat” over P; indicates that this function is omitted for the

corresponding enumeration.

Proof. Observe that, when n > 3, (4.39) implies

01P1 81P2 a1Pn
82P1 82P2 a2F)n
0P x...x0,,P = det : : :
8n—lpl 8n—lP2 8n—lf)n
€ €9 €,
= ) (~1)T'det A;e;, (4.130)
j=1
where, as before,
01 Py 0Py O P 0P,
Aj = : : : : (4.131)
8n—lpl 8n—lf)j—l an—lpj—l-l 8n—lf)n
Consequently,
P X ... 0y P = ((—1)f+1 det Aj) : (4.132)
1gysn
and, hence,
1
n 2
HalP X ... X 8n_1PH = (Z(det Aj)2> . (4133)
j=1
Given (4.131), the last expression above can also be expressed as
1
0P, opr, \1° 0P, ol \17\°
det : : + ...+ |det : :
an—lPZ an—an L an—lpl an—an—l
" o B e\
= | det (P By Po) (4.134)
= D(Ul . un_l) |

Having establishes this last formula, we now use (4.123) with the numerator replaced by

(4.132) and the denominator replaced by (4.134), when both are evaluated at the point

u* € O. This proves (4.129) when n > 3. Finally, when n = 2, then (4.129) follows

straight from (4.124).
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Definition 4.4.13. A (n — 1)-dimensional plane m in R" is a subset of R™ of the form
7:={XeR": N-(X - X") =0}, (4.135)

for fited N € R"\ {0} and X* € R". The vector N is said to be normal to 7.

Remark 4.4.14. Let ¥ C R, n > 2, be a C* surface. We may conclude from The-
orem 4.4.9 that the geometric tangent plane to % at the point X* € ¥ is a (n — 1)-
dimensional plane in the sense of Definition 4.4.13, which has the description

T X ={X eR": v(X") - (X — X¥) =0}, (4.136)

for either choice of the unit normal v(X™*) to ¥ at X*.

Proposition 4.4.15 (Level Surfaces). Let W CR", n > 2, be an open set, and assume
that - W — R is a function of class C*, for some k € NU{oco}. Assume that X* € W
s such that

IVE(XT)[ # 0, (4.137)
and set ¢ :== F(X*) € R. Then there exists an open neighborhood N of X* in R™ with

the property that 3 := N N F~Y({c}) is a C* surface, whose unit normals are given by

| VF(X)
As a corollary, if
IVEX)[#0 VX e€F'({c}), (4.139)

then ¥ := F~Y({c}) is a surface of class C* in R".

Proof. Condition (4.137) ensures the existence of an index j, € {1,...,n} with the prop-
erty that 0;, F'(X*) # 0. Let (x7,...,2}) be the components of X* € R" and select

an open neighborhoods U C R* ! and V C R of (23,0 @) 1,25 15, my) and T,

cey n

respectively, such that U x V' C W.

Then, by the Implicit Function Theorem (applied to the function F/(X)—c near (z7, ...,

X
there exist p,n > 0 such that

B((x), .., 2}, 1,7} 4y, xy),p) U, (2], —n,2j, +n) CV, (4.140)
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along with a function of class C*

*

0 B((x), o T, T gy s T ), p) — (25, —m, 25, + 1) (4.141)

with the property that

{J}' - Rn : (,’L’l, ...,xjo_l,ijH, ,,’L‘n) - B((I’T, ...,x;o_l,x;oﬂ, ...,.Z'Z),p),
v, € (v, —n,x; +n) and F(ry,...,2,) = c}

={(@1, s 1, P(T1y ooy Tty Tyt dy ees T)s Tjtds ooy Tp) (4.142)

*

(.]71, s Ljo—1y Tjot1s -eny l’n) S B((IT, cery LU;O_I, LU;O+1, ceny xn), p)}

Then
P B((x7, .., @5, 1,5 41,5 Th), p) — R”

P(xl,...,xjo_l,xjo+1,...,xn) = (4143)

(Il, ey Ijo—la (,0(.]71, ey Ijo—la l’jo+1, ey xn), Ijo+1, ey xn),
is a function of class C*, which is injective, and satisfies rank DP = n — 1 at every point
3 * * * *
in the ball B((27, ..., 2} 1,7} 1, ...,7},), p). Define

ooy n

N={z eR": (v1,....,%j,—1,Tjo11, -, Tn) € B((2], ..., T}, 1,7 11, 77), ),

and wj, € (zj, —n, 2, +n)} (4.144)
and note that N is an open neighborhood of X* in R™. Furthermore, with this piece of
notation, (4.142) becomes

{X eN: F(X)=c}=P(B((x],.., &}, 1,2} 11, 20),p)), (4.145)

ie.,
S=NnF'({c})=P(B((a}, ...x] 1.2} 1, 7). p))- (4.146)
It follows from this and Proposition 4.3.12 that P is a global C* parametrization of ¥

and, hence, X is a C"! surface.

There remains to establish (4.138). To this end, observe that, by design,
V(1,5 oy Tty Tt oy Tn) € BU(TY, o0y T3, 1, T 415 - T3 ), P)
:>F(P(xl,...,xjo_l,ijH,...,xn)) =c. (4147)

Thus, for every j € {1,...,5, — 1,jo + 1, ...,n},
Z[(akF) oPl0;P; =0 on B((x7y,...,x

k=1

Ti 41y ), P)- (4.148)

*
Jo—1>
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That is, when evaluated at points in B((z7, ...,z T3 41, Th), p), the vector (VF)oP

;0_17
is perpendicular on each of the following vectors:
81P,...,8jo_1p, 8j0+1P,...,8nP. (4149)

Since these vectors span precisely the algebraic tangent plane to ¥, it follows that, when

evaluated at points in B((z], ..., 2} 1,2} 11, T), p), the vector (VF) o P is parallel
to the normal to 3. From this, (4.138) easily follows. O

Example 4.4.16. Let n € N be fived. Then for each number ¢ > n

n

Y= {X = (21, ...,x,) € R": Zezi =c} (4.150)

Jj=1
s a compact C™ surface.

Remark 4.4.17. Suppose that O C R"™', n > 2, is an open set and that ¢ : O — R
is a function of class C'. Using Proposition 4.4.15 we can give another proof (compare

with Proposition 4.4.11) of the fact that that the two unit normals to the surface

G, ={(@,p(z)) eR" ' xR: 2/ € O} (4.151)

at the point (z'p(2")), where ' € O is arbitrary, are given by

v(a',p(a') = + WVele), -1) (4.152)

VT V@)

Indeed, consider the open set W := O x R in R™ and the C' function

F:W =R, F(X)=p@) -z, VX=( z,)€eW, (4.153)
and note that G, = F~'({0}) and VF(X) # 0 for every X € W. Then, according to

Proposition 4.4.15, G,, is a C'! surface whose two unit normals are given by
VE(z, (') (Grp(@), .., Oprp(al), 1)

v p(r) = =+ =+ —
\/1 + ;(3180(%’))2

IVF(@, o)l

_ (Vo) -b) (4.154)

VI+ V()

Theorem 4.4.18. [Invariance of Surfaces under Diffeomorphisms| Let ¥ be a CF

surface in R™, where n > 2 and k € NU {oo}, and assume that F : U — V is a C*
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diffeomorphism, where U,V C R"™ are two open sets, with ¥ contained in U. Then

S = F(X) is also a C* surface in R™.
Proof. This is a direct consequence of Lemma 4.3.9 and definitions. O

We next explore how the unit normals to a surface change as the surface ¥ is mapped

by a diffeomorphism into another surface 3.

Theorem 4.4.19 (Covariance of Unit Normals under Diffeomorphisms). Let ¥ C R,
n = 2, be a C' surface and let v denote a choice of the unit normal for ¥. Also,
suppose that U,V C R™ are open sets such that ¥ C U and that F : U — V is a C!
diffeomorphism. Then % := F(X) is a C' surface in R™ (cf. Theorem 4.4.18) whose
unit normals are given by
(DF YT (voFY

V=% ==+

[(OF )T woF D] ~ T (DF) )T e Fwer] = 415

Proof. Assume first that n > 3. Given that v and v are defined locally, there is no loss
of generality in assuming that 3 has a global parametrization P : O — R"™ Assuming
that this is the case (and viewing F as a R"-valued function), Lemma 4.3.9 also gives
that

FoP:0 —R" is a global parametrization for . (4.156)

Set A := (DF) o P. Granted (4.156), formula (4.123) gives
81(F0P)><...><8n_1(FoP) A&lPx...ann_lP

FelFol) = B P %  xoa(Fo P AP x . x A0, P
o detA(A‘l)T(alP X ... X 8n_1P)
[ det A [[(ADT(OP X ... X Op_1 P)|| (4.157)
A_l T O1PX...X0n-1P
- s o B
[T (i) |
. [(DF)"")" o P](vo P)
= sign (det [(DF) o P]) ((DF) o Pl(vo P)] on O.
Consequently,
R .
R T (4.158)



Composing with !

and recalling, that by the Inverse Function Theorem
(DF)™' = (DF ") oF, (4.159)
then (4.155) follows. Finally, the case n = 2 is dealt with analogously, except that, in

this situation, one works with (4.124). This finishes the prof of the theorem. O

Orientation

Definition 4.4.20. Call a C* surface ¥ C R™ orientable provided there exists a contin-
uous choice of the unit normal, that is, if there exists a continuous function v : ¥ — S"~!
with the property that, for every X € X, the direction of v(X) is the normal direction to
Y at X.

A continuous choice of the unit normal will be referred to as an orientation for the

surface X.

Remark 4.4.21. Orientability is a genuwine demand only at the global level. Indeed,
from Theorem 4.4.9, we know that a continuous choice of the unit normal can be made

in the neighborhood of any point on a C' surface.

Lemma 4.4.22. Any given orientable, connected, C' surface ¥ C R™ has precisely two

orientations.

Proof. Fix a continuous choice of the unit normal v to ». If v is another continuous

choice of the unit normal to Y, introduce

O ={XeX: vX)=0(X)}, Oy={XeX:uX)£VX)}. (4160)

Remark 4.4.23. Assume that U C R" and that f,g : U — R™ are two continuous
functions. Then the set where they disagree, i.e.,

D:={XeU: f(X)#g(X)} (4.161)
1s relatively open in U, and that the set where they agree, i.e.,

A={XeU: f(X)=g(X)} (4.162)

1s relatively closed in U.
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Clearly, O1 N Oy = @ and ¥ = O; U O,. To prove that both O; and O, are relatively
open subsets of 3. For O,, use a similar approach as in the proof of the fact that the
set in (4.161) is relatively open. As regards Oy, proceed as for (4.162) in order to show
that X\ O = {X € ¥: v(X) = —p(X)} is a relatively closed subset of ¥. Then recall

that X is connected in order to conclude. O

Lemma 4.4.24. The Mobius strip is defined as 3 := P([0,27] x (—1,1)) C R3, where
P:[0,27] x (—1,1) — R?,
(4.163)
P(u,v) := (2cos u+vsin (u/2) cos u, 2sinu + vsin(u/2) sinu, vcos(u/2)).
Then ¥ is a C°° surface, which is not orientable.

Sketch of Proof: Picture a choice of the unit normal at some point X € X, then to
move it continuously all the way around the Mo6bius strip, until it arrives again at X.

This time, however, this vector ends up having the opposite sense of the one initially

considered! O

Remark 4.4.25. An immediate consequence of Proposition 4.4.11, is that a continuous

choice of the unit normal to X is given by
(Ve(a'), —1)

V1+[Ve(@)?
With the assumption that O C R is an open set and that p : O — R is a function of

for every ' € O. (4.164)

v(a' (') :

class C' then the graph of ¢, i.e., ¥ := {(z/, o(2)) : ' € O} becomes an orientable C*

surface.

Remark 4.4.26. For every X* € R", n > 2, andr > 0, 3 := 0B(X*,r) is an orientable
C> surface, since a continuous choice of the unit normal is v(X) = (X — X*)/r,

X € O0B(X*,r).

Theorem 4.4.27. [Invariance of Orientability under Diffeomorphisms]
Let ¥ be an orientable C' surface in R™, n > 2, and assume that F : U — V is a

C' diffeomorphism, where U,V C R™ are two open sets, with ¥ contained in U. Then

Y := F(X) is also an orientable C' surface in R™.
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Proof. The proof of this theorem follows easily from Theorem 4.4.27, and from Theo-

rem 4.4.19 and definitions. O

Theorem 4.4.28. Assume that ¥ is a surface of class C' in R™. Then ¥ is orientable
surface if and only if the following holds. There exists a family of C' parametrizations

P;: O; — R", j € J, with the property that

> =JPio) (4.165)
JjeJ
and
det D(P7'oP) >0 on P YO;NOy) Vi kel (4.166)

Proof. Suppose n > 3 (the case n = 2 is treated analogously). If there exists a family of
C' parametrizations P; : O; — R", j € J, for which (4.165)-(4.166) hold, we consider

the function v : ¥ — S™~! defined by the requirement that, if j € J then
ale(u) X ang(u) X ... X 8n_1P](u)

) = BB ) < BB (0) x . X OBy (w)] €O (16T)
Since, by Chain Rule,
0Py = 0y[Pyo (P o Pl =) (8:iPy) o (P o P)au(Py " o P, (4.168)

i=1
formula (4.46) gives that, for each u € P;'(P;(O;) N Pi(Oy)),
01 P;(u) x 02 Pj(u) X ... X Op_1P;(u)
101Pj(u) X 02 Pj(u) X ... X Op_1 Pj(u)||
_ det A 01 Pp(w) X OaPp(w) X ... X Op_q1Pr(w) (4.169)
| det A] |01 Pe(w) X O Pk(w) X ... X Opq1 Pe(w)]||’
where we have set w := (P, "o Pj)u, and A := D(P; "o P;)(u). By (4.166), we know that

det A/| det A| = 1 which, in light of (4.169), proves that v(P;(u)) = v(P(w)). Hence,
v : ¥ — S"!is unambiguously defined, and is a continuous functions. Thus X has a
choice of a continuous unit normal, i.e., is orientable.

Conversely, if X is orientable then there exists a choice of a continuous unit normal
v : Y — 8" Fix a point X* € ¥ and assume that P : O — R" is a C* local
parametrization of ¥ near X*. By eventually replacing O with a smaller open neighbor-
hood of P7!(X*), it can be assumed that O is a connected set. In this scenario, it follows

from Theorem 4.4.9 (and a pattern of reasoning outlined in the hint for Lemma 4.4.22)
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that either
01 P(u) X 0oP(u) X ... X Op_1P(u)

v(P(u)) = Vue O, 4.170
(P(u)) |01 P(u) X 0o P(u) X ... %X Op_1P(u)] ( )
or
O P(u) x OoP(u) X ... x Oh_1P(u)
v(P(u)) = — VueO. 4.171
(P(w)) |01P(u) X 0o P(u) X ... X Op_1 P(u)| ( )
In the second case, we pick a linear mapping L of R"~! into itself with det L = —1 and

replace P by the local C! parametrization P:O — R"of ¥ near X* given by P:= PolL
and O := L71(©). Thus, it can be assumed that (4.170) always holds. In this fashion,
we create a collection of C' local parametrizations P; : O; — R", j € J, with the
property that (4.165) and (4.167) hold. Since the latter condition entails (4.169), we
deduce that det A > 0, i.e., (4.166) holds. This finishes the proof of the theorem. O
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4.5 Integration on Surfaces

Definition 4.5.1. Let ¥ C R"®, n > 2, be a C' surface and assume that P : O — R,
with O open subset of R"™Y, is a local parametrization of ¥ near some point X* € X.

Also, suppose that f : ¥ — R is a continuous function on 3 which vanishes outside of a

compact subset of P(O). We then define

/fda ::/(foP)(u) 10 P() % .. Op s P(u)|| dus ... duns ifn >3, (4172)
cmd2 ’

/ fdo = / (fo P)Y(w)||P'(u)||du if n=2. (4.173)

In (4.172), do stcm;s for the s(lglrface measure (or, surface area element), whereas in

(4.173), do stands for the arc-length measure.

Proposition 4.5.2. Definition 4.5.1 is unambiguous in the sense that the right-hand
side of (4.172) does not depend on the particular parametrization used to write this

ETPTeSSion.

Proof. Retain the context of Definition 4.5.1. In addition, suppose 4 C R"! is an
open set and ) : Y — R" is another local parametrization of ¥ near X* € ¥, with the
property that ) agrees with P near the support of f. In the case n > 3, our goal is to

show that

/O(foP)(u) 18P (u) X ... x Byr P(w)|| duy ... dun_,

= /u(fOQ)(w) 10,Q(w) X ... X D 1Q(w)|| duwy .. .dw, . (4.174)

From Proposition 4.3.14, we know that
do=(p1, ., Pn_1) : Ud — O C! diffeomorphism, such that Q = Pop. (4.175)
We may then use the Clhain Rule to compute
0,Q(w) = 3. Oyor () (P) (W), Vi€ {l,on}, Yo el (4176)
k=1
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Consequently, by (vii) in Proposition 4.2.2, we have

81Q(w) X ... X an_lQ(w)

= det (Dp)(w) 01 P(p(w)) X ... X Op_1P(p(w)), VwelU. (4.177)

On account of this and the Change of Variable Theorem, we then compute

/u(f o Q)(w) ||[01Q(w) X ... x 0y 1Q(w)| dw; ...dw, 1

- /M (f 0 P)(o(w)) [det (Dg) ()] -
A1 P)(p(w)) X ... X (Op—1P)(p(w))]| dwy ... dw,_1

= [P 102 X O PO du s, (1479

as desired. Finally, the simpler case n = 2 is dealt with similarly. O

For certain applications it is of interest to express the surface integral of a function in a
way which avoids using the multi-dimensional cross product. The scope of the theorem

below is to do just that.

Theorem 4.5.3. Let ¥ C R*, n > 2, be a C' surface and assume that P : O — R,
with O open subset of R"™Y, is a local parametrization of ¥ near some point X* € X.
Also, suppose that f : X — R is a continuous function on X which vanishes outside of a
compact subset of P(O). Then

[ raz=[(or) Zldet (Dg@':%_‘j">)<u>] dur...du, 1, (4.179)

Jj=1

with the convention that a “hat” over P; indicates that this function is omitted for the

corresponding enumeration.

Proof. This is an immediate consequence of (4.172) and (4.133)-(4.134). O

Definition 4.5.4. Let ¥ C R", n > 2, be a C' surface and suppose that f : ¥ — R
is a gwen continuous function which vanishes outside of a compact subset of 3. Let
{B(Xj,7;)}jes be a finite collection of balls in R™ centered at points in X, with the
property that, for each j € J, there exists a parametrization

P, 0; — R", O; CR™ open set, (4.180)
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of ¥ near X;, such that P;(O;) = B(Xj,r;) NX. Assume that

supp f C | P;(0;), (4.181)
jeJ
and, in addition, suppose that {wj}je 5 5 a partition of unity subordinate to the open

cover {B(Xj,7;)}jes of the compact set supp f. We then define the integral of f on X

as

/Efda ::Z/ijfdo— (4.182)

jed
where each integral in the right-hand side is interpreted in the sense of Definition 4.5.1.

Finally, whenever convenient, we shall write [, f(X)do(X) in place of [, f do in order

to stress the variable with respect to which the integration is performed.

Lemma 4.5.5. The above definition of fz f do is independent of the partition of unity
use to define the right-hand side of (4.182).

Proof. Assume that {B(Xj,7;)},.; and {B(Xg,7x) }yc i are finite open covers for supp f
with the property that ¥ N B(X,,r;), j € J, and ¥ N B(Xy,ry), k € K, are images of

local C! parametrizations of the surface ¥. Also, assume that {¢;}._, is a partition

jeJ
of unity subordinate to the open cover {B(Xj;,r;)};.; of supp f, and that {n},c, is

a partition subordinate to the open cover {B(X},74)},cx of supp f. We need to show

that

Z/E%’fda = Z/Emfda. (4.183)

jeJ keK

S )istde =33 [ mnf o

keK jedJ keK

- Z/;%(Z%—)fda: Z/Eﬁkfda, (4.184)

keK keK
as wanted. O

To justify this, we write

Z/ijfcw:j;/z(

jed

Remark 4.5.6. An immediate consequence of definition (4.172), Proposition 4.5.2 and
Proposition 4.4.11 is the following. Suppose that U C R"™ ' n > 2, is an open set and
assume that ¢ : U — R a C' function. Then, as already discussed in Remark 4.4.3, the

graph of this function, i.e., ¥ := {(z',¢(2')) : 2/ € U}, is a C* surface in R™. Then if
106



f X — R is a continuous function which vanishes outside of a compact subset of ¥,

then

/E fdo = /U 1@, o)1+ Vo) da. (4.185)

Remark 4.5.7. If 3 is flat, i.e. ¥ =R"' x {0}, then ¢ = 0 and (4.185) becomes the
equality between [ fdo and [, . f(z',0)da’. This simple observation is in support of

(4.172) being a natural definition for the concept of integral on a surface.

Theorem 4.5.8 (Surface to Surface Change of Variables). Suppose 3 is a C surface
in R", n > 2, and let v stand for a choice of the unit normal to 3. Also, assume that
F:U =V is a C' diffeomorphism, where U,V C R"™ are open sets, with ¥ contained
in U. It follows that % := F(X) is a C* surface (c¢f. Theorem 4.4.18), and we denote by
o its surface measure. Then, for every continuous function f : > — R which vanishes

outside of a compact subset of i, one has

/ifdg = /E(foF)\det(DFﬂH((DF)‘I)TVHdo—

_ /E(f o F) | det (DF)| |[[(DF )T o Flv]| do (4.186)

Proof. We shall address in detail the case n > 3, and leave it as an exercise to check
the validity of (4.186) when n = 2. To get started, note that formula (4.186) has local
character, in the sense that if it holds when supp f is suitably small, then it also holds in
general. Indeed, it is easy to see that one can use a partition of unity in order to“glue”
together these local results into a global one. For this reason, there is no loss of generality
in assuming that 3 has a global parametrization, i.e., 3 = P(Q) where O is an open
subset of R*! and P : O — R" is a global C' parametrization of X.
Assuming that this is the case, we note that, by the Chain Rule,

0;(F o P) = A0;P, Vie{l,...,n}, (4.187)
where A is the M x,, xn-valued function defined in O by

A:=(DF)oP. (4.188)
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Recall next formula (4.41). Taking the norms of both sides gives
[Avy X ... X Avp_q|| = |det A] [[(A™) T (v x ... X vm1)]] - (4.189)
Then we can write for a given continuous function f : > — R the following sequence of
identities:
/ifd’& _ /Ofo (FoP)||(FoP)x...x 0 i(FoP)| dur...du, .

_ /(f o F)o P||ABIP x AP x ... x Adu 1P| duy...du, 1 (4.190)
(@]

= /(foF)oP|detA| H 8P1 ..x@n_lP)H duy . ..du,_1,
where A is as in ( 40188) Replacing A with its actual formula then gives
/fda _ / (f o F)o P|det[(DF) o P]| x
< |[[(DF)™)T o PY(O1P % ... x 0,21 P)|| dus ... du,—1.(4.191)
Next, write
[(DF)™)T o P)(O1P X ... % 0,1 P) (4.192)

0P x...x0,1P
o —I\T 1 n—1
_[((DF) ) OP](HalPXXan_lPH) ||01P><...><0n_1P||,

and recall formula (4.123). Together, these give

[(DF)™ )T 0 PI(8,P x ... % 8,_1P)

=[((DF)™ " o P](vo P)||O\P x ... X 0y_1P|. (4.193)
Returning with (4.193) back in (4.191) then gives
/if i = /O(f o F) o P|[det(DF)] o P|||[((DF)™)T o Pl(vo P)]|-

: HalP X ... X 8n_1PH dU1 Ce dun_l. (4194)
At this stage, recalling (4.172), formula (4.194) can be re-written in the form of the first

equality in (4.186). Finally, the second equality in (4.186) follows from (4.159). O

Remark 4.5.9. [t is possible to prove a version of Theorem 4.5.8 in which it is assumed
that F : U — V is a function of class C', where U,V C R™ are open sets, with 2

contained in U, and such that F|s is injective and det DF # 0 on 3.

Definition 4.5.10. Let ¥ C R", n > 2, be a O surface and suppose that f : X — R is
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a continuous function. We say that fz f do exists, provided the following holds. There
exist an at most countable collection {B(X;,r;)};es of balls in R™ centered at points
in X, with the property that each B(X;,r;) N Y is a parametrizable patch, along with a

partition of unity {wj}jej subordinate to the open family {B(X;,7;)};es, such that

Z/ W;| f| do < +o0. (4.195)
jeJ =
In this case, the integral of f on X, defined as in (4.182), is a well-defined number.

Definition 4.5.11. Given a C* surface ¥ C R", n > 2, we define its area as
A(R) = / 1 do, (4.196)
s
provided the integral exists (in which case we write A(X) < 4+00). In the case n = 2, we

shall refer to the right-hand side of (4.196) as the length of .

Remark 4.5.12. If ¥ is the graph of the function ¢ : (a,b) — R, then the length of ¥
15 given by
b
length (%) = / V1+|¢(2)|?de, (4.197)

in agreement with (4.196) when n =2, and f = 1.

Remark 4.5.13. Let a,b € R, a < b, and suppose that f : [a,b] — R is a nonnegative,
function of class C*. The the area of the surface ¥ obtained by revolving the graph of f,

i.e., the curve {(z, f(z) : x € (a,b)}, about the x-azis is given by
b
AX) = 27r/ fx)v/ 1+ [f'(x)]? du. (4.198)

Indeed, let P : (a,b) x (0,27) — R3 be the C' global parametrization of the sur-
face ¥ given by P(z,0) := (x, f(z)cos 0, f(x)sin §). Then ||0,P(x,0) X 0pP(x,0)| =
f(x)y/1+ [f'(x)]? so that

b
AX) = 27r/ f@)v 14 [f'(x)]?de. (4.199)

Remark 4.5.14. Suppose ¥ is a C' surface in R, n > 2, with the property that

A(X) < +oo. Then any continuous and bounded function f : 3% — R is integrable and

/Z fdo| <A sup [F(X). (4.200)

Xex
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Proposition 4.5.15. Suppose Y is a C* surface in R™, for somen > 2 and k € NU{oo},
and let R : R™ — R" be a rotation about the origin. Then R(X) is a C* surface in R™
and, for every continuous function f : ¥ — R which vanishes outside of a compact
subset of X2, one has

/ fdo= / foR™ dog(s), (4.201)

b R(Z)

where dog(s) represents the surface measure of R(X). In particular, the integration on
a sphere centered at the origin in R" is rotation invariant. That is, for every r > 0
and any continuous function f : OB(0,7) — R, one has , with do denoting the surface
measure on 0B(0,7),

/ foRdo = / f do, (4.202)
oB(0,r) OB(0,r)

for every rotation R : R™ — R™ about the origin.

Proof. Since any rotation is a C'*° diffeomorphism of the Euclidean space R", it follows
from Theorem 4.4.18 that R(X) is a C* surface whenever ¥ is a C* surface in R™. To
establish (4.201), note that the problem is local in character and, as such, it suffices to
prove the corresponding result when ¥ has a global C' parametrization P : O — R",
where O is an open subset of R"™! (again, such local results can be glued together via
a partition of unity). Assuming that this is the case, it follows that Ro P: O — R" is

a global C'! parametrization of R(X).

Remark 4.5.16. If U € M, invertible is a unitary matriz then |detU| = 1 and
\UX]|| = || X|| for every X € R™.

Since R is linear, Remark 4.5.16 then gives |det DR| = |det R| = 1. Also, if v is a
choice of the unit normal for ¥ then, by Remark 4.2.4, ||Rv|| = ||v| = 1.

Finally, upon observing that ||[[(DR™!)T o R]y|| = ||RTv|| = 1, formula (4.201) eventu-
ally follows from the Surface to Surface Change of Variables Theorem (Theorem 4.5.8).
Recall that integration on the entire Euclidean space is translation invariant, in the

sense that for every continuous, compactly supported function f : R* — R and any
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vector X € R" one has
f(X+Y)dy = f(Y)ay. (4.203)

R” R
as desired. ]

Our next lemma explores the case in which a general surface is used in place of R".

Lemma 4.5.17. Suppose ¥ is a C* surface in R, for somen > 2 and k € NU {oo},
and fir X € R". Then X +¥ :={X +Y : Y € X} is a C* surface in R™ and, for every
continuous function f : 3% — R which vanishes outside of a compact subset of X3, one
has
/ Fdo= | FX+Y)dogs(Y), (4.204)
b X+%

where dox s, denotes the surface measure of X + 3.

Proof. Proceed as in the suggested solution for Proposition 4.5.15, taking F' : R" — R”
to be the C'* diffeomorphism given by F(Y) := X + Y for every Y € R". Note that, in
this case, DF = I,,,,.

A rigid transformation 7" : R™ — R" is obviously a homeomorphism of R”, so its action
commutes with the operation of taking the closure, complement, interior, and boundary

for sets. O

An immediate consequence of Proposition 4.5.15 and Lemma 4.5.17 is formulated in‘

the next remark.

