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ABSTRACT: Orlicz—Lorentz spaces provide a common generalization of Orlicz
spaces and Lorentz spaces. They have been studied by many authors, includ-
ing Mastylo, Maligranda, and Kaminska. In this paper, we consider the problem
of comparing the Orlicz—Lorentz norms, and establish necessary and sufficient
conditions for them to be equivalent. As a corollary, we give necessary and suffi-
cient conditions for a Lorentz—Sharpley space to be equivalent to an Orlicz space,
extending results of Lorentz and Raynaud. We also give an example of a rear-

rangement invariant space that is not an Orlicz—Lorentz space.

1. INTRODUCTION

The most well known examples of Banach spaces are the L, spaces. Their definition is
very well known: if (Q, F, 1) is a measure space, and 1 < p < oo, then for any measurable
function f : @ — C, the Ly-norm is defined to be

i1, = ([ 1rear dn<w>)l/p

[flloc = ess sup |f(w)]
weN

for p < oo, and

for p = co. Then we define the Banach space L,(€, F, ) to be the vector space of all
measurable functions f : 3 — € for which | f[|, is finite.
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COMPARISON OF ORLICZ-LORENTZ SPACES

It is natural to search for generalizations of these L, spaces. The first examples are
the Orlicz spaces. These were first studied by Orlicz [O] and Luxemburg [L]. We say that
F :[0,00) — [0,00) is an Orlicz function if F is non-decreasing and convex with F'(0) = 0.
Now we define the Luzemburg norm by

Il =t {e: [ P /) dute) <1,

whenever f is a measurable function, and define the Orlicz space Lr(Q2, F, 1) to be those
measurable functions f for which || f|| - is finite. The Orlicz space L is a true generaliza-
tion of Ly, at least for p < oo: if F(t) = tP, then Lp = L,, with equality of norms.

The other examples are the Lorentz spaces. These were introduced by Lorentz [Lo1],

[Lo2]. If f is a measurable function, we define the non-increasing rearrangement of f to
be

fr(x) =sup{t:pu(|f|>1t) >z}

If1 < ¢ <oo,and if w: (0,00) — (0,00) is a non-increasing function, we define the Lorentz

norm of a measurable function f to be

Hﬂuﬂz(éwwmﬁ%@%mym,

We define the Lorentz space Ay q(€2, F, 1) to be the space of those measurable functions
f for which [|f]|,, , is finite. These spaces also represent a generalization of the L, spaces:
if w(z) =1 for all 0 <z < oo, then A,, , = L, with equality of norms.

There is one, rather peculiar, choice of the function w which turns out to be rather
useful. If 1 < ¢ < p < oo, we define the spaces L, , to be A, , with w(z) = %xq/p_l.
A good reference for a description of these spaces is Hunt [H]. By a suitable change of
variables, the L, , norm may also be defined in the following fashion:

([hrore)”
= X .
p,q 0

Thus L,, = L, with equality of norms. The reason for this definition is that for any

] £ (a/9)

measurable set A € F, we have that [[xall,, = [xall, = p(A)YP. Thus L, , is a space
identical to L, for characteristic functions, but ‘glued’ together in a L, fashion.

In all the spaces defined above, if we only desire to study quasi-Banach spaces rather
than Banach spaces, we may remove some of the restrictions placed upon the defining
parameters. Thus with the L, spaces, we need only have p > 0. With the Orlicz spaces
Lr and the Lorentz space A, 4, we may weaken the restrictions that F' be convex and
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that w be non-increasing (we omit details). The spaces A, 4 so obtained were studied by
Sharpley [S], and so we might call then Lorentz—Sharpley spaces. With the L, , spaces,
we need only have 0 < p < oo and 0 < ¢ < oo, where if ¢ = 0o, we define the Lorentz

norm by

11,00 = sUp&'/? f*(2).
x>0

Now we come to the object of the paper, the Orlicz—Lorentz spaces. These are a
common generalization of the Orlicz spaces and the Lorentz spaces. They have been
studied by Mastylo (see part 4 of [My]), Maligranda [Ma], and Kaminska [Kal], [Ka2],
[Ka3]. If G is an Orlicz function, and if w : [0,00) — [0, 00) is a non-increasing function,
we define the Orlicz—Lorentz norm of a measurable function f to be

g =it {e: [T wa(r @y a<1}.

We define the Orlicz—Lorentz space Ay, ¢(§2, F, 1) to be the vector space of measurable
functions f for which | f||, 5 is finite. If we do not require that the space be a Banach
space, but only a quasi-Banach space, we may weaken the restrictions placed upon G and
w as we did for Ly and A, , above.

We shall not work with this definition of the Orlicz—Lorentz space, however, but with
a different, equivalent definition that bears more resemblance to the spaces L, ,. This

definition we give in the following section.
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2. DEFINITIONS

First we define ¢-functions. These replace the notion of Orlicz functions in our discussions.

Definition: A @-function is a function F : [0,00) — [0, 00) such that

i) F(0) = 0;

i) lim, o F(t) = o0;
iii) F is strictly increasing;

iv) F' is continuous;
We will say that a ¢-function F is dilatory if for some c1,co > 1 we have F(cit) > coF(t)
for all 0 <t < co. We will say that F satisfies the Ay-condition if F~! is dilatory.

If F is a ¢-function, we will define the function F(t) to be 1/F(1/t) if t > 0, and 0 if

t=0.

The definition of a -function is slightly more restrictive than that of an Orlicz function
in that we insist that F' be strictly increasing. The notion of dilatory replaces the notion
of convexity. The Orlicz spaces generated by dilatory functions are only quasi-Banach
spaces, in contrast to those generated by Orlicz functions, which are Banach spaces. The
As-condition appears widely in literature about Orlicz spaces.

Definition: If (Q,F,pn) is a measure space, and F' is a ¢-function, then we define the
Luxemburg functional by

I =t { e [ (I /) du) <1},

for every measurable function f. We define the Orlicz space, Ly (2, F, ) (or Lr(n), Lrp(Q)
or Lp for short), to be the vector space of measurable functions f for which || f||, < oo,
modulo functions that are zero almost everywhere.

Now we define the Orlicz—Lorentz spaces.

Definition: If (Q,F, ) is a measure space, and F' and G are ¢-functions, then we define
the Orlicz—Lorentz functional of a measurable function f by

/]

We define the Orlicz—Lorentz space, Lpc (€2, F, ) (or Lr.a(p), Lr.a(2) or Ly ¢ for short),
to be the vector space of measurable functions f for which || f|| < oo, modulo functions

=||ffoFoG™! H .
FG Hf G
that are zero almost everywhere.

Definition: If (Q,F,pn) is a measure space, and F' is a ¢-function, then we define the
(weak-) Orlicz—Lorentz functional by

1710 = st = (@) (2).
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We define the Orlicz—Lorentz space, Lp (€2, F,p) (or Lpoo(tt), Lroo(f2) or Lp o for
short), to be the vector space of measurable functions f for which || f| ., < oo, modulo
functions that are zero almost everywhere.

We see that Lp p = Lp with equality of norms, and that if F'(t) = t? and G(t) = t9,
then Lpg = Ly 4, and Ly o = Lp o, also with equality of norms. Thus, if F(t) = 7,
we shall write L, ¢ for Ly, and Lg,), for Lg r. Also, if A is any measurable set, then

IXallpe = lIxallpoe = Ixallr = F~H(1(A)).
The Orlicz—Lorentz spaces defined here are equivalent to the definition given in the

introduction, as we now describe.