Remark 4.5.18. Suppose ¥ is a C* surface in R™, for some n > 2 and k € NU {cc},
and that T : R* — R™ is a rigid transformation. Then T'(X) is a C* surface in R™ and,
for every continuous function f : 3 — R which vanishes outside of a compact subset of

Y., one has

/ fdo= foT™! dopesy, (4.205)
2 (%)

where dors) denotes the surface measure of T'(3).
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4.6 Domains of Class C*

Definition 4.6.1. We say that a nonempty, bounded open set 2 C R"™, wheren > 2, is
a C* domain (or, a domain of class C*), for some k € NU{oc}, provided the following
holds. For every point X* € 0) there exist R > 0, an open interval I C R with 0 € I,
a rigid transformation T : R™ — R™ with T(X*) = 0, along with a function ¢ of class
C* which maps B(0, R) C R into I with the property that ©(0) = 0 and, if C denotes
the (open) cylinder B(0,R) x I CR"™! x R =R", then

CNT(Q)={X = (a',2,) €C: z, > p(z)}, (4.206)
CNIAT(Q) ={X = (2',2,) €C: x, = p(2)}, (4.207)
CN(T(Q) ={X = (a/,2,) €C: x, < (')} (4.208)

Lemma 4.6.2. Any C' domain Q@ C R™, n > 2, lies on only one side of its boundary,
1.€.,

80 = 0. (4.209)

Proof. Since for a rigid transformation 7', the condition 9T(Q) = AT(£2) implies I =
09, we can assume that 7" in conditions (4.207)-(4.208) is equal to the identity. Then,

if X* = (z*, p(z*)) € 09, conditions (4.207)-(4.208) show that there exists a sequence

of points {X,};en in (Q)¢ (for example X; = (2%, p(z*) — %)) with the property that

lim X; = X*. Thus, X* € (Q)¢ which ultimately proves that 9Q C (Q)c.

J—00

Definition 4.6.3. Given E C R", define the boundary of E to be the set OF C R"
consisting of all points X € R™ with the property that any neighborhood of X overlaps
both with E and with E°. FEquivalently,

OFE ={X e R": B(X,e)NE # @ and B(X,e) N E° # & for every e > 0}. (4.210)

Remark 4.6.4. Suppose that E C R™. Then the following are true.

(1) OF = EnN (E°).

(2) OF = E\ E°. Hence, OE C E and E\ OE = E°.
112



(3) OF is a closed subset of E.
(4) E=EUOE = E°UJE.
(5) OF = O(E°).

(6) O(E) C OF.

(7) 8(E°) C OF.

(8) (E°) = dE U (E)".

(9) R* = E°UOEU(E)¢ and the three sets appearing in the right-hand side are mutually
disjoint.

Hence, 99 C (Q) N ()¢ = 99, by (1) in Remark 4.6.4. Since the opposite inclusion is
-

always true (cf. (6) in Remark 4.6.4), (4.209) follows. O

Remark 4.6.5. Conditions (4.206)-(4.208) are not independent. Specifically,
(4.206) and (4.207) = (4.208), (4.211)
and, up to reversing the sense on the vertical axis in R"! x R,

(4.207) and (4.209) => (4.206), (4.208). (4.212)

Remark 4.6.6. Let Q1,Q C R™, n > 2, be two C* domains, for some k € NU {cc},
with the property that Q; C Qa. Then Q = Q3 \ Q1 is also a C* domain. Moreover,

for every point X* € R", n > 2, and any numbers 0 < r < R, the annulus () :=

B(X*,R)\ B(X*,r) is a C* domain in R™.

Definition 4.6.7. The (open) upper and lower half-spaces of the Euclidean space R™

are, respectively,
R? = {X = (¢/,2,) e R" ! xR : z, > 0},

R" :={X = (2/,2,) e R xR : z, < 0}.

Theorem 4.6.8. Let € be a nonempty, open, bounded subset of R™, n > 2, and assume

(4.213)

that k € NU {oo}. Then Q is a C* domain if and only if for every point X* € 09 there

exist an open neighborhood U of X* in R™, r > 0, and a C* diffeomorphism

b = (P1, s tby) 1 U — B(0,7) (4.214)
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for which ¢(X*) = 0 and which satisfies
Y(QNU) = B(0,r)NRY,

(@) NU) = B(0,7) NR™, (4.215)
(AN U) = B(0,r) N IR,

Proof. Assume first that Q is a C* domain in the sense of Definition 4.6.1. In this
case, given X* € 0N there exist an open cylinder C = B(0,R) x I C R"™! x R with
0 € C, and a function ¢ : B(0, R) — I of class C* satisfying ¢(0) = 0 and such that
conditions (4.206)-(4.208) hold. Fix r > 0 sufficiently small so that B(0,7) € C. Then
U :=T7YB(0,r))) C R"is an open neighborhood of X* and we define ¢ : U — B(0, )
by the requirement that
V(T X)) = (2,2, —p(z)) if X=(2/,2,) € B(0,r) CR"=R""xR. (4.216)

It is then clear that 1 is a C* diffeomorphism and ¥ (X*) = 0. Moreover, conditions
(4.206)-(4.208) translate precisely into (4.215) Then v does the required job.
Conversely, suppose that €2 is a nonempty, open, bounded subset of R, with the prop-
erty that for every point X* € 0€) there exist an open neighborhood U of X* in R",
r > 0, and a C* diffeomorphism ¢ as in (4.214) which satisfies 1/(X*) = 0 as well as the
conditions listed in (4.215). Our goal is to shows that 2 is a C* domain in the sense of
Definition 4.6.1. To get started, choose j € {1, ....,n} such that

(O) (X*) £ 0. (4.217)
This is possible since otherwise Vi, (X*) = 0, which would imply that the Jacobian
matrix Dy (X*) has a zero line. In turn, this would entail that D (X*) is not invertible,
a contradiction given that v is a C! diffeomorphism near X*. To simplify the explanation
assume that j = n, i.e., assume that

(Ontn) (X)) # 0. (4.218)
Using the Implicit Function theorem, we can then solve the equation ¢, (z’, x,) = 0 for

*

x,, in terms of 2/, near X*. To be specific, assume that (z7,...,x}) are the components

of X* € R". Then it is possible to find a (n — 1)-dimensional ball B’ of radius R > 0,

*
n—1

), and an open interval J with midpoint =¥ such that B'xJ C U,
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and for which the following holds. There exists a C* function

¢:B —J (4.219)

*
n—

{(x/,a:n) € B x J: (!, n) = o} - {(x/, o(a') : 7' € B/}, (4.220)

which satisfies ¢(x7,...,x%_;) = 2} and for which

{(x/,xn) € B x J: o, n) > o} - {(m’,xn) e B xJ: é(x) < xn} (4.221)

{(x/,xn) € B x J: ol 1) < o} - {(m’,xn) e B xJ: é(x) > xn} (4.222)

In light of (4.215), the above equalities can be re-written in the form

(B'x J)NQ = {(g:’, o(a') : 7' € B’}, (4.223)
(B' x J)noQ = {(x',a?n) eB xJ: o(z') < xn} (4.224)
(B' x J)N Q) = {(x',:cn) € B x J: ¢(«) > zn} (4.225)
Define the rigid motion
T:R" - R", T(X):=X— X" for every X € R", (4.226)
and note that the open interval I := J — z contains 0. Also, consider the (open)

cylinder C := B(0,R) x I in R", so that T'(B’ x J) = C. Finally, define the function
¢ : B(0,R) — I by setting

o(2") =o' + (27,...,25_1)) — z) for every 2’ € B(0,R). (4.227)
It follows that ¢ is of class C* and (0) = 0. Granted (4.223)-(4.225), these choices then
ensures that conditions (4.206)-(4.208) in Definition 4.6.1 are satisfied. Since X* € 02

was arbitrary, we may then conclude that Q is a C* domain. O

The next theorem shows that the class of C* domains in R™ is invariant under C¥

diffeomorphisms.

Theorem 4.6.9 (Invariance of Domains under Diffeomorphisms). Assume that € is a
C* domain in R"™ for somen > 2 and k € NU {cc}. Also, suppose that V,\W C R"™ are
open sets with Q C'V and that F :'V — W is a C* diffeomorphism. Then F(Q) is also
a C* domain in R".
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Proof. Since Q is a compact subset of V it follows that F'(Q) is a compact subset of W.
Hence, F(2) is a nonempty, open, bounded subset of R™. Since F' is a homeomorphism,
OF(Q) = F(09). Consider an arbitrary point Y* € 0F (). Then there exists X* € 0}
such that Y* = F(X*). Also, from Theorem 4.6.8, there exist an open neighborhood U
of X* in R" r > 0, and a C* diffeomorphism v : U — B(0,7) for which ¢(X*) = 0
and which satisfies the conditions listed in (4.215).
Since X* € 90 C Q C V and since V is open, there is no loss of generality we can
assume that U C V (this can always be arranged by decreasing r > 0 and taking a
U :=¢"1(B(0,r))). Then F(U) is an open neighborhood of Y* and, if we consider the
C* diffeomorphism

¢ :=poF ' F(U)— B(0,r), (4.228)

it follows that _
Y(F(Q)NF(U)) = B(0,r) "Ry,
O(F(Q)°n F(U)) = B0,r)NR~, (4.229)
P(OF(Q) N F(U)) = B(0,7) N IR™.

On account of these and Theorem 4.6.8, we may therefore conclude that F(Q) is a C*

domain in R"™. O

Proposition 4.6.10. Assume that Q is a C* domain in R™ for somen > 2 and k €

NU {oo}. Then ¥ := 09 is a compact C* surface in R™.

Proof. Since €2 is bounded, it follows that 0f2 is compact. Fix an arbitrary point X* € 952
and observe that, in the context of Definition 4.6.1, T~1(C) is an open neighborhood of
X*. Thus, there exists 7 > 0 with the property that B(X*,r) C T-(C). Condition
(4.207) then ensures that there exists an open subset O of B(0, R) C R"! for which
B(X*,7)NoQ = {T"Ya', p(2)) : 2’ € O}. (4.230)
This shows that the function P : O — R" defined by P(z2') := T~1(a2/, (")) for every
2’ € O is a local C* parametrization of 92 near X*. Hence, one can have ¥ := 0 is a

compact C* surface in R". O
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Remark 4.6.11. Let Q is a C* domain in R", n > 2, for some k € NU {cc}. Then

any relatively open subset ¥ of O is a surface of class C* in R™.

Lemma 4.6.12. Let E C R" be a bounded set and suppose that f : E — R™ is a
uniformly continuous function. Then the graph of f, i.e., Gy = {(X, f(X)): X € E}

is a set of content zero in R™T™,

Proof. Fix € > 0. Since f is uniformly continuous on E, there exists 6 € (0,1) with the
property that || f(X)— f(Y)]| < € whenever X,Y € E are such that || X — Y| <. Also,
since F is bounded, there exists a cube @ C R™ which contains {X € R" : dist (X, E) <
1}. Consider next the standard n-dimensional grid decomposition of R™ into cubes with
side-length 6/y/n, and let Q1, ..., Qx be the collection of all cubes from the grid which

intersect . Finally, pick X; € Q; N E for each j =1,..., N. Then
U Boo(Xj,0) x Boo(f(X;),€) (4.231)

1<G<N
and notice that R; := By (X d) X Boo(f(Xj),€) are (open) rectangles in R"*™ with
N

ZU(R]-) Zv (X, 0))( = (2e)™

< 2 2emy(Q), (4.232)

.MZ
o

which this will finish the proof of Lemma 4.6.12. O

Remark 4.6.13. Using Lemma 4.6.12 one can show that if Q is a C' domain in R",

n = 2, then 0S) is a set of content zero in R™.

Definition 4.6.14. Assume that Q) C R", n > 2, is a C* domain, for some k € NU{oo}.
Then, given a point X* € 0X2, the outward unit normal to Q) at X* is the choice v(X*)
of one of the two unit normals to the C* surface Q) at X* which points towards the

outside of Q. Also, we call —v(X*) the inner unit normal to Q) at the point X* € 0S).

Remark 4.6.15. A clarification as to what “pointing towards the outside of 2”7 means
is in order. Fix a point X* € 00 and let

T:R* —R", T(X)=R(X-X*), VXeR" (4.233)
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be the rigid transformation associated with this point as in Definition 4.6.1 which, given
that T(X™*) = 0, necessarily has this form for some rotation about the origin R : R" —
R"™. Then the outward unit normal to Q0 at X* is the choice of that unit normal to OS2
at X* whose dot product with the vector R™!(e,) is < 0.

As a consequence of this convention, Proposition 4.4.11 and Theorem 4.4.19, it follows
that, in the context of Definition 4.6.1, the outward unit normal to Q0 at X* € 00 is

given by
R (Vep(0), 1)

v(X*) = )
X V1+[[Ve((0))?

More generally, the outward unit normal to Q at the point T (2, p(x')) € O is, for

(4.234)

every ¥’ € B(0, R) C R"™!, given by

—1/ 7 / R_l(vw(x,)v _1)
v(T (x', p(x = .
o) = e

The reason for making the choice (4.6.15) for the outward direction of the normal

(4.235)

becomes more apparent from the result presented in the lemma below.

Lemma 4.6.16. Assume that Q C R, n > 2, is a C* domain, and denote by v its
outward unit normal. Then for every X* € 052 there exists € > 0 with the property that

X 4+ t(X*) e (¢ Vte(0,e), (4.236)

X —t(X*)eQ  Vite(0,e). (4.237)

Proof. Since the problem is local, it suffices to consider the situation when @ C R}
is an open set, z* € O is a fixed point, and ¢ : @ — R is a function of class C*. In
this scenario, the role of X* is played by (z*, ¢(z*)) and v(X*) is a positive multiple of
(V(z*), —1). Since (z*, p(z*)) £t(Vp(z*), —1) = (2" £tVp(z*), (") F 1), for a small
t, then

o(x* +tVe(z")) > e(x*) —t and p(z* —tVep(z™)) < p(z*) +t for t > 0.  (4.238)
However, if for |¢| small we set f(t) := p(z* +tVp(z*)) — p(x*) +t then f is of class C'!
and f'(0) = [|[Veo(z*)||> +1 > 0. Thus, f(t) > f(0) =0 for ¢t > 0 small, proving the first

inequality in (4.238). The case of second inequality in (4.238) is similar. O
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Proposition 4.6.17. Assume that Q is a C* domain in R™, n > 2. Then X := 0% is

an orientable C' surface in R".

Proof. From the discussion in Remark 4.6.15 (cf. (4.235)) it follows that if Q@ C R™,
n > 2, is a C! domain then
v:0Q — R" (4.239)

is a continuous function, which satisfies ||v(X)|| = 1 for every X € 0f. O

Lemma 4.6.18. Suppose that Q is a C* domain in R™, n > 2, for some k € NU {cc},
k > 2. Then the outward unit normal v in (4.239) is a function of class C*~1.

That is, there exist an open set U C R™, which contains OS2, along with a function

N :U — R" of class C*~! in U with the property that N|sq = v.

Proof. Working locally, there exist an extension of v to a neighborhood of ¥ := 9

which is of class C*~!. Concretely, in the context of Remark 4.6.15, near each X* € 99,

we define v such that
-~ —1 ( ( )? ) / *
voTl X)= X =(2',2,) near T = 0. 4.240
R e e re (&) mear T(X")=0. (4240

Since the right-hand side of (4.240) is a function of class C*~! near the origin, it follows

that 7 is a function of class C*~! in some neighborhood O of X*. Finally, we will
cover 0f) with a finite family of open sets (O;);cs in each of which v can be extended
to a C*~! function 7; (in the manner described above), then glue together these local
extensions via a partition of unity (¢;);e; which is subordinate to (O;),c;. That is, take

= U Oj and N := Z ¢jgj- O

jed jeJ
Proposition 4.6.19. Assume that U C R", n > 2, is an open set which contains
St = 9B(0,1), the unit sphere centered at the origin in R™. Also, for a fix function
v: U — (0,00) (4.241)
of class C*, for some k € NU{oo}, consider the subset of R™ described in polar coordinate
as

Qi={rw:wes" " 0<r<pW)l (4.242)
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Then the following are true.

(i) Qis a C* domain in R™ whose boundary is given by

0N = {p(ww: we S} (4.243)

(ii) The outward unit normal v to Q) is given by
w)w — (Vian®)(w

= \/’|(vtan¢)(w>’|2 T go(w)Q’ fOT every w € Sn- ’ (4244>

where

Vianp(w) == Vo(w) — (w - Vy(w))w, Vwe S (4.245)

(1i) If do is the surface measure OSY then, for every continuous function f: 08 — R,

[t = [ e@m) ol VT @I+ o] doses (), (4:246)

where dogn— is the surface measure on S™1.

Proof. The function

F,:R"\{0} > R",  F,(X)=¢ (ﬁ) X, VX eR"\ {0},  (4.247)

is a C* diffeomorphism. For a fix number 0 < & < inf {p(w) : w € S"71}, we have that

F,(B(0,1)\ B(0,e)) = {rw: we 5" e <r < p(w)} (4.248)
is, by Theorem 4.6.9 and Remark 4.6.6, a C* domain as well. In turn, this readily
implies that 2 in (4.242) is a C* domain whose boundary, 92 = F,(S"!), is given by
(4.243). Since the unit normals to S™! are vgn—1(w) = +w at every point w € S" !,

Theorem 4.4.19 gives that v(¢(w)w) is one of the two vectors
(DF; (p(w)w)) T (vsn-1 (FH (p(w)w))
[(DE; (o(w)w)) T (vsn-1 (F; (p(w)w)) |

(4.249)

Definition 4.6.20. Given, a = (ay,...,a,) € R", b= (by,...,b,) € R", define a®b to be
the matrix

a®b:= (a;b) € Misn.- (4.250)

1< ksn

Remark 4.6.21. Recall that S"' = {X € R": | X|| =1}, and let U CR" be an open

set containing S™~1. Assume that ¢ : U — (0,00) is a differentiable function, and define
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F,:R" — R" by
L .
F(X)=1 % (Fy) X o x#0 (4.251)
0 if X=0.
then the following are true
(1) The function F, is continuous in R", differentiable in R™ \ {0}, and (by Defini-
tion 4.6.20) that
X X X
D) = o (7 ) T+ 7 © V) (7)) (4252)
X X t X
for all X € R™\ {0}, where we have set
(Vian®)(X) := Vo(X) — (Ve(X) - X)X, VXesh (4.253)
Use (4.252) to conclude that

det (DF,)(X)) = ¢ (%) . VX eR"\{0}. (4.254)

(ii) The function F, is bijective, its inverse (F,)~" : R" — R"™ continuous in R™ and

differentiable in R™ \ {0}.
(111) The function F, is differentiable at 0 if and only if ¢ is constant.

Given that (cf. Proposition 4.6.21) the inverse of (4.247) is given by F ' = Fy/,, the

above vectors can be re-written as

(DFy/p(p(w)w)) Tw
[(DFyp(p(w)w)) Tw|
On the other hand, making use of Proposition 4.6.21, we have

(DEp(p(@)) T = (/o) luxn + 0 ® Vnl1/0) )] w
= (/@) en + (Ve (1/9) () @ ]

= (1/p(W))w + Vian(1/9) (w). (4.256)
Since V(1/p) = —(V)/p?, it follows that Viun(1/¢0) = —(Vian)/@?. Thus,

(DFyp(p(w)w))'w = w/ow) = (Vianp) )/ (w)? (4.257)

(4.255)

and, hence,

I(DFyjp(p(w)w) T wll = o(w) V(@) + [(Viane) ()12, (4.258)

since w + (Viang)(w) = 0 for every w € S"~!. Hence, altogether, at every w € S™~! the
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outward unit normal v(p(w)w) to 02 is one of the two vectors
p(W)w = (Vian®) (w)
Ve + [[(Veanp) (W) |2

A moment’s reflection shows that the correct choice of the sign is “plus”, and this finishes

(4.259)

the proof of (4.244). Given that, by (4.254),
det (DF,)(p(w)w)) = p(w)",  VYwes", (4.260)
the surface-to-surface change of variable formula (4.186) finally gives (4.246), on account

of (4.258). O

Theorem 4.6.22. Assume thatn > 2 and F : R® — R is function of class C*, for some
k € NU{oco}. Suppose that ¢ € R is a number for which F~((c,+00)) is a bounded set
and
IVE(X)||#0 forany X € F7'({c}). (4.261)
Then
Q:={XeR": F(X)>c} (4.262)

is a domain of class C* in R™ with the boundary 0 = {X € R": F(X) = c}.
Proof. Clearly, 2 is an open and bounded subset of R"™.

Remark 4.6.23. Assume that F : R™ — R is a continuous function, ¢ € R, and suppose
that F does not have any local minima or local mazima on F~1({c}). Then

Q:={XeR": F(X) >} (4.263)
is an open subset of R™ whose boundary is given by

90 ={X eR": F(X)=cl. (4.264)

From the remark above, we know that 002 = {X € R" : F(X) = ¢}. The goal is to
show that the conditions in Definition 4.6.1 are satisfied near each X* € 0). On this
purpose we use ideas first employed in the proof of Proposition 4.4.15. More specifically,
we apply the Implicit Function Theorem to

FX)=F(X+X")-F(X)=FX+X")—¢, XEeR", (4.265)
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in order to obtain p,n > 0 and a
a function ¢ of class C*, mapping B(0, p) C R*! into (—n,n) (4.266)
which has the following properties. Consider the open neighborhood of the origin in R™
given by
N ={(z1,...,xzn) ER" : (21, .., Tjy—1, Tjo 1, -, ) € B(0,p), x;, € (—n,m)}. (4.267)
Then

(X eN :F(X) =0} = {(x1, s jy—1, (15 ey Ty 1, Tjits ey T ) Tjoids oons Ty

(Il, s L1 Tjot1y -y In) c B(O, p)}, (4268)

and, up to changing F into —F,

(X eN:F(X) >0} ={(x1, ., 2) € R™ : (1, .00, Tjy_1, Tjyi1, -, &) € B(0, p),

zj, € (—7],7]> and QO(LUl, vy Ljo—1y Tjo+1, ,xn) < l’jo}, (4269)
and

(X e N F(X) <0} ={(1,...x,) € R" : (21, ..., Zjp_1, Tjyr1, -, Zn) € B(0, p),

zj, € (=n,m) and ©(T1, ..., Tjy—1, Tjy11, -+, Tn) > Ty, }- (4.270)
To proceed, introduce the rotation about the origin in R™ given by
R(X) i= (1) s Tjom1s Tt 1y oy Ty T5,), - VX = (21,.,20) €R?, 0 (4.271)
as well as the rigid transformation
T:R" — R", T(X):=R(X — X7), VX eR" (4.272)
Upon observing that _
{XeN: F(X)=0}=NnN(02—-X*),
(X eN:F(X)>0=Nn(Q—-X"), (4.273)
{(XeN: F(X)<0}=Nn@-X")
and that R maps N into the cylinder C := {X = (2/,2,) e R" ' xR : ||2/|| < p, |2,| <

n}, it follows that
CNTON) =4{X = (2',x,) €C: p() = x,},
CNT(Q)={X=(2,2,) €C: p(2) < x,}, (4.274)

CN(TQ) ={X = (2/,2,) €C: p(2') > x,}.
This proves that the conditions in (4.206)-(4.208) are satisfied in this case. Finally, in
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the case when one is forced to change F' into —F in (4.269)-(4.270), the idea is to replace

/

¢ by ¢ := —y and to further compose T" with the reflection (2, x,) — (2/, —x,). O

Lemma 4.6.24. Assume that Q C R™, n > 2, is a domain of class C*, for some

k € {1,2}, and denote by v the outward unit normal to Q. Then for every X € 01,
O(|X =Y|*) asdN>Y — X, if k=2,
v(X) (X =-Y)= (4.275)

o(| X =Y) as0Q>3Y — X, ifk=1.
Proof. The problem is local in character, so there is no loss of generality in assuming
that 0Q is the graph of a C* function ¢ : © — R where O is an open set in R"!,
X = (2, ¢(@)) and Y = (¢, ¢(y')) with 2/, ¢y’ € O, and
V(X) = (Vo(@),-1)  _pn
VI+I[Ve()|?

(4.276)

Then

p(y') — (@) — (y —a') - Vo(2')
V1+[Ve(a)]?

Since, by the Taylor Expansion Theorem we have

O(|' = y'||*) as y — 2/, if k =2,

o(y) — @) — (y — ') - Vep(a') = { ol — ) as g — i k= 1, (4.278)

and since ||z' — /|| < [|[X = Y|, the desired conclusion follows. O

V(X)) (X —Y) = (4.277)

Lemma 4.6.25. Assume that ¥ is a C* surface in R", n > 2, for some k € NU {cc},
k> 2. Fix X* € ¥. Then there exist a C* domain Q0 in R™ and r > 0 with the property
that X* € 0 and

YN B(X*r)=00N0B(X",r). (4.279)

Proof. Without loss of generality, it can be assumed that ¥ is the graph of a function
0 O — R of class C*, where O is an open neighborhood of the origin in R*~!, that
X* =e, and p(0) = 1. We can pick a cutoff function ¢ : R"~! — R with small compact
support, which is identically 1 near 0 and such that 0 < ¢ < 1. Then, if we take Q to
be the under-graph of the function ¢ lying in the open-half space augmented with a
suitably chosen domain lying in the lower-half space, which has a sufficiently large flat

boundary the desired result will be achived. O
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4.7 Integration by Parts in R"

As a preamble, we first establish the following useful result.

Proposition 4.7.1. Assume that O C R" is an open set and suppose that f : O — R
is a function of class C* which vanishes outside of a compact subset K of O. Then for

every j € {1,...,n}, we have

/ (9,£)(X)dX = 0. (4.280)
o

Proof. Let (Ry)1<k<xn be a finite open cover of K with (open) rectangles whose closures
are contained in O. Also, denote by {¢ h1<k<n a partition of unity Subordinate to this
cover. Since Z Y, = 1 in an open set containing K, we have that Z 0;¢, = 0 on the

k=1 k=1
support of f. Consequently, if

n

R =[]@". o), 1<k<N, (4.281)
i=1
then each function v f vanishes outside of the rectangle Ry, so we may write

J@nax=3" [ o ax - Z DX IX (125
o) ' Jo

:;/a;; (/() —( (; 0,(Ux ), ) diy) -+« s )y,

However, this is zero since, for every k € {1, ..., N}, the innermost integral above van-
ishes, as can be seen by integrating by parts in the variable z; and using tha fact that

Ui f is zero near ORy. This finishes the proof of the proposition. O

Proposition 4.7.2. Assume that R > 0 and that ¢ is a function of class C' which
maps the ball B(0,R) C R™! n > 2, into an open, bounded interval I = (a,b) C R.
For this, consider its upper-graph domain, i.e.,
Q:={X=(d,2,) EBO,R)x ICR" ' xR=R": 2, > ()}, (4.283)
and define
Y= {(2, (")) : 2’ € B(0,R)} C 09, (4.284)

which is a surface of class C'. Finally, let f : Q — R be a function of class C* which
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vanishes outside a relatively closed subset of ). Then, for each j € {1,...,n}, we have
b Q
where do is the surface measure on ¥ and v; is the j-th component of the canonical unit

normal v to the surface ¥ (chosen such that v, <0 on X).

Proof. We shall split the proof into two parts, depending on whether j # n or j = n.
We begin with:

Case I. Assume that j € {1,...,n — 1}. Then the left-hand side of (4.285) becomes
[mdr = [ () ) VIH Vo i
> B(0,R)

= [ e o)) di (4.256)
B(0,R)
Consider next the right-hand side of (4.285). In this regard, introduce the function
which flattens the lower bottom of €2 into the subregion of the upper-half space
D:={Y =y, €eRL:y € BO,R), 0<y, <b—p(y)}, (4.287)
e.d.
®:0— D, dX):= (22, — @), VX = (2/,2,) € QCR" T xR.  (4.288)
This is a clearly a bijection, whose inverse is given by
O :D—-Q (YY) = o) +yn), VY = (¥ ,yn) € D SR xR, (4.289)

Since D1 (y1, ooy Yn) = (Y1, -+ - Yn_1, 2(y') + yn), we may then compute

1 0 - 0 0
0 1 0 0
DEHY)=| : : : i (4.290)
0 0 - 1 0
O1p(y') op(y) - Onrp(y) 1

for every Y = (y1,...,y,) € D. Hence, ®! in (4.289) is a C* _diffeomorphism with
det D(®1)(Y) =1 for every Y € D. Thus, by the Change of Variable Theorem,

/Q (0,£)(X)dX = /D (0,£)(@ (V)| det D(@1)(¥)| dY

- [@pemyay (4.201)

To continue, it is useful to recall the following.