Definition: A weight function is a function w : (0,00) — (0, 00) such that

is a -function.

Then if w is a weight function, and G is a p-function, then A, ¢ = Lj 1,4 o, Where

Now let us provide some examples. We define the modified logarithm and the modified

exponential functions by

1+logt ift>1
Im(t) = { 1/(1+1log(1/t)) if0<t<1

0 if t =0;
exp(t — 1) itt>1

em(t) =Im ™ (t) = < exp(1— (1/t)) if0<t<1
0 ift =0.

These functions are designed so that for large ¢ they behave like the logarithm and the

exponential functions, so that Im1 = 1 and em1 = 1, and so that Im = Im and ém =

em. Then the functions t?(lm¢)* and em(¢P) are p-functions whenever 0 < p < oo and

—o0 < a < oo. If the measure space is a probability space, then the Orlicz spaces created

using these functions are also known as Zygmund spaces, and the Orlicz—Lorentz spaces

Liv(im t)e,g and Lep(tr),q are known as Lorentz—Zygmund spaces (see, for example, [B—S]).
Finally, we define the notions of equivalence.

Definition: We say that two ¢-functions F' and G are equivalent (in symbols F' < G) if for
some number ¢ < co we have that F(c™!t) < G(t) < F(ct) for all 0 < t < oo.

5
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Definition: We say that two function spaces X and Y on the same measure space are
equivalent if for some number ¢ < oo we have that f € X & f € Y with ¢7!||f]|y <
I flly < c|lfllx for all measurable functions f.

3. SURVEY OF KNOWN COMPARISON RESULTS

There are at least four obvious questions about Orlicz—Lorentz spaces.
i) For which gp-functions F' and G is Lr g equivalent to a normed space (or p-convex, or
g-concave)?
ii) What are the Boyd indices of the Orlicz—Lorentz spaces?
iii) What are necessary and sufficient conditions for Lp, ¢, and Lp, ¢, to be equivalent?
iv) Is every rearrangement space equivalent to some Orlicz—Lorentz space?
The first and second questions are intimately related, and will be dealt with in another
paper [Mo2]. In general, they are very hard to answer. The third question is the subject
of this paper. As a corollary, we will also be able to answer the fourth question.
There have already been many comparison results for Lorentz spaces. Indeed, Lorentz
himself provided one of the first in 1961 [Lo3]. He found necessary and sufficient conditions

for A,y,1 to be equivalent to an Orlicz space.

Definition: A weight function w is said to be strictly monotone if either
i) w is strictly increasing, w(t) — 0 as t — 0 and w(t) — oo as t — oo,
or
i") w is strictly decreasing, w(t) — oo as t — 0 and w(t) — 0 as t — oc.

Definition: A strictly monotone weight function is said to satisfy condition (L) if there is

a number ¢ < oo such that

/ o dt -
— < 0.
o w(cw(t))
THEOREM 3.1. Let w: (0,00) — (0,00) be a decreasing, strictly monotone weight func-
tion. Then the following are equivalent.

i) Ay is equivalent to an Orlicz space.
it) w satisfies condition (L).

The kinds of weight functions that satisfy condition (L) are slowly increasing or slowly
decreasing functions. An example that Lorentz implicitly gave is

_ t—1/log(1+logt) i+ >1
w(t) - {tl/log(l—logt) ifo<t<l1.

Recently, Raynaud [R] noticed that the above result is also true if w is strictly in-

creasing. He then went on to show the following result.
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THEOREM 3.2. Let w be a weight function, and 0 < p < oco. If there are strictly monotone

weight functions wg and wy satisfying condition (L) and a number ¢ < oo such that

c_le(t) <wo(t)wy(t) <c Wt(t),

then A, is equivalent to an Orlicz space.

It may seem that the scope of these results is limited, but this is not really the case.
Using Lemmas 5.1.2 and 5.1.3 below, one can use these results to find sufficient conditions
for equivalence of two Orlicz—Lorentz spaces that are no stronger than the conditions given
in this paper.

There are also results due to Bennett and Rudnick [B—R] (see also [B—S]). They
proved the following results for probability spaces, but using their methods, it is not too

hard to see that these results are true for all measure spaces.

THEOREM 3.3. For every 0 < p < 00, and for every —oo < a < 0o, we have that

Lip(imtye and Lip(m ¢y« ,p are equivalent.

THEOREM 3.4.  For every 8> 0, we have that Ley, 18y and Leys),00 are equivalent.

4. COMPARISON OF ORLICZ—LORENTZ SPACES

In this section, we state the main results of this paper, and give necessary and sufficient
conditions for which, given certain restrictions upon G and Gs, we have that || f|| ra, <
¢ [[fllpq,- Thus we find necessary and sufficient conditions for Lr, ¢, and Lr, g, to be
equivalent.

We first notice that || f||, ., < [/fll,,, whenever ¢ > g2 (see [H]). This suggests that

we have a result something like: if G;0G5 ! is a convex function, then 1fllra, <clflrg,-
And this is indeed the case. However, more is true. For example, if G(t) = tlm¢, then it
follows from Theorem 3.3 that Lg ;1 is equivalent to Lg . Thus, it would seem that we
only need to know that G; o G 1is ‘close,” in some sense, to a convex function.

In this paper, we establish precisely what this notion of closeness is. But, before
stating the conditions, we first give a little bit of motivation. We note that a dilatory ¢-
function G is determined completely, up to equivalence, by its values G(a™), where a > 1
is any fixed number, and n ranges over all integers. Thus, we note that a p-function G is
equivalent to a convex function if and only if for some a > 1 and N € IN, and all n € 7
and m € IN, we have that G(a"*t™) > a™ NG (a") (see Lemma 5.4.2 below).

In all that follows, we take the natural numbers to be IN = {1, 2, 3,...}.

Definition: Let G be a p-function. We say that G is
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i) almost convex if there are numbers a > 1, b > 1 and N € IN such that for all m € IN,
the cardinality of the set of n € ZZ such that we do not have

G(an—i—m) Z am—NG(an)

is less than b™;
i) almost concave if there are numbers a > 1, b > 1 and N € IN such that for all m € IN,
the cardinality of the set of n € ZZ such that we do not have

G(aner) < aerNG(an)

is less than b™;
iii) almost linear if there are numbers a > 1, b > 1 and N € IN such that for all m € IN,
the cardinality of the set of n € ZZ such that we do not have

am—NG(an) S G(an—l—m) S am—i—NG(an)

is less than b™;
iv) almost constant if there are numbers a > 1, b > 1 and N € IN such that for all m € IN,
the cardinality of the set of n € ZZ such that we do not have
G(a"t™) < aNG(a™)

is less than b™;

v) almost vertical if G™! is almost constant.
We will also express our results in terms of what we shall call condition (.J).

Definition: If F' and G are p-functions, then say that F' is equivalently less convex than
G (in symbols F' < G) if G o F~! is equivalent to a convex function. We say that F' is
equivalently more convex than G (in symbols F = G) if G is equivalently less convex than
F.

Definition: A p-function F is said to be an N-function if it is equivalent to a ¢-function
Fy such that Fy(t)/t is strictly increasing, Fy(t)/t — oo as t — oo, and Fy(t)/t — 0 as
t— 0.

Definition: A ¢-function F' is said to be complementary to a ¢-function G if for some
¢ < oo we have
cH<FYt)- Gt <et (0Lt <o0).
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If Fis an N-function, we will let F* denote a function complementary to F.

The notation F™* makes sense if F' is an N-function, because then there is always a
function G' complementary to F', and further, if G; and G5 are both complementary to F',
then GG; and G» are equivalent.

Our definition of a complementary function differs from the usual definition. If F'
is an N-function that is convex, then the complementary function is usually defined by
F*(t) = sup,sq(st — F(s)). However, it is known that ¢ < F~!(¢) - F*1(t) < 2t (see
[K—R]). Thus our definition is equivalent.

Definition: An N-function H is said to satisfy condition (J) if

Hl/ﬁ[*_lH < 00.
e

The kinds of N-functions that satisfy condition (J) are slowly rising functions. These
are essentially the kinds of Orlicz functions that Lorentz describes in Theorem 1 of his
paper [Lo3].

We also describe our results in a third fashion. The following definitions are motivated
by the fact that G; = Gs if and only if for some ¢ < oo and all s > 1 and ¢ > 0 we have
that G1(st)/G1(t) > ¢ 1Ga(st)/Ga(t) (see Lemma 5.4.2).

Definition: Let G1 and G2 be p-functions. We say that
i) Gy is almost less convex than G if there are numbers @ > 1, b > 1 and N € IN such
that for all m € IN, the cardinality of the set of n € ZZ such that we do not have

Gl (aner) aN GZ(aner)
Gi(a™) — Gao(a™)

is less than b™;

ii) Gp is almost more convex than G if G5 is almost less convex than Gy;

iii) Gy is almost equivalent to G if there are numbers a > 1, b > 1 and N € IN such that
for all m € IN, the cardinality of the set of n € ZZ such that we do not have

—NG2 (an—l—m) G1 (an—l—m) aN G2 (an+m)
G2 (a") - G1 (a") - G2 (CL”)

is less than b™.

Now we collect together the comparison results. For all these results, we will assume
that the measure space is [0,00) with Lebesgue measure. In fact, any non-atomic infinite
measure space will do. There are also similar results for non-atomic probability spaces,
and IN with the counting measure (i.e. sequence spaces). We do not give details for these
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cases. However the idea is that for non-atomic probability spaces, we need only consider
the properties of the relevant ¢-functions G(t) for large ¢, and for sequence spaces, their
properties for small £. Obviously, if one is only interested in sufficient conditions for Orlicz—
Lorentz spaces to be equivalent, one can use any measure space. (Recall that < means
equivalent to, see Section 2.)

PROPOSITION 4.1. Let Fy, Fy, G1 and G2 be p-functions.
i) If Fyo G1_1 = Fyo Gz_1 and G1 < Ga, and if one of G1 or Gq is dilatory, then Lp, g,
and Lg, ¢, are equivalent.
it) If Fy < Fy, then Lp, o and Lp, o are equivalent.

THEOREM 4.2. Let F, G1 and G5 be p-functions. Consider the following statements.

i) For some ¢ < oo, we have that || f||p o, < c | fllg g, for all measurable f.

i) G1oGy' is almost conver.
i) There is an N-function H satisfying condition (J) such that Gy o Gy = H™'.
iw) Gy is almost more convex than Gs.
Then, if one of Gy or Go is dilatory, then we have (ii)=(i). If one of G1 or Gg is
dilatory and Gy satisfies the Ag-condition, or if G satisfies the Ag-condition, then we
have (1)=(ii). If Go is dilatory and satisfies the Ag-condition, then we have (ii)<(iv).
We always have (ii)<(4ii).

THEOREM 4.3. Let Fy, F5, Gy and Gs be @-functions such that one of G1 or Gy is
dilatory, and that one of Gy or Gy satisfies the Ag-condition. Then the following are
equivalent.
i) Lp,.q, and Lp, ¢, are equivalent.
it) Fy < Fy, and Gy o G;l 15 almost linear.
1) F1 =< Fy, and there exist N-functions H and K satisfying condition (J) such that
GiloGy' =HoK™1.
i) Fy < Fy, and there exist N-functions H and K satisfying condition (J) such that
G10G2_1 =H oK.
v) F1 < Fy, and Gy is almost equivalent to Gs.
vi) Fy < Fy, and there exist N-functions H and K satisfying condition (J) and a number
¢ < oo such that c71G1/Gy < H/K < ¢G1/Gs.
vii) Fy =< Fy, and there exist strictly monotone weight functions woy and wy satisfying
condition (L) and a number ¢ < oo such that c™1G1 /Gy < wowy < ¢G1/Gs.
viii) Fy < Fy, and there exists an almost linear p-function F' and a number ¢ < oo such
that c1F(t) < tG1(t)/Ga(t) < cF(t) for all t > 0.

The condition that one of the ¢-functions G or G satisfy the As-condition is required,
as is shown by the following example. Let G1(t) = emt and G5(t) = em 2. By Theorem 4.6
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below, Ly g, and L; g, are both equivalent to L; . But, it is clear that G o G2_1 is far
from being almost linear. The author doesn’t know whether the condition that one of G
or G5 be dilatory is needed.

We are also able to obtain certain results stating that in order to compare Lr, ¢, and
LF, ¢,, we need only compare the norms for a certain class of test functions.

Definition: Let 7 be the set of functions f : [0,00) — [0, 00) such that for some 0 = ag <
a1 < as < ...<a, we have that

_J1/a; fa;1<zx<ag;and1<i<n
f(z) = .
0 otherwise.

If Fis a p-function, let Tp = {Flof: feTi}={foF': feTi}.

THEOREM 4.4. Let F, G1 and G5 be o-functions. Suppose that G5 is dilatory, and that
one of Gy or Gy satisfies the As-condition. Then the following are equivalent.
i) For some ¢ < oo we have that ||f| g, <c |fllpq, whenever f* € T.

i) For some ¢ < oo we have that || f||p g, < c |flpq, for all measurable f.

THEOREM 4.5. Let Fi, Fs, G1 and G2 be p-functions. Suppose that one of G1 or Go
is dilatory, and that one of G1 or Gy satisfies the Aq-condition. Then the following are
equivalent.

i) For some ¢ < oo we have that ¢~1 1fllr.q, S Mfllpye, < cllfllp, g, whenever f* €
TF, .
it) For some ¢ < oo we have that ¢™1 1fllr.q, € Mfllpye, < cllfllp,.q, whenever f* €
T, -

iit) Lp, ¢, and Lp, ¢, are equivalent.
Finally, we give a result for the weak-Orlicz—Lorentz spaces.

THEOREM 4.6. Let Fy, Fy and G be p-functions. Then the following are equivalent.
i) Lp,.¢ and L, ~ are equivalent.

iii) Fi = Fy, and H1/é—1HG < .
)

F\ = Fy, and G~! satisfies condition (L).

Fy < F5, and G is almost vertical.
(2 1

It is clear that all the results given in Section 3 follow from these results. We are also
able to answer a question of Raynaud, and prove the converse to Theorem 3.2.

THEOREM 4.7. Let w be a weight function, and 0 < p < oo. If Ay, is equivalent to
an Orlicz space, then there are strictly monotone weight functions wg and wy satisfying
condition (L) and a number ¢ < oo such that

chT(t) <wo(t)wy(t) <c Wt(t).
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Proof: This follows immediately from the implication (i)=-(vii) in Theorem 4.3, and from
the observation that a strictly monotone weight function w satisfies condition (L) if and
only if wP satisfies condition (L) for any 0 < p < oc. O

5. THE PROOF OF THE RESULTS OF SECTION 4

The proofs of the results of Section 4 are rather long. We will split the proof into many
lemmas that are grouped into several subsections according to their nature. Many of the
lemmas, if not obvious, are at least ‘believable without proof,” and the reader may pass
over them quickly. The key results are contained in Sections 5.3, 5.5 and 5.6.