Theorem 4.7.3 (Interchanging the Order of Integration). Let A C R"™ and B C R™ be
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closed rectangles and let f : Ax B — R be a Riemann integrable function on A x B with

the property that
for every Y € B, the function f(-,Y): A — R is Riemann integrable on A,

for every X € A, the function f(X,-): B — R is Riemann integrable on B.
Then the assignments

AaXH/f(X,Y)dYeR, BBYH/f(X,Y)dXE]R, (4.292)
B A
are Riemann integrable functions on A and on B, respectively, and the following formula,

dealing with changing the order of integration, holds:

/AXsz/A(/Bf(X,Y)dY) dX:/g(/Af(X’Y)dX) dY. (4.203)

Returning to the proof of Proposition 4.7.2, by the previous theorem, we have

/Q (0,£)(X)dX = /D (0,£)(@ (V) dY = /D @1 o(y) + y) dY

b—p(y')
= / < / OGN, ey) +1) dt) dy'. (4.294)
B(O,R) \Jo
On the other hand, given that f vanishes outside of a relatively closed subset of €2, for

every 3/ € B(0, R) we may write
fW oW y) = =y o) +1)059)(y)]

t=b—o(y')

(4.295)

t=0

b—p(y')
= [ Gl + 0@

As a result,

/ frido = / o) @) dyf
> B(O,R)

b—p(y")
- _/ (/ %[f (W' () +1)(959) (V)] dt) dyf
B(0,R) 0
b—p(y")
B(0,R) 0

_ /B » ( /Ob—so(y/)(ajf)(ylaSD(y/)—I—t) dt) w

Lo T U ety) + 01 ) dy (1.296)

where the last equality requires observing that for every y' € B(0,R) and 0 < t <
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b— o(y') we have

O [f(W' o) + 0] = ()W, 0(y) + 1) + (O )Y, 0(y) + )(950)(y),  (4.297)
from which we deduce that

O )Y 0y) +0)(050)(y) = 05 [f (', o) + )] — (0 1)(¥, o(y) + 1) (4.298)
Note, however, that if for every t € (0,b—a) we set O, := {y' € B(0,R) : ¢(y') < b—t},

which is an open set, then Fubini’s theorem allows us to write

/B y ( /Ob—so(y’) % [f(Yp(y) +1)] dt) dy

= / b_a( U f(W,e(y) +1)] dy’) dt =0, (4.299)
since, by virtue of Proposition 04.7.1, tO}tle innermost integral is zero, given that that for
every t € (0,b— a) fixed the C* function O; 3 y' — f(v', ¢(y') +t) € R vanishes outside
of a compact subset of O;. Thus, the very last integral in (4.296) is zero, whereas the
penultimate one matches the right-most side of (4.294). Altogether, (4.285) is proved in

this case.

Case II. Suppose now that j = n. Then the left-hand side of (4.285) becomes

Vpdo = — ! ") dy'
/Ef /B(O,R)f(y e(y)) dy

- [ T oty ) )

b= (y')
= [ ([T @t ena)ar s
B(0,r) ~Jo
On the other hand, much as before, we can transform the right-hand side of (4.285) by

making a change of variables into

/Q (0uf)(X)dX = /D Oul) W oy) + ) dY

= / . ( / T W) + ) at)dy'.  (4.301)

This matches the expression in (4.300), so formula (4.285) holds in this case. O

Theorem 4.7.4. Let Q be a C' domain in R", n > 2. We denote by do the surface

measure on the boundary 02, and by v = (11, ..., v,) the outward unit normal to Q. If
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f:Q — R" is a function of class O, then for every j € {1,...,n}, one has

/ O, ) (X)dX = [ fv, do. (4.302)
Q o9
Proof. Since € be a C* domain, for every point X* € 9Q there exist:

(1) a number R > 0 and an open interval / C R with 0 € I;

(2) a rigid transformation 7" : R" — R™ which has the form T'(X) = R(X — X*) for

every X € R", where R : R® — R" is a rotation about the origin,

(3) a function ¢ of class C* which maps B(0, R) C R"! into I with the property that
©(0) = 0 and such that if C denotes the cylinder B(0, R) x I C R*! x R = R",
then formulas (4.206)-(4.208) hold.

We first prove (4.302) under additional assumption that, for some X* € 042,

f vanishes in Q outside a compact subset of Q N T~!C. (4.303)
In this scenario, we write
Joneeix - (0,1)(X) dX (4.304)
Q QNT—-1(C)

- / o X det D))

[ @@ )R ax = [ (@) ax.
T(Q@)nC T(Q)NC
To continue, observe that 07'(2) = T'(02) and that (cf. Theorem 4.4.19) the outward
unit normal to the C' domain T'(Q) is ¥ = R~ (v o T71). Also, if (a;x)1<jr<n is the

unitary matrix associated with the rotation R, and (ajk)1<j7k<n is its inverse, then by

Chain Rule
0;(f o T™(X) = (O )T H(X))a?™ (4.305)
Q0T X)) = O(f o T7)(X)aj. (4.306)
k=1

Then, granted (4.206) and (4.207), we can then invoke Proposition 4.7.2 and condition
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(4.303) in order to write

/ @NT X)X = Y ap / O(foT™M)(X)dX (4.307)
T(Q)NC Pt T(Q)NC
= Z ajk/ foT " (R (voT™ ), dorepa
=1 T(O)NC
- Za]k/ fOT_l (R_l(VOT_l))k dUT(@Q)
— T(09)

where dor(pq) is the surface measure on the surface 7'(0€2). Upon recalling (4.205), the

last integral above is further equal to

San [ FRIedr = [ 73 (R @)edo

k=1
= f(RR(v));do = frjdo.  (4.308)
o0 o9

Together, (4.304), (4.307) and (4.308) prove (4.302), granted the supplementary condi-
tion (4.303).
To treat the general case (i.e., when no assumption is made on the support of f), select a
finite open cover (Oy)1<r<n of 02 with sets which are rigid transformations of standard
cylinders C; in R"™! x R which have the property that (4.302) holds for every function
satisfying (4.303) with C := Cj. Supplement this with an open set Oy, with Oy C Q,
such that Op, Oy, ..., Oy is an open cover of (0. Also, fix a partition of unity {¥x }o<k<n
subordinate to this cover. Since % Yr = 1 near Q and, hence, % 0t = 0 near €, we

k=0 k=0
may then use the partial result we have proved up to this point in order to write

/Q O:1)(X)dX =3 / O, (U f)(X)dX = 3 / 0, (. f)(X) dX

N N
= ¢fu-daz/ Y fy»da:/ fv;do, 4.309
;/BQ A 8Q<; k> ’ o ( )
where, in second step, Proposition 4.7.1 is used to conclude [, 8;(¢of)(X) dX = 0. This

finishes the proof of the theorem. O

Theorem 4.7.5 (Integration by Parts in R"). Let Q be a C' domain in R", n > 2.
We denote by do the surface measure on the boundary 092, and by v = (11, ...,y,) the

outward unit normal to Q. If f,g: Q — R" are two functions of class C*, then for every
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j€{l,...,n}, one has
/(8 X /f X)dX + fgv;do. (4.310)

o0

Proof. This is a direct consequence of (4.302) written for fg in place of f and the fact
that 9;(fg) = (9;f)g + f(9;9). O

Theorem 4.7.6 (The Divergence Theorem). Let Q be a C' domain in R", n > 2. We
denote by do the surface measure on the boundary 052, and by v the outward unit normal
to Q. If F: Q — R™ is a function of class Ct, then

/ (div F)(X)dX = [ F-vdo. (4.311)

Proof. Assume that (f,..., f,) are the components of F. Also, let (v, ...,1,) be the

components of the outward unit normal v. Then, making use of Theorem 4.7.4, we may

write
/mF~VdU = /m;ijjdazj;/mfjujda (4.312)
- [ = [ > @LX)X = [ @ F)X)ax
as desired. ]

Definition 4.7.7. Let Q be a domain of class C* in R™®, n > 2, and denote by v its
outward unit normal. Given a function u : Q — R of class C', we define the normal
derivative of u as the directional derivative of u along the outward unit normal to €2,
1.€.,

Oyu :=v-(Vu) on OSL. (4.313)

Proposition 4.7.8 (Green’s Formulas). Suppose that Q is a domain of class C* in R",
n = 2, and denote by v its outward unit normal and by do the surface measure of its
boundary. Also, assume that u,v : Q — R are two arbitrary functions of class C*. Then

/Auv dX = vo,udo — / Vu-VvdX, (4.314)
Q Ge) Q

/(vAu —ulAv)dX = {vo,u—ud,v}do. (4.315)
Q o9
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As a corollary, if u : Q — R is a function of class C2, then

/ AudX = dyudo. (4.316)
B Q o0
In particular, if u: Q — R is a function of class C?, then
w is harmonic in Q = dyudo = 0. (4.317)
o0

Proof. By virtue of the Divergence theorem we may write
/(Auv +Vu-Vu)dX = / div(oVu)dX = | (vVu-v)do, (4.318)
Q Q o9
from which (4.314) follows. Since, obviously, the second Green formula follows from the

first, the proof is finished. O

Lemma 4.7.9. The Integration by Parts Theorem can be deduced from the Divergence

Theorem (and, hence, it is equivalent to it).

Proof. The goal is to show that if f, g are scalar-valued functions, then for every index
jed{l,...,n},
[ 1@gax= [ fovdo~ [ g, ax (4.319)
Q o9 )
However, using the Divergence Theorem, we have
[ r@gax = [ (v irge) - gnax = [ favdo- [ g@,nax. (a)
Q Q o9 Q
as desired. ]

Lemma 4.7.10. Suppose that Q is a domain of class C* in R™, n > 2, and denote by
v its outward unit normal and by do the surface measure of its boundary. Also, assume

that f: Q — R and G = (Gy,...,G,) : Q@ — R" are of class C. Then
/(Vf)~GdX: fG~VdU—/fdideX. (4.321)
Q Q

0
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Proof. Observe that, by the Integration by Parts formula,

/QVf-GdX - A(;Gjajf)dngéej(ajf)dx

n

= Z( anGjdeU—/Qf(ajGj)dX>

j=1
- / (3G do - / (3 06;) ax
CIO o NI
= fG-l/da—/ fdivGdX, (4.322)
o9 Q
as desired. O

Remark 4.7.11. Suppose that Q is a domain of class C' in R3 and denote by v its
outward unit normal and by do the surface measure of its boundary. Also, assume that

f,g:Q — R3 two functions of class C*. One can have
/(curl f)-gdX = / f - (curlg) dX+/ (vx f)-gdo. (4.323)
Q Q 09

Indeed, after we expand (curl f) - g and use the Integration by Parts formula for each

term the result will follow.

Lemma 4.7.12. Let Q C R", n > 2, be a C* domain and assume u : Q — R is a
function of class C*. If Au =0 in Q and ulsq =0, then u =0 in Q.

As a consequence of this, one can deduce the following uniqueness result for harmonic
functions: If v,w : Q — R are two functions of class C? with the property that Au =

Av =01 Q and v =w on OS2, then v =w on ).

Proof. Notice that, by Green’s formula and since Au = 0 in Q and u|gg = 0

/]|Vu||2dX = /Vu-VudX: uVu-l/da—/uAudX
Q 0 o9 0

= / ud,udo = 0. (4.324)

o9
Since ||[Vul*> > 0, it follows that [|[Vu||> = 0 a.e. in Q so that, ultimately, ||Vu| = 0
everywhere since this is a continuous function. Thus, Vu = 0 in 2. The Mean Value
Theorem then forces u to be locally constant in €2. Hence, necessarily, u = 0 in €2, since

u|aq = 0. For the second part one can use the first part with u := v — w. O
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Lemma 4.7.13. [Rellich’s Identity] Assume that Q CR", n > 2, is a C* domain
and denote by v its outward unit normal and by do the surface measure of its boundary.
Suppose that u : Q — R is a function of class C? which satisfies Au = 0 in Q. to prove

that, for every fized vector h € R™, one has

/ ||Vu||2h-1/d0:2/ (Vu-v)(h-Vu)do. (4.325)
B) B

Proof. After one will check that div (||Vul[*h) = 2div ((h- Vu)Vu) and use the Diver-

gence Theorem, the resul will follow. O

Proposition 4.7.14. [Integration by Parts on the Boundary| Let Q2 CR" n > 2,

be a C' domain and suppose that f,qg : Q — R are functions of class C?. For j, k €
{1,...,n}, define

0
/ = (V0 — 0;) f on 0L, (4.326)
aT]k
where v = (vy,...,v,) is the outward unit normal to Q. Then
9y
——gdo do. 4.327
| sgar—— [ s (4.327)

Proof. Using Theorem 4.7.5 and the fact that 0,0 f = 0,0, f, we may write
of do = / g(v;0p — v,0;) f do
o9

o0 aTJk
= /m g f do — /m g0 f do = /Q(?j(gﬁkf) - /Q(?k(g(‘?jf)
N}

= [ {@905) + 90,005) = @905 + l0u0, 1

= [ {@w0un - @s0,0)} (4.328)

Q
At this stage, observe that the last expression is antisymmetric in f and g (i.e., by
switching the roles of f and g yields the opposite expression). As a consequence, the

original expression must be antisymmetric in f and g. O

Remark 4.7.15. Let 0 : R™ be a nonnegative C™ function with the property that
suppf C B(0,1) and [,,0 = 1. For each e > 0, set

0.(X) :=c"0(X/s), X €R" (4.329)
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If f: R™ — R is an arbitrary continuous function, define for each € > 0,
f(X) ::/ 0.(X —=Y)f(Y)dY, X e R™ (4.330)
Then f€ is a function of class C'*° which satisfies
sup |f(X)— f5(X)|—0 as e—0F, (4.331)
XeK
for every compact set K in R™. If, in addition, f has compact support then so does f¢

and (4.331) holds for K = R™.

Remark 4.7.16. Using Remark 4.7.15 one can have that formula (4.327) remains valid

if the functions f, g are of class C' only.

Proposition 4.7.17. Let Q CR", n > 2, be a C' domain and suppose that f : R* — R

s a continuous function with compact support. Then the function

F:R" — R, F(X):= / f(X+Y)dy, VXeR" (4.332)
Q
is of class C' in R and, for every j € {1,...,n}, we have
0;F(X) = FX+Y)(Y)do(Y), X e R", (4.333)
o9

where v; is the j-th component of the outward unit normal to Q0 and do is the surface

measure on Of).

Lemma 4.7.18. Let  C R"™ be an open set and assume that u : £ — R is a harmonic
function. Fiz X* € Q along with R > 0 such that B(X*,R) C Q. Ifr,p € (0, R] are

such that p?> = rR, then

/Snl w( X"+ rw) u(X* + Rw)do(w) = /Sn1 w(X* + pw) do(w). (4.334)

Proof. Consider the function
o(t) :== / w(X* 4+ tw) u(X* + p*tw)do(w), t€r R, (4.335)
Sn—1
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and note that,

d(t) = /Snl {w (V) (X 4 tw) u(X* + bt w) do(w)
(X A+ tw)w - (V) (X + pzt_lw)} do(w)
= t! /snl {OV [u(X™ + tw)]u(X* + p*t~'w)
(X + 1), [u(X* + p%—lw)]} do(w)
= ¢! Alu(X* +t X)) u(X* + p*t 71X
t /Bm{ [u(X* +£X)] u(X" + g X)

(X EX) Afu(X* + p2t—1X)]} dX =0, (4.336)
by Green’s formula and the harmonicity of u. Hence, ¢ is a constant function on [r, R).

As such, ¢(r) = ¢(R), proving (4.334). O

Theorem 4.7.19. [Unique Continuation Property for Harmonic Functions| Let
Q C R™ be an open, connected set and assume that u,v :  — R are two harmonic
functions. Using Lemma 4.7.18 we conclude that if u = v in the neighborhood of a point

X* € Q then u = v everywhere in €.

Proof. By considering u — v, which continues to be a harmonic function, in place of
u, it can be assumed that v = 0. Assuming that this is the case, fix » > 0 such that
B(X*,r) ¢ Q and u(X) = 0 for every X € B(X*,r), hence for every X € dB(X*,r).
Pick any number R with r < R < dist (X*,Q°). Therefore, B(X*, R) C Q and, if we
define p := V/rR, then (4.334) forces
/ 1 W (X* + pw) do(w) = 0. (4.337)
Since u? is continuous and S} 0, it follows from (4.337) that u = 0 on JB(X™*,p).
Repeated applications of this pattern of reasoning shows that v = 0 on B(X*, R). To
summarize, we have proved that
if X* € Qand u=0near X* = u =0 on B(X",dist(X™, Q°)). (4.338)

To continue, introduce

U:={Xe€Q: u=0near X}, (4.339)
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is a nonempty, open subset of 2. We claim that U is a relatively closed subset of €2. To
prove this claim, consider a sequence { X },en of points in U which convergence to some
point Y € Q. Set r := dist (Y, Q°) and pick j € N large enough so that X; € B(Y,r/2).
In particular, dist(X;,€°) > r/2. Then u vanishes identically on B(Xj, dist(Xj}, 29)),
hence on B(Xj,r/2) which is a neighborhood of Y. Then Y € U, proving the claim.
Since €2 is connected, the fact that the nonempty set U is simultaneously relatively closed

and open in € forces U = Q2 and u = 0 in 2. O
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4.8 More on Integration on Spheres

Remark 4.8.1. If X* € R", n > 2, and r > 0, then for any continuous scalar-valued

function f, depending on n variables, we have

/ fdo = / f(X + X")do(X), (4.340)

OB(X*,r) 0B(0,r)
/ fdo = 7’"—1/ f(rX)do(X), (4.341)

dB(0,r) 0B(0,1)

/ f(=X)do(X) = / f(X)do(X). (4.342)

8B(0,r) 9B(0,r)

Also, for each j € {1,2,....,n},
f(xl,...,xj_l,—xj,xjH,...,xn) dO'(X) = de', (4343)
Snfl Snfl

and for 1 < 7,k < n,

f(:vl,...,xj_l,xk,xjH,...,zk_l,xj,ka,...,xn)da(X):/ fdo. (4.344)

Sn—1 Sn—1

Remark 4.8.2. Let f be a continuous, real-valued function, of one variable, with the
property that there exists m such that f(\t) = X" f(t) for any t € R and A € R with

A > 0. Then one will have, for any 0 #n € R™, where n > 2,

f(n-&)do(§) = [n|™ f (&) do(8), (4.345)

Snfl Snfl
where & is the first component of €.

Indeed, with the invariance of the integral on S™~! under rotations the result above will
follow. Assume n > 3, let R > 0 be fixed and, for r € (0, R), @1 € (0,7), p2 € (0,7),

oy Pn_o € (0,m), and ,_1 € (0,27) set 1, T, ...z, as in (4.116).

Definition 4.8.3. Assume that X* € R", n > 3, is a fized point, and R > 0 is arbitrary.

The standard parametrization of the ball B(X* R) is defined as
P (0,7)" 2% (0,27) x (0, R) — R",
(4.346)
P(o1, 02,0y Pno1,7) = X"+ (21,29, ..., Ty).

Remark 4.8.4. One can have that P, defined above, is an injective function of class
C*, takes values in B(X*, R), its image differs from B(X*, R) by a subset of R"™ having

content zero, and
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n—2( n—3 )

.. (sin @,_9), (4.347)

det (DP)(SOD ¥2y -5 Pn—1; ’f’) = Tn_l(Sin Spl) sin S02)

at every point in its domain.

Proposition 4.8.5. Forr > 0 and X* € R", n > 3, given, recall the function P, from
(4.115)-(4.116). Then (4.347) holds, i.e.,

0P, 0P, OP, . o, 5 ‘
_ n "3 (sing, o), (4.348
S K g e | = s i ) i ) i a), (1349
where, as usual, || - || is the standard Euclidean norm in R™. In particular, this shows

that condition (4.86) holds and, hence, P, is a local parametrization of 0B(X*, ).

Proof. We shall use formulas (4.48)-(4.49) with v; := 0P, /0¢;, 1 < j < n — 1. Based
on properties of determinants, we can factor out r from each of the n — 1 rows of the
matrices A;, which accounts for the factor r"~! in the right-hand side of (4.347). Hence,

without any loss of generality, we can assume that » = 1 to begin with. To continue,

recall the z;’s defined in (4.116) and, for each j € {1,...,n}, define the (n — 1) x 1

matrix
, a.flfj
pr, 1<k<n—1
viewed as a column, where V' is the gradient in R"~!. Then
OP. 0P, .
X X - = (=17 (det Aj)e;, (4.350)
dp1 Ops aSDn L

where, for each j € {1,...,n}, A; is the (n — 1) x (n — 1) matrix given by

A= Ve, ..., Va1, V', . Vi,). (4.351)
Consequently,
oP 6P oP
NIV = 4.352
‘ 0oy 8@2 Opn_1 ( )




In order to facilitate the computation of the determinant of each A;, observe that

cot 1
t%n P —tan pg
V/SL’l =1 . , v/5132 = T 0 s
0 0
COt. P cot 1
vy Va1 =2, : ., V', =z, : ) (4.353)
COt Pn—2 cot
Using this, and also factoring out cot ¢, from row; A;, cot ¢y from rows A;, ..., cot ¢,_1
from row,_; A;, it follows that
H Tk [n—1
det A; = =l (H cot gpk) det B, Viedl,...,n}, (4.354)
T k=1

where B; is the (n — 1) x (n — 1) matrix obtained by eliminating column j from the

(n — 1) X n matrix

—tan? ¢, 1 1 . 1 1
0 — tan? @, 1 o 1 1
0 0 — tan? . 1 1
B = , , s , . (4.355)
0 0 0 - 1 1
0 0 0 ... —tan®p,_; 1

Since B, is an upper triangular matrix, det B,, is just the product of the elements on its

main diagonal. That is,

n—1
det B, = [ [ tan® ¢4 (4.356)
k=1
Similarly,
n—2
det B,y = [ ] tan® ;. (4.357)
k=1

The computation of det B,,_, is somewhat more involved since this particular matrix is
no longer upper-triangular. This time, after subtracting the last column of B, _5 from

the second-to-last column of B,,_, we arrive at
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—tan? ¢, 1 1 0 1

0 — tan? 1 o 0 1
0 0 — tan? . 0 1
det B,_y = det , , o . .
0 0 0 - 0 1
0 0 0 —1 — tan? OYn—1 1
—tan? ¢, 1 1 1 1
0 —tan? 1 1 1
0 0 — tan? 1 1
= (1 + tan® ¢, _1) det ' 3 '
0 0 0 —tan® g, 3 1
0 0 0 0 1
n—3
=+ <H tan? ¢y, | (1 + tan®p,_,), (4.358)
k=1

where the second equality follows by expanding the determinant according to the next-
to-last column. The actual sign in front of the product is not important since we are
going to eventually work with the square of this expression.

When computing det B,,_3, we first subtract the last column from the second to the last
column, then expend with respect to column (n—2), then again subtract the last column
from the second to the last column and expend over the second to the last column. The

resulting determinant will be that of an upper-triangular matrix. As such, we obtain

n—4
det B,_3 = + (H tan? <pk> (14 tan® @, _2)(1 + tan® ¢, _1). (4.359)
k=1
Inductively, one can prove that for j € {i,...,n},
j—1 n—1 7j—1 n—1
1
_ 2 2 _ 2
det B; = £ Htan O H (1 +tan® ;) = £ Htan Ok H o o (4.360)
k=1 k=j+1 k=1 k=j+1

with the convention that when j = 1 the first product is not written, and when j = n—1,

the second product is not written. Combining all these we arrive at the conclusion that
n

H Tk /n—1 n—1 n 1 n—1
det A, = =1 (H cot @k) H tan® @), = (H :ck) . H tan ¢y,

T
n k=1 k=1 k=1 " k=1

- 1
_ ka e (4.361)
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and, if j € {1,...,n— 1},

k=1 J k=1 k=1 k=j+1
- 1 COS ©;
e S ih & E (4.362)
k=1 [T cos v, [ sin ¢,
k=1 -y
Thus
OP, <~ cos? "y
) 3 H Tk Z n—1 1
©1 Pn—-1 9
k=1 Hcos(pk JIHSIHQOJ
k=1 k=j
s
= n_]le T [cos2 @1 + sin? ¢, cos? y + sin? ¢y sin? @y cos® 3
[T cos?r  T] sin® gy,
k=1 k=1
+ -+ sin? V1 sin? Vg .. .sin? Vn_2 cos® Pn—1+ sin? 01 .. .sin? gon_l]
M«
= ]le T = (sin ¢)?" Y (sin @)Y | (sin p,_5)%,  (4.363)
H cos? gy H sin? oy
as desn"ed ThlS ﬁnlshes the proof of the proposition. O

Theorem 4.8.6 (Spherical Fubini and Polar Coordinates). Let f be a scalar-valued,
continuous function, depending on n variables. Then for each X* € R", n > 2, and

each R > 0 the following formulas hold:
R
/ f(X)dX = / </ fda) dr, (spherical Fubini) (4.364)
B(X*,R) o “aB(x+r)

R
/ f(X)dX = / / f(X* +rw)r"tdo(w) dr (4.365)
B(X*,R) 0 JaB(0,1)

R
/ / frw)r*tdo(w)dr (polar coordinates).
dB(X*,1

In particular, when X* is the origin of R™,

R
/ f = / (/ fda) dr, (spherical Fubing) (4.366)
B(0,R) o “aBo

R
/ f = / / frw)r"tdo(w) dr (polar coordinates). (4.367)
B(O,R) o JaB:
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Proof. We shall treat in detail the case when n > 3, and leave the simpler case n = 2
as an exercise. Let X* € R", R > 0 be fixed. Then, as in (4.116), for ¢; € (0,7),
wo € (0,7), ..., Yno € (0,7), ¢,1 € (0,27) and r € (0, R), recall the setting from

(4.116). These are used (cf. Definition 4.8.3) to parametrize the ball B(X*, R) by
P:(0,7)"2% % (0,27) x (0, R) — R"

P(o1, 02, s Pn1,7) = X* 4+ (21,22, ..., Tp).
Note that, for each fixed r € (0, R),

(4.368)

P((plv P25+ Pn-1, T) = Pr(@l; P25, (Pn—l)a (4369>
where P,, defined as in (4.346), is the standard parametrization of 0B(X™*,r). Then,

using this parametrization the Change of Variable Theorem gives

[ fax
B(X*.R

)
R
:/ / f(P(¢17¢27"'7¢n—17T>>'
0 (0,m)"=2x(0,27)

Jdet T (1,02, -y Pu1,7)| dp1...dp,_1dr, (4.370)
where we have denoted by J (1, @2, .., @n_1,7) the Jacobian matrix corresponding to
the parametrization P above. In other words, J (@1, @2, ..., ¥n_1,7) is the n X n matrix
whose columns are given by

cot 1
tan ¢y —tan @,
0 0
vlllfl =T , V,l'2 = Ty . ’
; 0
1
COt' P cot 1
iy Va1 =wp1 | cot ('pn_2 , V', =z, : , (4.371)
cot -1
— tan ¢,y
1
1
where, as before, V' is the gradient in R"~!. Much as in the proof of Proposition 4.8.5,
after factoring out cot ¢; from the first row, cot s from the second row, ..., cot ¢, 4
from the (n — 1)-th row of J(¢1, ¥, ..., pn_1,7) we arrive at the conclusion that
n n—1
det J (1,02, -y Pn_1,T) = H T <H cot gpk) det B, (4.372)
k=1 k=1
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where B is the n X n matrix

—tan? ¢, 1 1 o 1 1
0 — tan? 1 o 1 1
0 0 —tans ... 1 1
B .= : : : : . (4.373)
0 0 0 o 1 1
0 0 0 ... —tan?p,; 1
1 1 1 . 1 1

Compare this with the (n — 1) x n matrix B from (4.355), used in the proof of Proposi-
tion 4.8.5. It is immediate that, after subtracting the last column of B from each of the
other n — 1 columns of B, we obtain a triangular matrix whose determinant is equal to
(1)t :1:[1(1 + tan? ). Utilizing this back in (4.372) proves that

et T(1, s pnr,7)| = 1" (sin 1) 2(sin o)™ (sin on_s).  (4.374)

In concert with Proposition 4.8.5, this shows that

) 0P,
0901 o a9071—1
the Jacobian of the standard parametrization P, of the sphere 9B(0,r) in R™. Conse-

(4.375)

|det \7((,01,@2,...,@”_1, )| -

quently, Definition 4.5.1 gives

f(P(QOlaSD% .- ->S0n—lar))| det j(wla P25y (pn—1>r)| d(pl c 'd(pn—l

(0,7)n—2 % (0,27)

/ f(Y)do(Y (4.376)

OB(X*,r
which, when combined w1th (4.370), completes the proof of (4.364). Going further,

observe that

P((plu(p%’”u(pn—lvr):X*—i_rpl((pl?(p?v”’vgon—l)? Vr>0, (4377>
where P (1, @2, ..., on_1) denotes the standard parametrization of the unit sphere cen-
tered at the origin in R™ (here, as usual, ¢; € (0,7), g2 € (0,7), ..., o2 € (0,7) and

¢©n_1 € (0,2m)). From this, (4.370) and (4.348), we then have

R
f(X)dX = /0 /f(X*+rP1(<p1,s02,--.,s0n—1))><

B(X*,R) (0,7)n—2 % (0,27)

n—3

xr"‘l(sin gol)"_z(sin ©2) . (sin p,_9)dpy ... dp,_1dr

:/ /fX*+m )L do (w) dr, (4.378)

dB(0,1)
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and (4.366) is proved. O

Lemma 4.8.7. For a fited X* € R", n > 2, and f a continuous, real-valued function,

on n variables, then

%( /B RS iX) = /8 e 0 (4.379)

Proof. This is a consequence of (4.364) and the Fundamental Theorem of Calculus, as
soon as we show that the assignment