These proofs could be shortened considerably if we assumed throughout that all -
functions were dilatory and satisfied the As-condition, but then our results would be

correspondingly weaker. In particular, Theorem 6.1 below would be much less general.

5.1. THE ELEMENTARY PROPOSITIONS

The first result is obvious, and requires no proof.

LEMMA 5.1.1. Let G be a p-function.
i) If G is dilatory, then for all ¢c; < 0o there is a number co < oo such that if

[ G r@nte) < e,
Q

then || fllg < ca.
it) If G is dilatory, then for all c; > 0 there is a number co > 0 such that if

[ 6ot nte) = e
Q

then || f|l o = ca.
Now we have the first result from Section 4.

Proof of Proposition 4.1: This is a simple consequence of Lemma 5.1.1. O
The following results describe the basic ‘algebra’ that the Orlicz—Lorentz spaces satisty.

Essentially, they allow one to reduce comparison of Orlicz—Lorentz spaces to the problem
of comparing L ¢ to L;. The proofs are straightforward, so we omit them.
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LEMMA 5.1.2.  Suppose that F';, G1 and G2 are p-functions. Then for any number ¢ < oo
we have that || f|| g g, < c|fllgqg, for all measurable f (respectively, f € Tr) if and only

if I fllya, < clfllyg, for all measurable f (respectively, f € Tr).

LEMMA 5.1.3. Suppose that G1, G2 and H are p-functions.
i) If H is dilatory, then if for some number c1 < oo we have that || f||, 5, < c1]f

1,G2
for all measurable f (respectively, f € Ty), then for some number co < oo we have

that | f|l.q,om < c2 | fll1 gyom for all measurable f (respectively, f € Tr).
it) If H satisfies the Ag-condition, then if for some number ¢; < oo we have that
1 fll1.crom < allfll1.gyom for all measurable f (respectively, f € Tr), then for some

number cz < oo we have that || f||, o, < c2 |fl;.q, for all measurable f (respectively,

fen). :

5.2. CONDITIONS FOR FUNCTIONS TO BE DILATORY, ETC

Here we collect the results that pertain to when a ¢-function is dilatory or satisfies the
As-condition. The first result is obvious.

LEMMA 5.2.1. Let G be a -function.
i) If there are numbers a > 1, ¢y > 1 and co > 1 such that

a1G(a™) < G(ega™)

except for finitely many n, then G is dilatory.
it) If there are numbers a > 1, ¢; > 1 and ¢y > 1 such that

c1G(a"™) > G(caa™)

except for finitely many n, then G satisfies the As-condition.

Now we show how the property of G being dilatory or satisfying the As-condition
may be captured by the properties of Lr .

LEMMA 5.2.2. Suppose that G is a p-function. Then the following are equivalent.
i) G is dilatory.
i) There is a number ¢ < oo such that we have | f||, 5 < ¢ for all functions f : R — R
of the form
a”l ifo<z<a
flx)=<b"' ifa<z<b
0 otherwise,

13
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where b > a > 0.

Proof: First we will show that (i)=-(ii). Given a function of the above form, we note that

/000 Go f*o G Yz)dr < G(a)G(a™ 1)+ GH)G(b™) = 2.

Then the result follows immediately from Lemma 5.1.1.
To show that (ii)=-(i), we will consider functions of the form

G1(3™) ifo<z<1/G71(3™)
f@)=4 G*(3") if1/G3™) <z <1/G1(3")

0 otherwise ,

where m > n are integers. Then we know that || f|[, ;5 < ¢, and so
1> / G(c'f*o é_l(l')) dz >37"G(c'GTH(3™)) + 237G (' GTH(3M)).
0

Therefore, for all except one n € IN we have that
237"G(crGTH(EM) < 3,

that is,
c'GTHEM) < G (33M).

By Lemma 5.2.1, G~! satisfies the Aj-condition, and hence G is dilatory. O

LEMMA 5.2.3. If F, G1 and Gy are @-functions such that Gy is dilatory, and such that
for some ¢ < oo we have || f||p g, < c | fllrg, for all f € Tr, then G is dilatory.

Proof. This follows immediately from Lemmas 5.1.2 and 5.2.2. O

LEMMA 5.2.4. Suppose that G is a p-function. Consider the following statements.
i) G satisfies the Ay-condition.
i) Given c > 1, there are numbers d > 1 and N € IN such that we have | f||, 5 > ¢ for
all functions f : IR — R of the form

flz) = {d_’“ ifdi-t <z <doand1<i< N

0 otherwise,
where k1 < ky < ... < kn are integers, and ko = —o0.

14
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Then (ii)=(i). Furthermore, if G is dilatory, then (i)=>(ii).

Proof: First we will show that (i)=(ii) when G is dilatory. Choose d so that G(d™) >
2G(d™~1) for all n € Z. Then if f is of the above form, we have that

/OOO Go f*oG Y x)dx > Z(G(d’“) — G(d" 1)) G(d7*) > N/2.

Thus if G satisfies the As-condition, then by Lemma 5.1.1, there is some N € IN such that
for all f of the above form, we have that || f||, 5 > c.

To show that (ii)=-(i), let us pick ¢ > 2. Then for any function of the above form, we
have that

00 N
1< / G2 f oG (@) de <> G(dM)G2 ).
0 i=1
Therefore, the cardinality of the set of n € IN such that
GdMG@2 td™) < N7}

is less than N. By Lemma 5.2.1, this shows that G satisfies the As-condition. O

LEMMA 5.2.5. Suppose that F', Gy and G2 are p-functions such that one of G1 and G,
is dilatory. If G1 satisfies the Ag-condition, and for some ¢ < oo we have that HfHF’G2 >
U f g, for all f € Tr, then Gy satisfies the Az-condition.

Proof: By Lemma 5.2.3, we have that G is dilatory. Now the result follows immediately
from Lemmas 5.1.2 and 5.2.4. O

15
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5.3. COMPARISON CONDITIONS FOR L g

In this subsection, we give the key lemma that demonstrates the relationship between the
almost convexity of GG, and the comparison between L; ¢ and L;. As a corollary, we will
also obtain results that show that in the definition of the ‘almost properties’ that we can
take the value of a to be arbitrarily large.

LEMMA 5.3.1.  Suppose that G is a p-function. Then the following are equivalent.
i) For some ¢ < oo, we have that || f||, o < c ||f|l, for all measurable f.
i) For some ¢ < oo, we have that ||f||; o <c ||f|l, for all f € Ty.
iit) For all sufficiently large a, there are numbers b > 1 and N € IN such that for all
m € IN, the cardinality of the set of n € 7 such that we do not have

G(an+m) > am—NG(an)

is less than b™.
i) G is almost convex.

The proof will require the next lemma.

LEMMA 5.3.2. Let G be a p-function. If G is almost convex, then given a’ > 1, there
are numbers a > 1, b > 1, ¢ < 0o and N € IN such that a > max{a’,b} and such that for
all m € IN, the cardinality of the set of n € ZZ such that we do not have

G(an—l—m) 2 am—NG(an)

18 less than cb™.

There are similar results if G is almost concave or almost constant.

Proof. There are numbers a > 1, b > 1 and N € IN such that for all m € IN, the cardinality
of the set

Ap={necZ:Ga"") <a™ NG(a")}

is less than ™. Pick ¢ € IN such that a® > b and a® > d/, and let
Al ={ne:Ga"™) < a*m=NGa™)}.

Then, if n € A] , then at least one of cn, ecn +m, ..., or ecn + (¢ — 1)m € A,,, and hence
|AL | < cb™. O

16
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Proof of Lemma 5.3.1: Clearly, (i)=-(ii) and (iii)=(iv). We will show (ii)=(iii). By
Lemma 5.2.3, we know that G is dilatory. Thus we suppose that a > 2 and G(at) > 2G(t)
for all t > 0. Choose N so that a™~! > ¢. We will prove the result by showing that there
cannot be numbers m € IN and n; < ng < ... < ngm-n~+1 such that

G(a™) < a™ NG(a™i™™).
For otherwise, consider the function

fz) = av  ifa it <z <a ™ and1<i<qgm Nl
0 otherwise,

where we take ngm-n~i2 = co. Clearly, ||f]|; < a™ NT1. But also, we have the following
inequalities.

/OOO G(a™™f* o é_l(:c)) dz

m—N+1

a G(a™ ") ~

> / Gla™™f* oG\ (z)) dx
; é(a*"i+1)
m—N+1

1 G(a=mtm)
> Bl S
— 2 ; G(am)
>a/2>1,

where the penultimate inequality follows because G(a~"?) > 2G(a~"+'). Thus || fllig =
a™ > a1 || f||;, which is a contradiction.

Now we show that (iv)=-(i). By Lemma 5.3.2, there are numbers a > b > 1, ¢ < o0
and N € IN such that for all m € IN, the cardinality of the set

Ay ={necZ:Ga) <a™NG(a"™™)}

is less than ¢b™. Let {ki, ko,...} be the (possible finite or empty) set of integers not in
U, _; A Define the sequence of sets B, by setting By = Ay, and

Bm :{km—l}UAm\ U Am’

m’<m

for m > 1. Then |B,,| < cb™.

Choose ¢; = (a — 1)/a*. Suppose f is a measurable function such that

T =/0 (@) de < o1,

17
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For each n € 7Z, let m,, € 7ZZ U {cco} be such that

q~Mn S a—nf*<a—n) < al—mn.

Then
cy > Z / f (z)dz
- afnfl
> Z (a—n a—n—l)f*(an)
a—1 &
> ~mn
PR
Therefore,

> a
E a M < 1 =a 3.
a—1
n=—oo

In particular, we note that m,, > 3 for all n € Z.

Then
/ Go f*oG 1 (z)dx
0
0 G(a™™) B
= > / Gof*oG Yz)dx
n=—oo v Gla™""1)

< ) Gla™MG(ffah)

< 3 GlaP ) [Glan).
Now let

V={neZ:n¢B,, forall m < my; —2}.

Then

/OOOGof* oG Yx)dx

<Y G@TTmGla™) + > Y Gt ) /G(a™).

neVv m=1neB,\V

18
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If n € V, then either n ¢ A, , 2, or my41 = 00, and so
G(a2+”_m”+1)/G(a”) < gVt2mmnt
Ifne B, \V, then m <m,41 — 2, and so
Gla® =) [Ga™) < Gla™ ™) /Gla").
If we also know that m > 1, then n € A,,_1, and so
Ga> ) /G (") < G(a™ ) /Gla") < aVE

Therefore,

/OOOGof*oé_l(x)dx

< ZaN+2 mn+1+ Z a”~ 1 /G + Z Z N+1—m

nev nEBI\V m=2n€B,, \V

N1+Z nl/G +Zcme+1m

nebBy m=2

which is a finite number whose value does not depend on f. However, by Lemma 5.2.1, G
is dilatory, and hence by Lemma 5.1.1, || f||; o is bounded by some number that does not
depend on f. O
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5.4. CONVEXITY AND CONCAVITY CONDITIONS

In this subsection, we give basic results about convexity and concavity, and their ‘almost’

equivalents. First, we give a technical lemma whose proof is obvious.

LEMMA 5.4.1. Let G be a p-function. Define a map f : Z — 74 so that for alln € 7Z
we have

af (M1 < G(a") < af (™)

i) If G is dilatory, then there is a number L € IN such that f(nq) # f(n2) if |n1 — na| >
L.
it) If G satisfies the Ay-condition, then there is a number M € IN such that

|f(n1) = f(n2)| < M |ny — na

for all ny, ny € 7.
Next we give some results about convexity.

LEMMA 5.4.2. Let G; and G4 be -functions. Consider the following statements.
i) Gy is equivalently more convex than Gs.
i) There is a number ¢ < oo such that G1 oGy (st) > ¢ 1sGy oGy N (t) for all s > 1 and
t>0.
ii4) There is a number ¢ < oo such that G1(uv)/G1(v) > ¢ 1Ga(uv)/Ga(v) for all u > 1
and v > 0.
iv) There are numbers a > 1 and N € IN such that for all m € IN and n € 7, we have

that
Gi(a™™™) N Ga(a™t)
e = a i
G (a”) Gy (a”)

Then we have (i) (ii)<(i1i)=(iv). If one of G1 or G satisfies the Ag-condition, then

(iv)=>(iii).

Proof: The implications (i)=-(ii) and (iii)=(iv) are obvious. The implications (ii)<>(iii)
follow by setting ¢t = G3(v) and st = Ga(uv).
To show (ii)=(i), we let

—1 t
Hy(t) = inf CroGy (s1) and H(t) = / HOT(S) ds.
0

s>1 S

Then it is easy to see that H is convex, and that H is equivalent to G o G5 L
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Now suppose that G satisfies the As-condition. We show (iv)=-(iii). Let L € IN be
such that G1(at) < a®Gy(t) for all t > 0. Suppose that for some v > 1 and v > 0 we have
that

Let m and n be such that ™ < u < ™! and a” < v < a™*!. Then

73LG1(am+n+2) Gl(am+n) <a—N—3LG2(am+n+2)
Gl(a”) - Gl(am‘l) GQ(CL”)

which is a contradiction.

The argument for when G5 satisfies the As-condition is similar. O

Now we start looking at the ‘almost properties.” First we relate almost convexity to

almost concavity.

LEMMA 5.4.3.  Suppose that G is a p-function.
i) If G is almost convex and satisfies the Ay-condition, then G~ is almost concave.

i) If G is almost concave, then G~ is almost conver.
This will follow from the next lemma.

LEMMA 5.4.4.  Suppose that G is a @-function and that a > 1. Consider the following
statements.
i) There are numbers b > 1 and N € IN such that for all m € IN, the cardinality of the
set of n € 7 such that we do not have

G(an—i—m) Z am—NG(an)

is less than b™.
it) There are numbers b > 1 and N € IN such that for all m € IN, the cardinality of the
set of n € 7 such that we do not have

G—l(an+m) S CLm+NG_1((In)

15 less than ™.
Then (11)=(7). If, in addition, G satisfies the Ag-condition, then (i)=(i7).

Proof: We will show that (i)=-(ii) when G satisfies the As-condition. Let f : ZZ — 7 be
defined so that
afM-1 < G (a") < af (™
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Since G~ is dilatory, by Lemma 5.4.1, we know that there is a number L such that for
every n € 7 we have that | f~!({n})| < L.
Let
A ={n: G (a"™) > a™TTNGT (™)},

Then it can easily be shown that
f(Am) € {n:Ga""™* ) < a™G(a™)},

and hence |A,,| < Lb™TN < b, where by = LoV 1.
To show (ii)=>(i) is similar. Let g : ZZ — 7Z be defined so that

a9 < G(a") < ad(M+1

Since G is almost convex, it follows that G is dilatory. Now the proof proceeds as in

(1)=(ii). O

Next, we deal with the composition of the ‘almost’ properties. One of the main prob-
lems here is that given two -functions, each with an ‘almost’ property, is that the a from
the definition of the ‘almost’ property for each ¢-function could be different. Fortunately,
we have already developed the tools to deal with this. First, for ‘almost convexity,” the
implication (iv)=-(iii) in Lemma 5.3.1 tells us that the @ may be any arbitrarily large num-
ber. If the ¢-function is dilatory, then Lemma 5.4.4 also allows the a to be any arbitrarily
large number for the ‘almost concavity’ property. Finally, for other ‘almost’ properties.
Lemma 5.3.2 allows us to choose the a to be larger than any given number.