(0,00) 3 7 fdo R (4.380)
OB(X*,r)

is a continuous function. This, however, can be justified using (4.376). O
Proposition 4.8.8. Let f be a real-valued, continuous function of n variables, n > 2,

and fix R > 0. Denote by B, (0, R) the n-dimensional ball of radius R centered at the

origin. Then

R
/ fdo= / f(2', £/ R? — |2/]?) ——d2. (4.381)
R;L:naBn(OvR) anl(OvR) R2 - |‘(L’,|2

Proof. Consider the parametrization of R} N 9B, (0, R) given by
P, :B,_1(0,R) — R} N0B,(0, R), Po(2") = (o', £/ R2 — |2/]?).  (4.382)

The key aspect is that
0P, " " oPL
81’1 0:)3n_1

. :l:.l’l :l:.f(}n_l 1
/R2—|x’|2’ ’ /R2—|x’|2’

R
= — (4.383)
/R2 — |x’|2
Indeed,
1 0 0 0 Fw
0 1 0 0 F—Fr—2—
oP. “ o x 0P, . .. . \/R%—\x 2 381
8x1 al'n—l ’ : : : : x: ’ ’
0 0 0 I Fon
€1 €2 €3 €n—1 €n

The j-th component (1 < j < n) of this vector is equal to (—1)7*"det AjF where AjF is
the (n — 1) x (n — 1)-matrix obtained from the matrix above by eliminating the j-th
column along with the n-th row. It follows that

1 if 7 =n,
(1)l if j <.
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This is clear when j = n, since Af = Im—1)x(n-1)- When j < n, each of the first
n — 2 columns in the matrix Ajc contains just one nonzero entry (which is equal to 1).
Furthermore, when regarded as vectors in R"~!, these are linearly independent. More

/ / / / :
1, €1, €, 1, Where {€}.}1<k<n—1 is the

precisely, they can be identified with €/, ..., e

standard orthonormal basis in R"~!. As such, these can be used to obtain zeroes on all
._ . . . :F{E] . . .

but the j-th entry in the last column, which is /o= This justifies (4.385). Once

this has been established, (4.383) readily follows. In turn, this and Definition 4.5.1 show
that (4.381) holds. O

Proposition 4.8.9. Retain our earlier convention to the effect that B, (0, R) denotes the
n-dimensional ball. Then, for every continuous, real-valued function f of n wvariables,

n>=?2

R
R
fda:/ (/ f(s,0 da@)ids. 4.386
/83n(0,R) ~R \J8B,_1(0,/R?—52) (5,0)do (9) VR2 — §2 ( )

Proof. The proof is a consequence of Proposition 4.8.8 (applied to each hemisphere!),

the spherical Fubini formula (cf. (4.366)), and the change of variables s := VR? —r2 O

Definition 4.8.10. Recall that S"~! denotes B(0, 1), the canonical unit sphere in R",

n > 2. Define the stereographic projection

Im: 5" '\ {e,} — R"* (4.387)
by setting
II(z) := the intersection point between the (n — 1)-dimensional
plane R"™! x {0} with the line joining e, with z. (4.388)

Remark 4.8.11. The stereographic projection I1 in (4.387)-(4.388) is a bijection whose

inverse, II"1 : Rt — S\ {e,} CR", n > 2, is given by

22 |Z)P -1
17\
T = (o

) , V2 e R (4.389)

Proposition 4.8.12. With the above notation and conventions,
o' om-! om— 2 \"!
e = 2 V2 = (21,0, 2p_1) € R"1(4.390
0z 0z 9 <1+|z’|2> = G o) € RTTL(A.390)
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1

Consequently, II7" is a global parametrization of S"~ '\ {e,} and, for every real-valued,

continuous function f of n variables, n > 2,

221 229 22,1 |Z]P—1 2 n—1
do = ( , , )( ) d2' (4.391
/f ’ /f I N e e N e R YA “ )

Sn—1 Rn—1

Proof. If we write

QZj . . 1— |Z,‘2
xj = FNEE ifl<j<n-1, and z, = T |7 (4.392)
then, much as in (4.352),
or—t oIt o1 "
= det A;)? 4.393
| G G| = e (4.399)

j
where the matrices A; are as in (4.351) (with z; as in (4.392)). Note that (with V’

denoting the gradient in R”_l) we have

Az /

e ity =mn,

where, for 1 < j < n — 1, €} is the j-th vector in the standard orthonormal basis in
R™ 1,

When 1 < 5 < n — 1, relocate the last column to be the j-th one and add suitable
multiples of this column to the other n — 2 columns in A; so that any column (except
the j-th) has at most one nonzero entry, located on the main diagonal. Note that these

operations preserve det A; up to a sign which in turn, is the product of the entries on

the main diagonal in the resulting matrix. These are 1+|27|2, showing up n — 2 times,
and (HT%’ appearing once. Hence,
2 n
det Aj| = (=), i 1< — 1 4.395
‘ ‘ 1 + |Z/‘2 1 n ( )

As for det A,,, factoring out — 5 from the j-th column, 1 < j < n — 1, and then

(1+\ ’\

z; from the j-th line, 1 < j < n — 1, allows us to bring it in the form

(—420)(—425) - (—4201) det (1 - 81+ [217)/(220)) o (4.396)

(1 4+ [2]2)2(n=D) 1< k<n—1

Since, generally speaking,

da(1ebs), - (H )(1-5 ) (4307

=1 J
for any by, ...,b,—1 € R, we may finally conclude from this and (4.396) that
1— |Z/|2
det A, =2""1. — " 4.398
(EERE 4399
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All together, (4.395) and (4.398) imply

Zn:(det Ap)? = (1 +2|Z,|2)n_1 (4.399)

i=1

which, in concert with (4.393), proves (4.390). O
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Chapter 5

Geometric Analysis

5.1 Domains Satisfying Uniform Ball and Cone Con-
ditions

Definition 5.1.1. A function ¢ : O — R (where O is an open subset of R", n € N) is
of said to be of class C*', for some k € N, if it is of class C* and, for each multi-index
a € Ny of length k, 0%p is a Lipschitz function (that is, there ezists a number M > 0

with the property that |(0%¢)(x) — (0%¢)(y)| < M||z — y|| for every z,y € O).

Definition 5.1.2. (i) Given k € N, a C* domain Q C R" is called a domain of class
C*1 provided the function ¢ appearing in Definition 4.6.1 is of class C*1.

(ii) Corresponding to the case k = 0, a set Q C R" is called a domain of class C%*
provided it satisfies all conditions in Definition 4.6.1, the only alteration being that the

function @ appearing in this definition is actually Lipschitz.

Lemma 5.1.3. Let Q C R" be a domain of class C*, and denote by v its outward unit
normal. Then Q is a domain of class OVt if and only if v : OQ — R™ is a Lipschitz

function.

Proof. In one direction, if € is a domain of class C'*!, then the outward unit normal is

locally Lipschitz, hence Lipschitz since 0f is a compact set (cf. Remark 5.1.4 below).

Remark 5.1.4. Let K C R"™ be a compact set and assume that f : K — R™ is a locally
Lipschitz function, i.e., f has the property that for every X* € K there exists r > 0

such that flxnp(x= ) is Lipschitz. Then f is Lipschitz.
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Indeed, a reason by contradiction, and making use of local Lipschitzianity property and
the Bolzano-Weierstrass theorem will give the desired result.

Conversely, assume that  C R” is a domain of class C! and that v : 9Q — R" is
Lipschitz. Let ¢ : O — R, with @ C R"! open, be a function which locally describes
the boundary of 0f2 (after a suitable rigid transformation of the Euclidean space). Then

the functions g, f; : O — R given by
1 (2!
gla) = o ) .l
V14 [Ve(@)] VI [Vl
are Lipschitz. By eventually shrinking O it can be assumed that there exists ¢ > 0 with

1<j<n—1, (5.1)

the property that ¢ < g(z/) < 1 for every 2/ € O. Using this we obtain that 1/g is
Lipschitz and, further, that each 0;¢ = (1/g)f; is Lipschitz. Hence, ultimately, ¢ is of

class C11, proving that € is a domain of class C'!. O

Definition 5.1.5. Fiz a proper, non-empty, arbitrary subset D of R™.

(1) We say that D satisfies a uniform exterior ball condition (UEBC) if there
exists a number r > 0 such that for any X* € 0D there exists a point X € R" for
which B(X,r)N D = @& and X* € 0B(X,r). We shall call the supremum of all

such numbers r the UEBC constant of D.

(2) We say that D satisfies a uniform interior ball condition (UIBC) if R™\ D
satisfies a uniform exterior ball condition. The UEBC constant of R™ \ D will be

referred to as the UIBC constant of D.

(8) We say that D C R™ satisfies a uniform two-sided ball condition if D satisfies
both a UEBC and a UIBC. We shall refer to the minimum between the UEBC

UIBC constants of D as the uniform two-sided ball condition constant of D.

Remark 5.1.6. (i) It is clear that D C R™ satisfies a uniform two-sided ball condition
if and only if there exists a number r > 0 such that for any X* € 0D = O(R™\ D) there

exist X4 € R" for which
B(X_,r)nD =2, B(X;r)Nn(R"\D)=g,
and X* € O0B(X;,r)NoB(X_,r).
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(i1) Informally speaking, a UEBC (respectively, UIBC) for a set Q) is equivalent with
the requirement that one can roll a ball of fized radius along the boundary of €, on the

outside (respectively, inside) of ).

Lemma 5.1.7. IfQ C R" satisfies a Uniform Exterior Ball Condition, then 02 = 0(Q).

Proof. The UEBC implies that 9Q C (Q¢)°, or 9Q C ()N (Q)c = (). Hence,
02 C 9(Q). Since the opposite inclusion is always true (cf. (6) in Theorem 4.6.4), we

ultimately have 0Q = 0(€2). O

Proposition 5.1.8. Assume that O C R"! is an open neighborhood of the origin and
o : R"Y — R is a function satisfying ©(0) = 0, which is differentiable, and whose
derivative is continuous at 0 € R"™1. Let R be a rotation about the origin in R™ with

the property that

(V(0), -1)
L+ [[Ve(0)]?
Then there exists a continuous, real-valued function v defined in a small neighborhood

into —e, € R". (5.3)

R maps the vector

of 0 € R"™! with the property that 1(0) = 0 and whose graph coincides, in a small
neighborhood of 0 € R™, with the graph of ¢ rotated by R.

Furthermore, if o is of class C*, for some k € NU {oco}, then so is 1).

Proof. Matching the graph of ¢, after being rotated by R, by that of a function ¢ comes
down to ensuring that 1 is such that R(z’, p(2’)) = (v, (y’)) can be solved both for z’
in terms 7/, as well as for ¢ in terms 2/, near the origin in R"~! in each instance. Let
7' : R" — R"! be the coordinate projection map of R” onto the first n — 1 coordinates,
and m, : R® — R be the coordinate projection map of R™ onto the last coordinate.

Then,
¥ yn) = R(2', 0(a") & R, yn) = (2, (2"))
s 7Ry, yn) =2 and TRy, y.) = @(2)
s F(y,y,) =0 and 2/ = 7Ry, yn), (5.4)

where F'is the real-valued function defined in a neighborhood of origin in R™ by

F(y yn) = o(m R yn)) — MR (Y, yn)- (5.5)
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Then a direct calculation shows that F£'(0,0) = 0 and

n—1

0. F (Y yn) = D (050) (TR, yn)) (R en) - €5 — (R7'en) - ey (5.6)

j=1
= (R7en) (VO Ry yn)), —1) = en - RI(VO)(TR™ (Y, yn)) , —1)-
In particular, by (5.3),
9, F(0,0) = —/1+ [V (0)|2 # 0. (5.7)
Thus, by the Implicit Function Theorem, there exists a continuous real-valued function
1) defined in a neighborhood of 0 € R"~! such that ¢(0) = 0 and for which
F(y',yn) =0 <y, = ¥(y') whenever (y/,y,) is near 0. (5.8)

From this and (5.4) the desired conclusions follow. O
Theorem 5.1.9. Any domain Q of class C*! in R" satisfies a uniform two-sided ball
condition.

Proof. Fix X* € 00 and assume that the rigid transformation 7', the function ¢, the
(n — 1)-dimensional ball B(0, R), the open interval I, and the open cylinder C retain

their meanings from Definition 4.6.1. Write [ = (—h, h) and re-denote T'(2) by €2. Thus:
R

'+ OS2

AN

@
RL C Rn—l

Figure 5.1: The surface and the tangent plane 7'
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Since the domain §2 is bounded, its boundary, 0€2, is a compact set. This ensures that
we can choose h and R independent of the point X*. In fact, the same applies to the
Lipschitz constant M of the function Vi : B(0, R) — R™"™1,

To continue, pick a rotation R about the origin in R™ which maps the geometric tangent
plane Tx+0 to O at X* into R"™! x {0}. Making use of Proposition 5.1.8, we can
then assume that, in addition to the properties listed in Definition 4.6.1, the function ¢
also satisfies Vip(0) = 0. A careful inspection of the way the Implicit Function Theorem
works in the context of Proposition 5.1.8 shows that that we can still retain our condition
of uniformity for the constants R, h and M. Assuming that this is the case, we once
again retain the notation €2 for the domain R(€2). A picture of the current case is as

follows:

R

|

&4_3
BT

Ty. C 4

) R
N
| >

Figure 5.2: The surface, the horizontal tangent plane, and UIBC/UEBC.

To summarize, we are in a situation when the function ¢ : B(0, R) — (—h, h) is of class
C', Vo Lipschitz with constant < M, ©(0) = 0 and V¢(0) = 0, where R, M and h
depend only on the domain Q. We want to find r > 0 such that if BF := B(+re,,r)

then B C Q, B, CR"\Q and 0 € 9BF. The latter condition is automatically satisfied
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by construction. If 0 < 7 < min {h/2, R} then it is clear that the inner/outer balls B
are contained in the cylinder C.
To finish the proof, we need to show that the inner ball lies above of the graph of ¢,
while the outer ball lies below the graph of ¢ (since this will imply that the inner ball
is in 2, while the outer ball is contained in the complement of €2). As a preamble, we
shall first establish the following.
Claim 1. After eventually narrowing the cylinder C, as well as decreasing the radius r
(in a controlled fashion), the following property holds: any point X € C lying below or
on the graph of ¢ does not belong to the inner ball B;'.
Proof of Claim 1. Pick a point X € C below or on the graph of ¢. This means that
X = (2, x,) with z, < p(2'), ||2']] < R, and —h < x, < h. Clearly, X ¢ B if and only
if ||X — (0,...0,7)]| > r. Upon noticing that
1X —(0,..0,7)||* = ||(z/, 2, — )| = ||2||* + 22 — 22,7 + 77, (5.9)
it follows that of Claim 1 is proved as soon as we show that
z, < p(z') and ||2/|| < R = ||2/||* + 22 — 2rx, > 0. (5.10)
In general, for any fixed > 0, the function f(¢) := t* — 2rt is decreasing if ¢t < r.
Consequently, f(z,) = f(p(z))) if , < p(x’) < r. Thus, 22 — 2rz, > p(x')? — 2rp(a’)
and, further,
2" + @5, = 2rzy > 2] + (2)? = 2rp(a’) > [l'||* — 2re(a), (5.11)
provided z,, < ¢(z’) < 7.
We now seek to prove that
r > 0 small = [|2/]|* — 2ro(a’) > 0. (5.12)
Since Vi is a Lipschitz function with constant < M, it follows that ||V (0) —Ve(2')|] <
M]||0 — 2'|| for any 2’ € B(0, R). Since V(0) = 0 this implies ||Vo(2')|| < M|2'| if
|2’|| < R. Using this and relying on the Mean Value Theorem we can then write

|0(0) — p(a)] < [l0— 2| sup Vo)l < Mll="||*. (5.13)

y'€l0,a’

Hence, |@(2")| < M||2’||? if ||2’|| < R. This implies that ||z'[|? —2r¢(z') > ||2/||*(1—2r M)

if |2/]] < R. Hence, we have ||z'||> — 2ro(2') > 0 whenever |2/|] < R, granted that
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0<r< ﬁ Concretely, we shall pick r := min {ﬁ, %, R}, in which case we need to

guarantee that ¢(2’) < min {1, 2, R}. Since for any 2’ we know that |[p(z')| < M||2’|)?

it is enough to have M||2’||* < min{ﬁ, %,R}, or ||| < min{ﬁ, (2}1%?/2, ﬁll/;}. To
ensure that this happens as a result of the fact that ||2/|| < R, we eventually decrease R
so that 0 < R < min {ﬁ, %} The choice R := % min {ﬁ, %} then leads to
a value of r which depends only on (2 itself (and not on the particular boundary point
near which the current considerations have been developed). This concludes the proof
of Claim 1.

In a similar fashion, via an argument which closely parallels the proof of Claim 1, we
can also establish:

Claim 2. After eventually narrowing the cylinder C and decreasing the radius v (in a
controlled fashion), the following property holds: any point in the cylinder C lying above
or on the graph of ¢ does not belong to B,".

Given that, as pointed out already, the (common) radius, r, of the inner and outer

balls depends only on general geometric characteristics of the domain €2, the uniformity

feature in Definition 5.1.5 is satisfied. This concludes the proof of Theorem 5.1.9. [

Remark 5.1.10. It is possible to work out a wversion of the proof of Theorem 5.1.9
in which one avoids making a rotation which transforms the geometric tangent plane
Tx+08) into a horizontal (n — 1)-dimensional plane R"™' x {0} (i.e., work directly with

the situation depicted in Figure 2, than the one in Figure 3).

Indeed, in the context of Figure 2, one can take BE := B(Frv(0),7). In this scenario,

in place of the last inequality in (5.10) this time we have
2
2|2 + 22 + L Q(If-w(c)) —xn) >0, (5.14)
1+ [[Ve(0)]]
and note that, if x, < p(2') < 7//1+ ||[Vp(0)|]?, then

12 2 2r 2 .
/17 45+~ (o7 V9(0) 22
/12 2r !, _ [L’,
> P+ e (7 VRO - 0@) 69
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Thus, in place of (5.12), it is enough to ensure that

2r
r> 0 small = ||2]|2 + (1’ - Vp(0) — @(x')) > 0. (5.16)
L+ [[Ve(0)]?
At this stage, one can use the fact that
2"+ Vip(0) — ()| < M|2||* if [|l2']| < R, (5.17)

in order to arrive at the desired conclusion. Here is the Lemma that finish the proof.

Lemma 5.1.11. Assume that S C R" is an open convex set and that f: S — R™ is a
function which is differentiable at every point in S. Then for every X,Y € 5,

IF(X) = f(Y) = DFY)(X =Y)| < [[X =Y ) IDf(2) = Df)I, (518

sup
€(X)Y)
provided {||Df(Z) — Df(Y)| : Z € (X,Y)} is bounded from above.

Proof. Fix a point Y € S and apply Theorem 5.1.12 below to the function g : S — R™

given by g(X) i= f(X) — (DF(Y))X. O

Theorem 5.1.12 (The Mean-Value Theorem in Inequality Form). Assume that S C R"
1s an open convex set and that f : S — R™ s differentiable at every point in S. Then

for any two pints X,Y € S we have

1F(X) = FV < X =Y S IDf(2)]l; (5.19)

e(X)Y)

provided {||Df(Z)||: Z € (X,Y)} is bounded from above.

The philosophy behind the concept of UEBC of a set D is that 0D does not exhibit
any inward pointing singularities. For example, UEBC rules out the presence of interior
cusps and re-entrant corners. Likewise, D satisfies UIBC then, heuristically, 9D does not
exhibit any outward pointing singularities. Consequently, when considered in concert,
UEBC and UIBC are expected to ensure that the boundary of D is fairly regular. This

is the point of the theorem below (which is the converse of Theorem 5.1.9).

Theorem 5.1.13. If Q is an open, bounded, nonempty subset of R™ which satisfies both
a uniform exterior ball condition (UEBC) and a uniform interior ball condition (UIBC),

then then Q is a domain of class C1't.

Proof. We shall show that the conditions stipulated in Definition 5.1.2 hold. This is

accomplished in a series of steps, starting with:
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Step I. Definition of the function ¢. Fix X* € 0Q arbitrary and denote by B?g the

interior and exterior balls at X, where R > 0 is the common vales of the radii of these
balls. These balls have a common (n — 1)-dimensional tangent plane H passing through
X* and we denote by N the unit normal to H (pointing towards the interior ball). This

situation is depicted in the following picture:

(5

Figure 5.3: The surface, the tangent plane, and UIBC/UEBC.

Make a translation and a rotation such that X* becomes the origin in R” and the plane
H becomes the horizontal (n — 1)-dimensional plane R"™! x {0}). Below we make the
convention that B,_; will denote an (n — 1)-dimensional ball in the plane H = R™"1.
Fix a small number A € (0, 1) to be specified later. Our goal is to find a C*! function
¢ : By_1(0/,A\R) — R (where 0 is the origin in R""!) which, among other things (see
Definition 5.1.2) has the property that its graph coincide with 99 in a neighborhood of
X*=0.

In the context of the above picture, we shall do the natural thing and define the function

¢ : B,_1(0/; AR) — R such that the graph of ¢ coincides with the boundary of €2 inside
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H=R"1!

Figure 5.4: The horizontal tangent plane, and the segment L(x).

the cylinder C. Concretely, for each 2’ € B,,_1(0', \R), we take ¢(x’) to be the height of
the vertical segment emerging from 2’ until it intersects the boundary of 2. In particular,
this implies that ¢(0) = 0. Of course, we need to make sure that the function defined
in the manner described above is well-defined (i.e., we need to show that the Vertical
Line Test is not violated).
To prove this, for each 2/ € B,,_1(0/, AR) define L(2') = [(z/, R), (2/,—R)]. In other
words, L(z') is the line segment with end-points (z/, R) and (2/, —R). At this stage, we
make the following the claim.
A > 0 small = #(L(z") N dN) =1, Va' € B,_1(0', AR). (5.20)
To prove this,we first note the fact that L(z’) is aconnected set and property (9) in
Remark 4.6.4 ensure that
L2y NoQ # &, Vi’ € B,_1(0', \R). (5.21)

Granted this, we only need to show that L(z") intersects 02 only once. To justify this,
158



fix a point @’ € B,,_1(0/, AR), and consider the vertical line segment L(z") as before.
From what we have proved so far we know that exists a point u € L(z’) such that
u € 0N (since the segment intersects the boundary at least once). Consider the interior
and the exterior balls B*(u) as in Uniform Interior Ball Condition/Uniform Exterior
Ball Condition for this new point u € 9€2. If we can show that the portion of L(z’) lying
above u is contained in the interior, or the exterior, ball (which, in turn, are included
in Q and Q°, respectively), and that the portion of L(z') lying below w is contained in
the exterior, or interior, ball (which, in turn, are included in Q¢ and in €, respectively),
then there can be no other points from the boundary of 2 on L(z’) other than u. Any

other possible combination will fit into the pattern above.
en

]Rn—l

Figure 5.4.a

In fact, we only need to check that the aforementioned inclusion properties apply only

to the portion of L(z') not already contained in the “original” interior/exterior balls
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(i.e., the interior and exterior balls touching at the origin). With this goal in mind, we
write u = (u/,u,) and observe that v’ = 2’ € B(0,\R) (since u € L(z’)). For further
reference, let us explicitly point out that this implies
W] < AR. (5.22)
Let L[u'] denote that the portion of L(u’) not contained in the interior/exterior balls
touching at origin. In Figure 6, this is the segment [A, B]. Our goal then becomes
showing that the points A, B belong to the interior/exterior balls touching at u. In the
picture above v is the direction of the line joining the centers of the “new” balls (the
interior/exterior balls touching at u). We normalize v such that ||v|| = R, and write
v=(v,v,), with ||v/|| < R and ||v'||* + v = R2.
Let us now describe the coordinates of the points A, B in Figure 6. To fix ideas, assume
that A is a point on the boundary of the original interior ball. Generally speaking, a
point z = (z', z,) belongs to this ball if 0 < z,, < R and ||2’|* + (z, — R)?> = R?. Note
that this forces 22 — 2Rz, +||2’||> = 0, so ¥, = R++/R? — ||2’||2. Hence, the coordinates
of the point A are (u’ , R — \/W) Likewise, the coordinates of the point B are
(u’, —R+ \/m) If we now write u = A + (1 — 0)B with 6 € (0, 1), it follows
that u, =t (R — W>7 where t =20 — 1 € (—1,1). This implies that
—R+VR2—||[W||?<u, < R—+R*—||W|*> or |u, <R—+/R?>—|u]? (5.23)
After this preamble, we now come to the central question we wish to answer, which is:
does the point A belong to B(u + v, R) U B(u —v, R)? (5.24)
Of course, A € B(u+v, R) if and only if ||A — (u+v)||? < R The last statement holds

if and only if
|(~v', (B~ VA =TT~ ) — ) )2 <R (5.25)
or || — v'||2 + 02 + (R — /R - un)2 - 2vn<R ~ JRE_d? - un> < R

Knowing that || — v'[|? + v = R?, the above reduces to

(R — VR — W2 - un> (R — VR = W2 = u, — 20n> <0. (5.26)

Since the first factor above is positive, we need to check that R—+/R? — ||u/[|?—2v,, < u,,.

Upon recalling (5.23), this holds whenever R — y/R? — ||v/||? < v,. Likewise, it can be
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shown that A € B(u — v, R) whenever R — /R? — ||/||?> < —v,. Combining these two
results proves that

R? —||u/|]? < |vp| = A€ Blu+v,R)UB(u—v,R). (5.27)
To proceed, we shall derive some estimates for wu,, ||u||, and v,. First, combining (5.23)

and the fact that ||u/[| < AR (cf. (5.22)) we obtain

lup| < R (1 - m) , (5.28)
so that
|2 + u2 < R? <>\2+1+(1—>\2) —2@). (5.29)
Thus, we can write ||ul|?> < 2R?*(1 — /1 — A2) and, further,
Jull2 < 2R2(1 — /T = 22) — % < 2R2A2 (5.30)
In particular,
ul| < V2RA. (5.31)
On the other hand, from
Bu+v,R)CR"\Q and B(—Re,,R)C (5.32)

we deduce B(u + v, R) N B(—Re,,, R) = & which further gives
|(u+v) — (—Re,)|| > 2R. (5.33)
In a similar fashion, based on
Bu—v,R)CQ and B(Re,, R) CR"\Q (5.34)
we can write B(u — v, R) N B(Re,, R) = @ and, hence,
|(u —v) — Re,l|| > 2R. (5.35)
Combining (5.33) and (5.35), using the triangle inequality and (5.31), we can write
2R < |[u+ (v + Re,)|| < |[ull + ||v + Ren|| < V2AR + ||[v + Re,|. (5.36)
From this we therefore obtain R(2 — v/2)\) < ||v + Re,||. After squaring both sides and
using |[v|| = R we arrive at R?(2 — v/2\)? < 2R? + 2Ruv,, which forces
v, > R[(V2 = )\)? —1]. (5.37)
Note that (5.22) implies that R — \/R? — [[u/[|2 < R (1 — v/1 — A?). Thanks to this and

(5.37), it follows that the inequality in the left-hand side of (5.27) is true provided we
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have 1 — /1= \2 < (f — A\)? — 1. However, for A\ > 0 small the latter inequality is
true since the left-hand side tends to 0 as A — 0, whereas the right-hand side tends to
1 as A — 0. Thus, for A > 0 small, the implication in (5.27) is true and this shows that
the question in (5.24) has a positive answer if A > 0 is small. In fact, a very similar
argument shows that

A >0 small = the point B belongs to (u+ v, R) U B(u — v, R). (5.38)
To summarize, the above reasoning proves (5.20). In turn, this shows that the function
@ is well-defined.

Step II. The function ¢ is continuous. Fix an arbitrary point v’ € B,,_1(0', AR).
p

Next, for some ¢ € (0, R) to be specified later, pick a point
(', x,) € By_1(v,0) x (=R, R) such that |[|(z',z,)— (u+v)| > R. (5.39)
Then the last condition in (5.39) implies

R < (@, 2n) = (u0)|?

= |lo' = |? + (zp —un)* £20- (2 — ', 2 — uy,) + R? (5.40)
so that
21 - (2" — ')+ vp (2 — un)| < |2 — |2+ (2 — un)? <O+ (2, —up)? (5.41)
From (5.28) and z, € (—R, R) we also have |z, — u,| < |2,| + |u,| < (2 — V1= M)R.
Using this and (5.41) we may therefore estimate

20 (zn — un)| < 200 - (27 =) + 0%+ (zn — up)?

< 20|00 || + 6%+ (2 — up)?