Thus we have the following result.

LEMMA 5.4.5. Let G be a p-function. If G is almost convex and almost concave, then G
1s almost linear.

LEMMA 5.4.6. Let G; and G4 be p-functions.
i) If G1 and G2 are almost convez, then G1 o Gg is almost convex.
it) If G1 and Ga are almost concave, and if Go is dilatory, then G10Gy is almost concave.

Proof: First we will prove part (ii). By the explanation given above, we may suppose that
for one a > 1, there are numbers by > 1, N1 € IN, by > 1 and N € IN such that for all
m € IN, the cardinality of the set of n € 7 such that

G1(a™™) > ™1 Gy (a™)
is less than 07", and the cardinality of the set of n € Z such that
Go(a™™™) > a™™N2Gy(a™)
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is less than 05"
Define a function f : ZZ — 7Z so that for all n € 7ZZ we have

af M1 < Ga(a™) < af (™)

Then by Lemma 5.4.1, there is a number L € IN such that | f~*({n})| < L for all n € Z.
Then we see that for all m € IN, the cardinality of the set of n € ZZ such that

Gy o0 Ga(a™™™) > g™t NaA LG Ga(a™)
is less than bTJerJrNQH + LbSHNQH. For, if the above holds, and
GZ(an+m) < am+N2G2(an)7

then
G, (af(n)—l+m+N2+l) S gMmtN2+1+N e (af(n)_l).

The result follows.
To show part (i), we note that as G is almost convex, that we already know that G
is dilatory. Now the argument follows as in part (i). O

Now, we prove two lemmas that are ‘almost’ analogues of Lemma 5.4.2.

LEMMA 5.4.7. Let Gy and Gy be ¢-functions such that Gs is dilatory and satisfies the
Aq-condition. Then we have the following.
i) Gpo G2_1 1s almost convez if and only if Gy is almost more convex than Gs.

i) Gy o G;l s almost concave if and only if Gy is almost less concave than Gs.

Proof: We will show that if G; o G5 1 is almost convex, then (G; is almost more convex
than G5. All the other assertions follow similarly.

So, there are numbers a > 1, b > 2 and N € IN such that for all m € IN, the cardinality
of

Ap ={n:Gi oGy (a"™™) <a™ NG oGy (a™)}
is less than ™. Let us define a map f : ZZ — 7Z so that for all n € ZZ we have that
alM-1 < Ga(a™) < af (™)

Then, by Lemma 5.4.1, there are numbers L, M € IN such that f(n+ L) > f(n) for all
n € 7Z, and such that f(m +n) — f(n) < Mm for all m € IN and n € ZZ.
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Now, for each m € IN, let us consider the cardinality of the set

o Gi(aPtm) Ga(at ™)
B,, = {n Gl(aL”) <a Gg(aL”)

If n € By, let n’ = f(Ln) and m’ = f(L(m +n)) —n’. Then
el oGQ—l(an/+m'—1) < am’—1—NG1 OGg_l(a”/).

Clearly, this is impossible if m’ < 1, and otherwise, this implies that n’ € A,, 1. Since
m’ < Mm, we see that

Mm
Bl < > 0™ <,

m=1

where by = bM+1 /(b —1). O

LEMMA 5.4.8. Let G1 and G2 be p-functions such that one of G1 or Go is dilatory and
one of Gy or Go satisfies the Ay-condition. Then G1 o G;l is almost linear if and only if
G is almost equivalent to Go.

Proof: We note that in either case that if one of G; or G5 is dilatory, then both are, and
if one of G or (G5 satisfies the As-condition, then both do. Now the proof proceeds as in
Lemma 5.4.7. O
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5.5. CONDITION (L) AND CONDITION (.J)

In this subsection, we describe how the notions of satisfying condition (L) or condition (J)
relate to the ‘almost’ properties.

LEMMA 5.5.1.  Let G be a p-function. Then the following are equivalent.
i) G is almost constant.

i) Hl /G
i) G satisfies condition (L).

< Q.
G—l

Proof. This proof is very similar to the proof of Lemma 5.3.1, and so we will omit many
details. First we show that (i)=-(ii). Following the same argument as the proof of (iv)=(i)
in Lemma 5.3.1, we construct numbers a > b > 1, ¢ < co and N € IN and a sequence of
sets B,, such that |B,,| < ¢b™, and such that if n € By, for m > 1 then

G—l (a—NG<an)) S an—m—‘,—l.

Hence,

/Ooo G '(a N /G(v))dx

Z /an G_l(a_N/é(m)) dx

n=—oo

Z Z al "G (a_NG(a”))

m=1neB,,

IN

< Z al_"G_l(a_NG(a”)) + Z cbmal e
neB; m=2
which is a finite number. By Lemma 5.2.1, G~! is dilatory, and so the result follows by
Lemma 5.1.1.
That (ii)=-(iii) is straightforward. To show that (iii)=-(i), choose a > 2, and note that
for some N, M € IN we have that

/000 G_l(a_N/é(x)) dr < a™.

Then following a similar line of reasoning to that of the proof of (ii)=-(iii) in Lemma 5.3.1,
it is possible to show that there cannot be numbers m € IN and n; < ns < ... < ngmt2+m
such that

G(a™) > aNG(a™™™).
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LEMMA 5.5.2. Let H s an N-function. Then the following are equivalent.
i) H is almost concave.

it) H satisfies condition (J).

i) H*~1 satisfies condition (L).

Proof. By Lemma 5.4.3, H is almost concave if and only if H ! is almost convex. Clearly,
H~! is almost convex if and only if H*~! is almost constant. Now the result follows by
Lemma 5.5.1. O

5.6. CONDITION (J) AND THE ‘ALMOST’ PROPERTIES

Now, we are ready to establish the relationship between being almost convex or almost
concave, and being more or less convex than some N-function satisfying condition (.J).

LEMMA 5.6.1. Let G be a p-function. Then we have the following.
i) G is almost convex if and only if there is an N-function H satisfying condition (J)
such that G = H~ 1.
it) If G is almost concave, then there is an N-function H satisfying condition (J) such
that G < H.
iii) If there is an N-function H satisfying condition (J) such that G < H, then G~! is

almost convex.

Proof: We first note that if there is an N-function H satisfying condition (J) such that
either G = H~! or G~! < H, then by Lemma 5.4.2, we have that G is almost convex. We
will prove the other implication of part (i).

If G is almost convex, then we know that there are numbers ¢ > 1, b > 2 and N € IN
such that for all m € IN, the cardinality of the set of n € 7 such that

G(a"™™) < a™ NG(a™)

is less than ™. Now we define a function L : {a™ : n € 7ZZ} — (0,00) by

K
G(amr
inf H a™ min a'tk TR —(a ) ifn>0
O=no<ni<...<ng=n G(ankfl)
ny _ k=1
L(CL )_ K
—N ng—"nk G<ank) .
sup Ha max < gk if n <O.
O=no>ni>...>ng=n 1 G(a”k—l)

We may extend the domain of L to [0,00) ‘log-linearly,” that is, by setting L(0) = 0, and

L(a™) = L(a™) exp (11252 log (%)) 7
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for n € Z and 1 < t < a. We notice that L(a"™) > L(a™) for all n € 7, and hence L is
a p-function.
Now, we note that if m € IN and n € Z, then

L(a™*t™) . . N — G(a™)
< f N —Nk—1 .
L(a”) - n:no<n1<1.1.l.<nx=n+m ga T @ ! G(ank—l)

Thus, we have that L(a"t™) < a™*tN L(a"), and so, by Lemma 5.4.2, L~! is equivalent to
a convex function. We also have that
L") _ yG(a™™™)
a
L") = G(a*) ~

and therefore, by Lemma 5.4.2 and since L satisfies the As-condition, G >~ L.
We also notice that, since

o= B o, G 8

for ng < ny; < no, we have that

L n+m K G Nk
k=1

L(CL”) - n=no<ni<...<ng=n-+m G(ank_l)

Therefore, if L(a"*™) < a™ N L(a™), then for some n < n’ < n’ +m’ < n+ m, we
have that G(a” ™) < a™ ~NG(a™). Therefore, the cardinality of the set of n € Z
satisfying L(a"™™) < a™ N L(a") is less than m(b+ b? + ...+ b™), which is less than b7
for by = 20%/(b—1).

Therefore, L is almost convex. Now, we define the p-function H(t) = L= (tImt). It is
clear that L = H~!, and hence G = H~!. Since tlm¢t is easily seen to be almost concave,
it follows by Lemmas 5.4.3 and 5.4.6 that H is almost convex. Clearly H is an N-function,
and so by Lemma 5.5.2, we have that H satisfies condition (.J).

The proof of part (ii) is similar. We know that there are numbers a > 1, b > 2 and
N € IN such that for all m € IN, the cardinality of the set of n € Z such that

G(a"™™) > a™ N G(a™)

is less than ™. Now we define a function L : {a™ : n € ZZ} — (0,00) by

K
G(a™*
sup H a N max {a”’“_”kl, L} ifn>0
n O=no<ni1<...<ng=n k=1 G(ank*l)
R a Glam)
inf H a™ min { @k e ) if n <0,
O=ng>ni>...>ng=n Pl G(a”kfl)
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and extend L ‘log-linearly.” By the same methods as in the proof of part (i), we see that L
is convex, that G < L, and that L is almost concave. Finally, we set H(t) = L(t)lm L(t)
to obtain the result. O

LEMMA 5.6.2. Let G be a p-function. Then the following are equivalent.

i) G is almost linear.
such that G = H o K—1.
such that G = H ' o K.
There are N-functions H and K satisfying condition (J) and a number ¢ < oo such
that c1G(t)/t < H(t)/K(t) < cG(t)/t for all t > 0.
v) There are strictly monotone weight functions wy and wy satisfying condition (L) and

a number ¢ < oo such that ¢ G(t)/t < wo(t)wi(t) < cG(t)/t for all t > 0.

There are N-functions H and K satisfying condition (J

~— —r

)
iit) There are N-functions H and K satisfying condition (J
)

Before proving this result, we will require a couple of technical lemmas.

LEMMA 5.6.3. If G and G2 are equivalent p-functions, and if one of Gy or Go satisfies
the Ag-condition, then there is a number ¢ < oo such that ¢ G1(t) < Ga(t) < cG1(t) for
allt > 0.

LEMMA 5.6.4.  Suppose that F' : [0,00) — [0,00) is a function such that for some numbers
c1 > 1 and c3 > 1 we have that F(cit) > coF(t) for allt > 0. Then there is a number
c < 0o and a dilatory p-function G such that G(c™1t) < F(t) < G(ct) for all t > 0.

Proof: We have that F'(c{'t) > c5F(t) for all n € IN and ¢ > 0. Then it is clear that

G(t) = sup g logcz/log U (st)
s>1

satisfies the conclusion of the lemma. O

Proof of Lemma 5.6.2: The implications (ii)=-(i) and (iii)=(i) follow from Lemmas 5.4.5
and 5.4.6. The implications (iv)=-(i) and (v)=-(i) are obvious.

To show that (i)=-(ii), we note that, since G is almost convex, by Lemma 5.6.1(i),
there is an N-function K satisfying condition (J) such that G = K;'. If we let K(t) =
Ko(tlmt), then we see that H = G o K is an N-function. Since G is almost concave, it
follows by Lemma 5.4.6 that H satisfies condition (J). The implication (i)=-(iii) is similar,
using Lemma 5.6.1(ii).

To show (i)=(iv), we note that since G is almost concave, by Lemma 5.6.1(ii), there
is an N-function H{ satisfying condition (J) such that G < Hy. Then, from Lemmas 5.4.2
and 5.6.4, it follows that tHy(t)/G(t) is equivalent to a convex function Ky. Since G is
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almost convex, we have that K is almost concave. Now we let H(t) = Hy(t)lmt and
K(t) = Ko(t)lmt, and the result follows by Lemma 5.6.3.

To show that (iv)=(v), by Lemma 5.4.2, we may assume that H and K are convex.
Thus, if we let wo(t) = (lm¢)H (t)/t and wq(t) = t/(Imt)K(t), then wy and 1//\1;1 are both
almost constant ¢-functions. Then it follows from Lemma 5.5.1 that wg and w; satisfy
condition (L). |

5.7. THE PROOF OF THE RESULTS IN SECTION 4

Now we are ready to piece together all the lemmas we have just proved.

Proof of Theorem 4.2: First we will show that (ii)=-(i). By Lemma 5.2.1, we know that
Gyoo(G 1_1 is dilatory, and hence if (G; is dilatory, then so is GGo. Therefore, we may assume
that G5 is dilatory.

By Lemma 5.3.1, there is a number ¢; < oo such that Hf||1,G10G;1 <1 ||f|l; for all
measurable f. Since GG is dilatory, the result follows by follows by Lemmas 5.1.3 and 5.1.2.

Now we show that (i)=-(ii). By Lemma 5.2.5, we know that G5 satisfies the As-
condition. Therefore, by Lemmas 5.1.2 and 5.1.3, it follows that there is a number ¢; <
oo such that ||fH1’G10G2_1 < ¢1 ||f]]; for all measurable f. Now the result follows by
Lemma 5.3.1.

The implication (ii)<(iv) follows from Lemma 5.4.7(i), and (ii)<(iii) follows from
Lemma 5.6.1. O

Proof of Theorem 4.3: First we show that (ii)=-(i). If G; o 02—1 is almost linear, then
by Lemma 5.2.1, it follows that G; o G5 ! satisfies the Ag-condition. Therefore, by
Lemma 5.4.3, we see that Gs o G1—1 is almost convex. Therefore, by Theorem 4.2, we
have that Lp, ¢, and Lp, ¢, are equivalent. Clearly, we have that both G; and G2 are
dilatory, and by Proposition 4.1, L, g, and Lf, g, are equivalent. The result follows.
Next we show that (i)=(ii). First notice that, since F '(t) = ||X[0,t]HF1’G1 and

FQ_l(t) = HX[O:t]HFg,G2’ we have that F; < F5. Now let us suppose without loss of gen-
erality that G is dilatory. Then by Proposition 4.1, we have that Lg, g, and Lp, ¢, are
equivalent, and hence Lf, ¢, and Lp, ¢, are equivalent. Now, by Lemmas 5.2.3 and 5.2.5,
both G; and Go are dilatory, and both GG; and G5 satisfy the As-condition. Therefore,
Gy o Gl_l and Gy o G2_1 satisfy the As-condition. By Theorem 4.2, both G o G;l and
G0 Gy' are almost convex. Now the result follows by Lemmas 5.4.2 and 5.4.5.