< 20R+ 6%+ (2= V1= N)R|z, — u,). (5.42)
From (5.42) and (5.37) we therefore obtain (recall that 0 < 6 < R)
2R[(V2 = N\)? — U]z, — un| < 30R+ (2 — V1= M) R|z, — uy). (5.43)

In summary, this shows that if A\ € (0,1) is small then there exists a constant C' > 0
such that if § € (0, R) then

|2" — /|| <6, |z, < Rand [[(z/,2,) — (ut0)|]| > R= |z, —u,| <O (5.44)
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Having established (5.44), it is easy now to complete the proof of the continuity of ¢ at
an arbitrary point v’ € B,_1(0’, AR). Concretely, let £ > 0 be an arbitrary threshold
and assume that 2’ € B, _1(0', AR) is such that |2’ — u/|| < . Then ¢(2') € (=R, R)
and (z/, p(2")) lies outside of the balls B, (u £ v, R), where u = (v, ¢(u')). According to
(5.44), this forces |p(2') — p(u')| < C9 so that, if 0 < § < min{e/(3C), R}, we obtain
lo(a’) — p(u')| < e. Thus, ¢ is continuous at '

Step III. The function ¢ is differentiable. Granted the uniform two-sided ball condi-

tion satisfied by €2 as well as the specific way in which ¢ has been defined, it is clear that
the Point of Impact Differentiability Criterion from Theorem 5.1.14 below readily gives
that the function ¢ : B,_1(0’, A\R) — R is differentiable at every point in its domain
(here we make use of the result proved in Step II). In fact, the very last part in the

statement of Theorem 5.1.14 also gives that
v (=Ve((),1)
R /14 [[Ve()]?
This is going to play an important role shortly.

(5.45)

Theorem 5.1.14 (The “Point of Impact” Differentiability Criterion). Assume that U C
R™ is a an arbitrary set, and that X* € U°. Giwen a function f : U — R, we denote by
Gy the graph of f, i.e., Gy :={(X, f(X)): X e U} CR".

Then f is differentiable at the point X* if and only if f is continuous at X* and there
exists a non-horizontal vector N € R"™ (i.e., satisfying N - e, 1 # 0) with the fol-
lowing significance. For every angle 6 € (0,7/2) there exists 6 > 0 with the prop-
erty that G¢ N B ((X*, f(X¥)),0) lies between the cones C,iq ((X*, (X)), N,0) and

Cn-l—l((X*v f(X*>>7 _Nv 9)7 7;-6';
Gy N B (X7, f(X7)), 0)

(5.46)
g Rn+1 \ Cn+1((X*> f(X*))>Na 9) Ucn-i-l((X*a f(X*))> _N> 9) .

If this happens, then necessarily N is a scalar multiple of (V f(X*), —1) € R**L,

Proof. “ =7 Assume that f is differentiable at X*. Then, by Theorem 5.1.15 below,
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f is continuous at X*. To proceed, take
(Vf(X*), _1) c ]Rn-i-l.

VI V)P
Clearly, |[N|| =1 and N - e,y = —(1 + [|[VF(X*)|?)""/2 # 0, so N is non-horizontal.

(5.47)

Then, given 6 € (0,7/2), the fact that f is differentiable at X* implies that there exists
d > 0 such that for all X € B(X*,§) NU we obtain
(X)) = f(X7) = (VX)) - (X = X7)[ < (cos O)[| X — X7. (5.48)

For any X € B(X*,0) NU we may then estimate
Ry [(VAX™)) - (X = X7) = f(X) + F(XT)]
X, F(X)) = (X*, f(X*)- N| =
(1, F00) = (X, (X)) e e
S (VX)) - (X = X7) = f(X) + F(XT)] < (cos O) [ X — X7

< (cos D|(X, f(X)) = (X7, F(XI), (5.49)

which (recall that || N|| = 1) shows that

X e B(X",0)NU = (X, f(X)) ¢ Crsa (X7, f(X7)),£N,0). (5.50)
Upon observing that any point in Gy N B,4+1((X*, f(X7)),6) is of the form (X, f(X))
for some X € B(X*,0) NU, based on (5.50) we may conclude that (5.46) holds.
“ «<=" For the converse implication, suppose that f is continuous at X* and assume
that there exists a non-horizontal vector N € R™"™! with the property that for every
angle 6 € (0,7/2) there exists 06 > 0 such that (5.46) holds. By dividing N by the
non-zero number —N - €, 41, we may assume that the (n + 1)-th component of N is —1
to begin with. That is, N = (N’, —1) for some N’ € R™.
Fix an arbitrary number ¢ € (0,1/2) and pick an angle 6§ € (0,7/2) sufficiently close
to 7/2 so that 0 < cos § < €/4/1+ [N’[[2. Then, by assumption, there exists & > 0
with the property that if X € U is such that ||(X, f(X)) — (X*, f(X¥))|| < do then
(X, f(X)) ¢ Cra (X7, f(X7)), £N,0), Le.,
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(X, £(0) = (X", F(X)) - (N, =1)

< (cos D) (N, =DII(X, f(X)) = (X*, fF(XT)]]

<[ X — X2+ (F(X) — f(X¥))?

<e[IX = X+ 1£(X) = (X)) (5.51)
In turn, this forces (recall that 0 < & < 1)
FX) = S <[ F(X) = (X, (X)) - (V=) + (X = X7) -
< e [IX = XY+ F(X) = S|+ X = X
< GHINDIX = X+ 30 = F(X). (5.52)
Absorbing the last term above in the left-most side of (5.52) yields
$7(X) = S < G INVIIX = X)) (5.53)

We have therefore proved that there exists o9 > 0 for which
X eU and [[(X, f(X)) = (X7, f(X7)I < do

(5.54)
= [J(X) = (X < L+ 2N DX = X
Returning with this back in (5.51) then yields
X eU and [[(X, f(X)) = (X5 f(X)] <do =
(5.55)

(X, F(X)) = (X, f(X7)) - (N, 1) < e(2 + 2 N[ X — X

Since we are assuming that f is continuous at the point X*, it follows that there exists

01 > 0 with the property that

X eU and ||X—X*H<61:>\f(X)—f(X*)\<%. (5.56)
Introducing
§ = min{al, %} (5.57)
implication (5.56) therefore guarantees that
X eU and [|X —X*|| <= (X, f(X)) — (X7, f(X))] < do. (5.58)
Consequently, from this and (5.55) we deduce that X € B(X*,§) N U will imply
(L SR)) = (X)) W"”' <@+ 2N, (5.59)

X — X
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Since € € (0,1/2) was arbitrary, this translates into saying that
o) JXY) = N (X - X

x- e X =X
This proves that f is differentiable at X* and, in fact, V f(X*) = N’ (hence, in particular,

— 0. (5.60)

N is a scalar multiple of (N', —1) = (V f(X*), —1)). The proof of the theorem is therefore
finished. O

Theorem 5.1.15 (Global Differentiability Implies Continuity). Let U C R™ be a set
and fir X* e U°. If f : U — R™ is a function which is differentiable at X*, then f is

continuous at X*.

Proof. Let us first state the following Proposition.

Proposition 5.1.16. Let U C R"™ and fiz some X € U°. Then for a given, arbitrary,

function f : U — R™ the following are equivalent:
(i) f is differentiable at X;

(ii) there exist a linear mapping L : R™ — R™, a number 0 < r < dist (X, U¢), and a
function Ex : B(0,r) — R™ such that %ir}?R Ex(h) =0 and
s e n

—

F(X +h)— f(X)— Lh = ||h]| Ex(h) forall he B(0,r)CR"  (5.61)

Returnig to our proof, suppose that L := (D f)(X*) exists. By Proposition 5.1.16, one
can find a number 0 < r < dist (X, U¢) and a mapping Fx- : B(0,7) — R™ such that
i B ) =0 (502)

and

fX) = f(X) = L(X —X") = || X = X*|| Ex«(X — X"), VX € B(X",r). (5.63)
Thus, for any X € B(X*,r) we can estimate
1FX) = XN < (X)) = FXF) = LIX = X[ + [[L(X = XT)]]

S Ex (X = X)X = X[+ [[L[]]X = X7

< X = X (1B (X = X)) +1LI). (5.64)
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From (5.62) and (5.64) is then clear that  lim  f(X) = f(X*), so f is continuous

X—X*, XeU
at X*. O

Step IV. The function Vi is Lipschitz. Equating the n-th components of the vectors

in (5.45) gives v,/R = 1/4/1+ [V (u')||%. Since v,/R > (v/2—\)? — 1, this shows that
there exists M > 0 with the property that [|[Ve(u')|| < M for any ||u'|| < AR. In other
words, V¢ is bounded so that ¢ is Lipschitz.
Next we concentrate on proving that Vi is Lipschitz (near (). The strategy we adopt
for this purpose is to show that the assignment
N>u—veR” (5.65)

is Lipschitz. Let us assume for a moment that the mapping (5.65) is Lipschitz and explain
how this leads to the conclusion that V¢ is a Lipschitz function near 0. Concretely, since
¢ is Lipschitz, it follows that the mapping B,_1(0,AR) 3 v/ — u = (u/, p(u')) € 0N is
Lipschitz. Granted this, the Lipschitzianity of (5.65) and formula (5.45), via a reasoning
similar to the hint given for Remark 5.1.10, we may then conclude that each 0;¢ is
Lipschitz in B, _1(0’, AR) (after possibly decreasing A). In fact, it follows from (5.45)
that the Lipschitzianity of (5.65) near a boundary point where 0f2 is given as the graph
of a function ¢ : B,,_1(0', AR) — R as before, is equivalent to having V¢ Lipschitz near
0.
Therefore, it remains to show that the mapping (5.65) is Lipschitz. Write v(u) in place
of v to stress the dependence on u. By Remark 5.1.4, it suffices to show that u — v(u)
is locally Lipschitz. That is, we need to show that for every u* € 02 there exist r > 0
and C' > 0 with the property that

lv(u) —v(ug)|] < C|lu —upl| whenever w,uy € B(u*,r) N oK. (5.66)
Choose r > 0 small enough so that B(u*,r) N 0f2 becomes, after a rigid transformation
of the Euclidean space, the graph of a Lipschitz function ¢ : B,,_1(0'; AR) — R as in the
first part of the proof. Also, without loss of generality, we may assume that wug is the

origin in R™ and ¢(0’) = 0. Once this choice has been made, we find it convenient to
167



revert from the task of proving (5.66) to to the (equivalent) task of proving that there
exists ¢ > 0 for which
IV (0") = Ve (u)]| < cf|0" = |- (5.67)
With this goal in mind, pick another arbitrary point u; € B,,—1(0,AR) and set ug :=
(ug, p(ug)) € 0. Then uy does not belong to the interior/exterior balls B(u £ v, R).
The latter condition forces ||(u—up) £ v||* > R?, or ||u—ug||*+||v]]? £2(u—1ug)-v > R
Since ||v]|* = R?, we obtain ||u — ug||* > +2(u — ug) - v, or |(u — ug) - v| < ||u — ug||?/2.
Together with (5.45) and the fact that ¢ is Lipschitz with Lipschitz constant < M, this
gives
(s o)) = (o)) - (~Tipl), 1) (5.68)

V1+ M?
= VIV (o = ) - 35| < Y llu = ol

V14 M? 1+ M?)3/2
= YU o)) — (ol < S o

In summary, this shows that there exists C' > 0 with the property that for every points
up, v € B,_1(0/, AR) we have

(o) = (W, 9(u))) - (=Viplw), 1)| < Clluy — w1 (5.69)
Fix now v’ € B,_1(0/,A\R/2). If Vip(0') = 0’ then (5.67) is trivially true. If, on the other

hand, Vp(0') # 0, we introduce ué :=u' + h where

hi= =l EUI;H € By_1(0, \R/2) C R™. (5.70)
It follows that up, v’ € B,—1(0’, AR) and if we plug in (5.69) these choices we therefore
obtain
(@ + o + 1) = (o)) - (Vo). =D)| < CIAIE (5.71)
hence
|7 V(') = (p(u' + h) = o)) < C|ld]. (5.72)

Since, near the origin, the graph of ¢ is contained in between the graphs of
/]2
R? — Jluw'[*

vl < R, (5.73)

R =P -
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and
']
R2 — [/

it follows that there exists ¢ > 0 with the property that |p(v')| < c||u

y=—R+ VR[] = - ]l < B (5.74)

'|I?, for « is near
0’. Based on this, we obtain Vi (0') = 0" and |p(u' + h)| < c||u’ + h||? < 2¢||o/||?. After
replacing h by its expression from (5.70), we deduce from these estimates and (5.72)
that ||«||[|[Ve(u)|| < cl|«]|?. Thus, since V(0') =0/, (5.67) follows.

The bottom line is that, near the origin 0 = (0', p(0")) € 09, the boundary of 2 coincides
with the graph of ¢, where ¢ : B,_1(0/, AR) — R is of class C*'. Since the Uniform
Exterior Ball Condition implies (c¢f. Lemma 5.1.7) that 9Q = 9(2), we may conclude
from this and (4.212) that Q is a domain of class C''. This concludes the proof of

Theorem 5.1.13. U

Remark 5.1.17. Let Q be a nonempty convex set in R™. Then for each number € > 0,

the set Q. .= {X € R" : dist (X, ) < &} is also convex.

Theorem 5.1.18. Let 2 C R"™ be a nonempty, open, bounded, convex set and, for some
e > 0, consider
Q. ={X e R": dist (X, Q) < e}. (5.75)

Then . is a convex domain of class C11.

Proof. Clearly, €. is an open, bounded set which contains €2 (and, hence, it is nonempty
as well). Also, from Remark 5.1.17, we know that ). is a convex set and, from (5.80)
below,
0. ={X e R": dist (X, Q) =¢}. (5.76)
In order to show that €. is a domain of class C*!, we will employ Theorem 5.1.13. A key
observation in this respect is that if X* € 0€. and Y* € 09 are such that || X*—=Y*|| = ¢
then
B(3(X*+Y"), %) CQ.. (5.77)
Indeed, if X € B(3(X*+Y™*), £) then the distance from X to Y™ is strictly less than

the diameter of the ball, i.e., || X —Y™*|| < e. This shows that dist (X, ) = dist (X, Q) <
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| X —Y*|| <e,sothat X € Q.. This finishes the justification of (5.77). In turn, since
X* € 09, was arbitrary and X* € 0B(3(X*+Y"*), £), we may conclude that (). satisfies
a UIBC. Next, we propose to show that
B(%X* - %Y* , %) CR™\ Q.. (5.78)
Reasoning by contradiction, assume that (5.78) does not hold, i.e., there exists a point
X € B(%X* — %Y*, %) N Q.. Granted this, (5.77) and the fact that . is convex, we
may then conclude that
O:={ZecR":3Y € B(3(X"+Y7), £) such that Z € (X,Y)} (5.79)
is a subset of {2.. However, it is not difficult to see that O is a neighborhood of X™*.
This would then imply that X* € Q. which, given that ). is open, contradicts the
assumption that X* € 9€).. Thus, (5.78) holds. Since the point X* € 0€). has been
arbitrarily chosen, and X* € 8B(%X *— %Y*, %), the above reasoning shows that €2,
satisfies a UEBC as well. Hence Theorem 5.1.13 applies and gives that Q. is a O!!

domain. 0

Lemma 5.1.19. Let E C R" be an arbitrary set and, for each number ¢ > 0, define
E. ={X eR" : dist (X, F) <e}. Then
OFE. = {X e R": dist (X, F) =¢}. (5.80)

Proof. Observe that if X* € OF, then there exist a sequence {Y}};en of points in FE_
along with a sequence {Z}};en of points in R™ \ E_ with the property that lim Y =
j—o0

X = jli_)rr;o Z;. Hence, by the generalized triangle inequality,

dist (X*, E) < | X* = Yj|| +dist (Y}, E) < | X" = Yj[| +e —ecasj— o0 (581)
and

e <dist (77, B) < ||Z; — X7|| + dist (X7, E) — dist (X*, F) as j — oo. (5.82)
On account of these, we may then conclude that dist (X*, E') = . This proves the left-to-
right inclusion in (5.80). Conversely, consider a point X* € R” such that dist (X*, F) =
e. Then, from the definition of E., we have X* ¢ E.. Thus, in order to conclude that

X* € OF. it suffices to show that X* € E.. Seeking a contradiction, assume that there
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exists r > 0 with the property that B(X*,r)NE. = @. This implies that dist (X, F) > ¢
for every X € B(X*,r) hence, ultimately, B(X*,r +¢) N E = & by the Remark 5.1.20

below. In turn, this forces ¢ = dist (X*, F') > r + ¢, a contradiction. O

Remark 5.1.20. If X* € R™ and ry,79 > 0, then one can have

U BX.r)=BX"ri+r) (5.83)

XeB(X*,r)

Remark 5.1.21. The conclusion in Theorem 5.1.18 is optimal. Indeed, if we take

n:=2, Q:=[-1,0] x [1,2] and € := 1, then 0 € 0y and the boundary of 0y coincides
near 0 with the graph of the function
1—V1—-2%2 if0<x<],
FoL) SR fa) = g (5.8
0 if —1<x<0.
Note that while f is of class C*, its derivative
TSRS ST e A (5.5
(—1,1) = R, x) = .
0 if —1<xz<0,

s a Lipschitz function which fails to be differentiable at 0.

Theorem 5.1.22. Assume that Q CR", n > 2, is a C' convex domain, and denote by
v its outward unit normal. Then

v(X)- (X -Y) >0, VX €oQ, VY e (5.86)

Proof. Fix X* € 0Q2. Without loss of generality, we can assume that there exists an
open set O C R" ! a point 2* € O, an open interval I C R and a C! function o : O — I

with the property that X* = (z*, ¢(2*)) and, if C := O x I,

CNQ={X=(2,2,) €C: x, > p(x')}, (5.87)
CNIN={X=(2",2,) €C: x, = p(2')}, (5.88)
CNQ)={X=(2/,2,) €C: 1, < p(2)}. (5.89)

Denote by G, the graph of ¢, i.e., G, := {(2/,¢(2')) : 2’ € O} C R". From the “Point
of Impact” Differentiability Criterion (cf. Theorem 5.1.14), we know that for every angle
6 € (0,7/2) there exists § > 0 with the property that G, N B(X*,d) lies in between the
cones C,(X*, v(X*),0) and C,(X*, —v(X*),0) i.e.,

G, N B(X*8) CR™\ |Co(X*, (X*),0) UC,(X*, —1(X*),0)]. (5.90)
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In particular, if § > 0 is sufficiently small, C, (X*, v(X*),0) N B(X*,0) is a connected
set, contained in the cylinder C = O x I, which is disjoint from G, and which (cf.
Lemma 4.6.16) contains points from (Q)¢. It follows that
VO e (0,7/2), 36 >0 such that C,(X*, v(X*),0) N B(X*,§) C (Q)°. (5.91)
We now claim that, in fact,
Co(X*, v(X*),0) C ()  VOe(0,7/2). (5.92)
Indeed, if § € (0,7/2) is such that there exists X € C,(X*, v(X*),0)NQ then [X*, X] C
Q by (iii) in Remark 5.1.23 below. However, this would force
[X*, X]N B(X*,0) CCo(X*,v(X*),0) N B(X*6)NQ =@, (5.93)
a contradiction. Thus, (5.92) is proved. In turn, this implies

(XER": v(X)- (X=X >0t = | CuX"0(X").0)C(@°  (594)

0e(0,m/2)
so that
QO C {X eR": py(X*)- (X —X") >0}
= {XeR": p(X") (X —-X") <0}
= {XeR": v(X") (X*=X) >0}, (5.95)
as desired. O

Remark 5.1.23.

(i) Any conver set is path-wise connected, hence also connected.
(i1) The intersection of any family of convex sets is a convez set.
(11i) The closure of any conver set is a convez set.

(iv) The interior of any convez set is a convex set.

(v) If S1, S C R™ are convex and A\, Ay € R, then A\ S1 4+ \aSs is also conver.

Remark 5.1.24. Assume that @ # E C R" is an arbitrary set and fiz an arbitrary
point X € R™\ E°. Then
dist (X, F) = dist (X, 0F). (5.96)

Indeed, observe that in one direction, by (5.97) below, the fact that JF is a subset of E
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and the definition of distance, dist (X, F) = dist (X, F) < dist (X, 9E). For the opposite
inequality, use (5.104) to find a point Y € E such that dist (X, F) = dist (X, E) = || X —
Y||. This precludes Y from belonging to E° (explain!) so, necessarily, Y € E\ E° = 0F.
In turn, this forces dist (X, E) = || X — Y| > dist (X, 0F).

Remark 5.1.25. Given a point X € R" and a nonempty set E C R"™, then

dist (X, E) = dist (X, E). (5.97)

Remark 5.1.26. Let E C R"™ be an arbitrary set and, for each number € > 0, define
E.:={X eR" : dist (X, E) < e}. Then for every point X € O(E) we have

dist (X,0FE.) — 0 as € — 0. (5.98)

Otherwise there exist r > 0 and a sequence {¢;},en of positive numbers which converges
to zero such that dist (X, 0E.,) > r for every j € N. Since X € d(E) C E C E., for
every j € N, it follows that X ¢ ((E.,))° for every j € N. Thus, by Remark 5.1.24,
dist (X, (E;,)¢) = dist (X,0F;,) > r for every j € N. This forces B(X,r) C E,, for
every j € N hence, ultimately, B(X,r) C ﬂ E., = F, by (5.101) below. This would,
however, place X in (E)°, in contradiction ]vfffth the fact that X € 9(F) = E \ (E)°.
Remark 5.1.27. Let E C R"™ be an arbitrary set. Then for each number € > 0, the set
E.:={X €R" : dist (X,E) < ¢} (5.99)
15 open, has the property that
E.=FE+ B(0,¢), (5.100)
E.={X eR" : dist(X,E) <e¢}, and
E=()E-. (5.101)

Remark 5.1.28. Suppose A C R" is compact, B C R" is closed and AN B = &. Then
there exist two points X* € A and Y* € B with the property that

dist (A, B) = || X" = Y7, (5.102)
and this will tmply that

dist (A, B) > 0. (5.103)
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Moreover, the distance from a point to a closed set is always attained, i.e.,

VX*eR" VE CR" closed= Y™ € F so that dist (X*, F) = || X* — Y™||.(5.104)

Indeed, if we consider the function f : A x B — R given by f(X,Y) = || X =Y.
Then f is continuous and dist (A, B) can be viewed as the infimum of f on A x B. One
can have that this infimum is attained. If B is bounded then B is compact, hence, so
is A x B. Hence, in this case, the desired conclusion follows from the Extreme Value
Theorem. For example, if A=Nand B = {j + J% : j € N}, then A and B are closed,
and AN B = &. However, if we let z; = j € A and y; :j+jﬁ € B, then

dist (A, B) < ||z; — y;]| = j%’ Vj e N, (5.105)
which implies that dist (4, B) = 0.

Theorem 5.1.29. Any open convex set D C R" satisfies a UEBC with constant +00.

Proof. Working with D N B(0, R) (with R > 0 arbitrary), there is no loss of generality
in assuming that D is a bounded set to begin with. Next, fix X* € dD and, for each
number € > 0 define Q. := {X € R" : dist (X, D) < ¢}. Let X. € 9. be a point with
the property that || X* — X || = dist (X*,0€.) (cf. (5.104)). Then, by Remark 5.1.26
and Remark 5.1.30 below, 6lir(l)1+ dist (X*,09Q.) = 0. Thus,
lim [|X* - X.|| = 0. (5.106)

By Theorem 5.1.18, €. is a C'! convex domain, and if we denote by v, its outward unit
normal, then Theorem 5.1.22 gives that

v(X.)-(X.—-Y) =0, VYeQ. (5.107)
The sequence {v:(X.)}e=o is bounded so, by the Bolzano-Weierstrass theorem, there
exist a vector v € S"! and a sequence of positive numbers {;};en with jlirgo g; =20
and jli_)rr;o Ve,(Xe;) = v. Now, if Y € D, it follows that ¥ ¢ Q—EJ for every j € N so,
Ve, (Xe;) - (Xe; =Y) = 0 for every j € N. Passing to limit j — oo then yields, on account
of (5.106)

v (X*=Y)20, VYeD. (5.108)
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Since for every r > 0 we have (compare with Remark 5.1.31)

YeB(X +rur)=uv-(X"-Y) <0, (5.109)
we deduce from (5.108) that B(X*+rv,r)ND = & for every r > 0. Given that we have
X* € O0B(X* + rv,r) and that X* € 0D has been arbitrarily chosen, it follows that D

satisfies a UEBC with constant +oo. O

Remark 5.1.30. One can have the following implications
Q CR" conver = Q° = (Q)°. (5.110)
Q CR" conver = 00 = 0(Q). (5.111)
Remark 5.1.31. If X € R" is a unit vector, then X -Y > 0 for every Y € R™ with
X -Y]| <1
Indeed, 1 > | X = Y[2 = || X|?—2X - YV +||V|*=1-2X-Y + ||Y|? forces 2X -V >
[Y]* > 0.
Remark 5.1.32. Let D C R" be given. Call a (n — 1)-dimensional plane © in R™ a
support hyperplane for D if 7t N\ D # @ and one of the two components of R \ 7

is disjoint from D (hence, D lies on only one side of w). Then through every boundary

point of a convexr proper subset of R™ there passes at least one support hyperplane.

Indeed, recall (5.108) to obtain the existence of a support hyperplane 7 through a

boundary point of D.

Theorem 5.1.33. Let 2 C R"™ be a nonempty, open, bounded, convex set. Then there

exist £, > 0 and two families of convex CY' domains {QF }., <~ satisfying

QF c Q, Qca, Ve € (0,e,), (5.112)
and
Q= |J & and 0<e <& <e,— O, CQf, (5.113)
g0>e>0
Q= () 9 and 0<e&<e'<e,=Q,CQ. (5.114)
Furthermore, with Disﬁi?odenotmg the Hausdorff distance function, we have
Dist [0, 0QF] = & for every ¢ € (0,¢,). (5.115)
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Proof. Fix €, > 0 sufficiently small (e.g., 0 < &, < 1 diam (€2) will do). For each number
e € (0,¢,) then define
Q7 ={X e R": dist (X, Q) < e}. (5.116)

Then, by Theorem 5.1.18, {Q- }., ~.~0 is a nested family of convex C''! domains exhaust-
ing Q. In addition, Lemma 5.1.19 gives that for every X € 0€)= there exists X, € 002
such that || X — X.|| = e. To prove that Dist [0, 02Z] = ¢ we need to show that for
every X € 0f) there exists X, € 0Q_ such that [|[X — X.|| = . Fix X € 0Q and let
7 be a support hyperplane for {2 through X. Let v be the unit vector in R™ such that
X + v is pointing into the connected component of R™ \ 7 which is disjoint from €.
Then the distance from X, := X + ev to 7 is €, hence, dist (X, 092) = . Accordingly,
X. € 09 by Lemma 5.1.19 and || X — X,|| = €. Altogether, this reasoning shows that
Dist [0, 09| = «.
To construct {QF }.,~c~0, consider first Q° := {X € R™ : dist (X,Q°) > €} for every
€ > 0. Then, by Remark 5.1.34 below, this is a convex domain, so if we take

QF = (0%)_ = {X eR": dist (X,0%) <e}, Vee(0,q), (5.117)
then the same type of argument shows that {Q}. -.~o has all the desired properties as

well. 0

Remark 5.1.34. Assume that Q C R"™ is an open convex set and that € > 0. Then the
set

OF = {X e R": dist (X,Q°) > ¢} (5.118)
1s convex and satisfies

00° = {X e R : dist (X, Q) =}, dist (997, 0Q) = e. (5.119)

Indeed, if one will pick X,Y € Qf. Then there exists r > ¢ with the property that
B(X,r), B(Y,r) C Q. Consequently, if we define
0 := U (X", Y] (5.120)

X*€B(X,r), Y*€B(Y;r)
then, given that € is convex, we have O C 2. Thus, Q¢ C O°. Now, if Z € [X,Y], it
follows that dist (Z,Q°) > dist (Z,0°) = r > ¢, so that Z € Q°. Hence, [X,Y] C Q°
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which proves that Q° is convex. Next, the first formula in (5.119) is proved much as

(5.80). Finally, the second formula in (5.119) can be justified from (5.121) below.

Remark 5.1.35. Let @ # E C R" be an arbitrary set and, for each number ¢ > 0,
define E. .= {X € R" : dist (X, F) < ¢}.
dist (OF.,0F) = e. (5.121)

Remark 5.1.36. Let v € R" be a wvector, and assume that 0 € (0,7). Denote by
Cn(X*,0v,0) the open, solid circular cone in R™ with vertex at X* € R", whose axis is
along v, and has aperture 0. That is, C,(X™*,v,0) consists of those vectors X € R™ with
the property that the angle made by X — X* with v is < 0. Then C,(X*,v,0) can be
described as

Co(X*0,0)={X eR": (X — X*)-v > (cos 0)|| X — X||||v]|}- (5.122)

Definition 5.1.37. A set Q C R" is said to satisfy a uniform cone property provided
for every X* € 09 there exist R,r > 0, 6 € (0,7/2) and a unit vector v € R™ with the
property that (cf. (5.122))

Co(X,v,0)NB(X,R)CQ and C,(X,—v,0)NB(X,R)CR"\Q (5.123)

for every X € B(X*,r)NoS2.

Remark 5.1.38. Let (,n € R", n > 2, be two linearly independent unit vectors, and

consider the mapping
§-(n+¢) §-[(1+2n-¢)¢—n
=—- | R" 124
RE =6 e [or Py e VEER, (5120
regarded as an application R : R™ — R™. Then this is a rotation about the origin in R™

which satisfies

R(C)=n and R'(n)=C. (5.125)

Indeed, via a direct calculation, one can have that

w-[C—(1+2n-C)n]]<_ [w-(CﬂLn)]?7
14+n-¢ L+n-¢ 17

then use this to obtain that RRT = I,,,. This guarantees that R is a rotation in R™.

R (w) =w — [ VweR", (5.126)

Then (5.125) is seen straight from (5.124).
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Recall (ii) in Definition 5.1.2, and use the Remark 5.1.38 above to conclude the next

Teorem.

Theorem 5.1.39. A nonempty, bounded, open set Q C R™, n > 2, satisfies a uniform

cone property if and only if Q is a domain of class C%1.

Proof. Assume first that 2 C R” is a nonempty, bounded, open set which satisfies a
uniform cone property. Fix an arbitrary point X* € 0€). Then there exist R,r > 0,
0 € (0,7/2) and a unit vector v € R™ with the property that (5.123) holds for every

X € B(X*,r)NoQ. Since for any rotation R : R” — R™ we have
R(Cn(X,£v,0)) = C,(R(X), £R(v),0)),

R =1, R(B(X,R)) = B(R(X), R),
there is no loss of generality (cf. Remark 5.1.38) in assuming that v = e,. Also,

(5.127)

performing a suitable translation, we can assume that X* = 0 € R". Granted these, fix
some small positive number h, say,
0<h<min{Rcos 0. \/ﬁ} (5.128)
and consider the cylinder
C:=B,_1(0/,hcos §) x (=h,h) CTR" ! xR =R" (5.129)
Then the top and bottom lids of C are contained in C,(X,v,0) N B(X,R) C Q and
Co(X,—v,0)NB(X, R) C R™\ Q, respectively. In particular, the bottom lid is contained
in C,(X,—v,0) N B(X,R) C (Q2°° = (2)°. Tt follows from this and Proposition 5.1.40
below that, for every ' € B,,_1(0’, hcos ), the line segment
L(2") :==[(«',h), (2, —h)] (5.130)
intersects 0€) at least once, and we claim that, in fact,

L(L(x') N Q) = 1. (5.131)

To justify this, let X = (2/,z,,) € L(2') N 0. Then

1X — X*|| = [|IX|| = V]|2'||2+ 22 < Vh2cos20 + h2 = hv/cos? 0+ 1 <7, (5.132)
so X € B(X*,r)NoQ. Consequently, from (5.123) and conventions,

Co(X,e0,0) N B(X,R) CQ and Cu(X,—e,,0) N B(X,R) C (R"\Q)°. (5.133)
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This forces
(X, X+ Re,) CQ and (X,X - Re,) C(Q) (5.134)
and, hence, (X — Re,, X + Re,) N0 = {X}. Then (5.131) follows from this, after
noticing that L(z') C (X — Re,, X + Re,) (since h < Rcosf < R).
Having established (5.131), it is then possible to define a function
¢ : B, 1(0',hcos ) — (—h,h) (5.135)
in an unambiguous fashion by setting, for every 2’ € B,,_1(0/, hcos ),
o) =xz, if (2 2,) € L(z") NN (5.136)
Then, by design (recall (5.129)), we have
CNIN={X = (2',2,) €C: x, = p(2)}, (5.137)
and we now proceed to show that ¢ defined in (5.135)-(5.136) is a Lipschitz function.
Concretely, if 2/,y" € B,_1(0', hcos 6) are two arbitrary points, then (v, p(y’)) € 09
therefore (v, o(y')) & C,((2', p(2)), £e,,0) which implies
(¥, 0(y) — (@, 0(2))) -en < (cos DY, (¥)) — (2, p(2)) ]l
< (cos O) ||y — 2] (5.138)
Thus, ultimately, [p(y) — ¢(2')| < cos 0[]y’ — 2'||, which shows that ¢ is a Lipschitz

function, with Lipschitz constant < cos 6. Going further, since the uniform cone condi-

tion also entails that points in 9Q are limits points for (R™\ ©)°, we have 992 C (Q)e.

Accordingly,

NCOAN(Q)e=0\(Q)° =09Q). (5.139)
Since the opposite inclusion is always true (cf. (6) in Theorem 4.6.4), we ultimately have
O = 9(Q). With this and (5.137) in hand, we may then invoke Remark 4.6.5 in order
to conclude that  is a C%! domain.
Conversely, assume next that  is a C%! domain. Then for every point X* € 9 there

exist p > 0, an open interval I C R with 0 € I, a rigid transformation 7" : R* — R"

with T'(X*) = 0, along with a Lipschitz function ¢ : B,,_1(0’, p) — I the property that
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©(0') = 0 and, if C denotes the (open) cylinder B,,_1(0',p) x I C R"™! x R = R", then

CNT(Q) ={X=(2",2,) €C: x, > ()}, (5.140)
CNIT(Q) ={X = (2',2,) €C: z, = p(2)}, (5.141)
CN(TQ) ={X = (2, 2,) €C: x, < p(z)}. (5.142)

The fact that ) satisfies a uniform cone condition will follow from (5.140)-(5.142) as
soon as we show that there exist R, > 0 and 0 € (0, 7/2) with the property that
X €90nB(0,r) and Y = (¢, yn) € Cu(X, e, 0) N B(X, R) .
5.143
=y € Bn—l(ola P) and y, > (p(y/%
and
X eonB(0,r)and Y = (v, y,) € Co(X, —e,,0) N B(X, R) ( )
5.144
=y € B, 1(0',p) and y, < p(y).
In fact, we shall only deal with (5.143), as the treatment of (5.144) is similar. Taking
r € (0,p/2) guarantees that if X = (2/,x,) € B(0,r) then 2’ € B,,_1(0,p) and z,, =
e(x'). If also take R € (0,p/2) then, with the angle § € (0,7/2) to be selected later,
for every point Y = (v, yn) € Co(X, €,,0) N B(X, R) we have ||y/|| < ||y — 2| + ||2']] <
p/24 p/2=p,ie,y € B,_1(0,p). Also, the fact that the angle between Y — X and
e, is < 0 implies

Y-X)- e,
ﬁ>0089 = Y, —x, > (cos O)||Y — X||

= (Yo — 2)" > (cos O)?[[ly' — 2'|I* + (v — )]

= Yy, — T, > (cot O)||y — 2| (5.145)
Pick a number M > 0 larger than the Lipschitz constant of ¢. Based on (5.145) we may
then estimate
ey) = ((e(y) —e(@)) + ¢(@') < Mlly" = || + ¢(a”)

= My —2'|| + x, < M(tan 0)(y, — x,) + z,

< (Yn — Tn) + Ty = Yn, (5.146)
where the last inequality holds if we choose
0 € (0,7/2) such that @ < arctan (M™'). (5.147)

This justifies (5.143) and finishes the proof of the theorem. O
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Proposition 5.1.40. Assume that E C R™ is a given set, and that two points X € E°

and Y € (E)° have been fized. Then (X,Y)NOE # &.

Remark 5.1.41. Let Q C R", n > 2, be a nonempty, bounded, open set with the property
that for every X* € 02 there exist R,r > 0, 0 € (0,7/2) and a unit vector v € R™ with
the property that

Co(X,v,0)NB(X,R) CQ  forevery X € B(X*,r)NnQ. (5.148)

Then Q is a C%' domain.

Indeed, one can have that 2 satisfies a uniform cone property, then invoke Theo-
rem 5.1.39. More specifically, if ) satisfies (5.148), then also

X € B(X*,r/2)NndQ) = C,(X,—v,0) N B(X, R) C Q°, (5.149)
at least if the number R is sufficiently small relative to r. Indeed, the existence of a
point Y € C,(X,—v,0) N B(X, R) N Q would entail X € C,(Y,v,0). Since Y € Q is
also close to X* (assuming that R is small, relative to r), (5.148) further implies that
X belongs to the open set €2, in contradiction with X € 9.

Recall that S"! is the unit sphere in R™ centered at the origin.

Theorem 5.1.42. Assume that
@0:S" 1 — (0,00) s Lipschitz (5.150)
and consider the set Q C R™ which, in polar coordinates, has the description
Qi={rw:wes"" 0<r<opw)}. (5.151)

Then Q is a C%' domain.

Proof. Fix a point

X ed={rw:wes" " r=pWw}. (5.152)
We wish to show that, after a rigid transformation, 92 can be made to coincide, near
X*, with the graph of a Lipschitz function. After possibly rotating €2, there is no loss
of generality in assuming that X* lies at the intersection of the vertical axis in R™ with
0f). That is,

X*=(0',=X), where X:=¢(—e,)>0. (5.153)
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In this setting, we will establish the existence of a cylinder
C={X=(2/,2,) ER"'xR: ||| <7, |za|<h}, (5.154)

where r > 0, h > A, and a function

¥ : B,_1(0',7) — (—=h, h) Lipschitz (5.155)
with the property that
X*=(0,9(0)) ecC (5.156)
and for which
o0NC={(,v&): 2 € B, 1(0,r)}NC. (5.157)

Condition (5.157) requires that if x,, = ¢ (2')

(2', ) — Wz x
er——W)—m )] (5.158)

(', 2n)
and the idea is to find the Lipschitz function v by solving (5.158) for z,, as a function

of 2. To this end, it is convenient to rephrase (5.158) as
F(2' x,) =0, (2',x,) near (0',—N\), (5.159)
where
F(z', 2,) = ¢* (%) —||2/||* — 22, (', z,) near (0',—N\). (5.160)
Note that
F(0',=)\) = ¢*(—e,) — \? = 0. (5.161)
We want to use the Implicit Function Theorem for Lipschitz Functions in order to solve
(5.159) for z,, in terms of x’ such that
2, (0') = —\. (5.162)
At this stage, we need to check the hypothesis of the Implicit Function Theorem for F
given in (5.160). First, let us check that F' is a Lipschitz function (in 2’ and x,). To
this end, we make use of (5.160) and the fact that ¢ is Lipschitz in order to write
/ / o [ (@ x) o (Wi yn)
-l < |2 (1) - ()

+ {1217 = 11y 1] + |25 — wnl

= I+1I (5.163)
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Note that

I = ‘ (HE,I;H)

*(omvan)

()| e (i) +
( |

xla l’n) (y/a yn)
< 2( sup p(w))Lip (p; 5™ 1) - . (5.164)
(fup #() 1@z~ o]
To continue, let us bring in a general identity
Remark 5.1.43. If \;, Ay > 0 and X1, Xo € R" are unit vectors, then
A XT — A Xol|? = [A — Aof? 4+ Aol Xy — Xo|2 (5.165)
Rewrite it as
lwr — wo|? = ity riws — rowse |t — vty — o3 (5.166)

valid for any wy,wy € S™71 71,79 > 0. Making use of (5.166) with

(¥, yn) ro o= (W vl (5.167)

wp = ———— = |2, x)], Wy 1= T
1, yn)

gives

() ) 5.165)

1Y, yn)

2
= @, )TN )l {H(fﬂ’,xn) = (@ ya) P = (Il za)l = 1 yn)l|‘ } :
Using the triangle inequality, it is then easy to bound

(2',2,) & Yn) / /
< CH(SL’ uxn) - (y 7yn)H
I z)l 1)l

(5.169)

for (', x,), (¥, yn) near (0';, —N),
where C' > 0 is a fixed constant (which depends on A). Plugging this back in (5.164)

then gives

I <O\ 20) — syl for (27, 2,), (¥, yn) near (0, —N). (5.170)
In a more direct fashion (using just the triangle inequality), we also obtain

I <O x,) — (Y yn)|| for (2, 2,), (¢, yn) near (0', —N). (5.171)

All together, (5.163) and (5.171)-(5.172) give that
[F (@' 2n) = F(y' s yn)| < Cll(@' 20) = (0, yn)

for (2, z,), (¥, yn) near (0/, —N\).
This proves that F is Lipschitz in a neighborhood of (0/, —). Thus, for Theorem 4.1.4

(5.172)

to apply we need to check that F'is bi-Lipschitz in the second variable. That is, we seek
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an estimate of the form
Clyr — gl < |F(@',y1) — F(2,y2)|  for 2’ near 0’ and y1, y» near —\.

To justify this, we first write

P o) — F(y ) = & (ngiyl)) _ < (@) )

' )| (2, o)
+y5 — yi
— [II+1V,

and note that

IV | = |y1 — y2|ly1 + ya| = Myr — ya|  for y1, yo sufficiently close to —\.

< |y1 — ol nax - sup
SISP 2y, €[y1,92]

As for I11 in (5.174), we may recycle (5.164) in the form
. 1y | (@) (@', y2)
II11] < 2( sup o(w))Lip (¢; S™) - .
s, #l) @l 1w
Using the Mean Value Theorem we then estimate
(x/>yl) . (l'/,yQ) o ( (l'/,l’n) )
1@yl 1@, y2)] "\ z)ll/
Now, observe that for each j € {1,...,n},
o, ( (', 2,) ) _ Y T,
1@zl ) @ @)l (1@, 2P
and that, since z, € [y1,y2] and 2’ is assumed to be near 0,
Y1, Yo close to =\ = =z, close to -\ =

0, TiT
" xz,) close to (0/, =)\) = J — Jon lose to 0.
(&', 2a) close to (0, =4) @ w0l 1@z F o™

Consequently,
|[111| < % ly1 —yo| if (', y1), (2/,y2) sufficiently close to (0', —\).
Relying on this and recalling (5.175), we may now deduce from (5.174) that
|F(2' 1) — F(2,y0)] = [[IT+IV]>|IV|— I

A A
> Ayr — ya| — 5 lyh — y2| = 5 ly1 — v,

(5.173)

(5.174)

(5.175)

(5.176)

(5.177)

(5.178)

(5.179)

(5.180)

(5.181)

whenever (z'y;) and (2, y3) are sufficiently close to (0, —\). This finishes the justifica-

tion of 5.173.

At this point, Theorem 4.1.4 applies and gives the existence of a neighborhood V' of 0
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in R"~! along with a Lipschitz function

YV —=R,  with (0) =)\ (5.182)
and such that
F(2',4(2')) =0 for every 2/ € V. (5.183)
Given the definition of F' in (5.160), this entails
") (%) = ||(z',¥(2"))| for every 2’ € V. (5.184)
With this in mind and observing that
00 = {pww: we "1}, (5.185)
it follows (by specializing w := ”E Ex: € S™1) that
,

) = o (oL

) ) (I’,w(fﬁ')) :
€ 0 forevery 2’ € V.  (5.186)
DI/ NI, ()]
Thus,
the graph of v is included in 0f2. (5.187)
On the other hand, if X = (2/,z,) € 0 is near X* = —Xe, = (0',—\), then there

exists w € S"! near —e,, such that

plww =X (5.188)
which forces
1X|| = p(w) and X (5.189)
= p(w W= .
B4
Thus,
X
F(X) = (m) X2 = X2 = X = 0 (5.190)

and since X is near —\e,,, (4.6) tells us that X belongs to the graph of ¢. Consequently,
0 near X* = —)\e,, is contained in the graph of 1. (5.191)

From (5.187) and (5.191)
02 and the graph of ¢ coincide near X*. (5.192)

Consequently, there exists an open, upright, doubly truncated circular cylinder C in

R™ ! x R such that
CNIY={(z,2,) €C: x, =)}, (5.193)

in agreement with (4.207).
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Upon observing that
Q={rw: 0<r < p(w), we s" '} (5.194)
we may conclude (using also (5.185)) that
0 ={p(w)w: we "} = . (5.195)
Hence, 902 = 09 and, having already established (4.207), conditions (4.206), (4.208) are

now guaranteed by the Remark 5.1.44 below. This proves that  is a C%! domain. O

Remark 5.1.44. Assume that 2 C R™ is an open set, and fir Xo € 0. Also, assume
that B' C R"! is an open ball, I C R is an open interval, and
o : B — I s continuous. (5.196)
Denote by X := {(2/, p(z")) : &' € B'} the graph of . Assume that the open cylinder
C:=B'xXICR"'xR=R" (5.197)
contains Xo and satisfies
Y =CnNos. (5.198)
Finally, set
Dt :={(2',x,) €C: p(x') < z,}, D™ :={(2,z,) €C: o(2') > z,}. (5.199)

Then one of the following three alternatives holds:

QNC=D" and (Q)°NC=D", (5.200)

or
QNC=D" and (Q)°NC=D", (5.201)

or
X € (Q)°. (5.202)

Definition 5.1.45. 1. Call an open set §) starlike with respect to xy € Q if Z(x, x¢) C

Q for all x € Q, where I(x,xq) := the open segment with endpoint x and x.

2. Call an open set Q) starlike with respect to a ball B C Q if Z(x,x9) C Q for all

x €Q andy € B. That is, Q) is starlike with respect to any point in B.
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Theorem 5.1.46. Let §2 be a bounded, open, non-empty set which is starlike with respect

to some ball. Then ) is a Lipschitz domain.

Proof. Without loss of generality, assume that € is starlike with respect to B := B(0, p),
for some p > 0.
Step I. Assume that for all x € Q, zyp € B = Z(z, 1) C Q.
Proof of Step 1. Since z € Q, there exists x; € Q such that x; — x. Fixy € Z(z, x,), then
there exists ¢ € (0,1) such that y = ¢ + t(x — x¢) and consider y; := x¢ + t(z; — x¢) €
I(x,x9) C Q. Then

jlirgo Y = jllrgo[xo +t(x; —xo) =0+ t(r —20) =y (5.203)
Since y; € Q for every j, this entails y € Q. Since y was an arbitrary point in Z(z, 7o),

this implies that

I(z,70) C Q. (5.204)
Thus so far, we have that
I(z,79) CQ, foral x € and 2 € B. (5.205)
We now claim that
T(x,x0) NON = 0. (5.206)

Reasoning by contradiction, assume that there exists z € Z(x,z¢) such that z € 0.

Define the cone-like region

C:=JZ(z.y). (5.207)
yeB

Note that C is open. By (5.205) we know that C C Q. Also, Z(z,2) C Z(z, 1) C Q and
Z(x,2)NQ = 0. Thus, if w € Z(x,2)NQ then z € Z(w, x9) C Q which is a contradiction.

Hence
I(z,2) C 9. (5.208)
Let 2o € Z(z, ) then there exists By ball centered at 2z such that By C C C Q. Then
there exists three collinear points a, b, ¢ (mutually different) with a € B,b € Z(z,z2),

and ¢ € B. This means that a ¢ €, otherwise Z(a,c) C 2, which implies that b € Q.

However, b € Z(x,z) C 9. Since, nonetheless, a € By C C C Q implies a € 9.
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Perturbing a, implies there exists r > 0 such that B(a,r) C By and such that for all
a € B(a,r) C 09 implies that o' € 09 (i.e. B(a,r) C 0. However, a € 0 implies
B(a,r) NQ # 0, in contradiction with

B(a,r)NQCoNNQ=0. (5.209)
Hence this proves (5.207). From (5.205) and (5.207), the conclusion in Step I follows.
Step II. Let us assume that for all w € S"~!, the open half line

L, :={rw:r>0} (5.210)

must intersect 0f).
Proof of Step II. Note that L,, € R" = QUAIQU(Q)¢, disjoint union. Thus, if L,NIQ = ()
then this implies that 2 and (Q)¢ are and open, disjoint, cover of the connected set L,,.

Consequently, either

(i) LyNQ =10, or

(ii) L, N ()= 0.

Since w is open and O € Q then this implies (i) cannot occur. Now, (ii) implies that
L, € Q which implies is impossible since €2 is bounded. Thus this contradiction proves
Step II.

Step III. Assume that if w € S"~! then L,, N 9 contains just one point.

Proof of Step III. By applying the results of Step II we know that L, N 9oQ # 0. If

1 # x9 € L, NN then either,

(i) @9 € Z(24,0) or
(ii) x1 € Z(x2,0).

By Step I, if (i) happens then, since z; € 0Q and 092 > x5 € Z(z1,0) C €2, which is a
contradiction. By Step I, if (ii) occurs, then (since xy € 9Q) 0 > x1 € Z(x9,0) C Q,

which is a contradiction. Hence, this finishes the proof of Step III.
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Step IV. If for all w € S™! we set p(w) := the distance from the point in L, NI to
the origin then
oS —(0,00) (5.211)
is well-defined and
00 = {p(ww: we s}, (5.212)
Proof of Step IV. This follows directly from the fact that O € Q and Step III.
Step V. Assume that there exists a C' > 0 such that for all
wi,wy € 5™ and |w —wy| < 1 (5.213)
then
[p(wi) — pws)| < C'lwr — wo . (5.214)
Proof of Step V. Let z; := p(w;)w; € 02 where, by Step IV, p(w,)w; € 002 for j =1, 2.

This implies that

p(wr) = @lw2)| < far — waf - (5.215)
Let us also note that if 6 :=<9 (w;, ws) then
1> |wi — wa| = 2sin <g) (5.216)
then
7T
0 e (0, g)- (5.217)

Recall B = B(0, p).
Claim 1. The line L, ,, passing through 1,z does not intersect 5(0, £).
Proof of Claim 1. Otherwise, there exists z € B(0,%) N Ly, ,. Since z € B, then by
Step I, Z(z;,2) C Q, j = 1,2. Since z; € 0f2, this implies that

z € I(xy,x2). (5.218)
Now z1,29 € 02 and B(0,p) C Q implies that |z|,|z2] > p. Thus the following

implications occur

p_p
2= 21 2 |yl = 2| 2 p - £ = £, (5.219)

|z| is the shortest side in AOzz;, a; is the smallest angle in AQzx;, and

a< =, j=1,2 (5.220)



Recall that ¢ < Z. This makes it impossible to have a; + as + 6 = w. Thus this proves

Claim 1 made above.

Claim 2. It holds that

nf
distance (0, Ly, 4,) = [21] |2] sind
|71 — 2o

This is just elementary geometry
h-c b-a-sind
N
S 2

For us,

h = dist(0, Ly, ;)
a = |z, b=lx¢|, and

c = |z — 9.
From (5.222), the desired conclusion readily follows.
Next by Claim 1 and Claim 2,

|z1]| |z2| sin 6

> P
-2

|z1 — 29|
and

11— x| < 207t |wy| |2o| sind

0 0
= 4p7! in(— ~
p " |z1| |x2| sin (2) Ccos (2)

< 4pHdiam(Q))? |wy — wal .
Hence, all in all,

|p(w1) — plw2)| < [ar — @2] < C fwr —wyf,
proving Step V.
Step VI. Show that

Q) is a Lipschitz domain.

(5.221)

(5.222)

(5.223)

(5.224)

(5.225)

(5.226)

(5.227)

Proof of Step VI. By applying our results from Step V we know that ¢ is locally Lipschitz.

Since S™7! is compact, then ¢ is Lipschitz. Thus,

Q={rw: 0<r<pW), we s}
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with
@ : 8" — (0,00) Lipschitz, (5.229)

and it is known that this implies that 2 is a Lipschitz domain. O
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5.2 The Differentiability of the Distance Function

Proposition 5.2.1. Let A C R"™ be a nonempty, compact, and convex set. Then, for
any X € R"™ there exists a unique point P(X) € A with dist (X, A) = || X — P(X)].
Furthermore, the induced function P : R" — A is Lipschitz, with Lipschitz constant

< 1.

Proof. Pick an arbitrary vector X € R™ and assume that Y}, Y, € A are two points with
the property that

dist (X, 4) = [ X = V1] = [| X — Yal|. (5.230)
In particular, Remark 5.2.2 below, gives that 2X —Y; — Y5 is perpendicular on Y; — Y5,
SO

[2X =i = Yol + Vi - YalI* = [[2X — Y1 —Y3) — (Y1 + V)

— X -Vl (5.231)
by the Pythagorean Theorem. However, since A is a convex set, we can write Y* :=
L(Y1 +Ys) € Aso (5.230) and (5.231) give

dist (X, 4)* < [|X =Y P <X = V7P + {[IVy = Yo ?

= ||X = Y| = dist (X, A)>. (5.232)
In turn, this forces ||Y; — Ya|| = 0, i.e., Y7 = Y5, Thus, there exists a unique nearest
point to X in A, which we shall denote by P(X). There remains to prove that
IP(X)—PY)| <X Y|, VXY eR" (5.233)
To get started, we claim that
(X —P(X))-(Z-P(X)) <0, VZ e A (5.234)
Indeed, if Z € A and A € (0,1) then AZ + (1 — A\)P(X) € A, since P(X) € A and A is
convex. Hence

IX = PX)II* < IX = (AZ + (1 = M)P(X))||* (5.235)
= (X = P(X)) = A(Z = P(X))|I"

= [(X = PEO)I* + M Z = P(X)|* = 2M(X = P(X)) - (Z = P(X)),
192



which implies (after simple algebra)

(X = P(X)) - (Z - P(X)) < 212 - P (5.236)
Passing to the limit A — 07 then yields (5.234). Hence, the claim holds.
Next, given X,Y € R™ arbitrary, use estimate (5.234) for the choice Z := P(Y’). This
gives (P(Y) —P(X)) - (X —P(X)) <0, hence (P(X) —P(Y))- (Y —P(Y)) <0 after
interchanging X and Y. Adding these two inequalities we therefore obtain

0 > (PX)=PY))- (Y -=PY)+PX)—-X)

= |P(X) = PY)|I* + (P(X) = P(Y)) - (Y - X), (5.237)
which, by Cauchy-Schwarz’s inequality, further implies
IP(X) = POINX - Y] > (P(X) = P(Y)) (X =Y) > [P(X) - PXY)[*. (5.238)
This readily gives (5.233), and finishes the proof of the proposition. O
Remark 5.2.2. For any X,Y € R"™, one can have
I X[|=Y|| = (X-Y)L(X+Y). (5.239)
We are interested in studying the differentiability properties of the function X — P(X).

Informally speaking, our next result shows that the shortest path to the boundary of a

C'! domain is along the unit normal.

Proposition 5.2.3. Let Q C R” be a C' domain, with outward unit normal v, and fix
an arbitrary point X* € R™\ 092. Then for every point Y* € 0Q) with the property that
dist (X™,00) = || X" = Y7 (5.240)
there exists A € R (in fact, either A = || X* = Y*|| or A = —||X* — Y*||) such that
X" =Y =Av(Y"). (5.241)
Proof. To begin with, we observe that the existence of at least one point Y* € 00 for
which (5.240) holds is guaranteed by Remark 5.1.28. Fix such a point. From Defini-
tion 4.6.1 and the fact that rigid transformations preserve distances, there is no loss
of generality in assuming that there exists a C* function ¢ : B,_1(0/, R) — I, where
B,_1(0/; R) C R"! and I C R is an open interval, such that

CNIN={X = (2" 2,) €C: z, = (")} UfC:=B,1(0,R) x I CR", (5.242)
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and

(0, 0(0) =Y™, y(Y*) = (V(0), =1)

= . 5.243
VI+[Ve(0)]? 028

To proceed, introduce the C* function
F:B, 1(0,R) — R, F(2') = || X* — (@, o) Vi’ € B,_1(0',R), (5.244)
so that, by (5.240), 0’ € R"! is a local minimum for F. Consequently, (VF)(0') = 0/
by Proposition 5.2.4 below. Thus, if X* = (2, z,,) and Y* = (y., y«,), we obtain
Ty = Yo + (T — Ysn) (V) (0') = 0. (5.245)
With this in hand, equation 5.241 now holds for the choice

A= (2 = 9(0)) V1 + [V (0)]2 (5.246)

This finishes the proof of the proposition. O

Proposition 5.2.4 (Fermat’s Criterion: Multivariabe Version). Let U C R"™ be an
arbitrary set, and fix a point X* € U°. Assume that f : U — R is a function with the
property that X* is a local extremum, and all partial derivatives of f at X* exist. Then

X* is a critical point for the function f.

Proof. Since X* € U°, there exists r > 0 with the property that B(X*,r) C U. For each
Jj €{1,...,n}, consider g; : (—r,r) — R given by ¢,(t) := f(X*+te;) for |t| < r. The fact
that f has a local extremum at X™ implies that each g; has a local extremum at ¢ = 0.
Also, the existence of 0; f(X*) entails, by Proposition 5.2.5 below, that g; is differentiable
at t = 0. In addition, g;(0) = 9;f(X*). Consequently, the one-dimensional version of
Fermat’s Theorem implies that ¢7(0) = 0 and, hence, 9;f(X*) = 0 for 1 < j < n. Thus

(Vf)(X*)=0,s0 X*is a critical point for f. O

Proposition 5.2.5. Suppose that f : U — R, where U C R". Pick X € U° and
r > 0 such that B(X,r) C U. Also, fix an index j € {1,...,n} and define the function
g: (—=r,r) — R by setting g(t) :== f(X +te;) for —r <t <r. Then 0;f(X) exists if and

only if g is differentiable at 0. Furthermore, whenever 0; f(X) exists, 0; f(X) = ¢'(0).

Proof. Note that PI% M = yr% w Therefore, ¢'(0) exists if and only if

0; f(X) exists. Clearly, ¢’'(0) = 0; f(X) whenever they exist. O
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Remark 5.2.6. One can use the Lagrange Multiplier Method to give an alternative proof

of Proposition 5.2.35.

Proposition 5.2.7. Let @ C R”, n > 2, be a C* domain. Assume that X* € 09,
X € R" and R > 0 are such that X* € 0B(X, R) and either B(X,R) C Q or B(X, R) C
R™ \ Q. Then the geometric tangent plane Tx-0Q to the C' surface 0Q at X* is also
tangent to the ball B(X, R).