The implications (ii)<(v) follow from Lemma 5.4.8, the implication (v)=-(viii) fol-
lows from Lemmas 5.6.4 and 5.6.3, and the implication (viii)=-(v) is obvious. Finally,
(viii)<(iii) < (iv) < (vi) < (vii) all follow from Lemma 5.6.2. a
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Proof of Theorem 4.4: The implication (ii)=-(i) is obvious, so we show that (i)=(ii). As
in the proof of Theorem 4.2, we may suppose that G, satisfies the As-condition. By
Lemma 5.1.2, we may assume without loss of generality that F'(t) = t. Now the result
follows by Lemmas 5.1.3 and 5.3.1, in the same manner as in the proof of Theorem 4.2. ]

Proof of Theorem 4.5: The implications (iii)=-(i) and (iii)=-(ii) are obvious. We show that
(i)=-(ii). First notice that xjo+) € 7r,, and so as ﬁ’l_l(t) = HX[Ovt)HFl,Gl and FQ_I(t) =
H X[O,t)H PGy WO have that F} and F, are equivalent. Then it is clear that there is a
number ¢ < oo such that f* € 7p if and only if there is a function g* € 7p, such that
cLf* < g* <cf*. Similarly, (ii)=(i).

Now we show that (i) and (ii)=-(iii). Let us suppose, without loss of generality, that
G is dilatory. Then by Proposition 4.1, we have that Lp, ¢, and Lp, ¢, are equivalent,
and hence L, ¢, and Lf, ¢, are equivalent. Now, by Lemma 5.2.3, it follows that if one
of GG1 or G5 is dilatory, then both are. Then the result follows by Theorem 4.4. O

Proof of Theorem 4.6: We show that (i)<(iii). By Proposition 4.1, we know that if F}
and F; are equivalent, then Lp, o and Lp, o are equivalent. Also, if Lp, ¢ and L, o are

equivalent, then since Fy () = HX[Oﬂf}HFl o and ENt) = HX[O,t] }FQ » we have that Fy
and Fy are equivalent. Thus, without loss of generality, we may assume that I, = Fy, = F..
Now we note that we always have that || f||z . < | fllz - This follows because for all

r > 0, we have that f* > f*(z)x[0,2], and hence

1fllme = (|7 (@)x0,0 | 5. g = £ (@) F ().

Now we show that Lp g is equivalent to L o if and only if ‘1/F‘1 H G < 00. That
F

)

the first statement implies the second is obvious, because Hl / F1 H = 1. To show the
F,00
second statement from the first, note that if || f|| ., <1, then f*(z) < 1/F1,
But Hl/ﬁ_lH o= Hl/é‘luG, and the result follows. The other implications follow
F,

by Lemma 5.5.2. O
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6. Is EVERY R.I. SPACE EQUIVALENT TO AN ORLICZ—LORENTZ SPACE?

We can answer the question in the negative easily, as follows. It is well known that L o

0

is not separable. Then it is not hard to see that L7 .,

the closure of the simple functions
in L1, is not an Orlicz-Lorentz space.

However, the reader may consider this cheating. So to avoid all this ‘infinite dimen-
sional nonsense,” we might ask the following question. Is there a rearrangement invariant
space X such that for all Orlicz-Lorentz spaces Lr,g, the norms || - ||y and || - || 5 are in-

equivalent on X N Lp g? We answer this question in the positive by the following example.

THEOREM 6.1. There is a rearrangement invariant Banach space X, where the measure
space is [0, 00) with Lebesque measure, such that for every Orlicz—Lorentz space Lp q, the

norms || || x and || - ||p o are inequivalent on the vector space of simple functions.

Proof: We define the following norm for measurable functions f:

Ifllx = sup{ [[/7glly /llglly - g € T2}

We let X be the vector space of all measurable functions f such that || f||y < oo, modulo
functions that are zero almost everywhere. Then it is an easy matter to see that X is a
rearrangement invariant space such that ||g||y = ||g||, for all g € Tp=. Thus, if for some
p-functions F' and G we have that

i Ifllx < Mflpe < e llfllx

for all simple functions f, then by Theorem 4.5, we see that there is a constant ¢y < oo
such that

et Ifllx < Iflly < e llfllx

for all simple functions f. We will show that this cannot happen.
Define 7' to be the set of functions h : [0,00) — [0,00) such that for some integers
k1 < ...<k,, and setting kg = —o0, we have that

_J o7k f4kii <gp<d4Fiand 1<i<n
h(z) = .
0 otherwise.

Then it is an easy matter to see that if g € 7,2, then there is a function A € 7’ such that
h(4x)/2 < g(x) < 2h(z/4). Therefore, we see that

1 I1f e < sup{IF*Rlly /1Al c h € T} < Alfllx -
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Now, for each N € IN, let fx be the simple function

1 fo<t<4
fn(z) =13 k=1/227F if4b <t <4l and 1<k <N
0 otherwise.

Then it is easy to see that ||fn|l, — oo as N — oo. However, a simple, but laborious,
calculation shows that there is a number ¢ < oo such that || ||, /|||y < cforall h € T,
and hence || fn ||y < 4e. O

7. THE DEFINITION OF TORCHINSKY AND RAYNAUD

The definition of the Orlicz—Lorentz spaces presented here is not the only possible defini-
tion. In fact, given any weight function w and any ¢-functions H and G, one can form the

functional

[l rr,6 = llw- (f* o H)llg -

We have investigated the case when w(z) = 1. However, Torchinsky [T] gave the following

definition for the Orlicz—Lorentz functional. If F' and G are p-functions, then we define

1l = |7 e @]

_ inf{c : /Oooa(ﬁl(g;)f*(x)/c) df < 1},

and call the corresponding space L?,G (my notation).

These spaces were investigated by Raynaud [R]. He showed that if F is dilatory
and satisfies the Ags-condition, and if G is dilatory, then HXAHJZ,G A F‘l(u(A)) for all
measurable A. Thus, it follows that LE,G and Lp ¢ are equivalent if G(t) = 7.

The comparison results for these spaces are much more straightforward. Raynaud
[R] showed that if F} and F5 are dilatory and satisfy the As-condition, and if G; and Gs
are dilatory, then LIT;hG1 and LR’GQ are equivalent if F; and F, are equivalent, and the
sequence spaces lg, and lg, are equivalent. The converse result is also easy to show.

We also comment that the Boyd indices of these spaces are much easier to compute.
This will be dealt with more fully in [Mo2].

Also, unlike the Orlicz—Lorentz spaces we have used here, we do not always have
that LIT;’ 7 is equivalent to the Orlicz space Lp. For example, if F(t) = tlmt, then Lp
is equivalent to L%l by Theorem 4.3, and since [y and [; are not equivalent, this is not

equivalent to L p.
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We finally add that we may define the spaces Lp x, where X is a rearrangement
invariant quasi-Banach space on IR satisfying certain mild restrictions. Corresponding to
the definition used in this paper, we may define

1flex = | £ o Foox| .

where ¢ x (t) = H X[0,4] H « s the fundamental function of X. Corresponding to the definition
used by Torchinsky and Raynaud, we may define

10 = || F e ")

‘X'
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