Proof. Under the current hypotheses, it is clear that we have dist (X,0Q) = R = || X —
X*||. Then Proposition 5.2.3 gives that either X —X* = Rv(X*) or X —X* = —Ry(X™*).
Since v(X*) is orthogonal to ITx-0S2, this proves that T'x-0S) tangent to the ball B(X, R).

U

Theorem 5.2.8. Let Q C R"™ be a C' domain satisfying a UIBC' (with radius r). Then
for every X € Q such that the dist(X,00Q) < r, there exists a unique point X* € 0f)
with the property that

dist (X, 090) = || X — X7 (5.247)

Furthermore, an analogous result holds for the case of C* domains in R" satisfying a

UEBC granted that, this time, X € ()¢,

Proof. Let X €  be such that dist (X,09) < r. Then, by Remark 5.1.28, there exists
some X* € 0f) such that equation 5.247 holds. Also, by the UIBC, there exists Y €
for which
B(Y,r) CQ and X" € 0B(Y,r). (5.248)
The previous equation implies that
dist (Y,09Q) = ||Y — X7, (5.249)
so that, by Proposition 5.2.3,
Y — X" = Mrv(XY), for some A € R. (5.250)
In the same vein, (5.247) and Proposition 5.2.3 imply

X — X" = \v(X), for some A; € R. (5.251)
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Thus X*, X, and Y are collinear and p := || X — X*|| = dist (X,00) < r = || X* =Y.

This fact is illustrated in the picture below:

o0}

Figure 5.5: The boundary of €2 with the normal direction v to the boundary.

By recalling p = || X — X™||, it follows that
B(X,p) CB(Y,r)CQ and X" e€dQNIB(X,p). (5.252)
This implies that
dist (X, 00\ {X"}) >p and [ X — X7|| =p, (5.253)
which, in turn, shows that X* € 0f is the unique point satisfying (5.247). Finally, the

last claim in the theorem is dealt with analogously. O

Proposition 5.2.9. Let Q C R” be a bounded C*' domain. Then there exists an open
set U C R™ such that 00 C U, along with a function P : U — 0$2 with the property

that

P(X) := the unique nearest point on 02 to X € U, VX € U. (5.254)
Proof. This is an immediate corollary of Theorem 5.2.8. O

Definition 5.2.10. Let Q C R” be a CY' domain. Then the nearest boundary point

function is the mapping P : U — 02, where U C R" is a suitable open set containing

09, defined in (5.254).

Proposition 5.2.11. Let Q C R" be a C%' domain. Then the nearest boundary point

function (cf. Definition 5.2.10) is continuous.
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Proof. Assume P is not continuous at X* € U. Then there exists ¢y > 0 and a sequence
{X;},en of points in U with the property that

jllrgloXj =X" and |P(X")—-P(X;)|| >ep, forall jeN (5.255)
Using the fact that, by Lemma 5.2.12 below, |dist (X, 0Q)—dist (X*,0Q)| < ||.X; = X",

we then obtain

IPOXG) = X < IIP(XG) = Xgll + 1%, — X7|| = dist (X;,09) + || X; — X7
< |dist (X, 09) — dist (X*, 0Q)| + dist (X ™, 00Q) + || X; — X7

< dist (X7,00) + 2| X; — X*||l, VjeN (5.256)
Hence, the sequence {P(X;)}jen is bounded. Thus, by eventually passing to a subse-

quence (cf. The Bolzano-Weierstrass Theorem in R™), it can be assumed that

P(X;) - Z€0Q as j— oo. (5.257)
Now, since X* € U, and
dist (X*,0Q) = lim dist (X;,00Q) = lim ||P(X;) — X;|| = | Z — X~|, (5.258)
j—00 j—o0

and since Z € 0f), we may conclude that

P(X*) =Z. (5.259)
Formulas 5.255, (5.257) and (5.259) lead to an obvious contradiction, so the assumption
that P is not continuous at X* € U must be false. In conclusion, P is continuous at

each point X* € U. O

Lemma 5.2.12. Consider an arbitrary nonempty set £ C R™. Then the function

f(X) :=dist (X, E), X € R" is Lipschitz with Lipschitz constant < 1.

Proof. Note that if X,Z € R™ and Y € E are arbitrary, we have f(X) < || X —
Y| < ||Z-Y|+ ||IX — Z|. Taking the infimum over Y € E, the latter implies that
f(X) = f(Z) < ||X — Z||. By either proceeding similarly, or simply changing the
roles of X and Z, we also obtain that f(Z) — f(X) < ||X — Z||. Hence, in fact,
lf(X) = f(2)] < ||X = Z] for every X,Z € R", from which the desired conclusions
follow. O
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Proposition 5.2.13. If Q C R" is a domain of class CY* with outward unit normal v,
then there exists € > 0 such that

dist (X* Ftv(X™)) =t whenever 0 <t <e and X* € 09, (5.260)
and

PX"Ftv(X"))=X" whenever 0 <t <e and X* € 0N. (5.261)

Proof. Here is a picture illustrating the situation described in the statement of the

proposition:

terior ball BY.

tv(X*)
_tangent plane to 02 at X*
o0

the normal direction to 0f)

Figure 5.6: The boundary of 2 with the tangent plane to the boundary.

Turning in earnest to the proof of the claim made in the proposition, fix an arbitrary
point X* € 0. Since € is a domain of class C'!, it follows from Theorem 5.1.9
that €2 satisfies both a UIBC as well as UEBC with some radius r > 0. Denote by
Bx. the interior and exterior balls at X*. If we take ¢ := r then, assuming that
0 <t <e, it follows that B(X* — tv(X*), t) C B¥. and, since X* € 99, we therefore
obtain dist (X* — tv(z*)) = [[(X* — tv(X¥)) — X*|| = t, as desired. The fact that

dist (X* +tv(X*)) = —t for every 0 < t < ¢ is proved analogously. Finally, the fact that

B(X* ¥ tv(X*)) C Bx. U{X*}  whenever 0<t<c¢, (5.262)

readily gives (5.261). O

Proposition 5.2.14. Assume that Q C R" is a CY' domain, and recall the nearest
boundary point function P : U — OS2 introduced in Definition 5.2.10. Set

U, =QnU and U_:=U\Q. (5.263)
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Then, (cf. figure below),
PX)-X

+v(P(X)) = m,

forall X € Uy. (5.264)

Proof. A picture illustrating the phenomenon described in (5.264) is as follows:

o2

Figure 5.7: The boundary of €2 with the normal direction v.

As far as formula (5.264) is concerned, this is a direct consequence of Proposition 5.2.9

and Proposition 5.2.3. O

Remark 5.2.15. Assume that Q C R" is a CY' domain, and recall the nearest boundary

point function P : U — 082 introduced in Definition 5.2.10. One can prove that
PX)-X

X_))}}‘%EU:E m =+ V(X ), fOT all X - aQ (5265)

Hint: Use (5.264) and Proposition 5.2.11.

Theorem 5.2.16 (Differentiability of the Nearest Boundary Point Function). Assume
that Q is a domain of class C* in R™, n > 2, for some k € NU {0}, k > 2. Then the
nearest boundary point function P : U — 0Q from Definition 5.2.10 is of class C*~! in

U (after possibly shrinking the original set U).

Proof. Fix a small number r > 0 with the property that, if
U:={X e R": dist (X,00) <r} (5.266)
then the nearest boundary point function P is well-defined and continuous in U. Next,

pick an arbitrary point X, = (zf, zo,) € U and set Yy := P(X,) € 0. Hence, in
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particular,

dist (X, 0Q) = || Xo — Yol < . (5.267)
Without loss of generality, we can assume that there exist a number M > 0 which
depends only on €2 alone, an open set @ C R"! and a function ¢ : © — R of class C*
such that Yy = (y), ¢(yg)) for some y, € O, the boundary of 2 near Y; coincides with

the graph of ¢ near y, and

> (sup \80‘4,0(3/)\) < M. (5.268)
o <2

y'eO

The idea will be to choose r > 0 small, relative to this parameter M.
Moving on, consider the function
F:R"xO =R F(Xy) =2 =y + (2. — oy)Vely),

(5.269)
for every X = (2/, z,) € R"1 x R=R" and every 3y € O.

Since ¢ is of class C*, the function F' is of class C*~! on its domain. Also, F(X,,y5) = 0,
by (5.267) and an argument similar to the one leading up to (5.245), while a direct

calculation shows that the Jacobian matrix of ' with respect to v’ is

(Dy F) (X.5) = (=631 = 0,050 )) + (0 — 2(1)(0,00) (1)) . (5:270)

1<5,k<n—1

where 0j; is the Kronecker symbol. For the purpose of using the Implicit Function

Theorem we need to verify that

det [(Dy F) (Xo,50)] 0. (5.271)
To this end, introduce the (n — 1) x (n — 1) matrices
(5 _ / /
My = (=0~ QW) O) W) _ (5.272)
and
My == (zon — 2 (y0)) Ho(40), (5.273)
where H,(yg) = ((0j0kg0)(y6)) is the Hessian matrix of ¢ at y). Then
1<, k<n—1
Myl < M |zon — ¢(yo)| < M| Xo — Yol < Mr. (5.274)

On the other hand, My = —(/n-1)xm-1) + Ve(yo) ® Ve(yp)), hence, by (4) in Re-
mark 5.2.17 below, we have

det (—Mp) = 1+ || Ve(y)||* = 1. (5.275)
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Now, (5.271) follows from (5.274), (5.275), and the continuity of the determinant func-
tion, granted that r > 0 is small enough (relative to M).
For this choice of r > 0, the Implicit Function Theorem then implies that there exists
a function 1 : Ay — By of class C*~!, where A; C R" is an open neighborhood of X,
and By C O is an open neighborhood of y(, with the property that
¥(Xo) = yp, (5.276)
and
{(X,y)e Ay x By: F(X,y)=0}={(X, ¥(X)): X € Ay}. (5.277)
In particular, F(X, ¢ (X)) = 0 for every X € Ay. This shows that, for each fixed point
X € Ay, the function Gx defined as
Gx:By— R,  Gx(y) =X - eW)I* ¥y € By, (5.278)
has a unique critical point, namely ' = ¢(X) (since F(X,y') = £ (DGx)(y')). Recall
from Proposition 5.2.11 that P : U — 0Q is continuous, and that P(Xy) = Yy =
(yo, p(y)) with y) € By. By further shrinking Ay if necessary, it can be therefore
assumed that
Ay CU and X e A= P(X)=(, p(¢')) forsome 2’ € By. (5.279)
It follows that 2’ is a local minimum for the function Gy. Thus, 2’ is a critical point for
G x and this implies that 2/ = ¥(X) by the uniqueness of such a critical point for this
function. In turn, this can be re-interpreted as saying that
P(X) = W(X), (X)), VX e (5.280)
From (5.276) and (5.280) we now conclude that P is of class C¥~1 in a neighborhood of
Xo. In turn, since membership to the class C¥~! is a local property, it follows that P is

of class C*~1 in U, as desired. O
Remark 5.2.17. The following are true:

(1) (a®@b)" =b®a for all a,b € R";

(2) Tr(a®b) =a-b for all a,b € R";

(3) (a®b)c=(b-c)a for all a,b,c € R™;
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(4) det (Inxn +a®b) =1+a-b for all a,b € R";
(5) (a®b)(c@d)=(b-c)a®d for all a,b,c,d € R";
(6) for each a € R™, the matrix L,x, + a ® a € Myx, is positive definite;

(7) for every a € R™ and every numbers u, \ € R with u # 0 and u # —\||al|?, the

matrix (l,x, + Aa ® a is invertible and

(hxn + Na®a) " = %[IM - (#Hawa@a}; (5.281)

(8) 1lnxn + Aa@Db|| = v/nu2 +2uXa- b+ N2||a2[|b]|? for every a,b € R™ and every
A €R.

Proposition 5.2.18. Let Q C R" be a domain of class C?, and recall the nearest
boundary point function P : U — 0 from Definition 5.2.10. Then

(DP(X)(P(X)—X)=0, forall XecU. (5.282)

Proof. Fix an arbitrary vector v € R" and, with X fixed in U, set
f@t) = || X = P(X +tv)||?, for |t| small. (5.283)
Then
1X = P(X + )2 > || X — P(X)|? (5.284)
so that f has a global minimum at zero. Since f is of class C*, this forces f/(0) = 0. To
proceed, recall the directional derivative operator D, along v. In turn, this allows us to
write

(X = P(X + 1)) (X = P(X +tv))]

d
dt
= (=2)(P(X) = X) - (D,P)(X) = (=2)(P(X) = X) - (DP(X)v)

0 = f1(0)=

t=0

= (-2)[(DP(X))"(P(X) - X)]-v. (5.285)
Given that the vector v € R™ was arbitrary, this proves (cf. (4.56)) that (5.282) holds.
U
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Theorem 5.2.19. Assume that Q C R" is a domain of class C*, for some k € NU{oc},
k > 2, and define the distance to the boundary function by

§(X) :=dist (X, 09), VX eR" (5.286)
Then there exists an open neighborhood U of 02 with the property that § is of class C*
inU\NOQ=U,UU_.

Proof. With U as in Theorem 5.2.16, we have §(X) = || X — P(X)]| for every X € U.
Since, by Theorem 5.2.16, the function P is of class C*~! in U (and X — P(X) vanishes
precisely when X € 99), it follows that § is of class C*~!in U \ 9. This and the fact

that £ > 2 allow us to compute

(Znxn — (DP)(X)) (X — P(X))

Vo(X) = . VX eU\o (5.287)
X =P
Taking into account Proposition 5.2.18, we further obtain from (5.287) that
X —P(X)
Vo(X)= -2 forall X e U\ Q. (5.288)
X = P(X)]]

Upon once again recalling that P is of class C*~' in U, this finally shows that V¢ is
of class C*~1 in U \ 09Q. Hence, ultimately, the function § is of class C* in U \ 99 as

desired. ]

Remark 5.2.20. Assume that @ C R" is a domain of class C*. Then its unit normal
satisfies

V(P(X))=FVX), foral X €Uy, (5.289)
where, as before, Uy :=UNQ, U_:=U\Q, and P : U — 08 is the nearest boundary

point function.
Indeed, if one will make use of (5.288) and (5.264), the desired conclusion can be reached.

Example 5.2.21. Let ) := B(0,1) be the unit ball in R™ centered at the origin, and

consider U := R™\ {0}. Then the distance to the boundary function is given by

5(X) = L= X o X<, 0
T IXI =1 i X =1 .
Hence, via a direct calculation,
—i7 i 0<X] <1
Vo= X ) ’ 5.291
v { w o X > 1. (5.291)
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ah

Figure 5.8: The unit ball is the domain €.

Note that, in this situation, P(X) = ﬁ for every X € U and v(X) = X whenever
| X|| = 1. Thus, as already predicted, V6(X) = Fv(P(X)) for every point X € Uy,
where we have set Uy = {X € R": 0 < [|X|| <1} and U- = {X € R*: | X]|| > 1}.

Also,
PX)-X _ X _(lan_l)X
IP(X) - X]| H”TX” XH }%—I}HXH
_ sign(1—HX||)H§—H_iy(7>(X)) VX €U, (5.292)

in agreement with (5.264).

Definition 5.2.22. Given an arbitrary set Q@ C R", the signed distance (to its bound-

ary) is the function d : R — R, defined by

+dist (X,09)  if X € Q,

d(X) = { _dist (X,09) if X € Q. (5:293)

Remark 5.2.23. If Q C R", n > 2, is a domain of class C* for some k € NU {oc},
k>2 thend>0inU;, d<0imU_,d=0 ond and, from Theorem 5.2.19, we have
that d is of class C* in Uy. In the theorem below we shall prove the stronger claim that

actually d is of class C* in U.
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Theorem 5.2.24. Assume that Q C R™, n > 2, is a domain of class C*, for some
k € NU{oo}, k > 2. Then there exists an open set U C R™, containing 0S), with the
property that

the signed distance function d is of class C* in U. (5.294)

Proof. To begin with, we note that
d(X)=v(P(X)) - (P(X)—X), VX el. (5.295)
Indeed, both sides of (5.295) vanish when X € 00, whereas for X € U\ 0Q =U, UU_,
the desired conclusion follows from (5.264). Having established (5.295) and upon recall-
ing from Lemma 4.6.18 that v is extendible to a function of class C*~! in a neighborhood
of 012, we may deduce, with the help of Theorem 5.2.16, that the signed distance func-
tion d is of class C*~! in some neighborhood U of 9€). With this in hand and observing
that, as readily seen from (5.289),
(Vd)(X) = v(P(X)), for every X € Uy, (5.296)
we may conclude that (5.296) actually holds for every X € U (here, k£ > 2 is used).
Since, as already remarked, both v and P are of class C*~! it follows from (5.296) that

Vd is of class C*~!in U. Hence, (5.294) follows. O

Remark 5.2.25. Generally speaking, the signed distance function only exhibits good
differentiability properties in a small neighborhood of the boundary of a C* domain. For
example, in the context of Example 5.2.21, d(X) = 1 — || X is not differentiable at
0eR"

We continue by discussing a version of Theorem 5.2.16 for domains of class Ot It is
worth pointing out that, for this larger class of domains, the classical Implicit Function

Theorem does not apply. We nonetheless have the following result.

Theorem 5.2.26. Assume that @ C R", n > 2, is a domain of class CY*. Then there
exists a neighborhood U of 0S) with the property that the nearest boundary point function
P .U — 0N is Lipschitz.
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Proof. We follow the broad outline of the proof of Theorem 5.2.16 (and also retain
most of the notation introduced on that occasion), the most notable difference being
that a suitable version of the Implicit Function Theorem is used in this setting. More
specifically, we will implement Theorem 4.1.4 for the function F' defined in (5.269). To
get started, since ¢ is of class C™!, it follows that the function F is Lipschitz.

Next, we note that if X = (2/,z,) € R"™' x R and y}, v}, € O then

F(X, ) — F(X,yy) = vy — 1 + (20 — 011)) Vo)) — (20 — 0(y5))Ve(ys) (5.297)

=Yy — Y1 + (p(y5) — 0W1))Vo(ys) + (2n — 0(11))(Ve(y)) — Vo(ys)).-

Compute the difference
1

Plup) — o)) = [ 5 I+ s = ) de

0

— W) /<w><ya+t<yg—y1>> at|.  (5.208)

then express
1
V) 1+ el )
0

1

— Volu) + / (Vo) + 4 — o)) — (Vo) b (5.200)

0
and, finally, using the fact that V¢ is Lipschitz with Lipschitz constant M, estimate
1

/[(Vso)(yi +t(yy —y1) — (Vo) (ys)] dt

0
1
/ (V) + th — o)) — (Vo) ()] dit
0
1
/ / M / /
SMllyy =wll { [ A =t)dt | =]y =l (5.300)

0
The bottom line is that if y; € O, j = 1,2, and X € R", then

F(X,90) = F(X,00) = wh—vh+ ((wh— 1) - Violuh) ) (V) (8))
Ol — 4lI2) + Ol — elu)lly; — ). (5.301)
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Let us now restrict X to a small neighborhood of X and restrict y;, 5 to a small neigh-
borhood of y;, say, X € B(Xo,p) and y},y5 € B(y),e) with p,e > 0 small. Assuming
that € > 0 is small enough, this entails

Oyt — val*) < ga=llvi —wall. Y195 € Blyg,e)- (5.302)

Also, since

lzn — ()] < IX = (@1 o)) < |1 X = Xoll + (| Xo = Yol + 1Yo — (%1, o))l

< pHr+eVit M2 (5.303)

we obtain )
O(lzn — e(y)lllvi —v2ll) < 77=llvr — vall,

Yyl ys € Blyg,e), VX € B(Xo,p),
provided €, 7, p > 0 are chosen small enough.

(5.304)

Turning to the task of estimating the term v} — v} + <(y§ —y1)- Vgo(yé)) (V) (yh) from
(5.301), we abbreviate v := y5 —y; € R*"! and a := Vp(y,) € R*1. Then, with
I := I(—1)x(n—1), We have
vh = v+ (05— o) - Violws) ) (V) wh) = ( + a® ). (5.305)
On the other hand,
lvl=lI+a®a) (I +a®a)|| <||(I+a®a)  |||(I+a®a) (5.306)

SO we may estimate

I +a@a)| > (I +a®a)” |7 lv]. (5.307)

In concert with the fact that (cf. Remark 5.2.17)

1
H=|I-(——— <vVn— .
I(I+a®a)| HI <1+Ha”2>a®aH <vn—i, (5.308)
the estimate (5.307) further yields
1

vh— v+ (6= o) Vo)) (VR | 2 ==k —will (5309)

for every yi,y5 € O.

Altogether, if p,e > 0 are small enough,
IF(X. 1) = F(X95)[l = 5= lvh — w5,

VXGB(XO>p)> vyi>yé GB(yéaE)‘
This completes the verification of the hypotheses of Theorem 4.1.4 in the current case.

(5.310)

Hence, this version of the Implicit Function Theorem applies and gives that there ex-
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ist that there exist a Lipschitz function v : Ay — By where Aq C R" is an open
neighborhood of X, and By € O is an open neighborhood of y, with the property
that (5.276)-(5.277) hold. With this in hand, the same reasoning as in the proof of

Theorem 5.2.16 gives 5.280 which shows that P : U — 0f) is a Lipschitz function. [

Theorem 5.2.27 (The Collar Neighborhood Theorem). Assume that Q@ C R™, n > 2,
is a domain of class C*, for some k € NU{oc}, k > 2, and denote by v its outward unit
normal. Then there exist € > 0 and an open set U C R™ which contains 0X), such that
the function
F:00x (—¢,e) — U, F(X,t):=X—-tv(X), V(X,t)€dQx (—¢,e), (5.311)
is a homeomorphism. Moreover, F is of class C*~', the function
G:U— 00 x (—¢,¢), GX):=(PX),dX) VXel, (5.312)
is well-defined, of class C*~1, and is an inverse for F' in (5.311). That is, one has
X =PX) - dX)v(P(X)), VX eU, (5.313)
as well as
dX —tv(X)) =t and P(X —tr(X)) =X, V(X,t) € 02 x (—¢,¢). (5.314)
Finally, in the case when Q is a CY' domain in R™, n > 2, the above results continue

to hold if “being of class C*~17 is, in this situation, interpreted as “being Lipschitz.”

Proof. Formula (5.313) is a consequence of (5.264) and (5.293). Formulas (5.314) are
seen from (5.260) and (5.261). The differentiability properties of F, G are consequence
of Lemma 4.6.18, Theorem 5.2.16 and Theorem 5.2.24.

The final part of the statement is a consequence of Theorem 5.2.26 and (5.295), which

according to which P and d are Lipschitz functions in this case. O

Remark 5.2.28. Assume that Q is a CY' domain in R™. Then the signed distance

function is of class C*' in a neighborhood of 0.

Theorem 5.2.29. Let Q be a C? domain in R", and let p be a defining function for

(that is, p is a function of class C* which is positive in Q, negative in (Q)¢, and Vp # 0
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on O)). Then there exists € > 0 such that for every function f € C§°(U)

/Uf(X) dXz/_i( 2¢’tf||Vp||_1dat) dt (5.315)

where Xy ¢ is the surface {p =t} and oy is the surface measure on 3y ;.

Proof. Let p be a defining function for 2. Augment p to create a new function, say
F={(f1, ., fa_1,p) : U— Ox(—¢,¢), which is a C* diffeomorphism, where O C R""!
open, and € > 0 is a small number (this step uses the Implicit Function Theorem). Then
{d =t} = F,(09) where F,(X) := X + tv(X), which implies that ¥, ; = F;(9Q) a C*
surface. Indeed, the fact that F'=1 : O x (—¢, ) — U is a diffeomorphism for any
t € (—e¢, ¢) implies that

F7'(-,t) : O — U is a parametrization for Y, := {p = t}. (5.316)
The strategy is to make use of our earlier Surface-to-Surface change of variables theorem.

The key claim, which grately facilitates the application of this result, is as follows:

Vol EH Y, ) X oo x O FHY, 1)) = |det (DF (Y, 8). (5.317)
To justify (5.317) we first note from the definition of cross-product that
det (DE Ny, t) = ||0F 'y, t) x ... x 01 F (Y, 1) (5.318)

OF Yy, t) X ... X O 1 F7Hy/, t i
. 1 _1(y/ ) 1 _1(y/ ) ’atF 1('3//, t) )
|V F=1(y, t) X ... X O 7Ny, 1)||
Denote by v the unit normal to surface X, ;. Relying on (5.316) we may then write

+ Vp = 81F_1(y’, t) X ... X 8n_1F_1(y’, t)
IVl THE Y, ) X o X Oud FHY D))
Also, since F(F~1(y/, t)) = (y/, t) we obtain p(F~(y't)) =t which further implies

(5.319)

Vp- 0 F My, 1) = 1. (5.320)
By virtue of (5.318), (5.319) and (5.320) we see that claim (5.317) holds.

Having established (5.317), we make use of the change of variable formula between
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surfaces in order to write

/f(X) dX = / f(F_l(y” t))|detDF_1(y,, t)| dy, dt
v Ox(~¢,2)
- /_a </o F(FYy', t)|det DF~(y/', 1)) dy’) dt

:/ ([ rIvoll do) at. (5.321)
€ DI

where we have used the fact that F~'(y/, t)) is F~'(-, t) is a parametrization of ¥, ,,
and that |[det DF~1(y/, t)| = ||[Vp||"HOLF (¥, t) X ... X 0,1 F~'(y/, t)||. This finishes

the proof of the theorem. O
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5.3 The Unit Normal and Mean Curvature

Theorem 5.3.1 (A Distinguished Extension of the Outward Unit Normal of a Domain).
Assume that Q@ C R™, n > 2, is a domain of class C*, for some k € NU {oo}, k > 2.

Then, with d denoting the signed distance from (5.293), there exists U open neighborhood
of 02 and a vector field

N = (Ny,....N,) : U — R", N(X) :=(Vd)(X), VX e, (5.322)
is a vector-valued function of class C*~1 in U which has the following properties:
(1) IN(X)|| =1 for every X € U;
(2) N o=V the outward unit normal to €);

(3) O;Ny = OxN; in U, forall j, ke {1,...,n};

(4) for every j € {1,...,n}, the directional derivative Dy N; vanishes in U.

Proof. The fact that N in (5.322) is of class C*~! in U follows from the Definition 5.2.22
(cf. (5.294)). Also,

INXO = [(VA)X) | = [[»(P(X)) =1, VX eU, (5.323)
proving (1). Next, since for every point X € 0Q we have P(X) = X, we deduce that
N(X) = (Vd)(X) =v(P(X)) = v(X), for every X € 0. This proves (2).

Moving on, we note that 0; Ny, = 0;(0xd) = 0yx(0;d) = 0N in U, which proves (3).
Finally, for every j € {1,...,n}, we have

DyN; =N -VN; =Vd-V(9;d) = 19;||Vd|]* = 0, (5.324)
since ||Vd(X)|| = [[v(P(X))|| = 1 for each X € U. This justifies (4) and completes the

proof of the theorem. O

Next, we discuss the Gauss mean curvature of a C? surface ¥ C R”, which is a local
concept. To define this properly, requires some preliminary analysis. Let X* € ¥ be an
arbitrary point and let v be a fixed continuous (hence, C') choice of a unit normal to ¥
near X*. Then, for any local C? parametrization P : O — R" of 3 near X*, we have

v(P(z)) - v(P(z') = [P =1 Va' €O, (5.325)
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Via partial differentiation, this implies that, for all j =1,...,n—1,

0
8—[1/(P(1”))] v(P(2)=0 Va' eO. (5.326)

L
Fix 2’ € O. As a consequence of (5.326), we then have that for every 1 < j < n —1 the
vector %[V(P(SL’/ ))] is tangent to X at the point P(z’). Given that the family of vectors

{0,,P(2'): k=1,...,n— 1} is a basis for the algebraic tangent plane to X at P(z’), it

follows that there exist real numbers b, for 1 < j, k < n — 1, such that

01']-

For further considerations it is useful to organize the numbers bj;’s as the (n—1) x (n—1)

(P())] = i bl0s, P(x)] forall 1<j<n— 1. (5.327)

matrix
b bz -cr bipa
bor b e+ bap
B = (bjk)1gjkgn-1 = : : : : : (5.328)
s

Definition 5.3.2. Retaining the above setting and conventions, the Gauss mean curva-
ture G of the C* surface X (relative to the continuous choice of a unit normal to ¥3) at

the point P(z') (where ' € O) is then defined as
n—1
G(P(x) :=TrB=> by (5.329)
j=1
In the case when Y is the boundary of a C* domain S, we make the convention that

the unit normal to 3 with respect to which the Gauss mean curvature is computed is the

outward unit normal to §).

Theorem 5.3.3. Assume that Q C R" is a domain of class C* and denote by G the
Gauss mean curvature of the surface ¥ := 0S). Then the extension N of the outward
unit normal to 2 defined in Theorem 5.3.1 also satisfies

divN =g at every point on OS. (5.330)

Proof. Fix an arbitrary point X* € 9Q and let P : O — R" be alocal C? parametrization
of the C? surface 3 := 90 near X*. Granted that Ny is the outward unit normal to €,
formula (5.327) then reads in matrix form

D(NoP)=DPB" or ((DN)oP)DP=DPB'. (5.331)
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To continue, let us augment the matrix D P by including N o P as the n-th column, i.e.,
introduce the n x n matrix given in terms of its columns as
A:= (0P, ...,0,1P,NoP). (5.332)

Let us also augment B by zeroes to a n X n matrix, i.e., consider

~ B | 0,1
b= ( Oixn-1 | O

Then, upon noticing that, by (4) in Theorem 5.3.1, for every j € {1,...,n} we have

) € Mysn. (5.333)

row;((DN) o P) - col,A= ((VN;)oP)- No P = (DyN,)o P =0, (5.334)
we may re-write the last formula in (5.331) as
((DN)o PYA=AB'. (5.335)
To continue, observe that the columns of the square-matrix A in (5.332) are linearly
independent (cf. (4.85), (4.121) and Definition 4.4.7). On account of this, (5.338) and
(5.341) below, we may then write
(divN)oP = Tr((DN)oP)=Tr[AB" A =TrB" = Tr[B"]

— TrB=GoP, (5.336)
from which we deduce that div N = G for points on 9€) near X*. Since X* € 0f) was

arbitrary, (5.330) follows. O

Remark 5.3.4. Assume that U C R"™ is an open set and that f : U — R is a function
of class C% on U. Then the trace of the Hessian of f is the Laplacian of f, i.e.,

Tr (Hy(X)) = Af(X) for every X € U. (5.337)
Furthermore, if U C R™ is an open set and f : U — R" is a function of class C* on U,
then

div f = Tr (DF). (5.338)
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Remark 5.3.5. The following statements are true

(AT = A for every A€ Mysn, (5.339)
(AB)T =B'A" for every A€ Mxn, B € My, (5.340)
Tr (AB) = Tr (BA) for every A € Myyxn, B € Mysm, (5.341)
Tr(A") =TrA for every A€ Myxn. (5.342)

Lemma 5.3.6. Recall the concept of directional derivative from Definition 5.3.8. Let
U C R"™ be an open set and assume that f : U — R"™ is a function of class C* on U.

Also, assume that uq, ..., u, is an orthonormal basis for R™. Then

divf=>Y u;-Dyf in U (5.343)
j=1

Proof. To set the stage, consider the matrix U € M}, uniquely determined by the

nxn

requirement that Ue; = u;, 1 < j < n (i.e., co;U = u; for every j). Then U is unitary

and
D Duf = 3w (Dfju; =3 (Uej)-[(Df)(Uey)
- Zej (U YDfU)e;] = Te [U-H(Df)U] = Tr (D)
= div f, (5.344)
by (4.52), (5.341) and (5.338). O

Proposition 5.3.7. Let Q C R" be a domain of class C?, with outward unit normal
denoted by v. Suppose that U C R"™ in an open set which contains OS2, and thatv : U —
R"™ is a function which has the properties

v Z vis of class Ct on U, |v||=1inU. (5.345)

Then the restriction of divv to 02 is independent of v. In fact,
divy)| = 5.346
(vi)| =g (5.346)

the Gauss mean curvature of 0).
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Proof. Assume that T7,...,7T,,_1 : 902 — R" are such that
Ti,....,T,_1, v is an orthonormal basis for R" (5.347)

at each point on 0. Next, set T}, := v and recall from Lemma 5.3.6 that, at each point

on 0f), 1
divy = iTJ -Drv = niT] - Dpyv, (5.348)
where the last equality is a con;;luence of the jfezxét that ||[7]| =1 in U and
v-D,v=v-D,v=1D,[[7|* =0 on 9. (5.349)
To proceed, note that by (5.347), the vectors Tj, 1 < j < n — 1, are tangent to 0€Q.
Hence, by Lemma 5.3.9 below, as a function on 9, each Dr,v does not depend on
the particular C! extension 7 of v. Consequently, the restriction of nillT] - D, v to 09
=

is independent of v. This justifies the claim made in the first part of the statement.

Finally, (5.346) follows from what we have proved so far and Theorem 5.3.3. O

Definition 5.3.8. Let U C R" be an arbitrary set, and assume that f : U — R™ is a
gwen function. Given a vectoru € R™ and a point X* € U°, the directional derivative

of f along u at X* is defined as

Dy F(X*) = lim L 10 = F(X)

t—0 t

, (5.350)

whenever this limit exists in R™.

Lemma 5.3.9. Recall the concept of directional derivative from Definition 5.5.8. Let
O C R™ ! be an open set, consider a differentiable function P : O — R" and set
S =A{P() : 2 € O}. Assume that S C U and that there exists x, € O such that

P(zl) = X*. Finally, fix a vector T € R™ which belongs to the linear span of the vectors

8P / . o —

Then the restriction of a real-valued function f, originally defined in an open neighbor-

hood of S, to the set S is a constant function then D, f(X*) = 0.

Proof. Observe that since f is constant on S, the function fo P is constant on the open

set O. Given that f is also differentiable at X*, we obtain D(f o P)(z,) = 0 and, hence,
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by the Chain Rule Formula,
0= (Df)(X*)DP(z.). (5.352)
Then, since 7 belongs to the linear span of the vectors in (5.351), we deduce that there

exists &€ = (£,...,& 1) € R*! such that
Zgj = (DP(x)))¢. (5.353)
Then combining (5.353) and (5.352),
Do f(X7) = (VI)(X") -7 = (Df)X")DP(2})§ = 0, (5.354)

as wanted. 0

Remark 5.3.10. [t is also possible to compute the Gauss mean curvature of a sphere

OB(X*,R) in R", by considering (5.346) with v(X) := (X — X*)/R, for X € R™.

Lemma 5.3.11. Let © C R be an open set, suppose ¢ : O — R is a given C?
function, and denote by X the graph of . Then for every ' € O, the Gauss mean

curvature G of ¥ at the point (', o(2")) is

G2, p(2") = Za% Giol) ||2] (5.355)

VI+[Ve(

o o Velw) - (H@)Ve()
B [T S e

where Hy,(z2") is the Hessian matriz of ¢ at 2.

Proof. The problem is local hence, without loss of generality, it can be assumed (cf.
Lemma 4.6.25) that ¥ = 992, where 2 is a C* domain in R". In this case, one can use

(5.346) for the following extension of the outward unit normal to X:
/
-1
) o (Te) =)
V1t Ve[

for all X = (2!, z,) € O x R. (5.356)

O

Definition 5.3.12. Assume that ¥ C R™, n > 2, is a surface of class C*, X* € ¥ is an
arbitrary point, and v is a continuous choice of the unit normal v for ¥ near X*. Let v
be an extension of class C' of v to a neighborhood of X* in R™. Then

Iy (v,w) := (DV(X*)v) - w, v,w € Ix+%, (5.357)
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is called the second fundamental form of > at X*.

Proposition 5.3.13. Let ¥ C R", n > 2, be a surface of class C?. Then the definition
of the second fundamental form lx« of ¥ at X* € ¥ is independent of the particular
C' extension of the chosen continuous unit normal near X*, and Lx- is a bilinear and

symmetric.

Proof. Since the second fundamental form is a local concept, there is no loss of generality
in assuming that ¥ = 0Q where Q C R" is a domain of class C?%. In addition, we can also
assume that NN, the distinguished extension of the outward unit normal to €2 described
in Theorem 5.3.1, coincides with v near X* on 3.

Next, let 7 : B(X*,r) — R", for some small r > 0, be a function of class C' with the
property that 7|y coincides with v near X* on 3. Then, if v,w € IIx+X, we have

Ix«(v,w) = (Dv(X*)v) - w

= w-D,y(X*)=w-D,N(X") = (DN(X")v) - w, (5.358)
since the directional derivative along the tangent vector v to X at X* depends only on
the restriction of 7 to ¥ near X* (cf. Lemma 5.3.9). This proves that Ix- does not
depend on the particular extension of the unit normal. Also, the fact that Il x+ is bilinear
is clear. As for symmetry, we note that for any v, w € Ilx+X

Ix-(v,w) = (DN(X*)-w=v-(DN(X*) w)

= v (DN(X*)w) = Ix-(w,v) (5.359)

since, by Theorem 5.3.1, the Jacobian of N at points in ¥ is a symmetric matrix. O

Remark 5.3.14. Assume that Q C R", n > 2, is a domain of class C* with outward
unit normal v. Denote by N the distinguished extension of v to an open neighborhood

U of 090 described in Theorem 5.3.1. Then the following are true

(1) The Jacobian matrix DN is symmetric at all points in U, and its restriction to

0 depends only on the domain ) itself.
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(2) For every X € U (DN(X))N(X) = 0. In particular, (DN (X))v(X) =0 for every
X € 09.

(8) One has (DN (X)v)-w =l x(v,w), the second fundamental form of OS2, for every

point X € 08 and any vectors v, w € IIx0S).

(4) For every X € 092 one has Tr (DN (X)) = G(X), the Gauss mean curvature of 02
at X.

(5) If X € 09 and \(X),...,\(X) are the eigenvalues of the symmetric matriz
DN(X), then G(X) = M(X) + -+ A (X).

Proposition 5.3.15. Let O C R"! be an open set, K a compact subset of O, ¢ : O — R
a function of class C?, and denote by X the graph of p, i.e., ¥ := {(2', o(2")) : 2’ € O}.

Then the following assertions are equivalent.

(i) There exists R > 0 with the property that

(Vgo(x/)v _1) / / _ z
B(R\/l o rTER (', p(2) R) NT=9, VieK (5360)

(i) There exist € > 0 small and Cy > 0 large such that for every ' € K and for every

h € R™ with ||h|| < &, there holds

20(a") = pla’ + h) = p(a’ ) < Col|h||*. (5.361)

(iii) There exists C1 > 0 with the property that for every x' € K one has
—(Hy(2")h) - h < Cy||h|?, Vhe R, (5.362)

where Hy,(2') 1= (8:2-250:% (a:’))Kj e is the Hessian of ¢ at x'.

(iv) There exists Cy > 0 with the property that for every ' € K one has
min Aj(x/) = —Cl, (5363)

Iisn—1
where \(2'), .. A\p—1(2") are the eigenvalues of the symmetric matriz Hy,(z').
Proof. (i) = (ii). Fix 0 < ¢ < dist (K, 90). Then, for each 2/ € K and each h € R"!
with ||| < &, condition 5.360 implies that
H(x' b+ ) — R <,0(:L"))H2 > R?, (5.364)

VI+[Ve()]?
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ie.,

IR]I* + (o(a’ + h) = p(a))*
2R

> )+ h-Vo(2) — o' +h)). 5.365
\/1+||V<p(9:’)||2(<p( )+ p(') —p(a" + 1)) ( )

Set
M = sup {||Ve(z')|| : ' € K}. (5.366)
Then (5.365) entails
(2R) ™' V1 + M2 |h|? = o(a') + h - Vp(2') — p(2 + h). (5.367)

By writing (5.367) for —h in place of h, then adding it to (5.367) we therefore obtain

(2R) ™ V1 + M2 ||h|]? = 2p(z') — p(z’ + ) — p(z’ + h), (5.368)
which shows that (5.361) holds for
Co:= (2R)™' V1 + M2 (5.369)

(7) = (7i7). Fix an arbitrary point 2/ € K. By expanding ¢ in a Taylor series at a/,
the left-hand side of (5.361) becomes
—(Hy(z")h) - o+ o(||h]]*) as ||h[| — 0. (5.370)
Since, by (5.361), the expression in (5.370) is < Cyllh|* for ||h]| < ¢, it follows that
—(Hy(2')h) - h < 2Co]|h||? if ||k| is sufficiently small. Hence, by homogeneity, (5.362)
holds with for every h € R~ if we take
Cy = 20, (5.371)
(791) = (7). Fix a number r with 0 < r < dist (K,00). We claim that if r is small
enough then it is possible to choose some R > 0 with the property that (5.364) holds
for every point 2’ € K and any vector h € R"~! with ||h]| < r. Note that this claim is
equivalent to asserting that, for every 2’ € K,
B(R CVel@) =D o), R) NSN(B@,r)xR) =@.  (5.372)
VI Ve(a)]?

By eventually decreasing R to ensure that this number is < r/2, it follows that

(Vgo(x/% _1) / / /

B(R + (2, p(2"), R) C B(z',r) xR (5.373)
( V14 Vel )

in which scenario (5.372) reduces to (5.360).

Thus, there remains to prove the validity of the claim made at the beginning of the

219



previous paragraph. By (5.365), this comes down to verifying that if > 0 is small then

dR > 0 such that for all 2’ € K and for all h € R"~! with ||h]| < r
(') +h-Ve(a') — @ + h)

V1I+[Ve()|?
By expanding ¢ in a Taylor series at 2’ we see that, for h € R"~! satisfying ||h|| < r with

—s (B> + (p(a’ + h) — p(a'))* 2 2R (5.374)

r sufficiently small, the numerator of the fraction in (5.374) is < —3(Hy(2/)h)-h+ 1||h|)?
hence < $C||A]|> + L||A||? by (5.362) Choosing 0 < R < (1 + C})~! therefore makes the
entire right-hand side of (5.374) < ||| < ||h|1* + (¢(2’ + h) — ¢(2'))?. This proves that
(5.374) holds and finishes the proof of (7).

(14) = (iv). From Remark 1 in the proof of Theorem 5.3.16 below, we know that for
each 2/ € K there exists a unitary matrix U € M (n—1)x(n—1) invertible, with the property

that
A1 (z") 0 0

0 >\2($l) 0

UH,(2\U ' =D, where D := (5.375)

/
Since for every h € R"! we have (H,(2')h)-h :O(U_lD(()]h)-i‘z. = )(\Z?_Ul)(fvv)where v:=Uh,
and ||v|| = ||h]|, condition (5.362) becomes equivalent to —(Dv) - v < C). Specializing
this to the case when v belongs to the standard orthonormal basis in R"~! then yields
(5.363).

(iv) = (7ii). Note that if (5.363) holds then nif Aj(@)v? = =Chvlf® for every 2’ € K
and every v = (v1,...,v,_1) € R""1. As such, ({5:?1>63) is equivalent to the condition that
—(Dv) - v < Cy for all v € R*™™! (where D is as in (5.375)). By reasoning as above, it

then follows that (5.362) holds. O
Theorem 5.3.16. For a matrix A € M, «,, the following statements are equivalent:
(i) the matriz A is symmetric and semi-positive definite;

(ii) there exist a unitary matriz U and real numbers A\; = 0 for i =1,2,...,n such that

A 0 .0
part— |0 Az 0 (5.376)
0 0 .. A
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If (1) (hence also (ii)) is satisfied then the eigenvalues of A are precisely the numbers
Ay A2y ey A, and

det A = ﬁ i (5.377)
Furthermore, for a symmetric matriz A é_Man, one has the following sequence of
equivalences

A is positive definite <= A is semi-positive definite with positive eigenvalues

<= A is semi-positive definite and det A # 0. (5.378)
We are going to use Lemma 5.3.11 and Proposition 5.3.15 to prove the next lemma.

Lemma 5.3.17. If Q C R, n > 2, is a C? domain, hence satisfying an uniform
exterior ball condition with some constant R > 0, then the Gauss mean curvature of
the C? surface O is bounded from below by —C/R where C > 0 depends only on the

first-order derivatives of the C? functions whose graphs locally describe OSQ.

Proof. The problem is local so there is no loss of generality to assume that 92 is actually
the graph of a C? function ¢ : @ — R and that we seek to estimate the Gauss mean
curvature G(z', ¢(z')) of the graph of  for 2’ € K, with K a compact subset of O. In this
setting, use Proposition 5.2.7 and Proposition 5.3.15 to deduce that, if A; ('), ...\,_1(2")
are the eigenvalues of the symmetric matrix H,(z'), then (5.363) holds for some C; of the
form C/R where C' depends only on sup {||Ve(2')|| : 2’ € K} (cf. (5.366), (5.369) and
(5.371)). In the context of (5.355), we need to estimate Tr H,(z")—v-(H,(z")v) /(14| v||?)

where v := V(') € R"L. This however, can be written as (cf. (5.375))

1+ v~ [ZA )1+ [v]?) ixj(x/)(m)?] (5.379)

where U € M,_1)x(n-1) 1nvert1b1e is a unitary matrlx and (Uv); is the j-th component

of Uv. Therefore, a lower bound for (5.379) is given by

1+ 1ol [ZA )1+ [0e]?) 3 A (U]

> (1+ o)) M) = =C+[lof*)7Y/R. (5.380)
j=1
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Since (1 + ||v[|*)~" also depends only on the first-order derivative of ¢, the desired

conclusion finally follows from this and (5.355). O

Remark 5.3.18. Retain the notation and background assumptions made in Proposi-

tion 5.3.15. One can have that the following statements are equivalent.

(i) There exists R > 0 with the property that

(—Vw(xl), 1) / / o '
B(R\/l o (', o(z'), R) NS=o, Viek. (5381)

(i) There exist € > 0 small and Cy > 0 large such that for every ' € K and for every

h € R™ with ||h|| < &, there holds

—2¢(a’) + p(a’ + ) + (2’ — h) < Col|h]*. (5.382)

(iii) There exists Cy > 0 with the property that for every ' € K one has
(Hy(2")h) - h < Cy||h]?, VheR"h (5.383)

(iv) There exists C; > 0 with the property that for every ' € K one has
. /
| Jnin_| Aj(2") < Oy, (5.384)

where \(2'), .. A\—1(2") are the eigenvalues of the symmetric matriz H,(z').

Remark 5.3.19. One can use Remark 5.3.18 and Proposition 5.3.15 to obtain that if
QC R n>2,isaC? domain, hence satisfying an uniform interior ball condition with
some constant R > 0, then the Gauss mean curvature of the C? surface OQ is bounded
from above by C/R where C > 0 depends only on the first-order derivatives of the C?

functions whose graphs locally describe OS).

Indeed, a similar procedure as in the proof of Lemma 5.3.17 will come to the desired

conclusion.
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5.4 First and Second Variations of Area

Let ¥ be an oriented C? surface in R™, with canonical unit normal v, and surface measure
0. Fix ¢ : R" — R a C'*™ function with compact support and such that

Y N supp ¢ is a compact subset of X. (5.385)
Associated with these, consider the one-parameter variation of the original surface:

Yoo = {X +tp(X)w(X): X €X} for t>0 fixed. (5.386)

Theorem 5.4.1 (The First Variation Formula of Area). With the above notation and

assumptions, Yy ; continues to be a C* surface for [t| small and

4 [Area (X4,)] o /gbgda, (5.387)
%

dt

where G is the Gauss mean curvature of ..

Proof. Let N = (N, ..., N,) be the extension of the canonical unit normal described in
Theorem 5.3.1 in a neighborhood of ¥ N supp ¢. In particular, this satisfies

[div N]‘E: G and near, |[N| =1, Oy, =0 forevery j € {1,..,n},(5.388)

where G is the Gauss mean curvature of ¥, and o0 ; is the surface area on ¥, ;. Consider

Fo (X)) =X +top(X)N(X), for X near 3, (5.389)

and note [DFy (X)]

= Lxn, 80 Fj, is locally a C?-diffeomorphism, if |¢| is small,
t=0

and X is near X, by the Inverse Function Theorem. Consequently, ¥y ; = Fj, (X) is a
C? surface for |t| small. In order to prove (5.387), we use the Surface-to-Surface Changes

of Variables Theorem with % := Yot and ' = Iy ;. Using Theorem 4.5.8 we compute

Area (S4.4) = / ldoy, = / \det (DE )| [|((DFys..)™")"N| do. (5.390)
by

St
Keeping in mind (5.388) we obtain

(DFy.)(X) = Lusn + t6(X)(DN)(X) + tN(X) ® VH(X), for X near ¥, (5.391)

which implies that

d
7 [Area (X4,1)]

/ %[det (DF, )| (0P ™| do

b

+ / det (DF,.0)l|
by

t=0

d ~1\T
Z(DF) ™ Tvl|_ do. (5.392)
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From 5.391 it follows that

d
Sldet (DF)

Upon recalling that G = [Tr(DN )Hz represents the Gauss mean curvature, and that

= Tr[¢ DN + v ® V| = ¢ Tr (DN) + 8,¢. (5.393)

(DFy,0)

= I,xn, We obtain that ||((DFy)~1)"v|| = ||v|]| =1 on . Hence,
=0

d
[ e (0F.)
5
Also, from (5.391) we have |det (DF}, )|

(DR w-/&mw+/mwa (5.304)

= det I,x», = 1. Note that by taking the

transpose in 5.391 we also obtain

(DFy)T = Ly +tB, whete Bi= I, +1¢(DN)" +tv @ Ve, (5.395)

so if we set v(t) := (I +¢B)~'v we obtain

d o d ; _ V'(t) - u(t)
g N+l =gl ( @] ) — (5-396)
For t = 0 we have v(0) = v which entails ||v(0)|| = 1, hence
jt (I +tB)"v|] L:O —/(0) - 1. (5.397)
Recall that, generally speaking, 4£[A(t)w] = A'(t)w, so
v'(0) = o (I +tB)"'v] i (CZ[(I +tB)™] t:o) v. (5.398)
Also,
SN +tBy ] = —(1 +B) "L [(1 + tB))(I +1B)". (5.399)

dt dt

Since 4[(I + tB)] = B we have that £ [(I +tB)™!]

= —B, and we can write that
t=0

v'(0) - v as —(Bv) - v. With this observations, the (5.397) can be continued as
V(0)-v=—¢((DN)'v)-v—((Vop@v))-v=—¢v-((DN)v) —d,6. (5.400)
Note that v - (DN)v) = > 7 N¢N;O;jNi, = N - Oy N = 0 and since dy N = 0 near X,

we obtain

/ |det (DFy, )|

In summary,

Cclit[ /¢gd0+/&/¢d0’—/&/¢da—/¢Qda (5.402)

finishing the proof of (5.387). O

G @R do == [a6de (saon
%

Area (34 1)
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We next consider the second order variation of the area of a C? surface in R™.

Theorem 5.4.2 (The Second Variation Formula of Area). In the context of Theo-

rem 5.4.1 we have
2

d
ﬁ [Area (2457 t)]

o JeC X )+ IVl de (03

< 1<j<k<n—1
where Ay, ..., \n_1 are the principal curvatures of the surface &, and Vi ¢ := Vo—(0,¢0)v

is the tangential gradient of ¢ on %.

Proof. Assume that the matrix A = (a;i);r € Muxn is given by A = ¢DN +v ®@ Vo,

ie., ajp = ¢ Opv; + Ok vj, for every j,k € {1,...,n}. Then

Tr(A%) = ajay = Y _($hN; + 0udv;)(¢ 0Ny + 056 1) (5.404)
7,k=1 7,k=1
=Y GON; N+ D 60,0 OuN;+ Y d0kP VN + > 00 Opp Vit
7,k=1 7,k=1 7,k=1 7,k=1
(5.405)

Since 0;Nj, = 0 N;, we have that > ;O N; = O,N; =0, 7, v;0;Ny, = 9,Ny, = 0,
and szzl 0;¢ O vjvp = (0,¢)?, so the previous equation becomes

Tr (A%) = ¢*|DN|]?* + (0,0)> if A= ¢DN+v®Vo. (5.406)
Also, from an earlier calculations, recall that Tr (A) = ¢ G+ 0,¢. If we set v(t) := A(t)v

then v/(t) = A'(t)v and v"(t) = A”(t)v. Based on this we can then write

d? A"ty - Aty | A Gv)?  [A(r - Ay
a2 AON = @ AT T AP (5407
We continue by computing second order derivatives for the area variation:
d2
ﬁ[Area(ZqN)] = I+ 1T+ I1IT+1V (5.408)
where
d? SINT
I —/ﬁ[det (DFy.4)] t:OH((DFd)’t) ) | o do, (5.409)
¥
d d —I\T
II=1II:= E[det (DFy.4)] o %H((DFM) ) 1/||L:0 do, (5.410)
>
d? T
IV = / det (DF,,0)| <= l((DF,) ™) VHLZO do. (5.411)
>
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Note that, from earlier calculations,

II=1III = / (6G + 0,0)(—0,0) do. (5.412)

2
Let us now consider the first term in the sum in the right-hand side of (5.408), namely

1. By calculations made before, we obtain

d2
SHldet (DE,)]| = (09 +0,6) = | DN = (9,0)°
= ¢’[G° — |IDN|*| +2G ¢ 0,9, (5.413)
hence,
I= /¢2 — | DN|]?) da+2/g¢a pdo. (5.414)

Since (DFy ;)" =1+ tB, for A(t) = (I +tB)™! and B:=¢(DN)" + V¢ @ v, we have

%y|((DF¢,t)T)—1V||LZO = %[HA@)VH]

t=0
= 2(B%)-v+|Bv|? - ((Bv) -v)? (5.415)
and
Bv =¢(DN)'v+ (Vo @ v)v = Zn: ¢(9; Ny) Ny, + V. (5.416)
Since for every j € {1,...,n} we have "
S (0, NN = %ajnz\rn2 —0 mear ¥, (5.417)

k=1
we obtain that Bv = V¢. Hence, we can write || Br||* = ||[V¢||? and ((Bv)-v)? = (9,¢).

Together, these two terms amount to ||Vian¢||*. Next, since (B?v) -v = (Bv) - (B'v)

and BT = ¢ DN + v ® V¢, we may conclude that
Bv=Y" (gb(@kNj)Nk + (akgs)yjyk). (5.418)

]7k:1

Since for every j € {1,...,n} we have

> (OuN;)Ni = 9,N; =0, (5.419)
k=1
we obtain B'v = (9,¢)v. Consequently,

2(B%) v =2(V9) - ((0.0)v) = 2(9,0)*. (5.420)
The bottom line is that
IV =2 [(0,0)%do + [ ||Vino|? do. (5.421)
[osrie-]
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All in all,
2

altrea(S,)| = [#@ - IDNP)do 2 [Godede—2 [ Go0,6do
b b b
2 [ (0,8)2do+2 [ (0,8)2do + [ |Viand|? do
iz [ |
= [1#(@ = IDNIP) + | Tun) o (5.422)

5
Thus, (5.403) is proved as soon as we show that

—IDNIP=2 Y AN (5.423)
1<j<k<n—1
where Aq,...,\,_1 are the principal curvatures of the surface ¥. Set A, := 0 and re-

call that Aq,...,\, are the eigenvalues of the symmetric matrix DN at points on X.

Consequently, there exists a unitary matrix U € M,,,, such that

A0 .00
DN =UDU™',  where D:= 0 Az 0 (5.424)
0 0 ... A\,
We may then compute
IDN|]* = Tt ((DN)"(DN)) =Tr((DN)?) = Te (UDU™)?)
= Tr(UD*U™Y) =Tr(D? = Z)\ (5.425)
so that
G2 — |DN|? = (Z ) ZAQ—Q S oad=2 Y A (5426)
j=1 1<<k<n 1<j<k<n—1
as desired. ]

Remark 5.4.3. (i) For a C? surface ¥ in R [||[Vino||*do = — [(As¢)¢p do where
> 5

Ay, is the Laplacian on X, granted that (5.385) holds. As a result, we may write

2 / [%2( ) AMk)—(Azaﬁ)qﬁ} do.  (5.427)

dt? ,
5 1<<k<n—1

o Area (5,0 _

(i1) If G =0, equation (5.427) becomes

22 [Area (3, )] — / [¢2(§ Af) + gb(Azqﬁ)] do. (5.428)

dt
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area function, 2, 15, 109, 189, 222, 226
curvature, 2, 25, 217, 221

differential operator, 16, 3740, 46, 47, 57

divergence, 21-26, 35, 41, 49, 52, 54, 59,
131, 132, 134

domain, 4, 6, 7, 11, 13, 15, 69, 86, 112,
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174, 179, 185, 190, 192, 196, 198,

201, 203, 207, 210, 215, 221

extension of the unit normal, 3, 17, 27, 31,

35, 210, 211, 215, 216, 222

Gauss mean curvature, 5, 21, 210, 211, 213,

215, 220, 222

integration by parts, 16, 17, 46, 48, 60, 125,
130, 132-134

integration on surface, 104, 109, 138

Lipschitz, 7, 11, 12, 69, 71, 73, 149, 152,
154, 167, 171, 179, 181, 184, 190,
191, 196, 204, 207

nearest point, 5, 191, 195

principal curvature, 3, 224, 226

signed distance, 5, 11, 15, 203, 204, 210

surface, 16, 17, 19, 25, 27, 30, 31, 36, 39, 41,
42, 45-48, 60, 62, 63, 65, 66, 90-94,
96-98, 101, 104, 105, 107, 109, 111,
116, 130, 194, 210, 215, 221-223

surface integral, 105, 107

symbol, 16, 17, 38, 40, 47

tangential, 16, 21, 31-34, 39, 62, 67
tangential differential operator, 35, 39-41,
47, 48, 50, 66

tangential gradient, 3, 223

uniform ball condition, 6, 7, 9, 150, 152,
156, 159, 163, 169, 220, 221

unit normal, 2—4, 19, 20, 36, 39, 40, 42, 48,
92-94, 96, 98, 100-102, 107, 110,
117-119, 122, 123, 125, 128, 131,
134, 135, 149, 156, 171, 192, 196,
207, 208, 210, 211

variation of area, 2, 3, 222-224
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